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Abstract

We consider a multi-player stochastic differential game with linear McKean-Vlasov dynamics
and quadratic cost functional depending on the variance and mean of the state and control
actions of the players in open-loop form. Finite and infinite horizon problems with possibly some
random coefficients as well as common noise are addressed. We propose a simple direct approach
based on weak martingale optimality principle together with a fixed point argument in the
space of controls for solving this game problem. The Nash equilibria are characterized in terms
of systems of Riccati ordinary differential equations and linear mean-field backward stochastic
differential equations: existence and uniqueness conditions are provided for such systems. Finally,
we illustrate our results on a toy example.

MSC Classification: 49N10, 49120, 91A13.
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1 Introduction

1.1 General introduction-Motivation

The study of large population of interacting individuals (agents, computers, firms) is a central issue
in many fields of science, and finds numerous relevant applications in economics/finance (systemic
risk with financial entities strongly interconnected), sociology (regulation of a crowd motion, herding
behavior, social networks), physics, biology, or electrical engineering (telecommunication). Ratio-
nality in the behavior of the population is a natural requirement, especially in social sciences, and is
addressed by including individual decisions, where each individual optimizes some criterion, e.g. an
investor maximizes her/his wealth, a firm chooses how much to produce outputs (goods, electricity,
etc) or post advertising for a large population. The criterion and optimal decision of each individual
depend on the others and affect the whole group, and one is then typically looking for an equilibrium
among the population where the dynamics of the system evolves endogenously as a consequence of
the optimal choices made by each individual. When the number of indistinguishable agents in the
population tend to infinity, and by considering cooperation between the agents, we are reduced in
the asymptotic formulation to a McKean-Vlasov (McKV) control problem where the dynamics and
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the cost functional depend upon the law of the stochastic process. This corresponds to a Pareto-
optimum where a social planner /influencer decides of the strategies for each individual. The theory
of McKV control problems, also called mean-field type control, has generated recent advances in the
literature, either by the maximum principle [5], or the dynamic programming approach [11], see also
the recent books [3] and [6], and the references therein, and linear quadratic (LQ) models provide
an important class of solvable applications studied in many papers, see, e.g., [15], [L1], [10], [2].

In this paper, we consider multi-player stochastic differential games for McKean-Vlasov dyna-
mics. This corresponds and is motivated by the competitive interaction of multi-population with a
large number of indistinguishable agents. In this context, we are then looking for a Nash equilibrium
among the multi-class of populations. Such problem, sometimes refereed to as mean-field-type game,
allows to incorporate competition and heterogeneity in the population, and is a natural extension of
McKean-Vlasov (or mean-field-type) control by including multiple decision makers. It finds natural
applications in engineering, power systems, social sciences and cybersecurity, and has attracted
recent attention in the literature, see, e.g., [1], [7], [3], |1]. We focus more specifically on the case
of linear McKean-Vlasov dynamics and quadratic cost functional for each player (social planner).
Linear Quadratic McKean-Vlasov stochastic differential game has been studied in [9] for a one-
dimensional state process, and by restricting to closed-loop control. Here, we consider both finite
and infinite horizon problems in a multi-dimensional framework, with random coefficients for the
affine terms of the McKean-Vlasov dynamics and random coefficients for the linear terms of the cost
functional. Moreover, controls of each player are in open-loop form. Our main contribution is to
provide a simple and direct approach based on weak martingale optimality principle developed in [2]
for McKean-Vlasov control problem, and that we extend to the stochastic differential game, together
with a fixed point argument in the space of open-loop controls, for finding a Nash equilibrium.
The key point is to find a suitable ansatz for determining the fixed point corresponding to the
Nash equilibria that we characterize explicitly in terms of systems of Riccati ordinary differential
equations and linear mean-field backward stochastic differential equations: existence and uniqueness
conditions are provided for such systems.

The rest of this paper is organized as follows. We continue Section 1 by formulating the Nash
equilibrium problem in the linear quadratic McKean-Vlasov finite horizon framework, and by giving
some notations and assumptions. Section 2 presents the verification lemma based on weak sub-
martingale optimality principle for finding a Nash equilibrium, and details each step of the method
to compute a Nash equilibrium. We give some extensions in Section 3 to the case of infinite horizon
and common noise. Finally, we illustrate our results in Section 4 on some toy example.

1.2 Problem formulation

Let T > 0 be a finite given horizon. Let (Q,F,F,P) be a fixed filtered probability space where
F = (Ft)iejo,r) is the natural filtration of a real Brownian motion W' = (W})ycpo,7)- In this section,
for simplicity, we deal with the case of a single real-valued Brownian motion, and the case of multiple
Brownian motions will be addressed later in Section 3. We consider a multi-player game with n
players, and define the set of admissible controls for each player i € [1,n] as:

T
At = {ai Q% [0,7] = R% s.t. o is F-adapted and/ e PE[|ovi 4 [H]dt < oo} ,
0

where p is a nonnegative constant discount factor. We denote by A = A! x ... x A", and for any
a=(ay,...an) €A, i€[l,n],weset @™ = (a1,..., 0 1,Q11,...,0n) EAT=A x .. x AT x
AL ox A™.



Given a square integrable measurable random variable X and control & = («y, ..., ) € A, we
consider the controlled linear mean-field stochastic differential equation in R%:

dX; = b(t,Xta, E [Xta] , o, E [Oét])dt + O'(t,Xta, E [Xta] , o, E [at])th, 0<t<T,
X5 = Xo,

where for t € [0,T), 2,7 € R?, a;,a; € R%:

b(t, 2, T, 0, @) = By + byyx + byyT + S0 biyey + by
= B + bysw + by T + Bra + B

o(t, 2, T, 0, ®) =Y+ 0gu& + OatT + Y 1y 03104 + 0410
=Y + Opt® + 02T + Ly + ita.

(2)

Here all the coefficients are deterministic matrix-valued processes except 8 and ¢ which are vector-
valued F-progressively measurable processes.

The goal of each player i € [1,n] during the game is to minimize her cost functional over «a; €
A?, given the actions a~? of the other players:

T
Flona™) = E[ [ e (0. Xe EXP) o Eloy])it + o' (XP ELXF) |

Vi@™) = inf J(ai,a™),
a; EA?

where for each t € [0,T], z,T € R%, a;,@; € R%, we have set the running cost and terminal cost for
each player:

fite T a,@) = (@ -1)Qi —7) +TQ) + Gl
+2 k1 alf;i,t(x —T)+ ach(Ili,t + —fli,t)f
+ 3k (= @) TN} (ak —ay) + ap(Nj, + Ni
+ X 0<hpicn (@ — @) TG (= @) + af (G, + Gl
oL+ S L]
9'(z,T) =(x—7)TP(x —2) +z(P' + Pz + 2r'Tz.

3)

Here all the coefficients are deterministic matrix-valued processes, except L, L};, r* which are vector-
valued F-progressively measurable processes, and T denotes the transpose of a vector or matrix.

We say that a* = (af, ..., ) € A is a Nash equilibrium if for any ¢ € [1,n],
J(a*) < J(ag,a™7"), Va; €AY ie. , JY(a®) = Via™™).

As it is well-known, the search for a Nash equilibrium can be formulated as a fixed point problem as
follows: first, each player ¢ has to compute its best response given the controls of the other players:
af = BR;(a™"), where BR; is the best response function defined (when it exists) as:

BR;: A7 — A’
™" — argmin J*(a, a7").

a€A?

Then, in order to ensure that (af, ..., ) is a Nash equilibrium, we have to check that this candidate
verifies the fixed point equation: (a7, ...,«)) = BR(a], ..., ) where BR := (BRy,...BR,,).

(2



The main goal of this paper is to state a general martingale optimality principle for the search of
Nash equilibria and to apply it to the linear quadratic case. We first obtain best response functions
(or optimal control of each agent conditioned to the control of the others) of each player i of the
following form:

i = —(S]) 7 UL(X0 — E[XG)) = (S10) M6, — &) — (S1) M (VLE[XA] + OFy)

where the coefficients in the r.h.s., defined in (5) and (6), depend on the actions o~ of the other
players. We then proceed to a fixed point search for best response function in order to exhibit a
Nash equilibrium that is described in Theorem 2.3.

