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Formation of blood clot in response to the vessel damage is triggered by the complex network of biochemical reactions of the coagulation
cascade. The process of clot growth can be modeled as a traveling wave solution of the bistable reaction-diffusion system. The critical value of the
initial condition which leads to convergence of the solution to the traveling wave corresponds to the pulse solution of the corresponding
stationary problem. In the current study we prove the existence of the pulse solution for the stationary problem in the model of the main reactions

of the blood coagulation cascade using the Leray-Schauder method.

1. Introduction

The main function of blood coagulation is the formation of
blood clot covering the injury site and preventing further blood
leak in case of vessel damage. One can define three main stages
of the blood coagulation process: initiation of the clotting process,
amplification of clot formation and clot growth arrest [1,2]. Clot
growth is triggered by the enzyme thrombin that catalyzes fib-
rinogen conversion to fibrin which leads to blood gelation [3,4].
During each stage of the coagulation process the speed of thrombin
formation is determined by the action of different proteins. Initial
amount of thrombin is formed in response to the exposure of the
tissue factor to blood plasma with help of factors VIla and Xa [5,6],
or as the result of factor XI activation on the foreign surface through
the reactions of the contact system [7]. Amplification phase takes
place thanks to the positive feedback loops of the blood coagulation
cascade with participation of factors XI, X, IX, VIII, V and their
complexes [8]. The main mechanisms of the clot growth arrest are
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the action of the direct thrombin inhibitors such as antithrom-
bin [9], the mechanical removal of the active substances by the
blood flow and the active protein C pathway [2]. Whether the
amplification phase of the coagulation cascade will be launched
or not depends on the amount of thrombin formed during the
initiation stage [5]. In the current study we address triggering of the
coagulation system from the initiation to the amplification phase
using a mathematical model.

Clot growth can be described as a reaction-diffusion wave for
the concentrations of blood factors [ 10-12]. Under certain assump-
tions we can prove existence and stability of such solutions for
the model system of coagulation cascade [13]. We suppose that
thrombin production during the coagulation process is described
by a bistable system. Indeed, under normal conditions, accelerated
thrombin formation occurs only in response to the significantly
importantinitial stimuli [5,14,15]. Under this assumption, the con-
vergence of the solution of the model system to a traveling wave
takes place only for the sufficiently large initial condition. In terms
of biochemical process, the amount of thrombin formed during the
initiation stage must exceed some threshold value to launch the
amplification phase of blood coagulation process. The threshold
value for the initial conditions that guarantees convergence of the



solution to the traveling wave in case of one PDE is a stationary
solution of the system in particular form called pulse solution.
The similar criteria was proven for the system of two equations in
particular form [ 16]. In the current study we consider the existence
of pulse solutions for a system of PDE describing the action of the
coagulation cascade.

Thrombin production in quiescent plasma during the amplifica-
tion phase of blood coagulation can be described by the following
system of PDEs:

d 92
% = DWU; + I{VT — hvv1,
8U2 82v2
5 = DW + kv T — hyyva,
v 3%v
87: = DW; + kT — hyvs,
3 52 (1.1)
4 Vg4
T DW + kixvs — hyxvg,
d 92
% = DWU; + kxvg + kxvovs — hyvs,
oT 9°T N T
E = Dw + (kHUS + ]("U1U5) <] — %) — h"T.
Here T denotes thrombin concentration, v;, i = 1,...,5, respec-

tively denote concentrations of the activated forms of factors V,
VIII, XI, IX and X. The constant Tp denotes the maximal available
concentration of thrombin taken equal to the initial concentration
of prothrombin in blood plasma.

The diffusion coefficient D is a positive number. We suppose
that all the diffusion coefficients are equal to each other. Such
assumption is relevant for the coagulation cascade reaction since
all the participating proteins have approximately the same size. All
results remain valid in the case of different diffusion coefficients.

We consider a one-dimensional case with x axis perpendicular
to the vessel wall and directed from the wall to the vascular lumen.

A more detailed discussion of the model can be found in [13],
see also Appendix of this paper.

Let us set w = (wq,...,ws, T) (alternatively we will also
denote wg = T). Then, system (1.1) can be written in the vector
form:

W _ W L Ew) (1.2)
ac ax2 ’ '
where F = (Fy, ..., Fg), is the vector of reaction rates in Egs. (1.1).

The functions F; take the form:
F;(W) = Ol,'(,BiT — w,-) for i=1,2,3,

F4(w) = ag(Baws — wy),

Fs(W) = a5 (Bsws + ywaws — ws), (1.3)
T
FG(W) = O{GU)5(1 + (SU)]) (1 — F) —oT,
0
where the different constants are positive and are given by
ar = hy, ay = hyy, a3 =hy, as = hx, as = hx, ag = ki,
By = ky ki _ kx _ kix _ kx
1= Ppo=7—, P3=7—, pa=7—, p5=——,
hy hvi hy hix hx
kx kg
= —, = —, = h .
Y hy ki o I
The zeros w* = (wf, ..., wi, T*) of F satisfy the equations
wi = BT, wi = BT, wi = B3T*, wy = B3BaT",
ws = B3faT*(Bs + y faT"). (1.4)

Furthermore by expressing that Fg(w*) = 0 we find that T* is a
root of some polynomial P of order four which takes the form:

P(T) = TQ(T) with Q(T) = aT> + bT? 4 cT +d. (1.5)

Here a < 0 while the other coefficients of P have no a priori signs
(see Section 2.2 for the explicit values of the coefficients of P).
Consequently the zeros of F are in one-to-one correspondence with
the ones of P. Clearly 0 is always a zero of P and the corresponding
zero of F is the origin 0 of R®.

Hereafter we will focus on the case where P has exactly two
positive zeros denoted by 0 < T < T~. We will also assume that

Q(0) <0, Q(T)>0, Q(T™) <0, (1.6)

(recall that Q is some polynomial of order three with negative
leading coefficient). It can be easily shown that T~ < Ty (see
Section 2.2).

Consequently, F has exactly three zeros in Ri. Let us denote
them by w—, w and w* where wt = 0 < w < w~ (here
and everywhere below inequalities for vectors mean that each
component of the vectors satisfies this inequality). Furthermore,
assumptions (1.6) guarantee that the principal eigenvalue of the
Jacobian matrix of F at w* (resp. w) is negative (resp. positive) (see
Section 3.3). Hence the nonlinearity F is of the bistable type.

It is easy to check that F; satisfy the following property for all
Jj#FI:

oF;

aw]-

(w)>0ifwgy>0for1<k<5and T < Tp. (1.7)
Hence the system is monotone in that region of R® containing the
positive zeros of F. It has a number of properties similar to those
for scalar equations including the maximum principle.

