N
N

N

HAL

open science

Peer-to-Peer Electricity Market Analysis: From
Variational to Generalized Nash Equilibrium

Hélene Le Cadre, Paulin Jacquot, Cheng Wan, Clémence Alasseur

» To cite this version:

Hélene Le Cadre, Paulin Jacquot, Cheng Wan, Clémence Alasseur. Peer-to-Peer Electricity Mar-
ket Analysis: From Variational to Generalized Nash Equilibrium. European Journal of Operational

Research, 2020, 282 (2), pp.753-771. 10.1016/j.ejor.2019.09.035 . hal-01944644v3

HAL Id: hal-01944644
https://hal.science/hal-01944644v3
Submitted on 18 Sep 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01944644v3
https://hal.archives-ouvertes.fr

Peer-to-Peer Electricity Market Analysis: From Variational to
Generalized Nash Equilibrium*

Hélene Le Cadref Paulin Jacquot? Cheng Wan® Clémence Alasseur’
September 18, 2019

Abstract

We consider a network of prosumers involved in peer-to-peer energy exchanges, with differen-
tiation price preferences on the trades with their neighbors, and we analyze two market designs:
(i) a centralized market, used as a benchmark, where a global market operator optimizes the flows
(trades) between the nodes, local demand and flexibility activation to maximize the system overall
social welfare; (ii) a distributed peer-to-peer market design where prosumers in local energy com-
munities optimize selfishly their trades, demand, and flexibility activation. We first characterize
the solution of the peer-to-peer market as a Variational Equilibrium and prove that the set of
Variational Equilibria coincides with the set of social welfare optimal solutions of market design
(i). We give several results that help understanding the structure of the trades at an equilibrium
or at the optimum. We characterize the impact of preferences on the network line congestion and
renewable energy surplus under both designs. We provide a reduced example for which we give
the set of all possible generalized equilibria, which enables to give an approximation of the price of
anarchy. We provide a more realistic example which relies on the IEEE 14-bus network, for which
we can simulate the trades under different preference prices. Our analysis shows in particular
that the preferences have a large impact on the structure of the trades, but that one equilibrium
(variational) is optimal. Finally, the learning mechanism needed to reach an equilibrium state in
the peer-to-peer market design is discussed together with privacy issues.

Keywords: OR in Energy, Peer-to-Peer Energy Trading, Preferences, Variational Equilibrium,
Generalized Nash Equilibrium.

1 Introduction

New regulations are restructuring electricity markets in order to build the grid of the future. Instead
of a centralized market design where all the operations have been managed by a global central market
operator [23; 38; 42], new decentralized models emerge. These models involve local energy communities
which can trade energy, either by the intermediate of a global market operator [18], or in a peer-to-peer
setting [32; 41]. Peer-to-peer energy trading allows flexible energy trades between peers, where, for
instance, local prosumers exchange between them energy surplus from multiple small-scale distributed
energy resources (DERs) [21; 22].

Significant value is brought to the power system by coordinating local renewable energy source
(RES)-based generators and DERs to satisfy the demand of local energy communities, since it decreases
the need for investment in conventional generations and transmission networks. Also, thanks to the
decreasing feed-in-tariffs, using RES-based generations on site (e.g., at household level, within the
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microgrid) is more attractive than feeding it into the grid, because of the difference between electricity
selling and buying prices [22]. Peer-to-peer energy trading encourages the use of surplus energy within
local energy communities, resulting in significant cost savings even for communities with moderate
penetration of RES [22].

In practice, the radial structure of the distribution grid calls for hierarchical market designs, involv-
ing transmission and distribution network operators [19]. Nevertheless, various degrees of coordination
can be envisaged: full coordination organized by a global market operator (transmission system oper-
ator), bilateral contract networks [28], fully decentralized market designs allowing peer-to-peer energy
trading between the prosumers in a distributed fashion [26; 40] or, still, within and between coali-
tions of prosumers, called community or hybrid peer-to-peer [25]. A community-based organization
involves a community manager which organizes trades among the community and is in charge of the
interactions with the rest of the market. A distributed market structure exists when the decentralized
elements explicitly share, in a peer-to-peer fashion, local information, resulting in a system in which
all the elements may not have access to the same level of information. This information asymmetry
might create differences in valuations of the traded resource (e.g., price arbitrage) and result in mar-
ket imperfections, implying that the prices associated with the bilateral trading of resource allocation
between couples of agents do not coincide. This price gap can be interpreted as a bid-ask spread due
to a lack of liquidity in the market [30].

Energy exchange between production units and local demand of energy communities are formulated
as a symmetric assignment problem. Its solution relies on two main streams in the literature. The first
stream deals with matching models which put in relation RES-based generators and consumers by the
intermediate of a platform, with various consumers classes and different possible objective functions
for the platform operator [21]. The second stream combines multi-agent modeling, as well as classical
distributed optimization algorithms which are applied to solve the assignment problem in real-time
[26; 27; 40]. Auctions theory can be used, in addition, to schedule the DER commitment in day-ahead.

