N

N

A note on functional observability

Frédéric Rotella, Iréne Zambettakis

» To cite this version:

Frédéric Rotella, Iréne Zambettakis. A note on functional observability. IEEE Transactions on Au-
tomatic Control, 2016, 61 (10), pp.3197-3202. 10.1109/TAC.2015.2509448 . hal-01944479

HAL Id: hal-01944479
https://hal.science/hal-01944479
Submitted on 4 Dec 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01944479
https://hal.archives-ouvertes.fr

OATAO

Open Archive Toulouse Archive Ouverta

Open Archive Toulouse Archive Ouverte

OATAO is an open access repository that collects the work of Toulouse
researchers and makes it freely available over the web where possible

This is an author’s version published in: http://oatao.univ-toulouse.fr/20015

To cite this version:

Rotella, Frédéric®® and Zambettakis, Iréne®= A note on functional
observability. (2016) IEEE Transactions on Automatic Control, 61
(10). 3197-3202. ISSN 0018-9286

Any correspondence concerning this service should be sent
to the repository administrator: tech-oatao@listes-diff.inp-toulouse.fr



mailto:tech-oatao@listes-diff.inp-toulouse.fr
http://www.idref.fr/033201021
http://www.idref.fr/033385467

A Note on Functional Observability

Frédéric Rotella and Iréne Zambettakis

Abstract—In this note, we propose an alternative to characterize
the functional observability for linear systems. The main feature
is that we obtain a necessary and sufficient condition for the
existence of a stable multi-functional observer of a time-invariant
linear system. The proof of this condition is constructive and it
leads to design a stable observer via a new procedure, neither
based on the solution of a Sylvester equation nor on the use of
canonical state space forms.

Index Terms—Functional observer, linear systems, observer.

I. INTRODUCTION

Since Luenberger’s works [22]-[24] a significant amount of research
has been devoted to the problem of observing a linear functional of
the state of a linear time-invariant system. The main developments are
detailed in [25] and, in the recent books [18], [32] and the reference
therein. The problem can be formulated as follows. For the linear state-
space model

s
—~
~
~
Il

Ax(t) + Bu(t)
y(t) =Cz(t) (1

where, for every time ¢ in R™, x(¢) is the n-dimensional state vector,
u(t) is the p-dimensional input, y(t) is the m-dimensional measured
output, and, A, B, and C are constant matrices of adapted dimensions,
the objective is to get

v(t) = Lz(t) (2)

where L is a constant (I x n) matrix. The observation of v(¢) can be
carried out with the design of a Luenberger observer

2(t) = Fz(t) + Gu(t) + Hy(t)
w(t) =Pz(t) + Vy(t) 3)

where z(t) is the ¢g-dimensional state vector. Constant matrices F', G,
H, P,and V are determined such that

Jim (u(t) — w(t)) = 0.
We know from [10] and [11] that the observable linear functional
observer (3) exists if and only if there exists a (¢ x n) matrix 7" such
that G = T'B and

TA—FT =HC “4)
L=PT+VC (3)

where F' is a Hurwitz matrix. Namely, when all the real parts of
the eigenvalues of F' are strictly negative. When these conditions are
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fulfilled, we have lim; . (z(t) — Tz(t)) = 0. Moreover, it is well
known, from [27] and [30], that the order ¢ of the multi-functional ob-
server is such that ¢ > rank(L) and, when the model (1) is detectable,
q < n — m. Indeed, n — m is the order of the reduced-order observer
or Cumming-Gopinath observer [3], [14] which can be built to observe
2(t) and, consequently, v(¢). Among the observers, we can distinguish
the minimum-order or Darouach observer [4] where ¢ = land P = I,.
It has been shown in [29] that the minimum-order observer exists if and
only if there exists a triplet (F, M, N) such that

LA=FL+ MC+ NCA

where F' is a Hurwitz matrix.
In all the following we use the shorthand notation:

N
NM
Owu,Nk) =

NMk71

where N and M are matrices with adapted dimensions and £ is an
integer.

