N
N

N

HAL

open science

Large deviations for the two-dimensional stochastic
Navier-Stokes equation with vanishing noise correlation

Sandra Cerrai, Arnaud Debussche

» To cite this version:

Sandra Cerrai, Arnaud Debussche. Large deviations for the two-dimensional stochastic Navier-Stokes
equation with vanishing noise correlation. Annales de I'Institut Henri Poincaré (B) Probabilités et

Statistiques, 2019, 55 (1), pp.211-236. 10.1214/17-ATHP881 . hal-01942681

HAL Id: hal-01942681
https://hal.science/hal-01942681
Submitted on 3 Dec 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01942681
https://hal.archives-ouvertes.fr

Large deviations for the two-dimensional stochastic
Navier-Stokes equation with vanishing noise correlation*

Sandra Cerraif Arnaud Debussche?
University of Maryland, College Park IRMAR, ENS Rennes, CNRS, UBL, Bruz
United States France
Abstract

We are dealing with the validity of a large deviation principle for the two-dimensional
Navier-Stokes equation, with periodic boundary conditions, perturbed by a Gaussian ran-
dom forcing. We are here interested in the regime where both the strength of the noise and
its correlation are vanishing, on a length scale € and §(€), respectively, with 0 < €, d(e) << 1.
Depending on the relationship between € and §(¢) we will prove the validity of the large
deviation principle in different functional spaces.

1 Introduction

We are dealing here with the following randomly forced two-dimensional incompressible Navier-
Stokes equation with periodic boundary conditions, defined on the domain D = [0, 27]?,

duu(t,z) = Au(t,z) — (u(t,z) - V)u(t,z) + Vp(t,z) + Ve d & (t,z), ze€ D, t>0,

divu(t,z) =0, =xe€ D, t>0, u(0,z)=up(xz), x€ D.
(1.1)
Here u denotes the velocity and p denotes the pressure of the fluid. Moreover, &° (t,z) denotes
a Gaussian random forcing. We are interested in the regime where the noise is weak, that is its
typical strength is of order /e << 1, and almost white in space, that is its correlation decays
on a length-scale § << 1.

As well known, in order to have well posedness in C([0,T];[L*(D)]?) for equation (1.1),
the Gaussian noise &% cannot be white in space. In fact, white noise in space and time has
been considered in [8], where the well-posedness of equation (1.1) has been studied in suitable
Besov spaces of negative exponent, for p.-almost every initial condition, where . is a suitable
centered Gaussian measure, depending on € > 0. It turns out that, for different values of
e > 0, the measures p. are all singular, so that the result proved in [8] does not imply the
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well posedness of equation (1.1) for any initial datum in some subset of the Besov space that
remains independent of € > 0.

In the present paper, we assume that for any fixed § > 0 the noise £%(¢,z) is sufficiently
smooth in the space variable z € D to guarantee that for any initial condition ug € [L?(D)]?
there exists a unique generalized solution in C([0, T]; [L?(D)]?) (see Section 2 for all details).
As a consequence of the contraction principle and of some continuity properties of the solution
of equation (1.1), for any § > 0 fixed, the family {£(ues)}e>0, given by the solutions of equation
(1.1), satisfies a large deviation principle in C([0,7T7]; [L?(D)]?), for any T' > 0 fixed, with rate
e and action functional

0 _1 T —1 (e o - 2
B =5 [ 105 (/) = AP0 =B (0) Bz .

where A is the Stokes operator, b is the Navier-Stokes nonlinearity and Qs is the square root
of the covariance of the noise £° (see Section 2 for all definitions and notations and also [4]).

In [3], the limiting behaviors, as ¢ | 0, for the large deviation action functional I%, as well
as for the corresponding quasipotential V% have been studied. Namely it has been proven that
if the operator ()5 converges strongly to the identity operator, and a few other conditions are
satisfied, then the operators I% and V9 converge pointwise, as § | 0, to the operator

1

T
Ir(f) =5 [ 170 = A0 = ) e . (12)

and the operator

V(z) = ‘fU’[zHl(D)]%
respectively. Notice that I and V would be the natural candidates for the large deviation
action functional in C([0,7];[L?(D)]?) and the quasi-potential in [L?(D)]?, in case equation
(1.1), perturbed by space-time white noise, were well-posed in [L?(D)]%.

In [3] we have first taken the limit in € and then in §. In the present paper we describe what
happens in the relevant case the parameter J is a function of the parameter € that describes
the intensity of the noise, and

lim d(e) = 0. (1.3)

e—0
Namely, we show that in this case the family {u€75(6)}5>0 satisfies a large deviation principle
in the space C([0,T]; Bj (D)), where B] (D) is a suitable Besov space of functions, with o < 0
and p > 2. Moreover, in the case condition (1.3) is supplemented with the condition

. - _
lgr(l)eé(e) , (1.4)

for some 1 > 0, we prove that the family {u, () }e>0 satisfies a large deviation principle in
the space C([0,T];[L?(D)]?), where equation (1.1), corresponding to § = 0, is ill-posed. In
both cases, the action functional that describes the large deviation principle is the operator I
defined in (1.2).

We would like to mention the fact that in [12] Hairer and Weber have studied a similar
problem for the stochastic reaction-diffusion equation

du(t, ) = Au(t,z) + cu(t,&) —ud(t, &) + Ved €9 (t,2), xe D, t>0,
(1.5)

u(0,z) = up(z), =z € D,



where D is a bounded smooth domain, either in R? or in R3. By using the recently developed
theory of regularity structures, they study the validity of a large deviation principle for the
solutions {u () }e>0 of equation (1.5), in the case condition (1.3) is satisfied. Actually, they
prove that if, in addition to (1.3), the following conditions hold

. —1 _ _ . —1 _ _

ll_l%e logd(e)™ =€ [0,00), ford=2, 21_1}(1)65(6) =€ [0,00), ford=3,
then the family {u,s()}e>0 satisfies a large deviation principle in C([0,T],C"(D)), where
C"(D) is some space of functions of negative regularity in space, with respect to the action

functional
T

1
I%(f) = 2/0 0if —Af +exf+ f3|[2L2(D)]2 dt,

for some explicitly given constant ¢y, depending on A and d and such that ¢y = —c.
Moreover, they also consider the renormalized equation

ult,x) = Au(t,z) + (c+3ecf ) — 9 it Yult, ) — u(t,€) + Ve d, £ (¢, 2),

u(0,z) =up(z), =€ D,
where cgz

arising from the renormalization procedure. They prove that, in this case, if (1.3) holds, then
the family of solutions {u, 5() }e>0 satisfies a large deviation principle in C([0, T], C"(D)), with
action functional I%.