1.3 Notations and Assumptions

Given a normed space (K, |.|), and for 7' € R}, we set:

L*>°([0,T],K) = {qﬁ: [0,T] — K s.t. ¢ is measurable and sup |¢¢| < oo}
te[0,7

T
L%([0,T],K) = {¢ :[0,7] — K s.t. ¢ is measurable and/ e Py Pdu < oo}
0

L%T(K) = {¢:Q — Ks.t. ¢ is Fr-measurable and E[|¢*] < oo}

SE(Q x [0,T],K) = {qb 1 Q% [0,T] = Ks.t. ¢ is F-adapted and E[ sup |¢¢]?] < oo}
te[0,T

T
LE(Q % [0,T],K) = {¢ :Q % [0,T] = Ks.t. ¢ is F-adapted and/ e PUE[| by} du < oo} .
0

Note that when we will tackle the infinite horizon case we will set T' = co. To make the notations
less cluttered, we sometimes denote X = X when there is no ambiguity. If C' and C are coefficients
of our model, either in the dynamics or in a cost function, we note: C = C + C. Given a random
variable Z with a first moment, we denote by Z = E[Z]. For M € R™"™ and X € R", we denote by
M.X®%2 = XTMX € R. We denote by S? the set of symmetric d x d matrices and by Si the subset
of non-negative symmetric matrices.

Let us now detail here the assumptions on the coefficients.

(H1) The coefficients in the dynamics (2) satisfy:
a) B, € LE(2 x [0,T],R%) 3
b) by, by, 04,6, € L=([0,T],R>*); b, b;, 04,5; € L>([0, T],R¥)

(H2) The coefficients of the cost functional (3) satisfy: )
a) Q, Q"€ L=([0,7],84), P!, P € 8% Ni,Nj € L>([0,T],S%), I, I} € L>([0,T],R%*d)
b) L € LE(Q x [0,T],RY), Ly, € LE(Q x [0,T],R%), ' € L (RY)
¢) 36 > 0Vt € [0,T): .
Nii,t = 6Idk P >0 Qé - IZ,E(N;,t)_llf,t >0
d) 36 >0Vt e [0,T]: o )
Niyzolg, P'=0 Q- LN}, I, > 0.

Under the above conditions, we easily derive some standard estimates on the mean-field SDE:



- By (H1) there exists a unique strong solution to the mean-field SDE (1), which verifies:

E[ sup |X7P2| < Call +E(I1X02) < o0 (4)
t€[0,T]

where C,, is a constant which depending on « only through fOT e PUE[| oy |?]dt.
- By (H2) and (4) we have: A
J'(a) € R for each a € A,

which means that the optimisation problem is well defined for each player.

2 A Weak submartingale optimality principle to compute a Nash-
equilibrium
2.1 A verification Lemma

We first present the lemma on which the method is based.

Lemma 2.1 (Weak submartingale optimality principle). Suppose there exists a couple
(a*,(W"i)ie[[Lnﬂ), where a* € A and W' = {Wi" t € [0,T),a € A} is a family of adapted
processes indexed by A for each i € [1,n], such that:

(i) For every a € A, E[Wg"i] is independent of the control o;; € A*;
(ii) For every a € A, E[W%’i] = E[g"(X§,Pxa)l;

(iii) For every a € A, the map t € [0,T] — E[S™], with
8 = e W + [ e P f(u, X, Pxe, oy, Pay, )du is well defined and non-decreasing;
(iv) The map t — E[S?‘*’i] is constant for every t € [0,T);
Then o* is a Nash equilibrium and J'(a*) = E[Wg‘*’i]. Moreover, any other Nash-equilibrium &
such that EPWg""] = E[Wg*’z] and J(&) = JH(a*) for any i € [1,n] satisfies the condition (iv).

Proof. Let i € [1,n] and oy € A’. From (ii) we have immediately J(a) = E[8F] for any a € A.
We then have:

E[W(()ai,a*,—i),i] _ E[S[()Oéi,a*’ii),i]
<EBETM) = Jiag,an 7).

Moreover for o; = o we have:

E[W[()af,a*’*i),i]

et
E

ST = Fi(ar, ),

which proves that a* is a Nash equilibrium and J/(a*) = E[Wg*’i]. Finally, let us suppose that
& € A is another Nash equilibrium such that E[WS] = E[WS ] and Ji(&) = Ji(a*) for any
i € [1,n]. Then, for ¢ € [[1,n] we have:

ES5] = EWG] = EIWS™) = E[s3 ] = J'(@") = J'(&) = E[sT"].

Since t — E[S?"i] is nondecreasing for every i € [1,n], this implies that the map is actually constant
and (iv) is verified. O



2.2 The method and the solution

Let us now apply the optimality principle in Lemma 2.1 in order to find a Nash equilibrium. In the
linear-quadratic case the laws of the state and the controls intervene only through their expectations.
Thus we will use a simplified optimality principle where P is simply replaced by E in conditions (ii)
and (iii) of Lemma 2.1. The general procedure is the following:

Step 1. We guess a candidate for W%, To do so we suppose that W*" = wi (X, E [X¢]) for
some parametric adapted random field {w!(z,Z),t € [0,7],2,7 € R?} of the form wi(z,7) =
Ki(x —7)%? + ALz%? 42, T2 + RL.

Step 2. We set 8" = e Plwj(XZ E[XP]) + [y e 7" f(u, X&', E[XS], o, E [o])du for i €
[1,n] and o € A .We then compute %E[Sta’i] = e_”tE[Dta’i} (with It6’s formula) where the
drift D" takes the form:

E[DF] = E[-puf(X EIXP)) + € [wi(Xp EXPD] + 7(1, XE EXP] o Eeu])]

Step 3. We then constrain the coefficients of the random field so that the conditions of Lemma
2.1 are satisfied. This leads to a system of backward ordinary and stochastic differential
equations for the coefficients of w?.

Step 4. At time ¢, given the state and the controls of the other players, we seek the action «y
cancelling the drift. We thus obtain the best response function of each player.

Step 5. We compute the fixed point of the best response functions in order to find an open
loop Nash equilibrium ¢ — oj.

Step 6. We check the validity of our computations.

2.2.1 Step 1: guess the random fields

The process ¢ — E [wj(X, E[X{])] is meant to be equal to E [¢(X,E[X%])] at time T, where
g(x,T) = P'.(x — T)®2 + (P' 4+ P").7%2% 4 r'Tz with (P, P,r") € (S%)? x L%T(Rd). It is then natural
to search for a field w’ of the form wi(z, ) = K}.(x — )% + ALz®?% + 2V, T2 + R with the processes
(K%, ALY RY) in (L°([0,T],84)% x 82(22 x [0, T],R?) x L>([0,T],R) and solution to:

dK} = K}dt, Ki = P!

dAi = Aldt, AL = P’ 4 P
dY} = Yidt + ZjdW,, 0<t<T, Yi=r

dR} = Ridt, RL =0,

where (K, A*, R") are deterministic processes valued in S¢xS%xR and (Y, Z%) are adapted processes
valued in R,

2.2.2 Step 2: derive their drifts

For i € [1,n], t € [0,7] and @ € A, we set:
. . t .
SO 1 Pyl (X, E[X4]) + / P Fi(u, X2 E [X9] , cun, E o] )du
0

6



and then compute the drift of the deterministic function ¢ — E[S ’i]:

dE[S?) - i
O] = e rg (DR
= e PE[(X: — Xo)TIK] + ) (Xe — Xo) + X; (A + U)X +2[Y) + A)TX;
+ Ry — pRy + T + xi (i),
where we have defined:

X%(ai,t) = (it — ai,t)TSf,t(ai — Qi) + ag,tgf,tai,t + Q[Uii,t(Xt - Ylt) + Vzltyt + Of,t + ff,t - Eé,t]Taz}t
with the following coefficients:

P =Qi+ UaT:,than:,t + Kbyt + b;vth — pK]

U = Q% + &;,th&m,t + Aif)z,t + Bg,t‘/\é — pA;

A = Lgc,t + b:Te,thi + E;Tc,t?i + Uch,tZti + 5;,157:; + ALB,
+U;,thi'>’t + 5;,tKZ7t + K{(B: — B;) — pYY (5)
+ 2t U]:t(ak,t — Qpt) + Vki}@k,t

T, =Ky +28]Y + 29 Z] |
+ Zk;ﬁi(ak,t - ak‘,t)TSli,t(ak»t — Q) + az,tglic,tak,t + Q[Oli,t + flic,t - ac,t]Tak,t — pR},

and
i _ A T poi
kt — Nk,t + Uk,thUk,t
&i _ A7 AT Tmin
ke = NVp ot Uk:,thUki

Uli,t = Ili,t + Ulz,thiU:v,t + bz,thi
Vki,t = fllct + &Z,tKZf}x,t + B%,tAi

;s,t = Z;c,t + BZ,tY; + 611,t7: + 5’11,thth
+3 Zk;éi(jii,k,t + jl?,-i,t)ak,t

']li,l,t = Gi,z,t + U;,tKgO-Lt
jli,l,t = Gi;,u + o7 Kiou
Iic,t = Lﬁ;,t + bz,thi + U;,th + le,th%
\ +5 DTy + Il o

2.2.3 Step 3: constrain their coefficients

Now that we have computed the drift, we need to constrain the coefficients so that $§ satisfies
the condition of Lemma 2.1. Let us assume for the moment that Sf?t and S'Zt are positive definite
matrices (this will be ensured by the positive definiteness of K). That implies that there exists an
invertible matrix 6} such that 6;57 6;" = S'Zzt for all ¢ € [0,7]. We can now rewrite the drift as: "a
square in o " + "other terms not depending in o;". Since we can form the following square:

Elxi(iz)] = E[(cviy — @i + 0,7 — 0}) St (i — @iy + 0,70 — ) — G}



with:

(] = a,%(Xs, X2) + 6,70y (X7) ‘

ap*(z,7) :—(Sz’,t)”wx—m (i) 7€ &

a'@ =—(8)7" (Vg +0},)

i = (X, — X)TUST(S]) T UHX - X)) + X VIT(S)) TV,
T2V () €~ Ei) + Vi(SE) 0L Xe
el — G0 (81) 7 (€~ 8 + O (8L) Ol

we can then rewrite the drift in the following form:
E[D] = E[(X¢ — Xo)T[K] + 0P)(X; — X7) + X7 (A + U)X, + 27 + APTX,
+R4TO
+ (i — i + 0,7 — ) S} (i — Fig + 6@ — )],

where 4 '
@ =@ -Uji(s;,)" U;t
v =i v(s,) :
10 i ST =1 ( )
AP =AL - ( it ) fzt) (St) Oi,t

Fio = F% — (& i,t §i,t) ( i,t) (fi,t - ft) - Oth (Sf,t)ilof,t-

We can finally constrain the coefficients. By choosing the coefficients K¢, T, Y* and R’ so that
only the square remains, the drift for each player i € [1,n] can be rewritten as a square only (in the
next step we will verify that we can indeed choose such coefficients). More precisely we set K¢ T'!, Y
and R’ as the solution of:

dK} = —®Pdt KL =P

dAl = —Wi0dt Ay = P P? @®
dYy = —ALdt + ZidW, Yi=ri

dRi = —TPdt R =0,

and stress the fact that Y Z¢ R’ depend on a~%, which appears in the coefficients A, and IT'%0.
With such coefficients the drift takes now the form:

E[D{] = E[(cviy — @i + 0, a0 — 0})SLy (i — @iy + 0,70 — 1))
= E[(aiy — @iy — ay’ + 0, (@i — ay"))S!(aiy — Wi — ay’ + 07 (@i — a}))]

and thus satisfies the nonnegativity constraint: E[D™'] > 0, for all t € [0,7], i € [1,n], and o € A.

2.2.4 Step 4: find the best response functions

Proposition 2.2. Assume that for all i € [1,n], (K*, A", Y, Z¢ R") is a solution of (8) given a™'
€ A% Then the set of processes

iy = a;” (Xp, E[X4]) + oy (E[X¢) 9)
= —(81,) UL (X — EX))) — (SL) e — &) — (81) TN (VEEX] + 01)



(depending on o) where X is the state process with the feedback controls o = (a, ..., ), are
best-response functions, i.e., J'(a;, a~%) = Vi(a™?) for all i € [1,n]. Moreover we have

[Wg®]
[KE.(Xo — Xo)®2 + AL X7 4+ 2YT X + RYJ.

Via™) =E
=E

Proof. We check that the assumptions of Lemma 2.1 are satisfied. Since W' is of the form
W = wi(X&, E[X?]), condition (i) is verified. The condition (ii) is satisfied thanks to the termi-
nal conditions imposed on the system (8). Since (K*, A’ Y Zi R') is solution to (8), the drift of
t — E[8™7] is positive for all i € [1,n] and all @ € A, which implies condition (iii). Finally, for
a € A, we see that E[D;'] =0 for t € [0,T] and i € [1,n] if and only if:

iy — Wip — al (XP E[X2)) + 007 (@iy — a°(E[XP]) = 0 a.s. te0,7T].

Since 6! is invertible, we get Q= ai’o by taking the expectation in the above formula. Thus
E[D™"] = 0 for every i € [1,n] and t € [0,7] if and only if oy = @iy + al" = al' + al® for every
i € [1,n] and t € [0,T]. For such controls for the players, the condition (iv) is satisfied. We now
check that a; € A® for every i € [1,n] (i.e. it satisfies the square integrability condition). Since
X is solution to a linear Mckean-Vlasov dynamics and satisfies the square integrability condition
E[supg<;<7 | X¢|?] < oo, it implies that o; € LE(Q2 x [0,T],R%) since S, UY, S? Vi are bounded and
(0, €8y € L2([0,T],R%) x L2(Q x [0,T],R%). Therefore o; € A® for every i € [1,n]. O

2.2.5 Step 5: search for a fixed point

We now find semi-explicit expressions for the optimal controls of each player. The issue here is
the fact that the controls of the other players appear in the best response functions of each player
through the vectors (Y1, Z1) ... (Y™ Z™). To solve this fixed point problem, we first rewrite (9)
and the backward equations followed by (Y, Z) = (Y1, Z1), ..., (Y™, Z™)) in the following way (note
that we omit the time dependence of the coefficients to make the notations less cluttered):

(of — o, =8.(X,— X))+ Sy (Ys —Yy) + S.(Z — Z;)+ H—H
o =8, X+ 8,Y:+8.Z,+ H
Y, = (Py(Yy — Y4) + P.(Zt — Z¢) + Pa(oyw — ) + F — F (10)
+P,Y,+ P.Z, + Pyoy, + f) dt
+Z dWy,




where we define

(S = ((Sf)_llz—a)z,jem n]
S = ((8H 11,
(( z) ])’L,jE[[l,nﬂ
J =5+
=5 (Tt )
& _1(/7 71, o
J —§<(Jz‘j+in)1Z¢J) P, = (1;—;(U/(SH 7] — bl + p))iichin
, i,5€[1,n] kK I\Yi\Wi Vi JE[L,n]
1 =—L+S07'S Py = (1 (V(S)710] = b2 + p))ijeqim]
§ =-(l+8J) s P, =(Li;(U{(S) o] = o8))ijennnl
So =3 (U)icpm Py = Ly (Vi(S)™16] = 6D)ijerng
S, :j(v%) ’ Py —-(1 #J(U Ui(S))~ (Jz +J ))ijelin]
S ' (1Z z;}[;,nﬂ P, ( z#](vy + ‘/zl(s'f) (JzZ] + J]z )))i,je[[l,n]]
g’y - 1 1=J AiT i,J€[1,n] F _ (Kzﬁ + UIKi’Y)iG[[I,n}]
- 1i=;b 7 i Qi\— i i i
Y J ( 7 ijelm] \F = (U; (S)) l(Li + UZ'TK ¥) = Ly —0iK'y — K 5)1’6[[1,11]]'
*?z = q(Uz‘T)ie[[l,n}]
S. =1 (U'LT)'LEIH nj
H =7 (L + O.TKl )7,6[[1,71]]
H =J(Li+ &iTKZV)ze[[1,nﬂ
(11)
Now, the strategy is to propose an ansatz for ¢t € [0,7] — Y in the form:
Y =m(X: — Xo) + 7 Xe + 1y (12)