Recently, to cope with the design problem of a minimal order
functional observer, the interesting notion of functional observability
of the triplet (A, C, L), which sums up the problem to solve, has been
defined in [6]{8].

Definition 1: The triplet (A, C, L) is functionally observable if there
exists a matrix R such that a Darouach observer exists for the linear
functional

Some iterative procedures have been proposed in [6]-[8] to cope
with the “intriguing and challenging problem” ([32]) to find R which
leads to the minimum-order observer. A recent result based on ma-
trix decompositions and canonical forms to design a minimal order
observer with fixed eigenvalues at the outside is described in [9].
Nevertheless, it has been proposed in ([7]) that the triplet (A, C, L)
is functionally observable if and only if

@)
rank ({O

Obviously, when condition (6) is fulfilled, there exist matrices Lo, L1,
.., L, _1 such that

(A,Cm)}) =rank (O(a,c,n)) - ©

(A,L,n)

L=Y L,CA" (M
i=0
Thus
rank ({O(ALC’")}> =rank (O(a,c,n)) - ®)

Conversely, let us suppose that L can be written as (7). Thus, it is easy
to prove by induction that, for every k in {1,...,n — 1}, there exist



matrices Ly, ; such that
LA* =) "L ,CA".
i=0

These relationships lead to (6). So, we can claim the triplet (A, C, L)
is functionally observable if and only if (8) is fulfilled.
From (7), we can relate the functional observability notion to other
observability notions. Indeed, from (1), we get fori =0,1,2,...
i—1
y (1) = CA'z(t) + Y CABul' 1) (1),

Jj=0

Thus, from (7), we can write
n—1 n—1  i—1
o(t) =Y Ly ()= Y L Y CA/Bul~1=9)(1).
i=0 i=0  j=0

Consequently, v(t) is observable in the Fliess-Diop meaning [5].
Nevertheless, our aim is to propose another criterion to test func-
tional observability of a triplet (A, C, L) which leads to a constructive
procedure of functional observer. Consequently, the technical note is
organized as follows. In a first part, we show that the existence of

an integer v, matrices Fr o, ..., Fr 1 and matrices Fco,...,Fc,
such that
v—1 v
LAY =) Fp,LA"+ ) Fo,CA’ )
i=0 i=0

leads, through realization theory, to the design of a candidate func-
tional observer. The proof of the sufficiency of the condition (9) is
completed with the exhibition of the analytical expression of the matrix
T solution of the (4) and (5). Let us insist here that the determination
of 7" is not a necessary step in the design of the observer. In a second
part we show that this condition is necessary as well. A third part is
devoted to a stability condition for the obtained observer structure.
This condition states that a linear functional observer problem is
equivalent to a static output stabilization problem. An example is
proposed in a final section.

II. SUFFICIENCY

Let us suppose here that (9) is fulfilled. As we have, fork = 0,1, ...

v® (1) = LAFz(t) + kil LA* =11 By (1)
i=0
we can write
v (t) = Vil Fp LA z(t) + i Fo,CA™z(t)
i=0 i=0
+ Vi LAY By (1), (10)
i=0

A. Observer Structure Design

Firstly, the elimination of x(¢) in (10) is carried out by means of, for
i=1tov—1

i—1
LA z(t) = v (t) = Y LA™ Bul(t) (11)
j=0
and, fori = 1tov
i—1
CAw(t) =y (t) = > CAT I Bul)(t). (12)

Jj=0

We get then
v—1 v v—1
o) = FLaW () + Y Foay™ ) + > Gul(t) (13)
=0 =0 =0

where the matrices G; are given by G,,_1 = (L — F¢,,C') B and, for
v>2andj=0tov —2

v—1 v
G'j:(LA"lj— Z Fp LA™Y Z FC,iCA“J) B.
i=j+1 i=j+1

14)

Remark 2: When v = 0, there exists a matrix A such that L = AC.
So the functional observer becomes w(t) = Ay(t). The case v =1
has been detailed in [28] and leads to G = (L — F¢1C)B.