) and 055%2) are the constants, depending on the dimension of the underlying space,

Unlike Hairer and Weber, that use techniques from the theory of regularity structures to
prove the validity of the large deviation principle, in this paper we use the weak convergence
approach to large deviations, as developed in [5] for SPDEs (see also [13], [7] and [1] for some
relevant applications of this method). The argument is simpler and gives a stronger result.
In particular, we are able to prove that, when condition (1.4) is satisfied, then the family
{u675(€)}6>0 satisfies a large deviation principle in the space of continuous trajectories with
values in the space H itself and not in a functional space of negative regularity. Notice that
in [6] we have studied an analogous problem for the ®2"- model

To this purpose, let {¢¢}e>0 be any sequence of {F; }+>o-predictable processes, taking values
in a ball of L2(0,T; [L?(D)]?), P-almost surely, such that

lin(l) e =@ weakly in L*(0,T;[L*(D)]?), P — a.s.
e—

for some {F; }+>0-predictable process ¢ taking values in the same ball of L2(0,T; [L?(D)]?). As
we will explain in Section 3, in order to use the weak convergence approach to large deviations,
we have to show that if u¢ © is the solution of the equation

du(t) = [Au(t) + b(u(t)) + Qe pe(t)] dt + Vedw®O(t), t>0,  u(0) = uo,
then we have

lim fuf —u?s =0  P-as. (1.6)



where u¥ the solution of the random problem

du
dt
and € coincides with the space C([0,T]; [L*(D)]?) or C([0,T7]; B5(D)), depending on whether
condition (1.4) is satisfied or not. We would like to stress the fact that the proof of (1.6) is
quite different, in the two different cases.
If (1.4) is satisfied, then we can work in a Hilbertian framework. For every o > 0 and
€ > 0, we use the splitting

(t) = Au(t) + b(u(t)) + ¢(t)  t=0,  u(0) = uo,

Pe — P & P
uee_ve €+Ze +q)e€7

where .
OF<(t) = /0 e AQs1) pe(s)ds, >0,
and .
28(t) = e / et=9)(A=0) 7O () ¢ >, (1.7)
so that

ufe(t) —uf(t) = e (t) —vg " (O] + 28 (1) + [2 (1) — 2F(1)] -

Our aim is to show that there exists a random family {a. }¢>o such that the three terms on the
right hand side above, corresponding to a = a, converge to zero in LP(Q; C ([0, T); [L2(D)]?)).
In order to prove that we proceed with suitable energy estimates. Here, the key point is the
fact that for every p > 1 there exist § > 0 and a random variable K.(p) such that

2% corsiro) < (aV 1) e(T) Kc(p), P-—as.

and for any 7 small enough and any p,q > 1 there exist ¢1,(p, ¢) and 2, (p, ¢) such that

E|Kc(p)|? < c14(p,q) (e 5(6)—n)02,n(p,q) ‘

If (1.4) is not satisfied, we have to work with the mild formulation of the equation in the
space & = C([0,T); B3(D)) N LA(0,T; BY(D)), where B3 (D) and BY(D) are suitable Besov
spaces, with ¢ < 0 < a, 8 > 1 and p > 2 satisfying suitable conditions. Also in this case
we proceed with a suitable splitting of the solution uf®, but we cannot proceed with energy
estimates. We consider the decomposition

ul® —u? = [ve(t) — u? ()] + z(1),

where z(t) is the process defined in (1.7), corresponding to o = 0. In this case, one of the key
points in order to prove (1.6) is showing that

/0 et 4(2(s)) ds . < ea(t) |2e ® ze — 6ﬁé(e)I‘LP(O,T;[H*P(D)}‘l) ,
T

for a suitable p > 1 and a suitable constant 9 such that
it B |2 © 2¢ = €Us(0) I Lo(o 1ugrro (pyy1) = 0

for any x,p > 1 and o < 0. This follows from arguments analogous to those used in [§]



2 Notations and preliminaries

We consider here the following incompressible Navier-Stokes equation with periodic boundary
conditions on the two-dimensional domain D = [0, 27,

Opult,w) = Au(t, x) — (u(t,z) - V)u(t,z) + Vp(t,2) + Ve d & (t,2),  w€ D, t>0,
divu(t,z) =0, =ze€ D, t>0, u(0,z)=wuo(x), z€ D,

u(t,1,0) = u(t,z1,21), w(t,0,22) = u(t,2m, z3), (x1,29) € [0,27]?, >0,

(2.1)
where 0 < €, << 1 are some small positive constants. Here 55(t,m) is a Wiener process on
[L2(D)]?, with covariance Qs to be defined below.

We assume that the initial condition ug and the noise £° have zero average in space, so that
u(t) remains with zero average for all time. It is not difficult to get rid of this assumption.

In what follows, we will denote by H the subspace of [L?(D)]? consisting of periodic,
divergence free and zero average functions, that is

H= {u € [L*(D))* : / u(z)dr =0, dive =0, wu is periodic in D } .
D

H turns out to be a Hilbert space, endowed with the standard scalar product (-, -); inherited
from [L?(D)]?. Moreover, we will denote by P the Leray-Helmholtz projection of [L?(D)]?
onto H.

Now, for any k = (ki, ko) € Z& = Z?\ {(0,0)} we define

— i ﬁ etk — i ﬁ et (T1ki+z2ks)
27 |k| 27 |k| ’

kL = (ko, —k1),  |k| = /K2 + K3

It turns out that the family {ej},c 72 is a complete orthonormal system in Hc, the complexi-
fication of the space H. For every s € R, we define

er(z) x=(r1,22) € D, k€ Zy,

where

H*(D):=¢u:D—R: |U|%{s([)) = Z |(u, ex)|?|k]* < oo
ke 72

Next, for ¢ € N, we set o4 := Ilpa — IIye-1, where II,, denote the projection of H into
Hy, := span{ey }|x<,. Namely

dqu = Z (u, ex) r €k u € U H*(D,).

20— 1< |k|<24 seR

For any 0 € R and p > 1, we define

By(D):=que | JH (D) : ZQW|5qu|§,,(D)<oo
seR geN



By (D) turns out to be a Banach space, endowed with the norm

1
P

|U|Bg(D) . Z 2pqa|5qu|ip(p)
geN

Now, we define the Stokes operator

Au = PAu, u € D(A) = Hn[H*D)?

where P is the Helmodtz projection. It is immediate to check that for any k € Z3

Aey, = —|kPey, ke Z.

For any r € R, we denote by (—A)" the r-th fractional power of —A, defined on its domain
D((—=A)"). It is well known that D((—A)") is the closure of the space spanned by {e}c 72

with respect to the norm in [H?"(D)]? and the mapping
u€ D((—A)") — [(—A)"u|g € [0,400),

defines a norm on D((—A)"), equivalent to the usual norm in [H?"(D)]?. Moreover, we have
that the Leray-Helmholtz projection P maps [H?"(D)]? into D((—A)"), for every r € R.
Due to the incompressibility condition, the nonlinearity in equation (2.1) can be rewritten
as
(u-V)v=div(u®v),

where

U1vr U1V
URQU = .
U2V1  UV2

In what follows, we shall set
b(u,v) = —Pdiv(u®wv), b(u)=—Pdiv(u® u). (2.2)
We recall here that, whenever the quantities on the left-hand sides make sense, it holds
(b(u),u)y =0,  (b(u), Au)y =0, (2.3)

(for a proof see e.g. [14]).
Finally, concerning the noisy perturbation £9(¢, ) in equation (2.1), it is a Wiener process
on [L%(D)]? and has zero average. In what follows, we shall set

w(t) = PEt), t>0.
w’(t) is now a Wiener process on H, and we assume it can be written as

wé(t7x) = Z )\k(é)ek(x)ﬁk(t)a t> 07 YRS D7
ke 72



where {ej}rcz2 is the orthonormal basis that diagonalizes the operator A, {Bi(t)}rezz Is a
sequence of independent Brownian motions defined on the stochastic basic (Q, F, {F:}+>0,P),
and for any § > 0

1
Ae(6) = (L+0k*) "2, ke Z,

for some fixed v > 0. In other words, w® is a Wiener process on H with covariance Q5 =
(I +3(—A)7)~L. We would like to stress that our result easily generalizes to more general
covariance operators.