By virtue of the above properties, system (1.2) possesses a
unique traveling wave solution u(z), z = x — ct, satisfying the
following equations and limits at infinity:

Du” + cu’ + F(u) = 0, u(+o0) = wt, (1.8)

(up to some translation in space for u).
The stationary solutions of system (1.2) satisfy the elliptic sys-
tem:

le{, 4+ oi(BT —w;)) =0, i=1,2,3,
Dw} + as(Baws — wy) =0,

Dwy + a5 (Bsws + ywows — ws) = 0, (1.9)

T
DT” + agws(1 + Swy) (1 — T—) —oT =0.

0
Hereafter we consider system (1.9) on the real axis and look for an
even positive solution vanishing at infinity:

w(x) >0, wkx)=w(—x), xeR, w(xoo)=0.

We will call such solutions pulses. Instead of the problem on the
whole axis, we can consider system (1.9) on the half-axis R with
the boundary condition

w(0) =0. (1.10)

We will look for the decreasing solutions defined on R, and re-
quire:

w(0) =0, w(x)>0 and w'(x) <0 for x> 0,

w(co) = 0. (1.11)

Then the pulse is obtained by extending this function on R by
symmetry.
We can now formulate the principal result of this work.



Theorem 1.1. Under assumption (1.6), problem (1.9) has a solution
on R, satisfying (1.11) if and only if the value of the speed c in
problem (1.8) is positive.

Theorem 1.1 can be easily proved for scalar equations. Indeed,
suppose that we deal with some scalar equation with a nonlinear-
ity F of bistable type with a single intermediate zero. Then it is well
known that the speed c of the scalar traveling wave problem (1.8)

has the sign of the integral f s)ds. Besides, if we rewrite the
scalar equation for the pulse in the form:

w' =p,
p'=—F(w),
it is easy to see that:

w/(X)Z _ w(x)
5 = —/(; F(s)ds.

(1.12)

From there it follows that the condition fo (s)ds > 0 is nec-
essary and sufficient for the existence of the pulse solutions. This
provides the conclusion of Theorem 1.1 for the bistable scalar
equations.

For systems of equations, the positiveness of the integral cannot
be used anymore to conclude that the pulse exists and/or the speed
of the wave is positive. Nevertheless, the relation between the sign
of the wave speed and the existence of pulses may remain true.
This was first proved in [ 16] and [ 17] for monotone systems of two
equations. The proofs are much more involved than in the scalar
case and rely on the Leray-Schauder method.

In this work we aim to derive such a result for the system
describing main reactions of the blood coagulation cascade. In
particular, the method supposes to construct some appropriate
homotopy deformation. The key idea here will be to reduce the
last equation in system (1.9) to some scalar equation that only
depends on T. Meanwhile we will want the properties of the initial
system to remain unchanged and we will have to track the sign
of the wave speed when assuming ¢ > 0 for problem (1.8).
We start the description of the homotopy in Section 2. Then, in
Section 3 we show separation of monotone solutions and we obtain
a priori estimates of these solutions independently of the homo-
topy parameter. Section 4 is devoted to the proof of the existence
part in Theorem 1.1. Finally we make some concluding remarks in
Section 5 while the model is briefly discussed in Appendix.

2. Homotopy
2.1. Description
We introduce some homotopy of system (1.9) of the form:

Dw’ +F(w)=0, tel0,1], (2.1)

for which only the last component of the reaction term, that is
FE(w), will vary with 7 € [0, 1]. Hence the homotopy reads

Dwy +oq(BiT —wq)=0
Dwy + a(BeT — wy) = 0,
Dwj + a3(B3T — w3) =0,
Dwj + o4(Baws — wy) =0,
Dwy + as(Bsws + ywows — ws) =0,
DT” + F(w) = 0.

As usual, the value T = 0 corresponds to the initial system (1.9) so
that

FJ(w) = Fs(w) = agws(1+ w,) (1 - TT) —oT. (2.3)
0

Clearly FG0 is a nonlinear function of w1, ws and T.

In the homotopy process we will reduce Fg to some final non-
linearity Fg that will only depend on T. Also we will require the
zeros of F* in ]R‘S+ to remain unchanged as t varies between 0 and
1 and to be the ones of the initial nonlinearity F = (Fy, ..., Fg).

In order to define the function F{ (w), we introduce the auxiliary
functions ¢;(T),i = 1, ..., 5, determined by the equalities F;(w) =

Ofori=1,...,5,thatis:
wi =BT =@(T), i=1,2,3,
wy = PaBsT = @u(T), (2.4)

ws = Baf3T(Bs + y B2T) = ¢s(T).

In addition we introduce some smooth function g(T) which will
be specified below in such a way that it does not change the zeros
during the homotopy (other properties related to the positiveness
of the wave speed will be required in Section 4.1).

The homotopy is defined as follows: for t € [0, 7;] where
71 € (0, 1) (77 = 1/2 for example) we set

0

while for T € (1, 1] we consider

Fg(w) = o [a"ws 4+ BT @s(T)] (14 8 [a" w1 + BT ¢1(T)))

T
X (1 - T) —oT + 118(T), (2.6)
0
1— _
witha’ = —* gr=2_"
1-— T 1-— T

For t € [0, 7¢] it will be convenient to set «* = 1and 87 = 0 so
that formula (2.6) is also valid for t € [0, 71].

For some appropriate choice of the function g(T) (see (2.12)),
the nonlinearity F* will remain of bistable type (with unchanged
zeros and unchanged stability properties of the zeros). Also F* will
satisfy the same monotony property as F (see (1.7)). Consequently
the traveling wave problem (1.8) with F replaced by F* will possess
some unique solution (c*, u’) (up to some translation in space
foru®).

These properties of F* are derived in the following sections.

2.2. Stationary points

To investigate the zeros of F* let us start with some preliminary
remarks. For t = 0, the zeros are given by the equations
wi = @i(T) for 1 <i<5, agps(T)1+ 8¢1(T))

T
X (1——>—UT=O.
To

Here, a straightforward computation yields that

ctsps(T)(1+ 8¢1(T)) (1 R T1> T =P(T)

0
= aT* + bT? 4 cT? 4 dT, (2.7)
with
a = —aspif2PsaysTy ', ¢ = acPaPsfay
+ a6B1B3PaPs — asP3BaBsTy ',
b= —aepiB3PaBs8T, ' + s P12 B3Py
— asPoPsPayTy ', d = agPsfafs —o.

Recall that we suppose that the polynomial P(T) = TQ(T) has
exactly two positive zeros 0 < T < T~. Since Q is a polynomial of
degree three with negative leading coefficient it is straightforward
that

(2.8)

P<0o0n(0,T), P>0on(T,T"), P<0on(T",oc0). (2.9)



Also it is worth noting that
T- <T°. (2.10)

Indeed, in view of definition (2.7) it is clear that P(T) < —oT < 0
for T > T°. Also recall that we assumed (1.6) which implies the
following condition on the parameters

Q(0) = agB3faPfs — o < 0.