Secondly, the differential (13) is realized through the well-known
Ruffini-Horner procedure [17]. Namely, we write (13) as

v(t) = Foy(t)
+p [FLu—1v(t) + Fou_1y(t) + Gu_qu(t)
+:
p71 [FL,l’U(t) + Fc’ly(t) + Glu(t)
+p ! [Frov(t) + Fooy(t) + Gou(t)] - - ]

where p stands for the continuous-time derivative operator and p~*

for the continuous-time integrator. With 2o(t) = p~1[Fy ov(t) +
Feoy(t) + Gou(t)]

zi(t) = p [FLv(t) + Fouy(t) + Gou(t) 4+ 21 (t)]
fori =1tov — 1, and, v(t) = z,_1(t) + Fc ,y(t), we obtain

Z0(t) = Froz,-1(t) + He,oy(t) + Gou(t)
Z1(t) =Fraz,-1(t) + Heay(t) + Gru(t) + 20(2)

Z.u—l(t) :FL,V—lzu—l(t) + HC’,U—Iy(t)
+ Gl,,lu(t) + Zl,,g(t)

where, fori =0tov — 1, He; = Fe,; + Fr i Fe,,. The vector
2(t)= [z () - z_1()]

is the state of the Luenberger observer structure (3) with

T

Fr o Gy
I Fra Gy
F= Dole=]
[l FL,U—Q GV—Q
L ]l FL,U—I Gu—l
[ Fco Fr o
Fea Fra
H=| : |+ : Fe.
FC,V*Q FL,V*Q
_FC,U—I FL,U—I
P=[0 - 0 IL],V=Fc,. (15)

Remark 3: Notice that the realization (15) is observable.



Remark 4: In the case v = 1, the Darouach-Luenberger observer
structure is given by [29]

F:FL,Q, G: (L*Fc,lc)B, V:Fc’l

P=I, H=Fco+FroFc. (16)

B. An Expression for T’

In order to complete the proof we obtain here the expression of
the matrix 7". Let us begin with the case v = 1. We claim T =
L — F¢ ;1 C. Indeed, from (16), we have

TA —FT = LA - FCJCA - FL,OL —|— FL,OFC,IC
=(Feo+ FroFea1)C = HC
and, L=T+ Fc1C=PT +VC.

Now, consider the case v > 2. Firstly, let us remark that the rela-
tionship G = T'B, with (14), leads to the induction

T = [T 7'’

where, forj =1tov —1

v—1 v
T; =LA = Fy ;LA™ =Y Fo,CA™
i=j i=j
and, T, = L — F, C. In the following, we state that this matrix 7"

is a solution of TTA — F'T' = HC where F and H are defined in (15).

Let us denote
TA= and F'T' =

(TA), (FT),

where, for j = 1 to v, the blocks (T'A); and (F'T); have [ rows. On
the one hand, we have (T'A), = LA — F¢,CA, and, for j =1 to
v—1

v—1 v
(TA); = LAY+ =N " Fp LA™ = " Fo ,CAIH
i=j =]
On the other hand, we have (FT'), = F, oL — Fp, oFc,,C, and, for
j=2tov
(FT); =T;—1 + Fr; 1T,
v—1
=LA = N LA
i=j—1

- Z Fo CAT ) + Fpj 1L —Fp; 1Fc,C.
i=j—1

A7)

For j = 2to v — 1, (17) can be written as

v—1 v
(FT); = LA"™'=9 =3 " Fy ;LA T =3 " Fg ;,CAT I

i=j =]
—(Fejo1+ Frj-1Fc,)C
and, for j = v

(FT)V = LA — FC,VCA - (FC,V—l + FL,V—lFC,y)C-

Let us remark that (9) leads to write
v—1 v
LAY =Y Fp,LA" =Y FgCA'
i=1 i=1

v—1 v

=Y FLiLA'+)Y Fo,CA'

i=0 =0

v—1 v
=Y FpiLA* =Y Fo,CA'
i=1 i=1
- FL,QL + FC,QC.