1.1 Matching Models for Peer-to-Peer Energy Trading

In the energy sector, peer-to-peer energy trading is a novel paradigm of power system operation.
There, prosumers provide their own energy from solar panels, storage technologies, demand response
mechanisms, and they exchange energy with one another in a distributed fashion. Zhang et al. provide
in [46] an exhaustive list of projects and trails all around the world, which build on new innovative
approaches for peer-to-peer energy trading. A large part of these projects rely on platforms, un-
derstood as two-sided markets, that match RES-based generators and consumers according to their
preferences and locality aspects (e.g. Piclo in the UK, TransActive Grid in Brooklyn, US, Vandebron
in the Netherlands, etc.). In the same vein, cloud-based virtual market places, which deal with excess
generation within microgrids, are developed by PeerEnergyCloud and Smart Watts in Germany. Some
other projects rely on local community building for investment sharing in batteries, solar PV panels,
etc., in exchange for bill reduction or a certain level of autonomy with respect to the global grid (e.g.
Yeloha and Mosaic in the US, SonnenCommunity in Germany, etc.). How other components of the
platform’s design can influence the nature and the preference of the prosumers involved is also studied
in the literature. Typical elements of the platform’s design are: the impact of pricing mechanism (e.g.
setting one common market price versus individual prices per transaction set — for instance through
auction design — or per class of prosumers), the platform’s objective (e.g. maximizing the social welfare
versus maximizing the platform’s benefit), the influence of the platform’s commission per transaction.
For example, in [3], the authors study the impact of the price of the goods exchanged on the level of
collaboration and also on the level of ownership among participants. In [8], the impact of different
platform’s objective functions is analyzed considering a set of heterogeneous renters and owners. Dy-
namic pricing for operations of the platform based on supply and demand ratio of shared RES-based
generation is investigated in [21]. Peer-to-peer organizations are also a way to enable small and flexible
actors to enter markets by lowering the entrance barrier [4].

Platform design constitutes an active area of research in the literature on two-sided markets [4; 8].
Three needs are identified for platform deployment. Firstly, it should help buyers and sellers find each
other, while taking into account the heterogeneity in their preferences. This requires the platform



to find a trade-off between low entry cost and information retrieval from big, heterogeneous and
dynamic information flows. Buyers’ and sellers’ search can be performed in a centralized (e.g. Amazon,
Uber), effective decentralized (e.g. Airbnb, eBay), or even fully distributed (OpenBazaar, Arcade City)
manner. Secondly, the platform must set prices that balance demand and supply, and ensure that prices
are set competitively in a decentralized fashion. Finally, the platform ought to maintain trust in the
market, relying on reputation and feedback mechanisms [9]. Sometimes, supply might be insufficient
so that subsidies need to be designed to encourage sharing on the platform [8].

1.2 Distributed Optimization Approaches

Computational and communication bottlenecks have largely been alleviated by recent work on dis-
tributed and peer-to-peer optimization of large-scale optimal power flow [6; 17; 33]. Mechanisms for the
optimization of a common objective function by a decentralized system are known as decomposition-
coordination methods [31]. In such methods, a centralized (large-scale) optimization problem is typi-
cally split into small-size local optimization problems whose outputs are coordinated dynamically by
a central agent (called “master”) so that the overall objective of the system becomes aligned (after a
certain number of iterations) with the (large-scale) centralized optimization problem outcome. Follow-
ing this stream, a consensus-based Alternating Direction Method of Multipliers (ADMM) algorithm
is implemented in [27; 40; 14] to approximate the optimal solution which maximizes the prosumers
social welfare, in a peer-to-peer electricity market. Similar approaches relying on dual decomposition,
which iteratively solves the problem in a distributed manner with limited information exchange, were
implemented for energy trading between islanded microgrids in [13; 24]. Two main drawbacks of these
algorithmic approaches are listed in [40]: first, they do not take into account the strategic behaviors
of the prosumers; second, they are computationally limited, which might constitute a blocking point
when studying large-scale peer-to-peer networks. The latter issue is overcome in [26] with an improved
consensus algorithm.

In addition, these distributed-optimization approaches enable incorporating heterogeneous energy
preferences of individual prosumers in network management. The added value of multi-class prosumer
energy management is evaluated in [27] for a distribution network that has a “green prosumer”, a
“philanthropic prosumer” and a “low-income household”. Three energy classes are introduced to
account for the prosumers’ preferences: “green energy”, “subsidized energy” and “grid energy”. A
platform agent is introduced to act as an auctioneer, allowing energy trading between the prosumers
and the wholesale electricity market. The platform agent sets the price of each energy class in the
distribution network. The tool of receding-horizon model predictive control is used to provide a
real-time implementation. Consumer preferences are also introduced in [40] in the form of product
differentiation prices. They can either be pushed centrally as dynamic and specific tax payments, or
be used to better describe the utility of the consumers who are willing to pay for certain characteristics
of trades.

1.3 Privacy Issues

From the perspective of information and communication technology (ICT), a fully decentralized market
design provides a robust framework since, if one node in a local market is attacked or in case of failures,
the whole architecture should remain in place, while information could find other paths to circulate
from one point to another, avoiding malicious nodes and corrupted paths.