Then the zeros of F = (Fy, ...
Fs by the following function

(2.11)

, Fg) remain unchanged if we replace

as [aws + Bos(T)] (1 + 68 [aw, + Bea(T)]) (1 - ;;) —oT,

where0 < o < 1, 8 = 1 — . The same remains true if we replace
Fs by
ag [aws + Bos(T)] (1 + 8 [awq + Be:(T)])
T
x (1 - —) —oT +g(T)
To
provided the function g = g(s) is such that

g(s)>0fors>0, Suppg c (T, T). (2.12)

Indeed, in that case in the equations for the zeros, P(T) is modified
in aregion where P(T) > 0 by adding some non-negative term.

Hereafter we will suppose that function g satisfies (2.12). Then,
the zeros of functions F* = (Fy, ..., Fs, Fg) where F{ is given
by (2.5) or (2.6) coincide with the ones of F. In particular, these
functions possess exactly three zeros in Ri which are w—, w
and wt.

2.3. Monotony of the system and stability of the stationary points

Recalling that F is given by (1.3) it is clear that
oF;
aw]'

(wW)>0fori,j=1,...,6, i #],

provided that

weD={w=(wq,...,ws, T), we >0
for1<k<5 0<T<Tp.

This monotony property remains valid for the homotopy func-
tion F*. Indeed Fy, ..., F. remain unchanged while for the last
component the positivity property is easily checked. Hence, for all
T € [0, 1], the system is monotone in D:

T
i

(w)>0fori#jandw € D.
Bwj

(2.13)
Let us now investigate the stability properties of the three zeros
of F* in R‘i. Note that thanks to (2.10) these zeros belong to D
so that the off-diagonal terms of the Jacobian matrices at these
points are non-negative. Hence by the Perron Frobenius Theorem
the principal eigenvalue - that is the eigenvalue with maximal real
part - is real.

The stability properties of the zeros remain unchanged as t
varies as stated in the following proposition.

Proposition 2.1. For t € [0, 1), the three zeros w—, w and w* of F*
are such that
the eigenvalues of the matrices (F* ) (w™)

have negative real parts, (2.14)

the matrix (F*)' (W) has a positive eigenvalue. (2.15)

Proof. We claim that, for all zeros, the sign of the principal
eigenvalue does not change as 7 varies. Indeed, let us denote by
w* some zero of F* in Ri. When computing the Jacobian matrix
(F"Y(w*) the terms related to g disappear due to (2.12). Hence, the
Jacobian matrix remains unchanged when 7 varies between 0 and
71. Then, by investigating the kernel of this matrix for t € [7q, 1] it
can be shown that

Ker (F*)(w*) = Ker F(w*) for € [0, 1].
Hence, the determinants satisfy
Det (F*)Y(w*) # 0 < Det F(w*) # 0
& Det (F1Y(w*) #£0, 1 €0, 1].

If these determinants are not equal to zero, then the sign of the
principal eigenvalue cannot change as 7 varies and the stability
property of the zero will remain unchanged. This property was first
noted in [13].

For the various zeros the possible nullity of the determinants
and the sign of the principal eigenvalue are now determined by
considering T = 1. By construction of the homotopy, for t = 1,
Fl(w)only dependson T and FJ(w) = P(T) = TQ(T) given by (2.7).
It is easy to check that the eigenvalues of (F!)(w*) are —«; with
1 <i < 5and P'(T*). Recall that we assumed (1.6) which implies
that for T* = T+, T and T~ we have

P(T*) <0, P(T)>0, P(T")<DO. (2.16)

Hence, the determinants are not equal to zero and the principal
eigenvalue has the sign of P’(T*). In view of (2.16) this provides
readily (2.14) and (2.15). O

3. Functional spaces and estimates of solutions
3.1. Operators and spaces

We consider the system

Dw”’ + F*(w) = 0, (3.1)

where for T € [0, 1] the nonlinearity F* is defined as above. We aim
to investigate the solutions of (3.1) defined on the half-axis x > 0
and such that:

w(x) >0 for xeR,, w(0)=0, w(oo)=0. (3.2)

For the functional setting let us introduce the Holder space
Ck+e(R,) consisting of vector-functions of class C¥, which are
continuous and bounded on the half-axis R, together with their
derivatives of order k, and such that the derivatives of order k
satisfy the Holder condition with the exponent « € (0, 1). The
norm in this space is the usual Hélder norm. Set

E'={we CM(Ry), w(0)=0}, E*>=C*(Ry).

Next, we introduce the weighted spaces E; and E;, with u(x) =
+/1 4+ x2 which are equipped with the norms:

Iwlilgi, = lIwpellgi, i=1,2.

In view of (3.1), let us consider the operator

A'(w) = DW’ + F'(w), (3.3)

acting from E! into EIZL. Then, the linearized operator about any
function in Ef satisfies the Fredholm property and has the zero
index. The nonlinear operator is proper on closed bounded sets.
This means that the inverse image of a compact set is compact in

any closed bounded set in E}i.



3.2. A priori estimates for monotone solutions

In this section we consider solutions of (3.1)-(3.2) that are
furthermore decreasing on R.. Such solutions are the pulses we
are interested in. Let us first derive some L* bound for these pulses.

Proposition 3.1. Assume that problem (3.1) has a solution w(x)
defined for x > 0 satisfying (1.11). Then

w(x) <w~ for x>0, (34)

where w™ is the largest zero of F. In particular w(x) € D forallx > 0.

Proof. Recall that the coordinates of w™ are ¢;(T~),1 < i < 5,
and T~ where T~ is the largest root of P. We start with some
preliminary result.

Lemma 3.1. There exists some smooth function ¥(s) = (y(s),
..., Yg(s)) defined for s > 0 such that

w(0)=w", ¥/(s)> 0fors >0, yi(s) > coass — oo,

F'(¥(s)) < 0fors>0andt € [0, 1]. (35)

In particular ¥(s) > w~ for s > 0.