Thus, after some calculations, (7'A); — (F'T); can be read, for j = 1
to v, as (Fe j—1 + Fr,;—1Fc,,)C. Taking into account that, for j =
Otov—1, Hoj = Fe; + Fr jFc,,, we deduce that T fulfills the
Sylvester equation TA — FT' = HC.

Moreover, as P = [0 --- 0 [;] and V = F¢ ,,, we are led to

PT+VC=L-Fc,C+Fc,C=1L

which ends the proof.

We can then deduce the following lemma.

Lemma 5: 1f there exist an integer v and matrices F7, o, . .
and Fc,. .., Fc,, such that

. 7FL,V71

v—1 v
LAY =Y "Fp,LA"+ Y Fg,CA'
i=0 i=0
then a solution (7', F', H, P, V') of the equations TA — F'T' = HC' and
PT + VC = Lis given by (15) and

[ Fr1 Fro Fr,.1 -1
Fro ’
T=- . O
FL,U—I 7Il
—I
[ Foa Fepo Feo-1  Fo.
Fo o
- Oca,cm)-
FC,U—I FC,U
L FC,V

III. NECESSITY

Lemma 6: Let us suppose that the g-order asymptotic observer (3) of
Lx(t) for the system (1) is observable then, there exist matrices FT, ;
and F;, %= 0toqg — 1, and F¢ 4 such that

q—1 q
LAY = Z Fp LA + Z Fo,CA*. (18)
=0 =0

Proof: From [10] and [11], when the linear multi-functional
observer (3) of Lx(t) exists, then, there exists 7" such that (4) and (5)
are fulfilled. On the one hand, from (5), we can write, for k € N

LA* = PTA* + VCA*.
On the other hand, writing (4) as TA = FT + HC, we can easily
deduce by induction that, for k € N — {0}
k—1

TA¥ = FFT + Y FPHCA '

=0



Consequently, we obtain, for k € N — {0}
k—1
LA¥ = PFFT + )" PFIHCAM 7 + VO AR,

=0

19)

Gathering (5) and the previous expressions for k = 1 to ¢ — 1, we are
led to

Oa,n,g) = O, p,)T + 1104, 0,q) (20)
where II is the matrix
0
P
I={ I,@V)+| pFr P (I, ®H)
PF.q_2 PF P 0

and, ® stands for the Kronecker product of two matrices [15], [21].
As the observer (3) is observable we have rankO (g py = q. Thus,
the matrix 7" defined by (20) is unique and is given by

1
T= OEF]',P,q) {01, = NOa,c,q) }

where O p )Y stands for an arbitrary generalized inverse of the
observability matrix, namely [1]

1] _
Or.p.g) €1, Or,p)XOr,pg) = Or,p0) } -

Consequently, there exist matrices 77, ; and T ;, ¢t =0 to ¢ —1,
such that

q—1 q—1
T=> Ty,LA"+» Tc.CA".
1=0 =0

Let us remark that (19) gives, for k£ = ¢
q—1
LAY =PF'T +» PF'HCA" '™ 4 VCA®

=0

q—1 q—1
= PFY {Z TpiLA +) TCJCAZ}
=0 =0
q—1
+ Z PFHCAT '™ + VO A9,

i=0

Thus, there exist matrices F'7, ; and Fc;, 1 =0to ¢ — 1, and Fc 4
such that

q—1 q
LA =Y "Fp,LA"+ ) Fc,CA'
i=0 i=0
which concludes the proof. O

IV. A STABILITY CONDITION

The previous sections concern the design of a candidate observer
for the linear functional (2). The final step consists in finding stability
conditions for F' defined in (15) to ensure an asymptotic observation.