As we mentioned above, in the present paper we are interested in the asymptotic behavior
of equation (2.1), as both € and § go to zero. In particular, we shall assume that ¢ is a function
of €, such that

lim d(e) = 0.

e—0

In what follows we shall denote by (). the bounded linear operator in H defined by
Qcer = /\k((S(E)) €k, ke N.

Now, if we project equation (2.1) on H, with the notations we have just introduced, it can
be rewritten as

du(t) = [Au(t) + b(u(t))] dt + Veduw® D), >0,  u(0)=up. (2.4)

As proven e.g. in [11], equation (2.4) admits a unique generalized solution u. € C([0,T]; H).
This means that u, is a progressively measurable process taking values in C([0,T]; H), such
that P-a.s. equation (2.4) is satisfied in the integral form

(wel0): ) = w0+ [ (acs) Ay ds [ blacs).o)us)y ds +vE (w0 0)

H

for every t € [0,T] and ¢ € D(A).
In what follows, for every a > 0 and € > 0, we consider the auxiliary Ornstein-Uhlenbeck
problem

dz(t) = (A — a)z(t) dt + /e dw’O(t), >0, (2.5)

whose unique stationary solution is given by
t
(1) = Ve / (=9(A-0) 73 () te R, (2.6)
—o0

Notice that here @ % (t) is a two sided cylindrical Wiener process, defined by

@*O(t, ) = Y M(6(e))er(w) Br(t), (t,x) € Rx D,
ke z3

where
,Bk(t), ift >0,

Brt) =<
5k(—t), ift <0,

7



for some sequence of independent Brownian motions {S(t)} e 7z, defined on the stochastic
basis (2, F, {F:}i>0,P) and independent of the sequence {3 (t)}.c z2-

It is well known that for any fixed € > 0 the process z® belongs to LP(Q; C([0, T]; D((—A)?)),
for any "> 0, p > 1 and 8 < /2. In the case o = 0, we shall set

ze(t) == 20(¢). (2.7)

3 The problem and the method

We are here interested in the study of the validity of a large deviation principle, as € | 0, for
the family {L£(ue)}ce (0,1), where uc is the solution of the equation

du(t) = [Au(t) + b(u(t))] dt + Vedw® O (t), >0,  u(0)=up. (3.1)
Here and in what follows, 7' > 0 is fixed and € > 0 — d(e) > 0 is a function such that

lim 6(€) = 0. (3:2)
e—0
We will prove that depending on the scaling we assume between e and d(e), the family
{L(ue)}ee 0,1) satisfies a large deviation principle in £, where £ is a suitable space of tra-
jectories on [0,7], taking values in some space of functions defined on the domain D and
containing H.

Theorem 3.1. Let € — 0(€) be a function satisfying (3.2). Moreover, assume that there exists
n > 0 such that
limed(e)™" = 0. (3.3)

e—0
Then, for anyuy € H, the family {L(ue)}eso satisfies a large deviation principle in C([0,T]; H),
with action functional

1

T
() =5 [ 11 = AR - o)y (34)

Theorem 3.2. Let € — (€) be a function satisfying (3.2). Moreover, let 0 < 0 and p > 2 be
such that
2 <2 >
o>——V|[-—-1].
p p

Then, for any ug € HY(D), with 0 > o + 1 — 2/p, the family {L(uc)}eso satisfies a large
deviation principle in C([0,T]; By (D)), with the same action function It introduced in (3.4).

In order to prove Theorems 3.1 and 3.2, we follow the weak convergence approach, as
developed in [5]. To this purpose, we need to introduce some notations. For any 7' > 0, we
denote by Pr the set of predictable processes in L?(2 x [0, T]; H), and for any v > 0, we define
the sets

T
8%={fe vz - [ f(t)l?th§v},

8



and
A}:{UE Pr : ue S, P—a.s.}.

Next, for any predictable process ¢(t) taking values in L?([0,T]; H), we denote by u¥ the
solution of the problem

W) = Ault) +b(u(t) +9() 120, u(0) = o (3.5)

Moreover, for every € > 0 we denote by uf(t) the generalized solution of the problem
du(t) = [Au(t) + b(u(t)) + Qe p(t)] di + Veduw’ I (t), >0,  u(0) = uo. (3.6)

Notice that w(€)(t) = Qseyw(t), where

o0
w(t,z) =Y ep(x)Bi(t).
k=1
Then, by using the notations introduced in [5], we have

uf =G, (ﬁw + [ et dt) ,
0
where G¢(¢) denotes the solution f of the problem

df(t) = [Af(t) + b(f(1)] dt + Qseydip(t),  f(0) = uo.

As for equation (2.4), for any fixed € > 0 and for any 7' > 0 and £ > 1, equation (3.6)
admits a unique generalized solution uf in L*(Q; C([0,T]; H)). As a particular case (e = 0),
we have also well-posedness for equation (3.5).

By proceeding as in [5], the following result can be proven.

Theorem 3.3. Let £ be a Polish space of trajectories defined on [0,T] with values in a space
of functions defined on the domain D and containing the space H, and let I be the functional
defined in (3.4). Assume that

1. the level sets {Ip(f) < r} are compact in &, for every r > 0;

2. for every family {pe}eso C Af that converges in distribution, as € | 0, to some p € AlL,
in the space L*(0,T; H), endowed with the weak topology, the family {uf<}co converges
in distribution to u¥, as € ] 0, in €.

Then the family {L(ue)}eso satisfies a large deviation principle in £, with action functional
Ir.

Actually, as shown in [5], the convergence of uf* to u¥ implies the validity of the Laplace
principle in £ with rate functional I7. This means that, for any continuous mapping I' : £ - R
it holds

ting ~elog B exp (1 Tu) ) = Inf (F(7)+ I2(/). (3.7

9



And, once one has shown that the level sets of IT are compact in &£, the validity of the Laplace
principle as in (3.7) is equivalent to say that the family {L(u.)}e>o satisfies a large deviation
principle in &, with action functional Ip.