Proof. Let us first consider the function ¥° with coordinates:
V) =T~ +s), i=1,...,5 ¥(s)=T +s. (3.6)
It is easy to see that

w00)=w", (¥Q)(s) > 0fors > 0,

Y(s) — oo ass — oo, (3.7)
and since P < 0 on (T, 00) (see (2.9))

F(¥°s)) =0, FE(¥%s)) =P(T” +5) <0

fors > 0and t € [0, 1]. (3.8)

Let us then introduce the following modification of the functions
o

Yi(s) = @i(T™ 4+ xis)fori=1,...,5, ¥g(s) =T~ + «es, (3.9)

where k;, i = 1,...,6, are some positive coefficients. Under the
conditions

ki > kg fori=1,2,3, k3 < kg, ky < K5, K3 < K5, (3.10)
we can see that

F(¥(s)) <Ofors>0andi=1,...,5. (3.11)

It remains to investigate the sign of F¢(¥(s)). In view of defini-
tions (2.5) and (2.6) of F§ it is clear that forw > O0and T > T
we have g(T) = 0 and F{(w) < 0. Consequently, FZ (¥ (s)) < O for
s > s, withs, = (Tp — T7)/«e. Let us now study this inequality
on the bounded interval 0 < s < s,. For this purpose we set
ki = 14+€p;,i=1,...,6,wheree > 0is sufficiently small and the
constants p; > 0 are chosen in such a way that condition (3.10) are
satisfied for any €. We note that s, depends on € but we can neglect
this dependence for € small enough. Thus,

wi(s) = ¥0(s) + esyr(s), ¥(s)> Ofors > 0,

where wil(s) are some bounded positive functions on the interval
0 < s < s, (some of them are constants). Hence,

FE(W(s)) = FE(W°(s)) + esH' ()

where H'(s) is a bounded function for s € [0, s.] and t € [0, 1].
Here FGT(IIIO(S)) < 0on (0, s,] thanks to (3.8). Furthermore, the
derivative of function s — F(¥(s)) ats = O reads

(FE o w)(0) = VEL(W™).(¥°)(0) + e VFE (W™ ).¥ '(0) =
P'(T™) + e VFE(w™).¥'(0), (3.12)

where P’(T™) < 0.These properties yield readily that Ff (¥(s)) < 0
on (0, s,] forall T € [0, 1] if € is sufficiently small. O

Let us get back to the proof of Proposition 3.1. Let w denote
some solution of (3.1) satisfying (1.11). Then, to derive (3.4) it is
sufficient to prove that

W(0) <w™. (3.13)

Considering the function ¥ given by Lemma 3.1, for s > 0 let us
introduce the set

E(s)={w| 0 =w =< ¥(s)},
with the boundary hyperplanes denoted as
ri(s)={wlwi =¥(s), 0 <w; < ¥(s), j=1,....6, j #1i}.

Note that for 0 < s; < s, we have &(s1) C &(s3).

Let us argue by contradiction and assume that (3.13) is not true.
Note that this is equivalent to w(0) ¢ £(0). Clearly, fors > 0
sufficiently large, we have w(0) < ¥(s) and w(0) € &(s). Let us
choose the minimal value of s for which w(0) € £(s). Then, for some
i we have w;(0) > w;” and w;(0) € I'i(s). We claim that
EF(w(0)) < 0.

1

(3.14)

Suppose that this is proved. Since w}(0) = 0 and wj(x) < 0 for
x > 0 we also have w;(0) < 0. Thus, we have a contradiction in
signs in the ith equation of system (3.1).

It remains to check (3.14). Let us come back to the monotony
property (2.13) and note that, for 1 < i < 5, it is valid provided
that w > 0. Consequently, if @;(0) € I'i(s) for some 1 < i < 5,
the monotony property yields that Ff(w(0)) < F(¥(s)) < O.
Suppose now that wg(0) = Wg(s) and w;(0) < Wi(s)for1 <i < 5.
The nonlinearity F{ is such that F{(w) < O0ifw > 0 and ws >
T°. Hence, due to the maximum principle the solution w satisfies
we(x) < TO for x > 0. In particular, wg(0) = Ws(s) < Ty. Hence the
same monotony argument applies and provides that F (w(0)) < 0.
This concludes the proof of Proposition 3.1. O

In view of (2.14)-(2.15), the nonlinearity F* is of bistable type
while by (2.13) it is monotone in D. Consequently, the traveling
wave problem:

Du” + c*u’ + F'(u) = 0, u(+o0) = w, (3.15)

possesses a unique solution denoted by (c*, u) (up to some trans-
lation in space for u™) [20].

Estimates for monotone pulses in E ; can be obtained by impos-
ing positiveness conditions on c*. The following result is proved
in [16] (and remains true here thanks to Proposition 3.1).

Theorem 3.1. Under assumption (1.6), moreover suppose that c* >
0 for all T € [0, 1]. Then, there exists some constant R > 0 such
that for all t € [0, 1] and for all monotone solution w of (3.1)
satisfying (1.11) the following estimate holds:

<
Iwly < R.

Since the proof of this theorem is given in [16], we will re-
call here only its main idea. Solutions of Eq. (3.1) are uniformly
bounded in the C(R.)-norm due to Proposition 3.1. However,
this is not sufficient to conclude that the solutions are uniformly



bounded in the weighted space E;. Indeed, if there is a sequence u*

of solutions which converge to w~ on any bounded interval (and
to wT = 0 at oo), then this sequence is uniformly bounded in
the uniform norm but not in the weighted space. Let us explain
why this situation is not possible. Suppose that such sequence
exists. Consider then a sequence of shifted functions v¥(x) =
uX(x + hy), where hy is a real number chosen in such a way that
[u(he)l = |lw~||/2 (where ||.| denotes the Euclidean norm in
RRS). Since the sequence u¥(x) converges to w— uniformly in every
bounded interval (in positive half-axis), then hy — oo as k — oc.
Hence, the functions v¥(x) are defined for x > —h;. Choosing a
locally convergent subsequence of the sequence v¥(x), we obtain
a function v°(x) defined on the whole axis and satisfying (3.15)
with ¢ = 0. This conclusion contradicts the assumptions of the
theorem.

3.3. Separation of monotone solutions

Let us suppose that all monotone solutions of (3.1)-(3.2) are
uniformly bounded in space E; (Theorem 3.1 provides condi-
tions that guarantee this property and will be investigated in
Section 4.1).

We aim to derive a result of separation between the solutions
of (3.1)-(3.2) that are monotonically decreasing for all their com-
ponents that will be denoted by wM™(x), and the solutions of (3.1)-
(3.2) which do not satisfy this condition that will be denoted by
w"(x). We will call the latter ones non-monotone solutions.

Theorem 3.2. Suppose that all monotone solutions of (3.1)-(3.2) are
uniformly bounded in the space E ; Then there exists a constant r > 0
such that, for all T € [0, 1], for any monotone solution w™(x) and any
non-monotone solution w"(x) of (3.1)-(3.2), we have

WM — w”||E; >r. (3.16)

Proof. Let us start with two preliminary results.

Lemma 3.2. Suppose that w is some solution of problem (3.1) for
0 < t < 1and satisfies

w(x) € Dforx e RT, w(0)=0. (3.17)

Then, either all the components of w are positive for all x > 0 or all of
them are identically equal to 0.

Proof. Each of the equations of system (3.1) or equivalently (2.2)
can be written in the form

D" —yz+f(x) =0,

where y is a positive constant and f(x) > 0 for all x > 0. It can be
easily verified that either z(x) > O for all x > 0 or z(x) = 0. Let
us verify that all components of the solution are similar from the
point of view of the choice between these two options. In the other
words, if one of the components is identically zero, then all other
components are also identically zero.