A. The Solution Set

Let us consider the matrix

O,
5 - { (ALw) }
O.cwtn)

2n

The existence condition of an integer v and matrices Fp, o, . .
and Fco,...,Fc,, such that (9) is fulfilled, is equivalent to the
consistency condition of the linear equation

'7}QQV71

LAY = 3Y,. (22)

Namely, the integer v is such that

rank < {LEAD — rank(S,).

From [1], when this rank condition is verified, the solution set for
the (22) can be written

[(Fro Fra Fru—1 Feo Fop Fe,l

=LA + (1, -2,20)  (23)
where p = m + v(m + 1), Q is an arbitrary (I x p) matrix and =M s
an arbitrary generalized inverse of XJ,,.

Remark 7: 1f rank(%,) = p, the solution LAS! is unique and
independent of a particular choice for o,

Remark 8: In the case where rank(X,) = r < p, the number of
degrees of freedom for the design is reduced to the dimension of the
co-rank of the matrix ¥,,, namely p — 7.

B. A Stabilizability Condition

In the case where rank(X,) = p, we can test if F' is a Hurwitz
matrix through an eigenvalues inspection or by using the Routh-
Hurwitz criterion. Let us suppose now that rank(X,) = r < p, and,
consider the SVD decomposition [12], [13] of X2,

%, =U,S,V,’

where U, (p x p) and V,,(n x n) are unitary matrices, and S, is the
(p x m)-sized diagonal matrix of the ordered singular values, oy >
>0, >0

S, = diag{o1,...,0,.,0,...,0}.

A particular choice for EE] can be

M=%l =v,5, "0 (24)

where S, T = diag{o;',...,0,,0,...,0}. Thus, we are led to

1 0 0 0
o o o T T _ T
IL-%,5=1,-U, {0 0} Ul =u, {0 IP_J Ur.

Remark 9: Two reasons motivate the proposed choice (24) for I
Firstly, the pseudo-inverse el = %1 of X, is unique. Secondly, the
SVD decomposition is numerically robust.

Let us define U, , as the matrix built with the p — 7 last rows of U,

Uy, = [U(r +1:p)]"

=[Tro Yo Tro-1 Yepo Tel

I'5, the p — r last columns of the arbitrary matrix I' = QU,,, and

" = [FLb,o F£,1 FE,V—I Fg',o Fg',u]

= LAY,



The previous partitions lead to the structure of F' defined in (15)
where, fort =0tov — 1, F; = F,Ijﬂ- + 'Y ;. Due to commuta-
tivity, with respect to the block-column partition of the matrix F, its
eigenvalues are identical to the eigenvalues of the matrix

1

Fr = I,
I
FL,O FL,U—I

FL,l FL,U—Q

The interest in considering F'* instead of F' is that we have the
following decomposition:

I
F* = I
1
F[b/,O FLb,l F[b/,lz72 F[b/,ufl
0
+ 0 T2[Yro YTra Y, YTro-1]
I

We can now state the following test.
Lemma 10: There exists a matrix €2 such that /" defined in (15) is an
Hurwitz matrix if and only if the system

I 0
n(t) = n(t) + w(t)
I 0
Fro  Fp, Fp oy I
s(t)=1[Tro Yo Tro—1 In(t) (25)

is static output feedback stabilizable.

Consequently, any well-known static output feedback stabilizability
criteria (see [2], [19], [31]) can be used here. Moreover, when the
system (25) is stabilizable with a static output feedback, we can apply,
for instance, LMI based methods [26], [33], [34] or software built-
in procedures to get a matrix I's which solves the problem. In the
opposite, when such a matrix cannot be found, v has to be increased
up to a value such that the static output stabilizability problem can be
solved. Taking into account the specific form of (25), we propose, in
the following section, a simple method to get a possible I's.