From an algorithmic point of view, the implementation of a fully distributed market design might be
challenging, since it has to deal with far more complex communication mechanisms than the centralized
market design. Efficient communication will allow collaboration among prosumers, so that energy
produced by one can be utilized by another in the network. Multiple peer-to-peer communication
architectures exist in the literature, including structured, unstructured and hybrid ones. They are all
based on common standards for the communication network operation, which are measured through
latency, throughput, reliability and security [16]. In addition to the large size of the communication
problem, privacy issues may also directly impact the market outcome. Indeed, if prosumers are allowed
to keep some private information, then they might not have access to the same level of information,



i.e. information asymmetry appears. Since the prosumers make decisions based on the information
at their disposal, such asymmetry can introduce bias in the market outcome. To avoid or, at least,
to limit bias introduced in the market outcome while guaranteeing the optimum of the social welfare,
various algorithms that preserve local market agents’ privacy have been discussed in the literature.
For example, the algorithms can require the agents to update no more than their dual variables — e.g.,
local prices [6; 40]. Of course, the efficiency of these algorithms depends on the level of privacy defined
by the agents as well as which private information could be inferred from the released values.

1.4 Contributions

The peer-to-peer structure adopted in this paper is different from the approaches involving decomposition-
coordination methods. Works relying on a decomposition-coordination method require for example to
exchange Lagrangian multipliers updated at each iteration of the decentralized clearing [24; 26; 25; 40],
that can be used by the coordinator to infer some information about the preferences of the peers. Such
an approach has therefore two main drawbacks at the market level: for each market clearing, it re-
quires in general a large number of iterations to reach an optimum - such latency in the clearing price
computation might be difficult to allow from the point of view of market operators; it offers limited
privacy guarantees as the market operator can infer private information from the peers under repeated
interactions. In this paper, we assume that there is no central authority coordinating the exchanges
(in quantity, price and information) between the nodes. The mechanism - involving the learning of
the private information of the peers - needed to reach an equilibrium state in the peer-to-peer market
design is discussed in Section 6 together with privacy issues. Within this framework, strategic com-
munication mechanisms can appear, and nodes have the possibility to self-organize into coalitions or
local energy communities, as reviewed in [43]. With such strategic behaviors, the equilibrium of the
peer-to-peer market design might not coincide with the social welfare global optimum achieved with
full coordination of the nodes by a “master” controlling all the information and decisions, as in [45]
where the authors consider a noncooperative game involving storage units.

In this paper, we first characterize the solution of a peer-to-peer electricity market as a Variational
Equilibrium, assuming that all the agents have equal valuation of the price associated with the traded
resource. We prove that the set of Variational Equilibria coincides with the set of social welfare optima.
However, in a fully-distributed setting, it is very unlikely that each couple of agents coordinate on their
valuations of the trading price. As a result, imperfections appear in the market, which we capture by
considering Generalized Nash Equilibrium solutions as possible outcomes. We characterize analytically
the impact of preferences on the network line congestion and energy surplus, both under centralized
and peer-to-peer market designs. Our results are illustrated in two test cases (a three node network
with arbitrage opportunity and the standard IEEE-14 bus network). We evaluate the loss of efficiency
caused by peer-to-peer market imperfections in the three nodes network, with the Price of Anarchy
as a performance measure. We also evaluate numerically the impact of the differentiation prices by
computing the equilibria of our 14 nodes network under different price configurations. Last, we quantify
the impact of privacy on the prosumers’ utilities at equilibrium by providing a closed form expression
for the privacy cost in the nodes together with an upper-bound, and evaluating it in a three nodes toy
network calibrated with real data from the Australian grid.

For ease of reading, we also reference the link between the main results we obtain (summarized
through propositions in the course of the text) below:

e Under centralized market design, we derive in Proposition 1 analytical expressions for the demand,
flexibility activation and net import at the optimum, as linear functions of the nodal prices, at
each node of the network.

e By substitution of these results at the optimum in the balancing equation, we observe that there
might be energy surplus in the local energy community. We derive in Proposition 2 a necessary
condition on technologies and RES generation to avoid energy surplus.

e This condition being not sufficient, we identify conditions on the nodal prices and preferences
such that no congestion, and then no energy surplus, appears in the local distribution network
in Proposition 3. This proposition is extended by highlighting the link between the occurrence



of strictly positive or negative cycles in the matrix of the preference reciprocity gaps between
any couple of nodes and the line congestion in Proposition 5.

e In Proposition 4, we obtain analytical expressions of the nodal prices at the root node and at
each node of the distribution grid.

e Under decentralized market design, assuming a complete market, we prove in Proposition 6 that
the set of Variational Equilibrium, whose definition is recalled in Definition 2 coincides with the
set of social welfare optima solutions of the centralized market clearing.

e However, there is no guarantee that there exists a market to determine the price system associ-
ated with the bilateral trade reciprocity constraints. In case it does not exist, the peer-to-peer
market would become incomplete and the bilateral trade prices between any couple of nodes
might diverge. We reformulate the Generalized Nash Equilibrium problem (Generalized Nash
Equilibrium being defined in Definition 1) as an optimization problem applying a parameterized
variational inequality approach, enabling the computation of Generalized Nash Equilibria via a
sampling method and a standard optimization algorithm, in Proposition 7.

e Making the parallel with the centralized market design results, we capture the impact of the
capacity of the lines, preferences and structure of the matrix of the preference reciprocity gaps,
on line congestion in Propositions §, 9.

e Finally, the mechanism - involving learning of the private information of the peers - needed to
reach an equilibrium state in the peer-to-peer market design is discussed in Section 6 together
with privacy issues. A closed form expression of the privacy cost and upper-bound are derived
in Propositions 10 and 11.