The proof of condition 1 in Theorem 3.3 is obtained once we show that, when the space
L?(0,T; H) is endowed with the topology of weak convergence, the mapping

o€ L*0,T;H) — uf € &,

is continuous. More precisely, condition 1 will follow if we can prove that for any sequence
{on}nen in L2(0,T; H), weakly convergent to some ¢ € L?(0,T; H), it holds

lim |[u?™ —u®|e = 0.
n—oo
As for condition?7 we will use Skorohod theorem and rephrase such a condition in the
following way. Let (€, F,P) be a probability space and let {@?(€)(t)};>0 be a Wiener process,
with covariance )5, defined on such a probability space and corresponding to the filtration
{ft}tzo- Moreover, let {@c}e~o and ¢ be {]:'t}tzo—predictable processes taking values in 8%,
P almost surely, such that the distribution of (@, @, 11_]5(6)) coincides with the distribution of
(e, 0, w)) and
lim g, = @ weakly in LQ(O, T;H), P-as.
e—0
Then, if af¢ is the solution of an equation analogous to (3.6), with ¢, and w%© replaced
respectively by @, and @w?(©), we have that
limaf =u% in& P-—as. (3.8)
e—0
We would like to stress that condition 1 in Theorem 3.3 follows from condition 2. Actually,
if we take in equation (3.6) /e = 0 and {@c}e>0 = {¢n tnen and ¢ deterministic, then condition
1 is a particular case of condition 2.

4 Proof of Theorem 3.1

In what follows, {¢c}ce (0,1) and ¢ are predictable processes in A}, for some v > 0 fixed, such
that ¢, converges to ¢, P almost surely, in the weak topology of L2(0,T; H).
For any o > 0 and € > 0, we introduce the random equation

%(t) = Av(t) + b(v(t) + 22 (t) + (b)) + az8(t),  v(0) =ug — 22(0), (4.1)

where z& is the process introduced in (2.6), solution of the linear equation (2.5), and

¢
() = / e(t*‘S)AQ6 ©ve(s)ds, t>0,
0

is the solution of the problem

dd.
dt

(t) = ADc(t) + Qe e(t),  Pc(0) =0.

10



Notice that if ¢, € A%, for some v > 0, then

t _p=2
(1) o) < € /O (t— )75 Jpe(s)|a ds,

so that
T t pez p
|@elLo01:0(D)) < C/O </0 (t=5)"2 |pe(s)|n d8> dt

p+2

T _p 2
< et loctisrn ([ 5 as)

This implies that
Pl o000 (D)) < CTp VY, P —as. (4.2)

As shown e.g. in [11], equation (4.1) admits a unique solution
v® e C([0,T]; H) N L*(0,T; V), (4.3)
and the unique generalized solution u¢ of equation
du(t) = [Au(t) + b(u(t)) + Qe pc(D)] dt + Vedw'O@), >0,  w(0)=uy,  (44)
can be decomposed as
ud(t) = vl (t) + 22 (t) + P(t), te [0,T].

Lemma 4.1. Assume that {¢c}eso C AL, for some fized v > 0. Then, there exists cry > 0
such that for every e >0 and t € [0,T]

t
)% + / o (s)[? ds

(4.5)
< ey exp (el22uzaoy ) (old + 22O + (@ + D) 12200y +1) -
Moreover, we have
4
[0 |22 0.7, 24(D))
(4.6)

2
< eryexp (e12 a0 pnaoy ) (lold + 22O + (@2 + D) 128 Eaosraiy +1)

Proof. Let v¥ be the solution of problem (4.1), having the regularity specified in (4.3). Due to
the first identity in (2.3), we have

1d .

= (b(z¢ (1) + @), v (1)) g + (00 (), 28 () + Pe(t)), v (8) g + v (28 (1), v () gy -
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For every 7 > 0, we have
[(b(zE (1) + Re(t)), v (1)) gyl = B2 (t) + Pe(2),vE (1)), 28 (F) + Pe(t))
< Oy 128(t) + Pe()]Zapy < 0 EOF + ey (Iz?(t)\‘i4(p) + \<I>e(t)l‘i4(D)) :
As H'Y/2(D) < L*(D), by interpolation, we have
[(b(ve (8), 28 () + Pe(t)), v (1)) | = [(B(vE (1)), 28 () + Pe(t))

< vl (v [0 (8) /e 28(8) + @) gy < o @) w2 (1))

22(8) + @c(t) o)
<O + e o2 0 (1220 ap) + 18Ol acp) ) -

Moreover, we have
al (28 (), 02 () g | <02 (OF + o |22 () F-.
Therefore, if we pick n = 1/6, we get
d [ 2 [ 2
Jplve Ol + [ve()ly

< o2 () (1280 ap) + 19O)Lap) ) + (02 + D) 22034 + [ @)1

Due to (4.2), by using the Gronwall lemma this yields (4.5).
In order to prove (4.6), we notice that, as H/2(D) < L*(D), by interpolation we have

T
|Uea|%4(o,T;L4(D)) < C/o |U?(S)’%/ |vg (s)|F ds < ‘U?‘%OO(O,T;H)|U?|%2(O,T;V)'

Therefore, (4.6) follows immediately from (4.5).

O
Remark 4.2. 1. Due to (A.8), there exist £ > 1 and ¢(T") > 0 such that for any € > 0
ae = c(T) [Kc(4, )| V 1 = |28 paorsna(py) < 1 and [284(0)|m < 1. (4.7)
Thanks to (4.6), this implies that
]v?f|L4(07T;L4(D)) < ecrq (|U0\H + a? + 1) , P-as. (4.8)
and in view of (A.9), we can conclude that if (3.3) holds, then
Eod|Taorrapy < (15 k) (Juolfy +1), k2 1. (4.9)
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2. As a consequence of (4.5), if ¢ € A7 and v¥ is a solution to the problem

Y1) = Av(t) + () + D)D), v(0) = o,

where .
I(p)(t) == / =94 () ds,
0

we have ;
P ()3 + /0 09 (5)[2 ds < ery (1+ [uol%)

Moreover, by interpolation,

0¥\ 20,104 (D)) < ey (1 + [uolm)-

(4.10)

(4.11)

In the next lemma we investigate the continuity properties of the operator I' and we prove
the convergence of @, to I'(¢) in case the sequence {p,}eso is weakly convergent to ¢.

Lemma 4.3. For every p <1, there exist 0, > 0 and cy > 0 such that

|F(<P)|c9p([o,T];Hp(D)) < ¢ \90|L2(0,T;H)a P—a.s.

(4.12)

for every ¢ € L*(0,T; H). In particular, if {pc}eso is a family in A7, weakly convergent in

L*(0,T; H) to some ¢ € A7, for every p < 1 we have

lim [®. — I'(9)|co,m0(D)) =0, P —as.

e—0

Proof. For every 5 € (0,1), we have

P(e)(t) = c5 /0 (t - 5) Pty (0) (s) ds,

where

Due to the Young inequality, we get

T s p T
Yo oz = | ( / <s—o>-ﬂ\w<a>md0) ds < 1680 ( /

and hence, if § < 1/2+ 1/p, we have

|Y,8(<P)|LP(0,T;H) < cp(T) |90|L2(0,T;H)-

Now, as shown e.g. in [10], if 8 > p/2 + 1/p we have that the mapping

(4.13)

_28p 2
s pt2ds ,

t
Y € LP(0,T; H) — / (t — s) P14y (5)ds € €755 ([0, T); H*(D)),
0

13



is continuous. Therefore, we can conclude that

T ()] -

C < ¢p (1) l¢lL20,1;m) P — a.s.