where (m,7,1) € L®([0,T],R"*4) x L>=([0,T],R"*d) x S2(Q2 x [0, T],R™) satisfy:

dne = udt + ¢ dWi, mp =1 = (1)icp1 0]
dT['t = 'f['tdt, T = 0
dy = mdt, #p =0.
By applying It6’s formula to the ansatz we then obtain:
dY s = (X — Xy)dt + md(Xy — X o) 4+ 71 X pdt + 70d Xy + hedt + ¢edW
=dt [ﬁt(Xt — X))+ — +m (5 — B+ by(Xy — Xt) + Bloy — at))]
+dt [értyt + Py + Tt (B+ b X1+ Bat)}
+ dW; [¢t + g (’Y + 0. X + &zyt + Yoy + iat)} .

By comparing the two [t6’s decompositions of Y, we get

Py(Y; — Yi)+ P.(Zs — Zt) + Po(og — o) + F — F = 7( Xy — Xy) + by —
+7y (8 — B + be (X — Xy) + By — @)

P,Y,+ P.Z+ Pyoy + F = |7 X + Py + 7y (E + b Xy + Batﬂ
Z, = ¢ + (’y + 0, X+ 5. Xt + Doy + iat)} .
(13)
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We now substitute the Y by its ansatz in the best response equation (10), and obtain the system:

(Id — S.7%)(af — a*;) = (Sp + Symt + Somio)(Xy — X¢)
+(H_F+Sy<"7t—ﬁt)+Sz(¢i_$t+7rt(7—7))) (14)
(Id — S,m3)a* = (S, + Syfs + S.m6.) X + (H + ST, + S2(¢y + 7.7))-

To make the next computations slightly less painful we rewrite (14) as

af —a*; =A(Xy—Xy)+ R — Ry
a%y = A, Xy +§t
where
A, (Id — S,m¥)~1(Sy + Sym + Samioy) (15)
A, —(Id—gzm ¥)~ 1(5 —|—5’ e+ S, 40z )
Ry = (Id — S;mX) " (H + Syne + Sz (¢ + m7))
| Ry = (Id — S,m3) " (H + Syn + S.(d + 7).

By injecting (14) into (13) we have:

0 = [ﬂ't + ﬂ'tb — Pyﬂ't Pzﬂ't(agj + EA ) - (Pa - WtB)Aac] (Xt - Yt)
+y — p, + m(B—B) — (Pa — mB)(R—R) — (F — F)
—P.(¢p — ¢y + m(y =7+ Z(R—R))) — (m ;)

0 = [ﬁt + ey — wa Pomy(6p + SA,) — (P — 7 B)A }E
4Py + 7B — (P — i B)R — F — P.(, + m< +SR) - P

Thus we constrain the coefficients (7, 7,1, ¢) of the ansatz of Y to satisfy:

T = —nby + Pymy + Pymoy + (Po + P,X)(Id — S, m¥) (S, + Syt + S.m0oy)
—mB(Id — S,m%) "1 (Sy + Sym + S.mioy)

T =0

Tt = —ftby + Pyity + Py, + (Po + P,X)(Id — Som )1 (Sy 4 Syfty + S,mi6,)
—#B(Id — S,m3) " (S + Sy7te + S.mi62)

fr =0

dny = Ypdt + pdW (16)

nr =r
where:

Yt — vy = —m(B—PB)+ (Po —mB)(R—R)+ (F — F)
+P; (¢ — ¢y + m(y = 7+ X(R — R))) + Py — 1)

0, = —#1B + (Py — 7 B)R+ F + P,($, + m(7 + SR)) + P,

Ry = (Id — S,7¥) L (H + Syn + S.(¢ + 7))

R i= (Id — 8,7%) " (H + Syn + S.(¢ + 77)).

We now have a feedback form for (Y, Z) = (Y, Z'),...,(Y™, Z")). We can inject it in the best
response functions a* in order to obtain the optimal controls in feedback form. We then inject these
latter in the state equation in order to obtain an explicit expression of ¢ — X}

11



2.2.6 Step 6: check the validity

Let us now check the existence and uniqueness of t ~ (K}, AL (Y}, Z8), R, my, 7y, (r, ¢¢)) where
K' e L>([0,T),8%), A" € L>=([0,T),8%), (Y, Z}) € 8&( x [0,T],R?) x LE(Q2 x [0,T],R%), R’ €
L>=([0,T],R), m, 7 € L*([0, T],R">?) and (n,¢) € 82(Q x [0,T],R"™) x LZ(Q x [0,T],R"?), under
the assumptions (H1)-(H2). We recall that t — (K¢, AL (YE, Z}), R: and t — (my, 7y, (e, ¢¢)) are
solutions respectively to (8) and (16). Fix i € [1,n]:

(i) We first consider the coefficients K* which follow Ricatti equations:
K+ Qi+ o] Kiows + Kibey + b Ki — pK;
—(I};,t + a,;tKg‘ox,t + bLth)(N,i’t + a;,tKga,ﬂ,t)—l(I,g,t + a,;thom +0f, K} =0
K, = pi
By standard result in control theory (see [16], Ch. 6, Thm 7.2|) under (H1) and (H2) there
exists a unique solution K¢ € L*°([0,71],S%).
(i) Given K’ let us now consider the A"’s. They also follow Ricatti equations:
{N + Qi+ Ajbos + 0 Af — pAf — (I + D A (V)M (15 + 0] ,A))
A7

0
pi

where we define:

YK . i 5T Kig

t = Q} + 0, KiGay
K . Ti T Kis
Ii =Ly + 6y Kiowt

NiEK .= ]\Afit + &{thi&i,t-
We need the same arguments as for K?. The only missing argument to conclude the existence
and uniqueness of A’ is: QU — (I"F)T(N#)=1[iK > 0. As in [2] we can prove with some
algebraic calculations that it is implied by the hypothesis Q* — (I*)T(N*)~1I* > 0 that we
made in (H2).

(iii) Given (K% A%) we now consider the equation for (Y, Z%) which is a linear mean-field BSDE

of the form:
{dyg‘ = Vi+ i — EI]) + GIED) + 3% — ELZ) + GELZ) + Zid e
erzw == ri7

where the deterministic coefficients Gi, §%, g%, §* € L>([0,T],R%*?) and the stochastic process
Vi€ L2([0,T],RY) are defined as:

V% = —Li,t - A%Bt - U;,th% - 5;,7&Kﬁt - Kg(ﬂt - Bt) - Zk;ﬁi (Uli,t(ak,t - aIc,t) + V;it@k,t)
+U;,IS§_1(L2¢ - E[L;;,t] + Uz‘T,th(”Yt —E[v]) + % Zk;éi(‘]ii,k,t + J;Ti,t)(ak,t — Efag.)))
H/ﬁgffl(E[L%,t]f 6] Ki —E ] + %Zkyéi(jii,k,t + jliTi,t)E [auk.e])

9?5 = plg — baTg,t + UZ}Sf,Zlb{t

Gi = pla—bl,+ VIS '],

Ji = *Jl,t + UZ,;S;,?UIEJ

qi .~ iT &i—1 T
di = Ux,t"‘vi,t Si,t Ot

\

(18)
By standard results (see Thm. 2.1 in [12]) we obtain that there exists a unique solution
(Y Z1) € 82(Q x [0,T],R¥*4) x LE(Q x [0, T],R™?) to (17).
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(iv) Given (K* A", Y? Z%) we consider the equation of R’ which is a linear ODE whose solution is

given by:

Ri = / e PR ds,
t

where A’ is a deterministic function defined by:

hi = —E[y] Kiny + 28TY] + 2¢] Zi+

Z(O‘kﬂf - ak7t)TS]i,t(ak7t - ak’,t) + @L,tﬁi,m,t +2[ 2,1& + éli,t - g;c,t]TO‘kﬂf]
ki

+E (€~ & 0TS (E, — &) - O8Ok

(19)

and the expressions of the coefficients are recalled in (6).