The paper is organized as follows. In Section 2, we introduce the model of the generalized noncoop-
erative game we consider in this work, and we give our main assumptions. In Section 3, the centralized
market design (i) is formulated and its solutions characterized. We introduce the peer-to-peer market
design (ii) in Section 4; its solutions are characterized in terms of Variational Equilibrium and Gener-
alized Nash Equilibria in the presence of market incompleteness. Congestion analysis and performance
measure based on the Price of Anarchy are also introduced. These solutions concepts are then applied
to two test cases in Section 5: a three node toy network and the IEEE 14-bus network. The impact of
privacy is quantified in Section 6, and illustrated on the three node toy network.

Notation

We summarize the main notations used throughout the paper. Vectors and matrices are denoted by
bold letters.

Sets
N Set of N nodes, each one of them being made of an agent (prosumer)
Qn Set of neighbors of n
D, Agent n’s demand set
Gn Agent n’s flexibility activation set

SOLCSNEF  Get of GNE solutions of the peer-to-peer non-cooperative game

Variables
D,  Agent n’s demand
G,  Agent n’s flexibility activation (micro-CHP, storage facilities, etc.)
AG,, Agent n’s random self-generation obtained from RES (solar PV panels)




Qmn Quantity exchanged between n and m in the direction from m to n

Qn Net import at node n

Cnm Bilateral trade price between agent n and m
An Nodal price at node n

Enm Congestion price between nodes n and m

Ko P Demand capacity constraint dual variables at node n

Vs Un, Flexibility activation capacity constraint dual variables at node n

eD €&~ Agent n’s biases in the estimation of m demand and RES-based generation
Parameters
D, Lower-bound on demand capacity
D, Upper-bound on demand capacity
G, Lower-bound on flexibility activation capacity
Gp Upper-bound on flexibility activation capacity
Dy Agent n’s target demand

Knm Equivalent interconnection capacity between node n and node m
Gn, by, d, Flexibility activation cost parameters

Qp, by, Consumer utility parameters
Cmn Product differentiation price capturing agent n’s trading cost preferences
Onm Agent m valuation of (.,
oD 0%~ Standard deviation of agent n’s error in demand and RES forecasts
Functions

C,  Agent n’s flexibility activation (production) cost
U, Agent n’s usage benefit
C, Agent n’s total trading cost
I,  Agent n’s utility function
SW  Social welfare
F, Agent n’s forecast
A Absolute risk aversion

2 Prosumers and Local Communities

In this section, we define the generic framework of agent (prosumer) interactions, and a stylized
representation of the underlying (distribution) graph. We formulate the local supply and demand
balancing constraint that holds in each node. To formalize the two market designs (i) and (ii), we
introduce the costs, utility functions, social welfare, private information and main assumptions on
which our model relies.

2.1 Generic Framework

Let A be a set of N nodes, each of them representing an agent (prosumer), except the root node 0
which is assumed to contain only conventional generation. The root node belongs to the set A/. It
can trade energy with any other node in A. Under this assumption, the distribution network is a
radial graph, with the root node being the interface between the local energy communities and the
transmission network. Figure 1 illustrates such a graph structure.

Let Q,, be the set of neighbors of n, with the structure of a communication network (local energy
community). It does not necessarily reflect the grid constraints. As usual, we assume that n € Q,,, for
all n € M. In particular, Qo := N \ {0}.

In each node n, we introduce D,, :={D,, € Ry|D, < D, < En} as agent n’s demand set, with D,,
and D,, being the lower and upper-bounds on demand capacity.

In parallel to the demand-side, we define the self-generation-side by letting G,, :== {G,, € R1|G,, <
G, < @n} be agent n’s flexibility activation set, where G,, and G, are the lower and upper-bounds



Figure 1: Example of a radial network. The root node at the interface of the distribution and transmission net-
works, can trade energy with any other node in the distribution network. In the distribution network, prosumer
nodes organize in local energy communities, trading energy with neighbors inside their local community.

on flexibility activation capacity.

The decision variables of each prosumer n are her demand D,,, flexibility activation G,,, and the
quantity exchanged between n and m in the direction from m to n, ¢un, for all m € Q, \ {n}. If
gmn > 0, then n buys ¢, from m, otherwise (¢mn < 0) n sells —gp,, to m. We impose an inequality
on the trading reciprocity:

which means that, in the case where g,,,,, > 0, the quantity that n buys from m can not be larger than
the quantity ¢y, that m is willing to offer to n.

Remark 2.1. In this paper, we model the trade reciprocity constraint as the inequality (1). Other
works, as [40], consider a different model with an equality ¢mn = —Gnm, meaning that the quantity
proposed by agent n should be equal to the quantity the agent m wants. In our model, with (1), those
quantity do not necessarily correspond: n can be willing to offer more than the quantity wanted by m.
If the inequality is strict (for instance, n has too much to offer), then part of her energy is produced
in excess. Considering a model with an equality means that energy surplus is not allowed. Another
important point is that, although considering an equality constraint is intuitive and does not raise any
problem when studying centralized solutions as in [40], the model becomes degenerated when studying
GNEs, which is one of the main objective of this paper. Indeed, a profile is a GNE if, by definition, it
s optimal for each agent when considering the actions of the other agents fixed. Thus, if we impose
an equality in (1), any feasible solution (qy). is a GNE as, for each player n, the quantities (¢mn)n
are fixed by the others. This degenerated situation does not appear when considering an inequality, as
each agent n has a degree of freedom in her trade with other agents.