[V}

5 ((0,T];:He(D))

if p/2+1/p < <1/2+ 1/p, and this implies (4.12).
Now, in order to prove (4.13), we notice that

O —I'(p) = T(Qclpe — 9)) + T(Qep — o).
Since Qc(pe — ) € AJ and Qc(pe — ) — 0, as € | 0, weakly in L*(0,T; H), due to the
)

compactness of the immersion of C%1 ([0, T]; H?*(D)) into C([0, T]; H??(D)), for every py > pa,
from (4.12) we conclude that

i [D(Qc(ve — ¥)loqorimem)) =0, P—as. (4.14)
for every p < 1. Moreover, thanks again to (4.12),
IT(Qep — ) |%([07T];HP(D)) < Cp|Qe 2 ‘P‘LQ(O,T;H) — 0, P—as.

as € — 0, and together with (4.14), this implies (4.13). O

Remark 4.4. Notice that, as the sequence {¢¢}e~o and the process ¢ are in A7, we can
conclude that the convergence in (4.13) is in LP(2), for any p > 1.

In what follows, we shall denote
pE(t) = o2 (1) —vP(t), ¢ >0

It is immediate to check that p¢ is a solution to the problem

d (EX (0% « (8% o (0% (0%
CZ (t) = Apc'(t) + (v (t) 4+ 2 (1) + @c(t)) — b(v?(t) + D) (1) + a2l (t),  pE(0) = —2(0).
(4.15)
Lemma 4.5. If {¢cteso C A} and ¢ € A7, for every a > 0 we have
T
sup o2+ [ 16O de < e, (T) exp (uolly + 1)
t€[0,T] 0
(4.16)

<‘Z?(0)’12LI + ’23‘%4(0,T;L4(D)) (‘vg‘2L4(O,T;L4(D)) + 1+ 042) + ’23|i4(0,T;L4(D))

H®e = D) s ripaoy (1+ w0l + 10 Bagorraioy ) ) -
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Proof. Taking into account of the first identity in (2.3), we have

1d
2 dt

+ (b2 (1)), P2 (1)) + (00 (1), 28 (1)) + b(2E (), v (8)), pE (8)) 1

Now, we are going to estimate each one of the terms I¢;(t), for j =1,...,8. We have

a1(t) = ((pe (1), 07 (1), P () g = — (0(pe (8), V7 () »

so that, by interpolation, for any n > 0,

[121()] < 1p2 @) Iv 102 () Lacpy lv? (D a(py < nlpZ O + ey [0& @7 [v2 ()74 ()-

For I&%(t) we have
a2(t) = (b(Pe(t), Pe(t) — L()(t)) + b(Pe(t) — L) (%), L'(0)(2)), p<(£)) fy »
and, by proceeding as for [ o1 (t), we have
12501 < 12O + e (12Da) + D@00 ) [Be(8) = T (@) (1) B
For I&3(t), we have

[185(6)] = [(b(22(8)), 02 (0) 1] < 0 1pE O + ey |28 (®) ().

and, in an analogous way,
(1240 + [IE5 (0] < 0 [pE @)Y + en |28 (1) Ty (IU?(t)|%4(D) + |<I>e(t)|%4(p>) :
Concerning IZ4(t), by interpolation we get
186D < nlp2 O + ¢y [@e()] ) 2 (DI

Finally, with the same arguments used for I¢'5, and also for I, and I, we get

12701 < 012 @ + e (107 B4y + 08O Bagpy ) 120 = T@) o)
For the last term, we have

1125 < 0 lpEO)]F + ey o® |22 (1) 71

15

02 ()17 + 12 O = (b(ve (1) = b(v?(1)), pE (1)) + (b(Re(t)) — BT () (1)), P (1)) g

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



Therefore, if we take n = 1/14, we obtain
d « 2 « 2 « 2 © 4 4
LB+ 1R < el @B (WOl + 120 Eeqr)
+ (12D B ) + D) OFs(py + 07O Fay + 1O By ) 12e(0) ~ D@D By

el O o) (18O o) + 1010y +0?) +el22(0)lLun)

Recalling that
o€ Ay = IT(0)|ro.1:0r (D)) < p(T)y, P—as.

as a consequence of the Gronwall lemma, this implies that

T
sup_[p? (1)1 + / 2R dt < ey (T) exp (10707130
te (0,7 0

(\Zg(o)hzq + 128 240,104 (0)) (‘U?‘%‘l(O,T;L‘l(D)) + 1+ 042) + 1221240 1.04(D))

+®e = DO a0 rizacoy (1+ 19 Eao sy + 10 sy ) -

Thanks to (4.11), we conclude that (4.16) holds.

4.1 Conclusion of the proof of Theorem 3.1

We have already seen that, if « is any given non-negative constant and v%(¢) is the solution to
problem (4.1), then it holds

ufe(t) = v2(t) + 2&(t) + Pe(t), t>0.
Since u¥(t) = v¥(t) + I'(p)(¢), this implies that we can write
ufe (t) = u?(t) = [ve“(t) = v? (O] + 28 (1) + [e(t) = T()(B)], >0,

where a. is the random constant defined in (4.7).
Due to (4.8) and (4.16), it is immediate to check that

02 (t) = v? (Ol < e5(T Juolm) {122 (0)r + 128l Lo, 2))
+ <|Z?E|%4(0,T;L4(D)) + [P — F(‘P)|L4((LT;L4(D))> (1+ 0‘3)} :
Now, in view of (A.8), for any 8 € (0,1/4) there exists cg(T") such that for every a > 0
1z lcqomzapy) < es(T) Ke(4,8), P —as.

16



This implies that, if we fix any n € (0,1/2v) satisfying (3.3) and 8, € (0,1/4) so that (A.9)
holds, we get

02(8) ~ 07 < ey (T, Juolir) (KX, By) + K2(2.8) + 19— (@) orizs o) (1 -+ 02)
(4.24)
As a consequence of (A.9) and assumption (3.3), we have

sup Eaf <oo, k2>1
ec (0,1)

Then, thanks again to (A.9), from (4.24) we can conclude that for any x > 1

1
Elvge — o2& o100y < Sy (T w0l ) [(6 5(e)™M) ™ + (IE |P. — F(‘P)|E4(O,T;L4(D))> 2} .

Because of (3.3), (4.12) and (4.13), this implies that

21_1;%65(6)_77 =0= l%E |U?€ — USO|8([O,T];H) = O, K 2 1. (425)

Since
[ufs — u?|oo,m;my < |vee — v ooy + 126 leqom;m) + 1P — T(@)eqom);m)
(4.25), together once more with (4.12) and (4.13), implies that

: - _ 3 Pe _ 4Pl =

In view of Theorem 3.3 and all comments in Section 3 after Theorem 3.3, we can conclude
that Theorem 3.1 is proved.