The final step is to verify that the procedure to find a fixed point is valid. More precisely we
need to ensure that ¢ — (¢, Ty, 7¢) is well defined. Tt is difficult to ensure the well posedness of
t — (¢, ) for two reasons: first because m and 7 follow Ricatti equations but are not squared
matrices; and second because 7 appears in the equation followed by 7. We are not aware of
any work addressing this kind of equations in a general setting.

If we suppose t — (7, 71;) well defined, then ¢ — (7, ¢¢) follows a linear mean-field BSDE of
the type:

{dm = (Vi + Selon — Eln) + SiE bl + 86— Elon) + BE o) e+ duaWe o

nr =r,

where the deterministic coefficients G, Gi.gi gie L>=([0, T],R™¥*nd) and the stochastic process
Vi € L2([0,T],R") are defined as:

Ve i=—m(B-B)+F—F+Pa(y—75)+ (Py—7B+ PaX) Iy — S.7¥) 1 (H — H+ S,7(y —7))
—#B+ F + Py + (Pa — #B + PorS)(Iy — 8,75) " Y(H + 8.77)

St =[Py + (Pa— 7B+ P.X)((Ig — S.m2)1S,)]
=B,
= [P+ (

S¢
J P. + (Py — B + P.rX)((Ig — S.7%) 1S,
de = _&;,t + VzZtTS’zl;lgllt

Again, by standard results (see Thm. 2.1 in [12]) we obtain that there exists a unique solution
(n,¢) € 82(Q2 x [0,T],R™*?) x LE(Q x [0,T],R™*?) to (20).

To sum up the arguments previously presented, our main result provides the following charac-
terization of the Nash equilibrium:

Theorem 2.3. Suppose assumptions (H1) and (H2). Suppose also that the system associated with
the fized point search (16) is well defined. Then a* = (aq, ..., ) defined by

af —ary = Spu(XF —X;) + Sye(Yi — Vi) + 8:4(Zt — Z¢) + Hy — Hy
a*y = S’w,tY: + S’y,t?t + S’z,tZt + H,;

where Sz, Sy, Sz, H, Ses S'y, S., H are defined in (11), (Y, Z) are in S2(2x [0, T), R">*4) x LZ(2x
[0, T],R">*4) and satisfy (12) and (16), is a Nash equilibrium.
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3 Some extensions

3.1 The case of infinite horizon

Let us now tackle the infinite horizon case. The method is similar to the finite-horizon case but some
adaptations are needed when dealing with the well posedness of (K%, A*, Y%, R') and the admissibility
of the controls.

We redefine the set of admissible controls for for each player i € [1,n] as:

Al = {a :Qx[0,7] = R% s.t. «is F-adapted and/ e PUE[|ay|Hdu < oo}
0

while the controlled state defined on Ry now follows a dynamics of the form

{dXt = b(t, X2, E[X*], 0, E [ou])dt + o(t, X E[X®], o, E [oee] ) AW 1)
Xg =X
where for each t € [0,T], =, T € R?, a;,@; € R%:
b(t,z,T,a,@) = P+ byx+ f)m + 301 biai + bid;
= B, + byx + byT + Bay + Bay (2

o(t,x,T,a,@) =Y+ 0,8+ 0T + Y 1y 0i0; + 5iG;
= Y + 0% 4 6,7 + Ya + Xa.

Notice that now only the coefficients 8 and « are allowed to be stochastic processes. The other
linear coeflicients are constant matrices.

The goal of each player ¢ € [1,n] during the game is still to minimize her cost functional with
respect to control oy over A, and given control a~* of the other players:

Ji(ai,a”) =E [ /0 et i1, X E X o, E o))t (23)

where for each t € [0,T], z,T € R?, a;,a; € R% we have set the running cost for each player as:

(fi(t,z,7,0,0) =(¢-2)Q (z~7) +TT[Q" + Q'lz
+ Yo ap iz =) + (I + Tz
+ 34y (ax — @) TN (a, — ax) + ap(Nj + N )ay
+ Zogk;élgn(ak: - @k)TGi,l(al — @) + GZ(G;@I + é};,z)al
L2AL T+ Y LT ).
Note that the only coefficients that we allow to be time dependent are L) and Li for k € [1,n]
which may be stochastic processes.

3.1.1 Assumptions

We detail below the new assumptions:
(HY’) The coefficients in (22) satisfy:

a) B,7 € LE(Q x [0,T],RY)

b) by, by, 05,04 € RdXd; bi,b;, 05,0, € Rdxd;
(H2’) The coefficients of the cost functional (3) satisfy:
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a) Q',Q' € SL; Ni,Nj € S%; Il I} € R%xd
b) L% € LE( Q x R*,RY), Lt € LE(2 x R%,R%)
) Ni>0 Q' — IfT(N;)*llf >0
d) Np,>0 Q= LTN)H =0
(H3) p>2 (ybzl + |ba| + 8(|ow | + |5’z‘2))
As shown below, the new hypothesis (H3’) ensure the well posedness of our problem. Notice

first that by (H1’) and classical results, there exists a unique strong solution X* to the SDE (21).
Furthermore by (H1’) and (H3’) we obtain by similar arguments as in [2| the following estimate:

/OO e PE[IX*)du < Ca(1+E[|Xo[*) < oo, (24)
0

in which C, is a constant depending on & = (a1, ..., ay) only through [ e ”E[|c,|*|du. Finally by
(H2’) and (24) the minimizing problem (23) is well defined for each player.

3.1.2 A weak submartingale optimality principle on infinite horizon

We now give an easy adaptation of the weak submartingale optimality principle in the case of infinite
horizon.

Lemma 3.1 (Weak submartingale optimality principle). Suppose there exists a couple
(a*, (W"i)z‘e[[l,n]])’ where a* € A and W~ = {W" t € R, € A} is a family of adapted processes
indezed by A for each i € [1,n], such that:

(i) For every o € A, E[WS'] is independent of the control a; € A’;

ii) For every a € A, limy_,oo e P'E WX = 0;
t

(iii) For every o € A, the mapt € R} — E {Sf’i] , with

Sf"i = e‘pth"i + fot e PUfi(u, X2, Pxea, o, Pa, )du is well defined and non-decreasing;
(iv) The map t — E[S?*’i] is constant for every t € R% ;

Then o* is a Nash equilibrium and J'(a*) = E[Wg‘*’i]. Moreover, any other Nash-equilibrium o
such that EPWg""] = E[Wg*’l] and Ji (&) = JH(a*) for any i € [1,n] satisfies the condition (iv).

Proof. The proof is exactly the same as in Lemma 2.1. O

Let us now describe the steps to follow in order to apply Lemma 3.1. Since they are similar to
the ones in the finite-horizon case, we only report the main changes.
Steps 1-3
For each player i € [1,n] we still search for a random field {w(z,Z),t € [0,T], 2, € R?} of the
form wi(z,7) = K}.(z — 7)®? + AL.7%% + 2YTz + R} for which the optimality principle in Lemma
3.1 now leads to the system:
dK} = —®9dt
dAl = 004t
dY} = —ALdt + ZidW,
dR: = —Tdt, t>0.