Suppose that wq(x) = 0. Then, from the first equation in (2.2)
it follows that T(x) = 0. Hence, from second and third equations
of (2.2) we can conclude that w,(x) = ws(x) = 0 since the only
bounded solutions of these equations are decaying exponentials. In
order to satisfy the boundary conditions, these functions should be
identically 0. From the next two equations we get w4(x) = ws(x) =
0. Thus, the lemma is proved if wq(x) = 0. Similar arguments are
applicable if wy(x) = 0 or w3(x) = 0.

If wya(x) = 0, then we conclude from fourth equation of (2.2)
that ws(x) = 0, and we return to the previous case. If ws(x)
then we conclude from the fifth equation of (2.2) that w4(x)

Z'(0) = 0, (3.18)

0,
0.

As before, the previous arguments are applicable here. Finally, if
T(x) = 0, then w1(x) = 0 from the first equation of (2.2), and we
proceed as above. O

Lemma 3.3. There exists some vector q > 0 such that for all T €
[0, 1] we have (F*)(0)q < O.

Proof. For v € [0, 1] the matrix (F")'(0) reads
(F'Y(0)

—Q1 0 0 0 0 Ol]ﬂ]
0 —a; 0 0 0 [4%3:7)
_ 0 0 —3 0 0 Ol3ﬂ3
- 0 0 Ol4/34 —0l4 0 0 (319)
0 0 0 015,35 —05 0
0 0 0 0 g’ agB3Pufspt —o

We look for a positive vectorq = (qy, . . ., gs) such that (F*Y(0)q <
0. The following inequalities should be satisfied:

Bigs < gifori=1,2,3, Baqs < qa, Ps5qs < G5,

s’ qs < (0 — agP3PaPsP" )qs. (3.20)

For t = 1 we have o = 0 and the existence of reals g; > 0
satisfying (3.20) follows readily from (2.11). Let us verify it for
T € [0, 1). From the last four inequalities in (3.20) we obtain:

o — asP3P4BsB°
B3BaBsasa™

while the first two inequalities are independent. Hence, the re-
quired g; exist if and only if
T
12 06P3B4Psp . (322)
B3BaPsasa”

For t € [0, ;] we have o™ = 1, 87 = 0 and inequality (3.22) holds
true by virtue of (2.11). Since the function in the right-hand side
increases for t € [1q, 1), then it also holds true for all ¢ from this
interval. O

ds g, (3.21)

We aim now to derive (3.16). Let us argue by contradiction and
suppose that there exist some sequence of monotone solutions
w"k(x) and some sequence of non-monotone solutions w"-¥(x)
such that:

M,k

lwMk — w”~’<||E}L — 0as k — oo. (3.23)

Since monotone solutions are uniformly bounded and the operator
is proper, the set {w"* k e N} is relatively compact in E.
Consequently, there exists some subsequence of the monotone
solutions still denoted by w™'* converging to some function W(x).

Clearly, the limit function W(x) is a solution of system (3.1) for
some T = 7p; furthermore it satisfies w(x) > 0, w(x) € D,
W(x) < 0forx > 0, W(0) = 0, W(co) = 0. This concludes the
proof of Theorem 3.2.

The next two lemmas provide more precise properties of the
function w(x).

Lemma 3.4. The limit function W is positive: for all x > 0, W(x) > 0.

Proof. Let us first check that w(0) # 0. Arguing by contradiction
suppose that w™-¥(0) — 0. It follows from Lemma 3.3 that there
exists avector q > 0 suchthat (F)(0)q < 0.Due to the continuity
of F*(w) and its derivatives, for 7 close to 79 and sufficiently small
e, we have F'(¢q) < 0. Then, the monotony property (2.13)
guarantees that for any w € B, = [0, eq], w # 0 at least one
component of F*(w) is negative. Since w™-¥(0) converges to 0, then,
for sufficiently large k, wM-%(0) enters B,. Consequently, for some
k and some i we see that F* (w™¥(0)) < 0. Thus, from (3.1) we
conclude that wﬁw’k”(O) > 0and w,M’k(O) cannot be decreasing that
contradicts (3.2). Thus, w(0) is different from 0.
In view of Lemma 3.2 this implies the positiveness of w. O



Lemma 3.5. The limit function w is decreasing: for all x > 0,
wW(x) < 0.

Proof. Recall that the function w satisfies (3.1) for some t = 7o.
Suppose that w}(xo) = 0 for some point x, > 0 and for some i. By
differentiating the ith equation of system (3.1) for T = 1o, we see
that v(x) = —wj(x) satisfies:

6

AF™ aF™
—Dv" — ——(W) = — Z TTLJ-(W)WJ{.
=g

Here v(x) > 0, v(xg) = O forxp > 0 and from (2.13) the right hand-
side of (3.24) is non-negative. Hence, the positiveness theorem
guarantees that v = 0. Consequently, in view of the limit at infinity
we have that w;(x) = 0 and this contradicts Lemma 3.4. O

(3.24)

Consider now a sequence of non-monotone functions w"-* con-
verging to the monotone function W as k — oco. Without loss
of generality, we can suppose that the first components of the
solutions are not monotone. Then, there are values x; > 0 such
that w’l\”k/(xk) = 0 and up to some subsequence we have either
Xe —> X > 0o0rx, — ooorx, — 0ask — oo.

If Xy — x, for some x,, > 0, then ﬂ?/] (x,) = 0 and we obtain a
contradiction with Lemma 3.4. Next, we claim that for sufficiently
large y > 0 and for sufficiently large k,

wW¥kY <0 on [y, ool. (3.25)

Therefore, the convergence x, — oo cannot hold.

Indeed, considering again the positive q given by Lemma 3.3,
we have (F)(0)q < 0. Thus, there exists ko > 0 and § > 0 such
that (F*)(w)q < 0 for k > ko and for ||w| < § (where ||.| denotes
the Euclidean norm in R®). Since W(x) is a solution of (3.1)—(3.2)
for some t = 71, then it is exponentially decreasing and we can
choose ¥ such that ||W(x)|| < & for x > . Since w"-¥ converges to
the monotone function w, we can choose y > 7 and k; > kg such
that [|[wNk(x)|| < § forx > yand k > k; and wN¥'(y) < 0 for
k > k. Let us check that these properties lead to

w"¥(x) < 0 forx > y and k > ki, (3.26)
whence (3.25). Indeed, the function v¥(x) = —(w"*)(x) is a
solution of:

DV¥" + (F Y (W )k = 0. (3.27)

Let us suppose that v¥(x) is not positive for some x > y and k > k4.
Since v¥(y) > 0 and v¥(4+-00) = 0 (due to the exponential decay
of v¥), we can choose some « > 0 such that the shifted function
u¥(x) = v¥(x) + aq satisfies u*(x) > 0 for all x > y, and u*(x;) = 0
for some x; > y (for at least one of the components of this vector).
Taking into account system (3.27), we see that

D(u*)” + (F*Y (W " + by(x) = 0, (3.28)

where the second term in (3.28) is positive thanks to (2.13) and
by(x) = —a(F*)(wN-X)q > 0 on [y, +00). Then, (u*)”(x;) must be
negative and we obtain a contradiction in signs in the equation for
the component of the vector-function u* which has a minimum at
X = Xjq.