V. ILLUSTRATIVE EXAMPLE

Let us consider the observation problem (1), (2) where

-1 0 0 1 0 0 0
2 0 1 -1 1 0 0
o 3 0 0 1 1 0
A=]l0 0 0 -3 0 1 1
o 0o o0 o0 1 0 -1
1 0 0 0 0 -1 0
o 1 0 0 1 0 -2
c_Jt 0 0 0 0 o0 0}
o 1 0 0 0 0 0
L0 0o 1 0 0 o0 0}
0 0 1 0 o of

The first step deals with the determination of v. Denoting r, =
rank ([LE“?IU]) — rank(X,)), we obtain 79 = r; = 2, and 5 = 0. Thus,

v = 2. Secondly, with

[0 0 1 0 0 0 07
0 0 0 1 0 0 0
0 30 0 11 0
0 0 0 -3 0 1 1
S 0 0 0 0 0 0
27 1o 1 0 0 0 0 0
-1 0 0 1 0 0 0
2 0O 1 -1 1 o0 0
1 0O 0 -4 0 1 1

-2 3 0 5 2 0 -2

and LA? = 3003 -4 -1 , the singular

1 1 0 9 1 -4 =5
value decomposition of 5 gives

0 —06
Yoo=U, (1:2:8:10)= [0 03
0 022
[0.03  —0.02
Yp1=U, (3:4:8:10)= [-0.15  —0.49
|—0.41 045
-1 -13
b vyt . . _
FPo=LA"Si(1:2,1:2) = {o _2.27}
—-0.56  —0.44
b _ vyt . _
Fp,=LA"Si(1:2,3:4) = {_1.13 _2.8} .

The third step consists in detecting the stabilizability of (25). Let us
consider the permutation matrix

1 0 0 0

0 0 1 0

= 0 1 0 0

0 0 0 1

‘We obtain

0 1 0 0
*TT 1 P22 P23 P24
HFIT = 0 0 0 1
0 P42 P43 P44

where, denoting 7; and 7. the rows of I';, we obtain [pa2 +
0.56 Y23 + 1.3 P24 + 044] = ’ylM and [()042 + 1.13 P43 +
2.27 a4 + 2.8] = v2 M where M is the nonsingular matrix

0.03 —0.6 —0.02
M = —0.15 0.3 -0.49
—0.48 0.22 0.45

Consequently, we can choose any value for the ¢;; coefficients. Using
usual methods for pole assignment [20], a particular but interesting
choice is @23 = @24 = @42 = 0. In this case, it is possible to fix
(a2, w43 and @44, and therefore v, and v, to obtain a static output
feedback that stabilizes the system (25). The linear functional Lz (t)
is functionally observable for the system (1) with a fourth-order
Luenberger observer.



VI. CONCLUSION

All these results can be summed up in the following theorem which
provides a test of functional observability of a linear functional with
respect to a given linear time-invariant system.

Theorem 11: The triplet (A, C, L) is functionally observable if and
only if there exists an integer v such that

rank ({LEAD — rank(3,)

o y
v - { (ALv) }
Ow,cv+1)

where

has the singular value decomposition ¥, = U,.S,, VVT, and, the system
(25) where the essential matrices are defined by

[TL,O TL,1 TL,ufl Tc,o TC,l Tc,u]
=U/(r+1:p,)

[FLo Fia Fi o,y Foo Fé e,
= LAY

is static output feedback stabilizable.

When this theorem is fulfilled, the previous sections indicate a
design procedure which leads to a [r-order stable Luenberger observer.
When v is minimal and rank(7") = ¢ < lv, keeping in 7" the linearly
independent rows and eliminating the corresponding components in
the state of the observer, the order of the observer can be reduced to q.
Indeed, another particular feature of the presented work is the closed
form of the matrix 7" solution of the Sylvester equation (4).
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