(25)
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Notice that there are no terminal conditions anymore since we are in the infinite horizon case. The
coefficients @0, W0 AL T are defined in (7). The fourth step is exactly the same as in the finite
horizon case.

Step 5

We now search for a fixed point of the best response functions. Let us define Y = (Y!,..Y")
and propose an ansatz in a feedback form Y: Y; = n(X; — E[X{]) + 7E[X{] + n where m, 71 €
L>®(R4,R™>d) and n € LZ(Q x Ry, R™) satisfy

0 = —mby + Pymr + Pyroy + (Po + P.X)(Id — S,78) 1Sy + Sym + S.moz)
—mB(Id — S,;7X) " (Sy + Sym + S,7moy)

0 = —ftby + Pyt + Powéy + (Po 4 P,Y)(Id — S,7%) (S, + Syt + S,76,)
—#B(Id — S5,7%) " (S + Syt + 8,76,

dny = Prdt + ¢rdWy
with: (26)

Vi =ty = —m(B—B)+ (Po —mB)(R—R)+ (F - F)+
P.(dr — ¢y + mi(y =7 + Z(Be — Re))) + Py —77y)

Uy = —#B+ (Po— ®B)R + F + P.(¢ + m(T+ ERy)) + Py,

R = (Id — SZﬂ'tE)_l(H + Syne + Sx(¢ + 1Y)

R, = (Id — S.m2) " (H + Syne + Sz (¢ + m7))

where the coefficients are defined in (11).
Step 6
We finally tackle the well-posedness of (25) and (26).

(i)

(iif)

We first consider the ODE for K. Since the map (¢, k) — ¢:°(k) does not depend on time (all
the coefficient being constant) we search for a constant non-negative matrix K* € S¢ satisfying
®O(K*) = 0, more precisely solution to:

Q'+ 01K'0, + K'b, + bIK' — pK* o
— (I} + 0] Koy + b K') (N} 4+ o] K'oy,) "M (I} + o] Koy + bLK") = 0.
As in [2] we can show using a limit argument that there exists K* € S solution to (27). The
argument for A’ is the same as for K.
Given (K%, A?) the equation for (Y, Z?) is a linear mean-field BSDE on infinite horizon:
Yy = Vi+§'(Y{ — EYY)) + SEYY) + 8'(Z] - E[Z]) + TE[Z]] + ZdW,,

where the coefficient are defined in (18). Notice that now G, 92 g, éz are all constant matrices.
To the best of our knowledge, there are no general results ensuring the existence for such
equation. We then add the following assumption:

(H4’) There exists a solution (Y?, Z%) € x82(Q x R4, R?) x LZ(Q x Ry,R%)

Given (K% A", Y Z') the equation for R’ is a linear ODE whose solution is:
Ry :/ e_p(s_t)h’S ds,
t
where h' is a deterministic function defined in (19).
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(iv) We now study the well posedness of the fixed point procedure. More precisely we need to
ensure that the process t — (m, 7, ;) defined as a solution of the system (26), recalled below,
is well defined. Note that in the infinite horizon framework we search for constant 7 and 7.

(0 = —7by + Pym + P,wo, + (P + P.X)(Id — S.w¥) (S, + Sym + S.moy)
—mB(Id — S,7X) (S, + Sym + S,7mo)
0 = —#by+ P+ Poné, + (Po+ P.Y)(Id — 8,75) "1 (S, + Syt + S.m6,)  (28)

—#B(Id - S.7%) " (S, + Syt + 8,76,)
(dny = Pdt + pdWy, 2> 0.

Existence of (m,7) in whole generality is a difficult problem. Let us first rewrite the system
(28) as:
F((m,7),C) =0

Where € = (by, 04, B, %, by, 64, B, %, 84,8,, 52, 8%,8,,5., Py, P., Pa, P, P,, P,). Note that F
is continuously differentiable on its domain of definition. Thus, if [g—f:, g—’;] (7,7, ) is invertible
for, then, by the implicit function theorem, there exists an open set U containing € and a
continuously differentiable function g : U + (R"¥*9)2 such that for all admissible coefficients
CeU: F(g(€),€C) =0 and the solutions (m,7) = g(€) are unique. It means that if we find a
solution to (28) while the condition [g—i, g—i} is invertible, then for small perturbations on the
coefficients we still have solutions for (7, 7).

Let us now give sufficient conditions to ensure the existence of (7, 7) in a simplified setting
where the state ¢t — X; belongs to R and all the players are symmetric in the sense that all

the coefficients associated with each player are equals (by = ... = by, Q' = ... = Q", etc.). We
suppose also that the volatility is not controlled i.e. o; = 0 for all 7 € [1,n]. In such a case
7,7 € R 1 = .. = m,, 7y = ... = 7, and the systems (28) of coupled equations now

reduces to two coupled second order equations:

72 [nb1Sy4] + 1 [—bx + Pyt 4 Pat0u 4+ 3041 Pat Sy — nblsx,l} + 3201 Pat jSey =0
#2 [ni)lﬁy,l} + 7 [—61, + Pyt + 31 Pt Sy — néléx,l} + 3001 Pat jSuy + mPaib, = 0.
If we note:
a :=nbiSy1
b= by + Py1+Po10s+ 3,4 Po1,jSy1 —nbiSza
c = Zj# Py1,Sz5
then a sufficient condition for 7 to exists is simply: b? — 4ac > 0. Since a < 0 and ¢ > 0 we

have two possibilities a priori for 1. We choose the positive one to ensure that a« € A. Then

if we note:
= nblSy,l

= —by + Py + > i1 Pa1Sy1 — nb1S;,1
(m) =225 PajjSe; + T1Ps1060,

S Q>

>

a sufficient condition for 7 to exist is b — 4a¢(mp) > 0. To ensure that there is a positive
solution we also need ¢é(m1) > 0.
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(v) Let us finally verify that a* € A. Let us consider the candidate for the optimal control for
each player:

where the coefficients are defined in (15) and X* is the state process optimally controlled.
Since R, R € L%(Q x Ry, R>i 4} and given that the coefficient are constant in the infinite
horizon case, we need to verify that:

/ e TPUE[| X — E[X])]du < oo / e PUE[X ] Pdu < oo.
0 0

As we will see below, we will have to choose p large enough to ensure these conditions. From
the above expressions we see that X* satisfies:

dX; = brdt+ ordW,
XO =20

with:
b= B+ BUXP —EIXI) + BUEIXG] of = o+ S(XT - LX) + SPELX]]
where we define
B* = b, + BA, B*=b,+BA, Y =0,+%4, X =6,+3%A,

~

Bf = Bt + B(R: — E[Ry]) + BR;
vf =0y + %(R; — E[R)]) + R,

By It6’s formula we have:

d — _
e < e (<pl X + 2(6)7X] )

< e (X P(-p+28%) + 21157
_ N 1
< (Ko 428 +9+ LIBP).
If we now set:
*712 1 > w| Q%2 A
K = [EXGIP+- [ (5 Pdu C=—p+2B +e,
0
then, by Grownall inequality we obtain:
e PHE[X]]|? < KeCt.

Therefore, in order to have [;° e P*|E[X}]|*du < oo, we shall impose that p > 2B*. Finally,
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by It6’s formula we also have:

d - . _ _
SElTXE = XG0P < 7B | —pl X) = X7+ 2057 - bO)T(XE = X) + |0:|2}

- . )
< e PE||IXS - X P(—p+2B* +¢€) + e — B

(P + SPGB+ |i*|2‘E[Xt*”2)}

< e PE[|XF — X2 (—p + 2B* + e + 4|2+
161 = B+ AP+ 1 PECK )|
If we now set:
K= X5 =Ko+ [ e 2160 - BB+ 4ol + 1 PIELIP) |
C = —p+2B*+ 42 +¢,
then, by Grownall inequality we obtain:
e PIE [|X; - Eﬂ < Ke Ct.
.

This time in order to ensure the convergence [;° e P“E [|X; - Xy |2} du < oo, we will add

the constraint p > 2B* + 4|X*|2. To conclude, in order to ensure that a* € A we make the
following assumption:

(H5’) p > max |2B*,2B* + 4\2*\2].