It remains to study the case x, — 0. Let us verify that

F(W(0)) > 0. (3.29)

Obviously, the inequality F©(w(0)) > 0 holds because otherwise,
if at least one of the components of this vector is negative, then
the corresponding component of the vector w”(0) is positive. Since
W' (0) = 0, this would contradict the assumption that the function
w is decreasing. Thus, we need to verify that the components of

the vector F(w(0)) cannot equal zero. Suppose that this is not
true, and F,°(W(0)) = O for some i so that ;"(0) = 0. Then
v(x) = —w;'(x) satisfies

AF®
Dv" + ——(W)v + b(x) = 0,

Bwi
where

6 T
oF° . .

bx)=— > ﬁ(w)w} > 0.

w
j=1j#i

Since v(0) = 0 and v’(0) = 0, then we obtain a contradiction with
the Hopf lemma.

Thus, we proved that all the components of the vector F®(w(0))
are positive. Since the functions w"-* converge to W, then for all
k sufficiently large, F*(wN-%(0)) > 0. Therefore, w¥-¥(x)" < 0 in
some interval 0 < x < § independent of k. Hence wN*"(x)/ <0
in this interval and the convergence x, — 0 cannot hold. This

contradiction completes the proof of the lemma. O

Remark. The monotone solutions are also separated from the
trivial solution w = 0 of (3.1)-(3.2). Indeed, by virtue of the
arguments in the proof of Theorem 3.2, there exists some constant
n > 0 such that for any monotone solution w™ and all T € [0, 1]:

wM(0) > n, fori=1,...,6. (3.30)

Indeed, otherwise there exists a sequence of monotone solutions
w'k converging to some W in E, and at least one component of

w(0) vanishes. This would contradict Lemma 3.4,

4. Proof of Theorem 1.1

The non-existence part in Theorem 1.1 for ¢ < 0 can be proved
as in [16] to which the reader is referred.

Hereafter we assume that the speed of the traveling wave
solution of (1.8) is positive:

c>0, (4.1)

and we aim to derive the existence of a monotonically decreasing
pulse. The proofrelies on the Leray-Schauder method. The key step
consists in the construction of a continuous deformation (homo-
topy) of our problem to a model problem for which we will be able
to prove that the value of the topological degree is different from
zero.

The continuous deformation has been introduced in Section 2.
There in definitions (2.5) and (2.6) for Fg, the function g is still
at hand provided it satisfies (2.12). We will first show how g can
be chosen so that the speed ¢ in (3.15) remains positive as t
varies (Section 4.1). Thanks to Theorem 3.1 this will yield a priori
estimates in E; of the monotonically decreasing solutions. Then in
Section 4.2 we will investigate the limit problem (r = 1) and in
particular some spectral properties. They will allow us to conclude
the proof of the existence of a monotone pulse in Section 4.3.

4.1. Positiveness of the wave speed

As already mentioned, we come back to the definition of the
homotopy and aim to check that by some appropriate choice of the
function g we will have ¢* > Oforall t € [0, 1].

Recall that for T € [0, 7] the function F{ is given by

T
Fg (W) = agws(1 + dwq) (1 - F) —oT + 7g(T),
0



where g satisfies (2.12). Since g > 0, we have FJ(w) > Fg(w).
A classical result on monotone systems (see [18]) provides that
¢’ > c. Consequently, by virtue of (4.1) we conclude that

c®>0fort el0, 7] (4.2)

It is worth noting that the above positiveness result did not need
to require any additional condition on g. This will be different for
T € (71, 1] where F{ takes the form

Fg(W) = ag [ ws + B s(T)] (1 + 8 [a w1 + BT e1(T)])
X (1 — 1) —oT + 118(T),
To

with a”, 87 > 0and «” + B7 = 1. Let us note that for w € D and
T e (11, 1]

FI(W) > G(T) = 711g(T) — oT. (4.3)

By virtue of conditions (2.12) on g, we have G(0) = 0 and G'(0) < O.
Clearly we can also assume that the nonlinearity G is of bistable
type: more precisely, there exists T < T < T, < T~ such that

functionG(T) = 71g(T) — o T possesses three zeros in
[0,T7]: 0, TandT,,
G(T) < 0for0 <T <T, G(T)> 0forT <T < T,,
G(T)<OforT, <T <T". (4.4)

Proposition 4.1. Suppose that g satisfies (2.12), (4.4) and further-
more

Ty
/ G(s)ds > 0. (45)
0
Then, c* > 0 for T € [1q, 1].

Proof. Consider the scalar parabolic equation

00 D829 + G(0) (4.6)
ot 0x2 ’ ’
on the whole axis together with some initial condition 6(x, 0) that
it is a monotonically decreasing function converging to 0 at co and
to T, at —oo. By virtue of conditions (4.4) on the function G, its
solution converges to some traveling wave solution 6,(x — c,t) of
this equation. The speed c, has the sign of the integral in (4.5) so
that condition (4.5) guarantees that ¢, > 0.

We claim that
ct > ¢, fort e[, 1) (4.7)
Indeed, let us consider the parabolic problem
ov® %v?
=D F'(v"), Vv'(x,0)=v(x). 438
ot oz T (v’) (x,0) = v(x) (4.8)

Ifv(—oo) = w™ and ¥(co) = w™ = 0, then v'(x, t) converges to
some wave solution u®(x—c*t) with c* being the speed of the wave

propagation.
Along with system (4.8) consider also the system
YA 9%z’
=D ®7(Z"), z°(x,0)=2z(x), 49
n P (z%) (x,0) = z(x) (4.9)
where F} (w) is replaced by G(z§ ) and all other components of this
vector-function do not change. We set z(x) = O fori = 1,...,5

while the last component of the initial condition is the same as
for Eq. (4.6), that is:

Zg(x) = 0(x, 0).