5 Proof of Theorem 3.2

In what follows, we fix any ¢ < 0 and p > 2 such that

v (3-1)
oc>——V|-—-1].
p p

Because of such a condition, we can fix two real constants « and § such that

2 1 1 o 1 o
->a>—0 >0, > 2, >2, ——+-<—-—==< —. 5.1
’ o o p > 15} 2+p 5 3 32 (5.1)

Once fixed a, o, p and B, for any 0 < s < t we denote
Eop = C([s,1]; By(D)) N LP (s, t; By (D)).
&+ turns out to be a Banach space, endowed with the norm

vle,, = sup |v(r)|sg(p) + |Vl Le(s,:85(D)-
re [s,t]
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In the case s = 0, we shall set & ; = &;.

Our purpose here is to show that under condition (3.2) the family {uc}cc (0,1) satisfies a
large deviation principle in C([0, T]; By (D)), with action functional I, as defined in (3.4). In
view of Theorem 3.3 and the arguments in Section 3, this follows once we prove that for any
sequence {@¢}eso C .A},, P-almost surely convergent to some ¢ € .A%, with respect to the
topology of weak covergence in L2(0,T; H), the sequence {uf*}.~o converges P-almost surely
to u? in C([0,T]; By (D)).

For any € > 0, we introduce the random equation

dve

g (8) = Ave(t) +b(ve(t) + 2e()) + Qe g, ve(0) = uo — 2(0), (5:2)

where z.(t) = 20(t) is the process introduced in (2.7). In particular, we have

ufe(t) —u?(t) = [ve(t) — u¥(t)] + ze(t) =: pe(t) + 2e(t), >0,

Since

dpe
dt

(1) = Ape(t) + b(ve(t) + z(1)) — b(u?(D) + Qe elt) — o(t),  pel0) = —(0),

we have that pe(t) solves the following integral equation

pe(t) = —e2(0) + /0 =94 (b(ve(s)) — b(uf(s))) ds + /0 e=94p(2.(s)) ds
+ / e (b(pe(s), 2e(5)) + b2 (5), pe(s))) ds
0

+/0 e (b(uP(s), 2(5)) + b(ze(5), u?(s))) ds + [@e(t) — T()(t)] =: Zfe,i(t)~

Our first goal here is to estimate the norm of each term I ; in the space &, for every t < T,
and prove a uniform bound for p. in &r. To this purpose, we first prove a suitable bound for
u? in H%(D), with 6§ € (0,1).

Lemma 5.1. Assume that ug € H?(D), for some 6 € [0,1). Then, for any ¢ € L*(0,T; H)

we have

T
sup_[u? (8) 20 + / 69 (5) 01y ds < ¢ (luoliooy |el 2 ) - (5:3)
te (0,77 0

Proof. Since

1d
5 3O + WP O = (@), u? (1),
we immediately have
© 2 ! © 2 2 Al ! 2
u? ()] + ; [u? () ds < Juolty + 5 ; |p(8)[2r ds. (5.4)

18



For every 6 > 0, we have

(0 oy + 1 (1) sy = (B(P(0)), (—AY (1)) 1+ (p(t), (—A) (1))

Now, if we assume 6 < 1 and set g1 = 2/(1 — 6) and g2 = 2/6, we have
(b(u? (1)), (=) u? () 1| < [u? ()] () (= A) 0P (1) oz () [u? (8) v

As
W%%(D) < L%(D), W'%*(D)— L®(D),

this implies that

(b(u? (1)), (—=A) u? () 1| < 1u? ()] o () [u? ()] 1oy [u? () ]y

—_

PO 100 + ¢ 0P (0) oy [ (O
Therefore, as
1
(p(®), (=) u? () i | < () [0 (1) 20 (py < Z|uw(t)‘?{1+9(D) +clolF,

we conclude that

d
S 0 o) + 10 (1) B ) < 1 (1) By [u? (O + Lol

Thanks to (5.4), this implies
2 g 2 2 2
|u? ()50 (py < exp (C/o u?(s)[i/ d3> (’u0|H9(D) + C|QD‘L2(O,T;H))

< exp (cluolt + el ) (1tolBs o) + ¢l Baorm ) s
and (5.3) easily follows. O

Now, let us estimate each term I ;, fori =1,...,6. Since

=

t
La(t)le, = sup \e“z€<0>rsow>+( / |e“‘ze<o>\ﬁa<p>ds) 7
s€[0,4] P 0 »

according to (5.1), for any ¢t < T we have

=

t 1 B
|Ie,1(t)‘5t S C ’ZE(0)|85(D) +c <A 3_5(04—0')6 d8> ‘Ze(O)’Bg(D) S cr |z€(0)|Bg(D) (55)

Now, for any two processes u(t) and v(t), we define

A, v)(t) = /0 =AYy (s), v(s)) ds,  t > 0.
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By proceeding as in [8, proof of Lemma 6.3], it is possible to show that if v; and v are
measurable mappings defined on [0, 7], with values in Bj(D) and By (D), respectively, then

t 1424
|A(vi,v)(8)]5g (D) < € /0 (t—5) 2" oy ()| gg (py o2 (9)|gg (py ds,  t< T, (5.6)

and
PP TCNE R
Ao Wlggo < ¢ [ (0= ol @y s, t<T (51

both for (7,5) = (1,2) and for (i,75) = (2,1).
It is immediate to check that

b(ve(t)) — b(u?(£)) = b(pe(t)) 4 b(pe(t), u?(t)) 4+ b(u?(t), pe(t)), £ =0,
so that, thanks to (5.1), from (5.6) and (5.7) we get
Heple, < c1(t)|pelLeo.8a( <|Pe|c (0.4:85(D)) + [U¥|cpo,:87 (D ))) , >0,

for some continuous increasing function ¢;(¢), such that ¢;(0) = 0. Since we are assuming that
6> o+ 1—2/p, we have that H%(D) — By (D), so that from (5.3) we obtain

[Leole, < c1(t) ey(|uolgo(py)|pele, (!Pe\C([o,t];Bg(D)) + 1) : (5.8)
Concerning I, 3(t), we first notice that
b(ze(t)) = div (2e(t) ® 2ze(t)) = div (2e(t) ® 2ze(t) — €I5001), >0,

where 5 is the constant defined in (A.11), for § = J(¢). Then, since for every p > —1, 17 >0
and p > 2 we have

et

77
|etAx|Bz(D) <c )|:U|H a+m(py, >0,

from (2.2) we get

t _ z_l 1y
eVl < ¢ /0 (= )70 div(ze(s) © 2e(5) — D01y i s

t — c_1.1
§c/0 (t—5) T D 2(9) @ 2(5) — Vs D) g oy 4

In the same way, we have

t
7(1+a S l
ea(®)lsg () < c/o (= )" 2 (5) © 2e(s) — Do 1) gy e -
Due to (5.1), this implies that we can find n > 0 and p > 1 such that
[Ielg, < ca(t) |ze ® ze — ey

I oo - oy -
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For I, 4(t), by using again (5.6) and (5.7), we have

Toa(t <o [ (t—gb0rE d
[Lea(t)|Bg (D) < ¢ ; (t—s) |pe(8)|Bg (D) |2¢() B3 () s,
and
¢ —L(1+2-0)
Tl < [ (¢ =972 (5) g () g o s
and then, according to (5.1), we can find p > 1 such that
[Leale, < e3(t) [pel L0180 (D)) | Zel Lo 0,385 (D)) < €3() |pelen] 2el Lo (0,1:85 (D))- (5.10)