The difference between the sum of imports and the sum of exports in node n is defined as the
net import in that node: @, := Zmeﬁn Qqmn- Furthermore, each line is constrained in capacity. Let
Knm € [0,+00[ be the equivalent interconnection capacity between node n and node m, such that
Gnm < Enmy Enm = Kmn-

RES-based (solar PV panels) self-generation at each node n is modeled as a random variable AG,,.
Its realization is exogenous to our model.

2.2 Local Supply and Demand Balancing

Local supply and demand equilibrium leads to the following equality in each node n in N:

D, = Gn+AG,+ Z dmn;

meQ,

Gn + AGn + Q. (2)



Assuming perfect competition, a Market Operator (MO) maximizes the system social welfare,
defined as the sum of the utilities of all the agents in the system, under a set of operational and
power-flow constraints, while checking that supply and demand balance each other at each node of the
network. In nodal markets, allocative market efficiency can be achieved by setting (locational marginal)
nodal price, A, equal to the dual variable of the local supply and demand balancing equation [39].

In this paper, we consider an innovative decentralized market clearing, by comparison with the
classical centralized approach, which is used for example in nodal markets. For that purpose, we
introduce decentralization in agents’ decision-making. This decentralization results firstly from the
fact that demands, flexibility activation and trades are defined selfishly by each prosumer in the
nodes; secondly from the fact that all the information regarding preferences and private information
on target demands and RES-based generations is not available to all the nodes. The decentralized
market clearing relies on a peer-to-peer market design, where each agent n computes the Lagrangian
variable associated with her (local) supply and demand balancing equation, using the information at
her disposal. Dual variables \,, are kept private to agent n and used to compute her bilateral trading
prices.

2.3 Cost and Usage Benefit Functions

Flexibility activation (production) cost in node n is modeled as a quadratic function of local activated
flexibility, using three positive parameters a,, b, and d,:

1

with —% > G,
We make the standard assumption that self-generation occurs at zero marginal cost.
The usage benefit perceived by agent n is modeled as a strictly concave function of node n demand

[8], using two positive parameters a,, b, and a target demand defined exogenously by agent n:
Un(Dy) = —an(Dy — DE)? + by, (4)

The quantity —U,(.) can also be considered as the consumption cost of agent n [40]. As U,(.) captures
a usage benefit, which is interpreted as the comfort perceived by agent n, we impose that it always
remains non-negative, i.e., D, — Z—Z <Dr<D,+ Z—n The rational beneath this definition of usage
benefit relates to the expected-utility theory [34]: U, (D,,) represents the perceived comfort resulting
from demand D,, satisfaction. The utility function is defined up to a positive affine transformation, and
could be multiplied by a positive constant factor without changing the interpretation. The concavity
of the function captures the (hyperbolic absolute) risk aversion (HARA) of agent n. This is the most
general class of utility functions that are often used because of their mathematical tractability. It
admits an upward slope for D,, < D} — meaning that larger D,s lead to higher usage benefits up to
the maximum usage benefit, and a downward slope for D,, > D} — meaning that lower D,s are better
once the maximum usage benefit has been reached.

Derivating agent n usage benefit with respect to D,,, we observe that her maximum usage benefit
is reached in D,, = D}, and, in that point, U,(D}) = bn. We consider that usage benefit vanishes in
case of zero demand, i.e., U,(0) =0 < a, = é’#,b’n € N. This means that under the assumption
that zero demand implies zero usage benefit, an gxplicit relationship exists between the parameter a,,,
the maximum usage benefit by, and the target demand D.

In this work, we consider that prosumers have preferences on the possible trades with their neigh-
bors. The preferences are modeled with (product) differentiation prices [40]: each agent n has a
positive price ¢, > 0 to buy energy from an agent m in her neighborhood §2,,. The total trading cost
function of agent n is denoted by:

meQ, , m#n



Parameters ¢, can model taxes to encourage/refrain the development of certain technologies (micro-
CHPs, storage, solar panels) in some nodes. They can also capture agents’ preferences to pay regarding
certain characteristics of trades (RES-based generation, location of the prosumer, transport distance,
size of the prosumer, etc.). If ¢y > 0 (i.€., 7 bUYS Gy from m) then n has to pay the cost ¢pm@mn > 0.
Thus, the higher c¢,,,, is, the less interesting it is for n to buy energy from m but the more interesting
it is for n to sell energy to m. On the other side, if g, < 0, then n sends the energy —g,, and
receives the value —c¢pm@mn > 0 even if m does not accept all this energy (i.e. Gnm + ¢mn < 0). In
that case the energy surplus is bought by an aggregator and sold on the wholesale electricity market
in exchange for a compensation intended for the prosumers with energy surpluses. This mechanism
will be discussed in detail in Section 3.