Let us suppose that 9g(x) > Zs(x) for all x € R. Since F*(w) >
®*(w) and V(x) > Z(x), then v¥(x, t) > z°(x,t) for allx € R and
t > 0. Since v*(x, t) converges to the wave with the speed c* and
ug(x, t) to the wave with the speed ¢, thenc® > ¢, > 0. O

Hereafter we suppose that the function g is chosen so that
conditions (2.12), (4.4) and (4.5) are satisfied. This guarantees that

¢t >0fort e[0,1]. (4.10)
4.2. The limit systemt = 1

The system for T = 1 reads
Dw’ + F'(w) =0, (4.11)
on the half-axis x > 0 with the boundary conditions
w'(0) = 0. (4.12)

Proposition 4.2. Problem (4.11)-(4.12) has a unique monotonically
decreasing pulse solution.

Proof. According to the definition of F' the last equation in (4.11)
reads

DT” 4+ P(T) + 11g(T) = 0. (4.13)

Here the function T — P(T) + 71g(T) is of the bistable type.
Moreover due to (4.5)

-
/ (P(s) + T18(s))ds > 0.
0

As recalled in the introduction, it follows that the scalar equa-
tion (4.13) possesses a unique pulse solution on R . Let us denote
this solution by T(x). Then, equations for w;, i = 1, 2, 3 take the
form:

Dw;'(x) — awi(x) = —a; BiT(x),

w)(0) = 0. (4.14)

Since the operators corresponding to the left-hand sides of these
equations are invertible from E} into E and T(x) € E;, then
they also possess unique solutions w1(x), wo(x), ws(x) € E; (here
the spaces EL are scalar functions spaces analog to the ones in
Section 3.1). Next, we proceed to the equation for w4(x):
w,y(0) =0,

Dwj(x) — aawa(x) = —asBaws(x), (4.15)

which in turn has a unique solution wy4(x), and the equation for ws:

Dw{(x) — asws(x) = —as fswa(x) — a5y wa(X)wa(x),

w(0) = 0, (4.16)

has a unique solution ws(x).

It remains to verify that functions w;(x) are monotonically de-
creasing. Let us begin with w(x). Set v{(x) = —wj(x). Differentiat-
ing the first equation in (4.11) we get:

Dv} —aqvy + h(x) =0, v1(0)=0,

where h(x) = —a181T'(x) > 0. The only bounded solution of this
problem is positive. Therefore, wj(x) < 0. Similarly, this can be
verified for other components of the solution. O

Next, consider the eigenvalue problem for the linearization
of system (4.11)-(4.12) at the pulse solution w(x) given by
Proposition 4.2:

DV’ + (FYY(w)v = Av, (4.17)
on the half-axis x > 0 with the boundary conditions
V(0) =0, v(co)=0. (4.18)



Lemma 4.1. All the eigenvalues of the linearized problem
(4.17)-(4.18) are different from zero.

Proof. Let us argue by contradiction and suppose that the lin-
earized problem (4.17)-(4.18) has a zero eigenvalue. In particular,
considering the last equation in (4.17) for A = 0 there exists some
scalar function vg(x) such that:

Dug(x) + 8(x)vg(x) = 0, vg(0) =0, vg(oo) =0, (4.19)

where §(x) = (Fg Y(T(x)). We will show that this assumption leads
to a contradiction.

Consider also the function v(x) = —T'(x). Differentiating (4.13)
we get:

DV (x) + §(x)v(x) = 0,
v(0) =0, v(x) > 0forx > 0, v(co)=0.

Let us choose x, in the way that §(x) < O for all x > x,.
Suppose first that vg(x) > 0 for all x > 0. Then, we can choose
k large enough so that

(4.20)
(4.21)

kvg(x) > v(x) for 0 < x < x,. (4.22)

Denote by ko the infimum of all values k for which (4.22) holds true.
Then, kovg(x) > v(x) and there exists xy such that kgvg(xo) = v(Xo).
From Lemma 4.2 it follows, that kgvg(x,) > v(x,) leads kqvg(x) >
v(x) for all x > x,. Then, X, € [0, x,]. We exclude the case xo = 0
since it contradicts (4.21). Thus, there exists xo € (0, x,) such that
kvg(x0) = v(xp), this contradicts the positiveness theorem.

Consider now the case where the function vg(x) has variable
sign. Let us note that vg(0) # 0. Otherwise, vg(x) = 0. Without
loss of generality we can assume that vg(0) < 0. Indeed, otherwise
we can multiply it by —1. Hence, we can choose k sufficiently
large such that kv(x) > vg(x) for 0 < x < x,. We repeat the
construction of the previous paragraph where the functions v(x)
and vg(x) replace each other. We obtain a contradiction, as above.
This contradiction proves the lemma. 0O

Lemma 4.2. Let us consider the equation

Dz"(x) + 8(x)z(x) = 0, z(c0) = 0. (4.23)

If there exists some N such that 5(x) < 0 for x > N and z(N) > 0,
then z(x) > O forall x > N.

Proof. Let us suppose the opposite: 3x, > N such that z(xy) < O.
Since z(N) > 0 and z(oco) = 0, then there exists a negative
minimum of this function reached at some x; > N. Then, z"(x;) >
0 and §(x1) < O, this gives a contradiction with (4.23). O

4.3. Proof of the existence of pulses

In Sections 2 and 4.1 we constructed the homotopy F* with
¢’ > 0 for v € [0, 1]. Recall the operator A® given by (3.3) and
the corresponding functional spaces.

In view of Theorem 3.1 there exists a ball B in the weighted
space containing all the monotone solutions of A*(w) = 0. The
operator AT is proper on closed bounded sets with respect to both
variables w and t so that the set of the monotone solutions of
A’(w) = 0 is compact. Thus, thanks to Theorem 3.2, we can
construct a domain B that contains all the monotone solutions
and its closure does not contain any non-monotone solutions for
all T € [0,1]. Indeed, let us take as B a union of balls with
radius r determined in Theorem 3.2. For this domain we define
the topological degree y (A", B) which preserves its value for all
T e[0,1]:

y(A°, B) = (A", B) = y(A', B). (4.24)

Since the limit problem (z = 1) has a unique solution and the oper-
ator linearized about this solution does not have zero eigenvalues,
the topological degree for the limit problem is given by

y(A',B) = (1),

where vy is the number of positive eigenvalues of the operator
linearized about this solution together with their multiplicity.

It follows that (A, B) # 0. Hence, the degree y (A%, B) is also
different from 0. This guarantees that the problem A°(w) = 0 has
(at least) a solution in B. This concludes the proof of the existence

result in Theorem 1.1.
5. Concluding remarks

In this work we proved that the pulse solution of the reaction-
diffusion system modeling the main reactions of the blood coag-
ulation cascade exists if and only if the traveling wave solution of
this system has a positive speed.

The speed of the reaction-diffusion wave of blood coagulation
determines the rate of clot growth. If it is too large, then vari-
ous thrombotic events can occur, if it is too low, then this can
lead to hemophilia and to other bleeding disorders. Therefore, the
estimation of the speed of the traveling wave is important both
for the theory and the applications. The methods to estimate the
wave speed of blood coagulation are developed in [13]. They allow
the derivation of some analytical expressions for the speed which
provide good approximations as evidenced thanks to numerical
simulations and some experimental results. Moreover, in [13] the
dependence of the wave speed on the various physiological param-
eters is analyzed.