3.2 The case of common noise

Let W and W° be two independent Brownian motions defined on the same probability space
(Q, F,F,P) where F = {F; },¢[0,7] is the filtration generated by the pair (W, W?). Let F® = {F?}1c0.7)
be the filtration generated by W°. For any Xy and a € A as in Section 1, the controlled process
X is defined by:

dX; = b(t, X E[XXWY, o, E[ay|WO))dt  +o(t, X, E[XX|WY], ay, E[oe|WO])dW;
+00(t, XX E[X WO, oy, E[ag|[WO])dW?
X§ = Xo

where for each t € [0,T], =, T € R?, a;,a@; € R%:

bt, 2, Ty, @) = i + byt + by T+ SO0 bisa; + biga;
= Bt + byyx + by T + By + Biax

— —_ ~ — n ~ @ —

o(t,x,Z,0, Q) =Y+ OppT + GupT+ Y ;g T30y + 0510
=Vt + Ozt + 5'5,;7,55 + Eta + Zta

= v =) A0 0 ~0 n 0 ~0 —

o(t,z, T, 0, @) = + 05,0+ 0T+ Y g 074 + 0,0

=% + 00w +69,T+Xa+ .
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Since we will condition on W0, we assume that the coefficients b,, l~)x, b;, l;i, Ox, 0, 0iy 0, 02, 52, 0?, 5’?
are essentially bounded and FY-adapted processes, whereas 3,v,7° are square integrable F-adapted
processes. The problem of each player ¢ is to minimize over «; € A*, and given control a~* of the

other players, a cost functional of the form
T
J'(aj,07") =E U e fUXEEXE WY, o, ElewWY)dt + e 7T g' (X2, E[XZ| W)
0

with f% ¢° as in (3). We now suppose that Qi,Qi,Ii,fi,Ni,Ni are essentially bounded and F°-
adapted, Li,L}; are square-integrable F-adapted processes, P’, P! are essentially bounded 3"0T—
mesurable random variable and 7’ are square-integrable Fr-mesurable random variable. Hypoth-
esis ¢) and d) of (H2) still holds. As in step 1 we guess a random field of the type Wi =
wi( XX, E [ X |WP]) where w is of the form wj(z,Z) = K}.(z — 7)®? + A{.2%? + 2Y,Tx + R} with
suitable coefficients K%, A", Y? R'. Given that the quadratic coefficient in f?, ¢’ are F'-adapted we
guess that K% A? are also FO-adapted. Since the linear coefficients in f?, g* and the affine coefficients
in b,0,0% are F-adapted, we guess that Y? is F-adapted as well. Thus for each player we look for
processes (K* A%, Y% R) valued in SZ x S¢ x R? x R and of the form:

dK} = Kidt + ZE dw) Ki, = Pi

dA\i = Aidt 4+ ZN awp Ak, = P’ 4 Pi
dY} = Yidt + ZidW, + 22V dw0  vi =yl

dRi = Ridt RL =0

where K¢, A?, 7K i, ZM are FO-adapted processes valued in S¢; Yi Z Yi, Z0Y" are F-adapted processes
valued in R? and R are continuous functions valued in R. In step 2 we now consider, for each player
i € [1,n], a family of processes of the form:

8§ = e Pwi(XPE [XPWP]) + / e~ [ (u, X B (X W] o, B [o [ W] du.
0

By Itd’s formula we then obtain for (5) and (6):

® = Qi+o0l Kiowi+0"Kjof + Kibyy +b] Ki+ Z[" 00 + 0, 2 — pK]
Wi = Qi+ 6] Kicey + 60 ALY, + Albyy + B] A+ Z1N 60 + 671 Z) — pA]
Aj = LL LY 0L, 4ol 2+ 61, 7+ ooh 2 + 5L 20Y + AL,
+ol JKive+ 63 Ky + Ki (B — By) + ZE () = 40) + 2870 — Yy
+ st Ul (g — @) + Vil |
i = Ky + 70T AAD + (1 = A TKI (W) —39) + 28]V + 24] Z} + 247 2"
\ + Zk#i(ak,t - ak,t)TSli,t(ak,t — Qpt) + ai,tgli,tak,t + Q[Olic,t + flig,t - gc,t]TO‘k,t - PRi,
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with
Sli,t _th+akthakt+(Ug,t)TKtakt
Sii _th+akt K{og:+ (67,)TA
Uli,t —Ikt+0kth0xt+(U k.t
Vkit —Ikt+0kthUxt+(02,t
liq,t = th + bk th + Uk tZt +4] th’Yt (6 19; )TALY + (Uk t)TZO v
+3 Zk;ﬁz( 1kt+‘]kzt)akt
Jklt = Gy + of Ko + (0] )T Ko
Jklt —let+0kthUlt+(Ukt) Ajo)
fk,t = L?c,t + bk,th + U@,tZt (o 12 )TZO Yy Uk Ky + (o] t)TKtVt
3 2 (Jigs + Jili) Okt
Note that we now denote by U the conditional expectation with respect to W, i.e. U = E [U|Wt0].
Then, at step 3, we constraint the coefficients (K*, A*,Y", R") to satisfy the following problem:

t tUkt _
TR + (o T2 +bT
)TA

)

7

t%t + (&Igt TZAZ + bT AZ

)

dK} = —®0dt + ZF dw)? K =P

dA} = —Wldt + Z] dWy | Ay = Pi4 P (29)
dY) = —APdt + +Z{dW, + 2" aw Vi =1

dR} = —T{dt R =0

where 0 W0 A® T are defined in (8). Thus we obtain the best response functions of the players:
aie = —8;; Ul (Xe — ELGIWY]) = i1 (6 — &) — St (VEELX WY+ OF).

We then proceed to step 5 and to the search of a fixed point in the space of controls. The
only difference at that point is in the ansatz for ¢ — Y;. Since we consider the case of common
noise, we now search for an ansatz of the form Y, = m(X; — X;) + 7, X¢ + 1 where (7,7,7) €
L>([0, T], RM*d) x L>([0, T, R**4) x S(Q x [0, T],R"?) satisfy:

dne = dt + g dWy + ¢PdWY

e =1 ="

dry = #dt + 20T AW 30)
ar =0

dity = #dt + 207 WP

A =0

The method to determine the coefficients is then similar. Existence and uniqueness of a solution
(K*,A") to the backward stochastic Ricatti equation in (29) is discussed in [13], section 3.2. The
existence of a solution (Y?, Z, Z%Y") to the linear mean-field BSDE in (29) is obtained as in step
6 thanks to Thm. 2.1 in [12]. As in the previous section the existence of a soltion (7, 7) € L25(£2 x
R, ,R"*%) (essentially bounded F%-adapted functions) of (30) in the general case is a conJecture
and needs to be verified in each example. We are not aware of any work tackling the existence of
solutions in such situation. Given (7, 7) the existence of (1, ¢, #°) solution to (30) is ensured as in
the previous section by Thm. 2.1 in [12].
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3.3 The case of multiple Brownian motions

We quickly sketch an extension to the case where there are multiple Brownian motions driving the
state equation. The assumptions on the coefficients are the same as in the previous part. Only the
length of the calculus changes. Let us now consider the state dynamic:

dX; = b(t, X2 E[XP], o, Eou])dt + ) o (t, X E[XP], o, E [ou])dW,
/=1

where &0 W A© T are defined in (8).