2.4 Utility Function and Social Welfare

Agent n’s utility function is defined as the difference between the usage benefit resulting from the
consumption of D,, energy unit and the sum of the flexibility activation and trading costs. Formally,

it takes the form: .
Hn(Dna Gnv Qn) = Un(Dn) - Cn(Gn> - Cn(‘ln)v (6)

where qn = (qmn)meﬂn,min-
We introduce the social welfare as the sum of the utility functions of all the agents in N:

neN

2.5 Private Information at the Nodes

There is private information at each node n that can be associated with:
e AG,, local RES-based generation;
e D, target demand;

e C,(.), flexibility activation cost function, more specifically parameters a,,, b, d,;

e U,(.), usage benefit function, more specifically parameters a,, by;

. C’n(), bilateral trade cost function, more specifically parameters (Cpm)menr\{n} -

In a centralized market design, all the private information is reported to the Market Operator
(MO). This means that the local target demands (D}),ca and RES-based generations (AG,,)nen,
are known by the MO. In contrast, in a peer-to-peer market design, D} and AG,, are known only by
agent n. In Section 6, the impact of information asymmetry will be formally quantified.

3 Centralized Market Design

The centralized market design is inspired from the existing pool-based markets. The global Market
Operator (MO) maximizes the social welfare defined in Equation (7) under demand capacity constraints
(8a) and flexibility activation capacity constraints (8b) in each node, capacity trading flow constraints
for each couple of nodes (8c), trading reciprocity constraint (8d) and supply-demand balancing (8e) in
each node:

g}g}y{q SVV(D7 G, q),
s.t. D, <D, <D, VneN, (1, 1,)  (8a)
G, <G, <GnVneN, (Vns7n)  (8b)
Gmn < Emn,Vm € Q,,m # n,¥n € N, (nm)  (8c)
Gmn < —Qnm, Vm € Qp,m >n,Vn e N, (Cnm> (8d)
D, =G, +AG, + Qn,Vn e N. (An) (8e)



Remark 3.1. The constraint (8d) is indexed by m > n so that the constraint is considered only once.

Dual variables are denoted in blue font between brackets at the right of the corresponding con-
straints. Some of the dual variables can be interpreted as shadow prices, with classical interpretations
in the energy economics literature. In the remainder, &,,, will be interpreted as the shadow price
(congestion price) associated with capacity trading flow constraint (8c) between nodes n and m; (uim
will be understood as the bilateral trade price offered by n to m associated with the trading reci-
procity constraint (8d); while A, is the nodal price associated with the supply and demand balancing
constraint in node n (8e), as discussed in Subsection 2.2.

The Social Welfare function is concave as the sum of concave functions defined on a convex feasibility
set. Indeed, the feasibility set is obtained as Cartesian product of convex sets. We can compute the
Lagrangian function associated with the standard constrained optimization problem of social welfare
maximization under constraints (8a)-(8e):

L(D,G,Q,p,v,&,¢A) =Y Lo(Dn, Gy G, bins Vs €y Cny An)

neN
== (D, Gngn) + Y p (D, — D)
neN neN
neN neN neN
neN meQ, ,m#n neN meQ, ,m>n
+3 )\n(Dn — G, — AG, an).
neN

To determine the solution of the centralized market design optimization problem, we compute KKT
conditions associated with Lagrangian function (9). Taking the derivative of the Lagrangian function
(9) with respect to D,,, Gy, @mn, for all n in A and all m € Q,, m # n, the stationarity conditions
write down as follows:

%zO@?dn(Dn—DZ)—Hn—i—ﬁn—&—)\n:0, VneN, (10a)
oL _

WZO@anGn—&—bn—gn—l—un—)\n:O, Vn e N, (10b)
oL

9 =05 coum +&nm + Cum — A =0, Ym € Qp,m#n,VneN, (10c)

where, for m < n, (p,y, is defined as equal to (-

From Equation (10c), we infer that the nodal price at n can be expressed analytically as the sum
of the node product differentiation prices regarding the other prosumers in her neighborhood, the
congestion constraint dual variable from Equation (8c) and the bilateral trade prices:

A= Com +&m + Cam, VM EQ,,m#n, VYneN. (11)

The complementarity constraints! take the following form:
0<p LD,-D,=>0, VneN, (
0<%, L D,—D,>0, Vne~N, (

0<vy, 1 G,—G,>0, YneN, (12¢
0<7,LG,—G,>0, Yne~N, (
(

0<&m L Emn = Gmn >0, VmeQn,m;«én,Vne/\/’,
0<Cum L ~Gmn —Gnm >0, VYmeQ,,m>nVneN. (12f

LA complementarity constraint enforces that two variables are complementary to each other, i.e., for two scalar
variables z,y: xy = 0, z > 0, y > 0. This condition is often expressed more compactly as: 0 <z L y > 0.
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From Equation (10c), we infer, for any couple of nodes n € N',m € Q,,, m > n, that:
Com = A — Cnm — Enm = Am — Cmn — Emn (13)
Subtracting those two last members in (13), we infer that:
Cam — Cmn + Enm — Emn = An — A, Ym € Qp,m # n,Vn e N (14)

From Equations (10a) and (10b), we infer that, at the optimum, for each node n:

D, =D} — i(/\n + (i, — Hn)) , (15)
Gn:—Z—Z—i—ain()\n—(ﬁn—gn)). (16)

Substituting Equations (15) and (16) in the local demand and supply balance Equation (8e), we
infer that the net import at node n can be expressed as a linear function of the nodal price:

Qn = (D;—i(nn—un)+b—"+i(vn—gn)) - ( ! +1) An — AG, . (17)

20, = a, Qp 2a, ap

The results are summarized in the following proposition.