As shown in [13,19], the wave speed can be approximated by
considering the single equation for the thrombin concentration.
Indeed the traveling wave is a solution of the system

Duj + cui + ai(Biug —u;) =0, i=1,2,3,
Dujy + cuy + oa(Batis — ug) = 0,
Dus + cus + as (Bsua + yuatly — Us) =0, (5.1)

u
Dug + cug + agus(1 + Suyq) (1 — T—S) —oug =0,
where ug is the thrombin concentration, supplemented with the
limits at infinity:
u(+o0) = wt.
If we set o; = a?/e, i=1,...,5, and consider a formal limit as
€ — 0, then we can express the variables u; and us through ug and
substitute in the last equation, which becomes as follows:

Dug + cug + P(ug) = 0, ug(£00) = T*, (5.2)

where the polynomial P is given by (2.7). It is proved in [19] that
the speed of the wave for system (5.1) converges to the speed of
the wave for Eq. (5.2) as € — 0. Moreover, it is shown that this
approach gives a good approximation of the speed of clot growth
for the realistic physiological values of parameters. The wave speed
for Eq. (5.2) is positive if and only if

-
/ P(s)ds > 0.
T+

Therefore, we obtain an approximate positiveness condition for the
wave speed of the original system.

The pulse solution w(x) is a positive stationary solution of the
parabolic system

— =D— +F(v), (5.3)



on the whole axis with the zero limits at infinity. This solution is
unstable with respect to small perturbations. Indeed, differentiat-
ing the system Dw” 4+ F(w) = 0, we conclude that w/(x) is an
eigenfunction corresponding to the zero eigenvalue of the corre-
sponding linearized operator. This eigenfunction has an alternating
sign. On the other hand, the eigenfunction corresponding to the
eigenvalue with the maximal real part is positive [20,18]. Hence,
we can conclude that 0 is not the principal eigenvalue, and there
exists a positive eigenvalue of the linearized operator.

Thus, the solution of the Cauchy problem for Eq. (5.3) with
an initial condition v(x, 0) = w(x) + s(x), where s(x) is a small
perturbation, in general will not converge to w(x). In order to
determine the behavior of the solutions of the parabolic system,
let us consider the two following initial conditions:

u'(x, 0) = min(w(x), w(x + h)), u?(x, 0) = max(w(x), w(x + h)),

where h is some real number. In particular, we have two small per-
turbations of the pulse solution for small values of h. It can be easily
verified that u'(x, 0) is an upper function, and the corresponding
solution decays in time and converges to w™ = 0 uniformly on
the whole axis. Similarly, u?(x, 0) is a lower function. The corre-
sponding solution grows in time and converges tow™ uniformly on
every bounded interval. The convergence of this solution to the two
traveling waves propagating in the opposite directions is proved
for the scalar equation [21,22]. We can expect a similar behavior for
the system under consideration but it is not proved. Propagation
of the reaction-diffusion waves of blood coagulation was studied
in several works (e.g. [23,12,10]). Convergence to a single wave in
1D and to the 2D waves was observed in [24]. Strictly speaking,
numerical results on the convergence to the two waves propagat-
ing in the opposite directions in 1D was not presented in these
publications. However, this case can be approximately considered
as 1D cross section of the 2D radially symmetric case [24].

Thus, the unstable pulse solution separates decaying and grow-
ing solutions. From the point of view of applications to blood coag-
ulation, it determines the initial concentration of thrombin, which
is necessary to initiate blood coagulation under the condition that
the wave speed is positive. If it is negative or if the initial thrombin
concentration is not sufficient, then the clot will not form possibly
resulting in bleeding and other physiological complications [12].
At the same time, for the positive wave speed, solutions of sys-
tem (5.1) are well approximated by the traveling wave solutions of
the simplified one-equation model on the thrombin concentration
studied in details in [13]:

DT” 4+ bT3(1=T)—oT =0. (5.4)

The kinetics of thrombin production in this model is regulated by
two principal parameters: the rate of thrombin production b and
the rate of thrombin inhibition o. The pulse solution increases with
the increase of o and with the decrease of b. This effect can be in-
terpreted as an increase of the critical value of the coagulation sys-
tem disturbance necessary for the beginning of the clot formation
under the additional activation of the anticoagulation mechanisms
or under the inhibition of procoagulation mechanisms. We expect
the similar properties to be true for the system (1.1).
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Fig. 1. The main activation reactions of the coagulation cascade.

Appendix

The model system is derived from the previously published
model [25] as described in [13]. Clot formation is due to fibrin
polymerization and the key enzyme of the coagulation is thrombin.
During the amplification phase that we investigate in this paper
formation of thrombin appears due to the prothrombin activation
in the coagulation cascade. It involves activation of factors V, VIII,
XI, IX and X as described by the following system of PDEs:

88% = DB;% + kyUy — hy Uy,

al;‘t”" — Dazalg"’ ~+ kv Uy — hyi Uy,

% = Da;iIZXI + kU — hx Uy,

E);]T’X - D% + kixUxi — hixU,

BB% = Da;gx + kxUix + kxUvinUx — hy Uy,
Uy 02Uy

ot x2

Here U; denotes the concentration of the activated form of throm-
bin while Uy, Uy, Uy, Uy, Uy, Ux respectively denote the con-
centrations of the activated forms of factors V, VIII, XI, IX, X.
These variables correspond to the variables T, vy, vy, v3, Vg, Vs in
system (1.1) respectively.

The coagulation cascade is described in Fig. 1. Straight arrows
indicate factors activation, curved arrows indicate the catalytic
actions on factors on other factors activation reactions. Ila, Va, VIIia,
Xla, IXa, Xa denote the concentrations of activated forms and II, V,
VI, XI, IX, X denote the inactivated forms. The factors in gray are
not explicitly incorporated to the model by opposition to the ones
in black (together with the notations for the model variables used
in the system (1.1) in brackets).

Thrombin (Ila) catalyzes activation of factors V, VIII, XI. Factor
XIa catalyzes activation of factor IX. Factors IXa and Xa form ac-
tive complexes with factors VIIIa and Va respectively and further
increase thrombin production. Here reactions of formation of the
intrinsic tenase and prothrombinase complexes are fast and thus
their concentrations are provided by the product of the concentra-
tions of the participating factors (Uy;; Ujx and Uy Uy respectively).

U
=D + (k"Ux + k;}UVUx) (1 - T”) — hyUy.
0



thr

The constant Ty denotes the maximal available concentration of
ombin taken equal to the initial concentration of prothrombin

in blood plasma.
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