As for I, 4(t), for I 5(t) we have

' —3(1+3-0)
TeaOlag ) < e [ (6= 9730870 (5) g () g o) 5,

and
! —1(14+2-0)
[Le5(t)|Bg () < C/O (t—s) 272 7 u?(s)|ga(p)|2e(5)|Bg (D) ds-

As we are assuming 6 > o + 1 — 2/p, we have that § > a — 2/p, so that for any n > 0 such
that 6 —n > a — 2/p, we have H'*~"(D) — BY(D). By interpolation, this implies

1—
‘$|B§“(D) < ¢y |x’H1+9—"(D) S ¢ |:C’H119(D)‘x|717ﬁ19(D)’
so that

2n

_2
‘m‘llg;(vD) <o |x’%{1+9(p)‘x’;ﬁ?m-
According to (5.3), this implies that u¥ € L%(O, T By (D)) and
%)
9], 2 oy < (100l (.11
Due to condition (5.1), since § > o + 1 — 2/p, we can find n € (0, 1) such that
2 2
l—=<n<b+-—o.
B p

For such n > 0 we have

-1
t
e ) 7 |
’16,5(75)’35(D) <c (/0 s 2 P B—1 dS) |UP’L1%7](O’t;Bg(D))‘Z6‘LK(07t;Bg(D))7 (5 12)

where

Analogously, if we pick n > 1 — 2/p, we get

t b 1.2, B
/ [Tes(5) g 1y ds < (/ s 2t )d5> we|” 5 2el 28 :
0 P 0 LI=n(0,:Bg(D))  L2=BFU=n)(0,;B5(D))
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Thanks to (5.11), this, together with (5.12), implies that there exists some p > 1 such that

[Lesler < calt) ey(uolgo(py)|zelLe 0,85 (D)) (5.13)
P

Collecting together (5.5), (5.8), (5.9), (5.10) and (5.13), we conclude that

el& > Y\IUOIHE (D)) 1PelEt elC([0,t];B2 (D)) elLr(0,T;Bg (D)) T |%e Bg (D)
|pele, < e(t) ey(luolmo(py)lpele, ( lpel g(D)) t || (o)) 1) +er[z(0)]5

e (1) ey (uolmogpy) (12l otommg0)) + 12 © 2 = €950 oo g oy ) + 1P = T@)le,

for some continuous increasing function ¢(t) such that ¢(0) = 0.
Now, we are going to show that for any sequence {¢, },cn converging to zero, there exists
a subsequence {en, }ken C {€n}nen, such that

lim |pe, e, =0, P—as. (5.14)
k—o0 k

and this clearly implies that
lim |pele, =0, P —as.
e—0

As ule(t) — u?(t) = pe(t) + 2¢(t), for t € [0,T], according to (A.1) we can conclude that

lim sup |uf<(t) —u?(t)|go(p) =0, P—as. 5.15
g sup (o (0) — " Ol o (5.15)

Let {e,}nen be a sequence converging to zero. As we are assuming that o < 2/p, there
exists p < 1 such that H?(D) — By(D), so that, due to (4.13) we have

lgr(l) |®c —T(p)lg, =0, P—as. (5.16)

Then, as a consequence of (A.1), (A.13) and (5.16), we have that there exists a subsequence

of {€n}nen, that for simplicity of notations we are still denoting by {e, }nen, and a set ' C Q
with P(Q') = 1, such that

fim <|Z€”( e ([0.7]:B3 (D +‘Z€ ) © ze(w) — €5 I‘LP (0,T;[H— (D)]4)

n—oo

(5.17)
P (w) — r(¢)(w)|gT) —0, we .

Next, for any € > 0 we denote

re=inf {120 ¢ |put)lg) 21}

If we fix any w € €/, in view of (A.1) there exists some ny = ng(w) € N such that for any
n>ngand t < 7, (w)

[pe(w)le, < 3e(t) ey ([uolmop))lpe(w)le. + e |2e(0)]Bg (D)) + | Pe(w) = T(@)(W)]g,,

+C(t) C’Y(|UO|H9(D)) (|ZE( >|LP (0,T;Bg (D)) + ’ZE ®ZG( ) 6195 I’Lp (0,T;[H~ ’Y(D)]4)) )
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This implies that if we take tg > 0 such that

)

N

3c(to) ey(luolgo(py) <
for any n > ng and t < 7, (w) A tg

[P (W)le, < € |De,, (w) = T(9)(W)le,,

+er (‘zﬁn (w)|C([O,T];Bg(D)) + ‘Z“:n (w) & Ze,, (w) —€n 196(6)]—‘Lp(O’T;[H—'y(D)]AL)) .

As a consequence of (5.17), there exists n; = nj(w) > np such that

cr (|Zén (w)‘C([O,T];Bg(D)) + }zen (Ld) ® Zep, (w) —tn /06(5)[‘Lp(07T;[H—'y(D)]4))

1
b @0, () ~ ()W), <3, nZm,
so that 7, (w) A tg = to, for n > nq, and

[Pen (W), < ¢ [®e, (W) = T(@)(W)]e,

+er (‘Zﬁn (w)|C([O,T];Bg(D)) + ‘an (w) @ Ze, (w) —€n 196(6)1—‘Lp(o}T;[H—'y(D)]AL)) :

Now, we can repeat the same argument in the intervals [(i — 1)to,ito], for ¢ = 0,..., 7,
where i7 is the smallest integer such that i7tg > T', and we find

[Pen (W)le 114,00 < 7€ [P (W) = T(0)(W)]e,
(5.18)
t+icr (|z€n (w)|C([O,T];Bg(D)) + |Z6n (w) ® Ze, (OJ) —€n ﬁd(E)I}Lp(O7T;[H—’y(D)]4)) ’

for every n > n; = n;(w), where n;(w) > n;—1(w) is such that
cr (|Zen (Wleo.1Bg (D)) + [7en (W) © 26, (W) — €n ﬂa(e)I\Lp(oﬁT;[H—w(D)]zl))

1
+e [0, (@) ~T(@@)e, € 372 n 2

Therefore, from (5.18) we obtain that for any n > n;, (w)

[pen (W)ler S ic [P, (W) = T(@)(W)lg,

+icp (|Zen (Wle(o.1183 (D)) + [2en (W) © 26, (W) — €n 195(6)1}Lp(O,T;[H—W(D)]AL)) :
and due to (5.17) we can conclude that

lim |pe, (@)]e, = 0.

n—oo
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A Appendix

Here we describe and prove some properties of the solution of the linear problem. As in Section
2, for every aw > 0 and € > 0 we denote by z&(t) the stationary solution of the linear problem

dz(t) = (A — a)z(t) dt + /e dw®O(t), t>0.
The process z%(t) is given by

t
_ e / e(t=5)(4=0) 458 (5) ¢ > 0.