Proposition 1. In the quadratic model defined by equations (3-6), the optimal demands, flexibility
activations and net imports at each node n can be expressed as linear functions of the nodal price at
that node, given by Equations (15), (16), and (17).

The total sum of the net imports at all nodes should be negative or null, i.e., >\ @n < 0. From
the supply-demand balancing (8e), this is equivalent to ) _\/(Dn — Grn) < >, o AG,. A strict
inequality would lead to a situation of energy surplus, i.e., the total energy generation is in excess
compared to the total demand of the prosumers.

To deal with that energy surplus, we assume that a feed-in-tariff or feed-in-premium applies. The
root node (node 0) who makes the link between the transmission and the distribution network could
be a good candidate to manage the excess of generation. Indeed, she should be able to inject it in the
transmission network. However, due to the radial structure of our network, all the distribution nodes
are not directly connected to the root node. Relying on (26), this means that the bilateral trading
prices between 0 and a node n € N'\{0} cannot be the same for all the nodes in the distribution network
because the trade price also depends on ¢y, and &p, which captures the congestion state of the path
between 0 and n. As a result, node 0 cannot apply a feed-in-tariff in case of energy surplus. However, it
might be possible to introduce another agent, such as an aggregator, having a very large demand and no
generation capacity, that would be connected to any nodes of the distribution network. This aggregator
would take care of the forecasting and bidding of the renewable generation and self-generation surpluses,
while paying to prosumers the amount of energy they actually produced in excess at a price defined
in advance (for example, the feed-in-tariff price or a premium). This compensation mechanism for the
agents is similar to the purchase obligations or feed-in tariffs mechanism for renewable energy sources
set in the European Union [10].

Constraints on the technologies could also be applied at the prosumer level, to limit the RES-based
generation and to choose large enough demand capacities. Note that the sizing of the prosumers’
capacities and RES-based generation possible clipping strategies are out of the scope of this work.
This result is formalized in the proposition below.

Proposition 2. A necessary condition for no energy surplus is that there is at least one prosumer n
in N whose capacities and RES-based generation are such that D, — G,, > AG,,.

Proof. By combining (8a) and (8b), we obtain D,, — G,, < D,, — G,, < D,, — G,,. Subtracting AG,,
in each part of the inequalities and applying (8e), we get D,, — G,—-AG, <Q,<D,— G, — AG,.
Then, D, — G, — AG, < 0 implies that @,, < 0, i.e., there are more exports than imports from
n. If D, — G, — AG, < 0, for all n € N then, > nen @n < 0. No energy surplus is equivalent to
> nen @n = 0. For this equality to hold, it is necessary that there exists at least one prosumer n in

N such that D, — G,, > AG,. O
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In practice, this means that the prosumer should size their capacities such that the difference
between their upper-bound on demand capacity and lower-bound on flexibility activation capacity is
larger than their RES-based generation. However, the previous proposition is a necessary condition.

The following proposition gives a sufficient condition on the locational marginal prices (Ay), for
having no energy surplus at optimality:

Proposition 3. At the optimum, if for any prosumer node m, for any node ng such that there exists a
non congested path (ng,n1,...,n, = m) from ng to m such that Ay > Cng me +Zz;é Cnj, —Cnyyy s Where
mo € Sy, then there is no energy surplus at ng in the trade with mo (that is: Gng,me + mo,ne = 0)-
In particular:

e if users have symmetric preferences cnm = Cmn, there is no congestion and there exists m such
that A\, > Cng,m,» then there is no energy surplus at ng in the trade with mo ;

o for m = ng, if Ay > Cng.mgs then there is no energy surplus at ng in the trade with mg, which
can be directly inferred by the complementarity condition (12f) and (10c).

Proof. Suppose on the contrary that there is some energy surplus at ng: there exists some mg such
that ¢ng.me +Tmo,ne < 0 a0d Gy ny < 0 (i.e. ng rejects energy). In the case where G,,, > G,,,, Consider
the infinitesimal transformation to the trades and production:

qm,niﬂ — qm,m“ + g, an,l,’rLi — anrl,m — &, VZ S {07 Y Z 1}7

18
qmo’no — ng,no + £, Gm — Gm — €. ( )

Then, for € small enough, all constraints are still satisfied and the variations in SW has the same sign
as:

p—1
)\m ~ Cng,mo + Z(Cm,mﬂ - cm+1,m) >0.
i=0
Hence, we can strictly increase SW , which contradicts the optimality. In the case where G, = G,,,
then we necessarily have D,, < D,, (otherwise A\, = —2a,(D,, — D};) — fi,, < 0 which is impossible
from (10c)), and we can strictly increase D,, instead of decreasing G, in (18), leading to the same
contradiction. O

Remark 3.2. From the previous proposition, we see that even if there is no excess in the renewable
production, i.e. Y, AG, < > Dy, we can still have some energy surplus if the trades preference
prices (Cpm)n,m are large enough.