O = (041,t7 ---ﬂn,t)
b(t,z,T,a,@) =i+ bpx+by T+ D 1 birais + bigGiy (31)
o-e(tv x, Ev a, a) = ’Ytg + O'i,tCC + 5£,tj + Z?:l O-f,ta’iyt + 5f,taivt'

We require the coefﬁcients in (31) to satisfy an adaptation of (H1) where v, 0y, 62, (04, 54 )ic1,n] are
replaced by v, 08, 6%, (0f,68)icqing for £ € {1,...,k}.
To take into account the multiple Brownian motions in step 1, we now search for random fields of

the form wi(z,T) = K}.(x—7)®?+AL7®24-2Y, T+ R} with the processes (K*, A’ Y7, (Zz’i)ge[[l,nﬂ, RY)
in (L>([0,77],5%))2x,82(2 x [0, T],RY) x (LE(Q x [0,T],R%))* x L>=([0,T],R) and solution to:

dK} = K}dt Ki. = P

d\; = Aldt AL = P!+ Pi
dYi = Yidt+ Y, ZPawt vi =

dR; = Ridt R =0

where (K’, A%, R') are deterministic processes valued in S? x S x R and (Y?,Z?) are adapted
processes valued in RZ.

The method then follows the same steps with generalized coefficients and at step 2 we obtain

generalized coefficient for (5) and (6):

(D! :Q§+Kixt+b K+, o Koy, — pK}
‘I’% —Qt+AZ xt+bxtA +Z’r ;TtAZUT _PAi
Ay =L, +b, YZ‘H) AiB, + K{(B: — By)
+ Ze UKT Kt’)’t Kt’Yt + UKT ZM ~£Tt23‘:7£ - thi (32)
+ D ks Uk,t(ak,t - Oék,t) + Vk‘,takvt
T =28]Yi + 3,9 Kivf + 27,7 2," ,
+ Z;@g,(ak t — Ok t)TSk t(ak t—Ogy) + O Oék tS 40kt + Q[OZ et T fkt gc,t]TOék,t

Sk :Nli,tJrZngtho-kt

SYli:,t :Nlit"‘Ze&ﬁTthZ&kt

Ui, =1, +b KZ—I—ZZUkthU

Vkit = Ik,t + bk:,tA% + 00 Uk: thU

Oj. —ZZt+6thi+Ze&£TtZt +U£Tth’Yf
Jli,l,t _let+220kt talgt

jli,l,t —letJFZe&iTt Zalet

fli:,t —L}ct"‘bktyl"‘Ze TZM"‘UkTKZ

(33)
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From these extended formulas we can then constrain the coefficients as in step 3 and obtain (8)
with now the generalized coefficients defined in (32) and (33). The step 4 is then straightforward
and we obtain the best response functions:

aie = ay" (X, E[X4)) + oy (E[X))
= —(S{) T UL (Xt — E[X4]) = (7)1 (€ — &) — (S1) T (VLELX] + OF)).

From step 4 we can then continue to step 5, i.e. the fixed point search. The only difference
at that point is in the ansatz fort — Y;. Since we consider the case with multiple Brownian
motions we now search for an ansatz of the form Y = m (X, — X;) + m X, + 1, where (7, 7,n) €
L([0, T], RM*d) x L>([0, T, R™*4) x SZ(Q x [0, T],R"?) satisfy:

dy = hdt + 3, prdWf
o =1 =(")iepn]
dmy = pdt

T =0

dit, = wdt

frT = 0.

The method to determine the coefficients 7, 7,7 is then similar. The validity of the computations
i.e. Step 6 can be done exactly as in the case of a single brownian motion.

4 Example

We now focus on a toy example to illustrate the previous results. Let us consider a two player game
where the state dynamics is simply a Brownian motion that two players can control. The goal of
each player is to get the state near its own target t — T}, where t — T}, i = 1,2, is a stochastic
process. In order to add mean-field terms we suppose that each player try also to minimize the
variance of the state and the variance of their controls.

dXy = (bro ¢ + bacvag)dt 4+ odWy
Jiar,a0) =E [fo e~ Pu ()\iVar(Xu) + 0 Xy —TH)? + GiVar(aw) + ia%)du} =12,

where (X\?, 6%, 6%, ¢%) € Ri. In order to fit to the context described in the first section we rewrite the
cost function as follows:

J(ar,az) = E[ / e (N 48Xy~ X)? + 6K + (0 + (o — i)
0
+ &, + 2X,[-25'T" + 51'(12)2)(1“} .

Since the terms §°(7%)? do not influence the optimal control of the players, we work with the slightly
simplified cost function:

J (o, 00) = [ / e ((x‘ +00)(Xu — Xu)? + 6K + (0 + €)% (10 — W) + €702, + 2Xu[—2<5"T"])du} :
0

Following the method explained in the previous section, we use Theorem 2.3 in order to find a
Nash equilibrium. We obtain the feedback form of the open loop controls and the dynamics of the
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state:

ol —at :_% (K" +7")(X; — Xy) +
a = - (N +7) X + 7))

X, —Xoe “t—l—f e @t-W7 dy,
X~ Xt =(Xo—Xo)e @+ [Te

—a(t—u) [(’Yu

—77i)

(34)

—7,)du + odW,|

where K! € Ry, A’ €Ry,a € R,a € Rym € R% 7 € R%, € LE((0,00),R?),v € L&((0,00), R?) satisfy:

¢ — -

i _ —pr/p2HAPI(Ni+5Y)
K - 2Pt
Al _ —ptVpP 4P

2P

a :Z?ﬂpi(K”‘Wi)
O~
0 Py — (mB — P,)(Sz yT0)
0 7 — (7B — Py)(S, 7~r)
e — My :—ft elPy=(rB=Fa)S ( )E[Hu—ﬁﬂfft] du
ﬁt = — ‘[tOO e[Py (7TB Pa)Sy}( )ﬁudu
VeV = 212:1 lfl(m,t —Tit)
Vi == 2?21 P'n; 4

S, = —(P'K!/b;, P2K?/by)
S, = —(P'A'/by, P2A?/by)
‘Sjy = (11 j]? /bi)z‘,je{l,z}
Sy = (11 jPi/bi)i,je{lz}
J?a = ( z;éjKibj)me{l,z}

Po = —(LigjA'))ije1,2) 35)
]fy = (1i=j(P'K" +0))ijef1,2
P, = (L= j(P AZ+P))‘,j€{1,2}
H = (6'T1,6°T?)

B = (bl,bg)

mo= béw

P = {i

From (34) and (35) we can study and simulate the influence of the different parameters of the
cost-function of the first player. We notice that (A!,6!) only influence X — E [X] and the feedback

form of ar; — @; (zero-mean terms).

e If \! — oo then m; ~ A! and K' — oo which implies that X; — E [X], — 0 for all ¢ > 0. This

is expected since the term A! penalizes the variance of the state Var(X;) in the cost function
of the first player. See Figure 1.

e If 5! — 0o then (7, 7) — oo and K! ~ §! and A! ~ §! which imply that X; — T} for all t > 0.
This is also expected since the term ' penalizes the quadratic gap between the state X and
the target T"'. See Figure 2.

e If 9! — oo then P! — 0, PLK! — 0, Pzl — 0 and P} — 0 for every ¢ > 0. We then have
ar —ay — 0 for all ¢ > 0 and all the terms relative to the first player in X — E [X] disappear.
Given that 6! penalizes the variance of the control of the first player, this convergence is also
intuitive.

e If ¢! — oo then (P!, ]51) — 0 which imply that (o, @14) — 0 for all t > 0 and all the terms
relative to the first player in X; — E[X;] and E[X}] disappear for all ¢ > 0. This means that
the first player becomes powerless.
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71 =0,7T2=10,A1 =A>=0 T71:=0,72=10,A1 =A>=10

Abtn, DRAETA, |
6 A " .. , ‘\A
\ *h‘\"' ‘! "”‘W"U h“* 1
X - w * ‘ h -<|| ,\V A Xt3,
(a) AX'=0 (b) M =10
7:=0,T7T>,=10,A; =A> =100 s 7:=0,T>,=10,A; =A, =500
X3 X3
(c) A =100 (d) A\* = 500

Figure 1: Nash equilibrium with:
bi=o=08=0=¢=1,p=3,T' =0,T> =10

T:=0,7T2=1,62=1

N
HFNOUWwR

=]

Figure 2: t — E[X}]
bi=0=0=0=¢=1,p=3,T'=0,T>=10
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