As we already mentioned in Section 2, for any fixed € > 0 the process z& belongs to the space
LP(Q;C([0,T]; D((—A)?)), for any T > 0, p > 1 and B < /2.
We first want to estimate the norm of 2z in Besov spaces of negative exponent.

Lemma A.1. For any a >0 and € > 0 and for any p,x > 1 and 0 < o’ < 0 it holds

K

2

E sup [28(t)[5g(p) < Cop | € Z LR (A1)
te (0,7 ke Z2

Proof. Since 22(t) = (—A)~2(—A)22%(t), we have
128 (1) |y (D) < 1(=A) 228 ()| Lo()- (A.2)
By using stochastic factorization, for any 6 € (0,1) we have

sin WB

(—A)Zz2(t) = —5) 7Ll mMY 5(s) ds,

where

Yep(s) = / (5= p) PP~ )3 ).

—0o0

Therefore, if we take p > 1/, we get

Z 4 t _(a=-Bp _ _p p—1 t
[(—A)2 28 (t)|ip(D) < cgp (/ s~ 1 e P ds) / ‘YEﬁ(S)ﬁ,P(D) ds. (A.3)

—0o0 —0o0

Now, for any t € R and x € D

BVt a)? = ot | 50 [ MBIk )P eI ey ()

kez?

M|

t
Sopeb [ 30 [ MGOPIPo (e - )7 e K ey ) s

kez2” >
p
2
p _
< cpe Z ’k‘20+45 2 ’
ke z?
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so that, integrating with respect to x € D, for any 5 < —o¢ /2, and hence p > —2/0,

2

E|Yes(t)l]

(D) <cp | € Z |]<;‘2(cr+2ﬁ—1

ke 72

Therefore, thanks to (A.2) and (A.3), for any k > p > 2/0 this yields

E sup [z2(Olgpy SE sup [(=A)222(t)|fu(p) < cupE sup [(—A)Z22(1)|7k(p)
te (0,7 te (0,7 te [0,T)

2

<cup | € Z ’k‘2(0+2ﬁ_1)
ke 72

The general case follows from the Holder inequality. O

Next, we estimate the norm of z& in LP(D)-spaces. This Lemma could be proved using
stochastic calculus in Banach spaces and the notion of y-radonfying operators (see [2]). We
give here an elementary proof.

Lemma A.2. For every o > 0 and € > 0 and for every p > 1 it holds

1+6(e)\\?
a (s [P
B2 Oy < o0 (cog (T557))L te 1l (A.4)
Proof. For every p > 1 we have
P
B W =B [ |5 [ e o) o
kezZ3” ™~
V4
2
< / S 2=k (5(6)) ex(a)Pds | da
p keZ3
P
1 2
= ’D|6g Z 2 2
v k[2(1 4 6(e)[k[*7)
Since we have
2 27y
2, P50 ™ )y 2+ 3@a)
l/oo 1 1( 1
= - ————dzx=—(log(l+0 +log>,
3 s w7 5 el 0 s
this implies that (A.4) holds. O
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Now, by proceeding as in the proof of [9, Proposition 2.1], it is possible to show that for
any p > 1 and 8 € (0,1/4) there exist 0 = 0(p, 8) € (0,1/4) and p = p(p, ) € (0,1), and a
random variable K (p, 8) such that for any o > 0 and € > 0

28(O)|rpy < (aV 1) (14+1°) K(p, 8), P —as., (A.5)
where
oo 2\—1 Hm
K =eps ([ 4 A Wiy do) (A6)
for some m = m(p, 8) > 1, and where
\// o — 5)Pelr™94 4 (s). (A7)
In particular, we have
12 leqo.zepy < (@V 1) ey(T) Ke(p, B), P—aus. (A.8)

In what follows, it will be important that the random variable K(p, 3) has all moments
finite, with an uniform bound with respect to € > 0.

Lemma A.3. Let p,g > 1 and € > 0 be fized. Then, for any n € (0,1/2v) there exists
By € (0,1/4) such that
E[Kc(p, By)l” < cp8,q (€0(6) "), (A.9)

Proof. 1t is immediate to check that, for any ¢ > m, we have

—+o00
E|K(p,B)|" < Cp,ﬁ,q/ (14 0%) T E[Ye(0)| 3 ) do
Now, since
(0,2) = /e Z/ 7 = 8) P A(8(e))e ey () d(s),
kezi”
we have

P

2

E |Ye(o,2)lP <cpe?? | D Jexlfo D)/ 572N (8(e))2eFPs g
ke 7?2

M)

e > KA+ 8k =t epAple)’.
keZ3

This implies that for any p,q > 1
E|Y.(0)[%, ) < 1(a.p) As(e)207),
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for some positive constants ¢1(g,p) and ca(g, p). Now, we have

+o00 1 1/ 1\% [t 2%, 1
A ~Y d == - - B 7d .
8(c) / B s %(6(@) /5@ vy W

Therefore, if we pick any n € (0,1/27v) and define 8, := 1~/2, we have

Ag, () <ced(e)™,

and this implies (A.9).
O

In what follows, we shall denote  := R%3 and p := N(0, (—A)~!/2). The Gaussian measure
p is defined on H, but in fact u(H?(D)) =1, if o < 0, so that the support of x is contained in
H? (D), for every o < 0.

Now, for any h € H and 6§ > 0, we define

hs =Y (hyer) \e(0) ex,

ke 7t

where we recall that, for any k € Z2 and & > 0,

M(6) = |
V1I+ak»
Next, for i = 1,2 we define
L (h5)?: (2) = V2 [(hS)*(x) —¥s], w€ D, §>0, (A.10)
where
V5= 2772 Z |k|4 MO = 352 Z |k:|4 Ar(0)". (A.11)

By proceeding as in [8, Appendix] it is possible to prove that for i = 1,2
Jlim : (R§)?:  in L*(H,u; H° (D)),
6—0
and
Jlim h} h  in L®(H,p; H° (D)),
6—0
for every k > 1 and o < 0. In particular, due to definition (A.10), this implies that

Flim (hs @ hs — U5 Igz),  in L"(H, s [H7(D)]). (A.12)
*>

Lemma A.4. For every e > 0, let us denote z(t) := 20(t). Then, for o <0 and k,p > 1 we
have
11m E |Z€ ® Z€ 6196(6) I”ZP(O,T,[HU(D)]4) — O (A].3)

e—0
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Proof. 1t is immediate to check that

2e(t) = VeQez(t), te R,

where

0= [ = [ I )

ke z?

The process z(t) is stationary Gaussian and £(z(t)) = p, for every ¢ € R. This means that for
any p > 1

T
E |Z6 X ze — € 195(5) I’i?(O,T;[H”(D)]‘*) = E/O |Z6(t) ® ze(t) - 619(5(6) I|fH0(D)]4 dt

=T /H |th ® Qeh — ,195(6)I|[pHU(D)}4IJ/(dh) =T /7-{, |h6(e) ® hé(e) - 295(6)I|[pHO'(D)}4 M(dh)

Because of (A.12), this implies (A.13) in the case kK = p > 1. The case x,p > 1 follows from
the Holder inequality and the fact that LP(D) C LY(D), if p > q.

O
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