Remark 3.3. In some rare cases, energy surpluses might lead to a strictly positive social welfare and
create some missing money issues that can be interpreted as being caused by the irrational behaviors of
the consumers. As discussed earlier, a first possibility to deal with these issues would be to introduce
an external aggregator who would compensate the consumers for the energy surpluses. Another possi-
bility would be to formally integrate the subjective perceptions of the consumers in the noncooperative
game, relying on the broader notion of prospect theory for prosumers’ centric energy trading [5]. This
extension could be an avenue for further work.

Hence, assuming no energy surplus, the total sum of the net imports in all nodes should vanish,
which implies the following relation:

neN
1 1 1 b 1
M= 3 (D -+ 24 L s -ac),
®Z<2&n+an) Z( n 2%(#” gn)+an+an(z/ v,) G (19)
neN neN

using Equation (17).
From Equation (14), we infer that the nodal price at node n is a linear function of the nodal price
at the root node, product differentiation and congestion prices with all the other nodes in N:

An = Cno — Con +&no — Son + Ao, Y € (). (20)
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Substituting Equation (20) in Equation (19), we infer the closed form expression of the nodal price
at the root node:

b, B
Ao 2;[(2;% + aln) - Z (D:L - 2; (2, _Hn)+;+ ai(yn—zn) _AGn)

ne neN " " "
1 1
- § 2% + — (CnO — Con + &no — gOn) . (21)
an  Gn
ney

From Equations (20) and (21), assuming that (cno)n, (con)n, (§n0)n, (§on)n are known, the MO
can iteratively compute all the (A,)ncnr. Note that p,r and v, 7 are determined by the MO when
optimizing D and G. Once computed by the MO, the nodal prices are announced to all the agents n €
N. Then, to determine the optimal bilateral trading prices, each agent n has to refer to Equation (13),
which gives the bilateral trading prices as linear functions of the nodal price and congestion price. The
results are summarized in the following proposition:

Proposition 4. Assuming no energy surplus and knowing (cno)n, (Con)n, (§no)n, (Eon)n, the MO
computes the nodal price at the oot node by Equation (21). The nodal prices in all the other nodes
of the distribution network can be inferred from Ao according to Equation (20). Then, for each node
n € N, bilateral trading prices can be computed for any node m € Q,,,n # m by Equation (13) provided
congestion price (Epm)m>n.meq, s known?.

If all agents reveal their product differentiation prices (c¢n0)n to the MO and all the congestion
prices (£n0)n, (§on)n in the lines involving the root node are known (or rationally anticipated), then
the MO can compute all the nodal prices (A, )nen from Ag.

We now want to make the link between the market and the state of the distribution grid. In the
following proposition, we show that the distribution grid lines become congested if there are “cycles”
in the preferences as explained below.

Proposition 5. Suppose that the matriz C = (Chm — Cmn)nm has a strictly negative cycle of length
k > 2, i.e. there is a sequence of distinct indices (n;)1<i<k such that Y | . C'ni’ni“ < 0, where
Ng+1 :=n1. Then, at an optimal centralized solution, there is a trade opposed to the cycle made at full
capacity, i.e. there exists i € {1,...,k} such that ¢n, \ n, = Fnypy o, -

Symmetrically, if there is a strictly positive cycle (n;)i1<i<k such that >, <. C'ni,m“ > 0, then at
an optimal centralized solution, there is a trade in the direction of the cycle made at full capacity, i.e.
there exists i € {1,...,k} such that Gn, n,\, = Fny s -
Proof of Proposition 5. We prove the first part of the proposition as the second is symmetric.

Consider the trades (¢nm )nm at an optimal solution and suppose on the contrary that there is e > 0
such that, for each i € {1,...,k}, we have ¢y, ., n, < Knyyyns — €

Then consider the same solution with trades (Gnm)nm defined as follows: for each i € {1,...,k},
let Gn;.q i = Gnipr,ng +€a0d Gny iy = Gnynigy — € While Gnm = @y otherwise. Then all constraints
are still feasible because, for each 1, Zm#m Gmn; = Qn — € + € = Q. Besides, by definition of ¢, we
still have Gimp = —qnm for any m > n. Moreover, if we denote by SW  the social welfare of the previous

solution (gnm )nm, the social welfare of this new solution is:

S/\\N/ =SW + Z Z Cnm(an - dmn)

n m#n

=5SW + § (Cni;ni+l (qni+1ani - qni+1ani) + Cnimni_q (quhm - qni—h”i))
1<i<k

=SW + Z e(cni,m_1 fcm,mﬂ) =SW —e Z C’nn+1 > SW |

1<i<k 1<i<k

2Two assumptions can be made on the determination of the congestion prices: first, they are determined exogenously
while checking the complementarity constraint (12e); second, they are determined through a market for (distribution)
capacity line transmission. This second assumption enables the MO to complete the market. It will be discussed later
in the paper.
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which contradicts the fact that SW is maximal. O

Remark 3.4. The property stated by Proposition 5 shows that the lines become congested if there is a
strictly positive or negative cycle in the matriz C. In practice, a central MO should try to avoid such
an outcome, since the congested lines are unavailable in case of unplanned real need (outages, peak
demand). The existence of a positive cycle in C means that there is an “arbitrage” opportunity in the
network. In other words, one can strictly increase the social welfare by doing an exchange of power
quantities. We can make the assumption that this kind of opportunities do mot exist in practice, since
they should vanish quickly in a liquid market.

From the point of vi