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On the Existence in the Sense of Sequences
of Stationary Solutions for Some Systems
of Non-Fredholm Integro-differential
Equations

Vitali Vougalter and Vitaly Volpert

Abstract. We prove the existence in the sense of sequences of stationary
solutions for some systems of reaction—diffusion type equations in the
appropriate H? spaces. It is established that, under reasonable techni-
cal conditions, the convergence in L' of the integral kernels yields the
existence and the convergence in H? of the solutions. The nonlocal el-
liptic problems contain the second-order differential operators with and
without Fredholm property.

Mathematics Subject Classification. 35R09, 35A01, 35J91.

Keywords. Solvability conditions, non-Fredholm operators, systems of
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1. Introduction

Let us recall that a linear operator L acting from a Banach space E into
another Banach space F' has the Fredholm property if its image is closed,
the dimension of its kernel and the codimension of its image are finite. As
a consequence, the problem Lu = f is solvable if and only if ¢;(f) = 0 for
a finite number of functionals ¢; from the dual space F*. Such properties
of Fredholm operators are broadly used in different methods of linear and
nonlinear analysis.

Elliptic problems in bounded domains with a sufficiently smooth bound-
ary satisfy the Fredholm property if the ellipticity condition, proper ellip-
ticity, and Lopatinskii conditions are fulfilled (see [1,10,12]). This is the
main result of the theory of linear elliptic problems. When domains are
not bounded, such conditions may be not sufficient and the Fredholm prop-
erty may not be satisfied. For example, Laplace operator, Lu = Au, in R?
does not satisfy the Fredholm property when considered in Holder spaces,
L: C?***(R?) — C*(R?), or in Sobolev spaces, L : H?(R%) — L2(R9).



Linear elliptic problems in unbounded domains satisfy the Fredholm
property if and only if, in addition to the conditions stated above, the lim-
iting operators are invertible (see [13]). In certain simple cases, the limiting
operators can be explicitly constructed. For example, if

Lu = a(x)u” +b(x)u’ + c(z)u, = €R,
with the coefficients of such operator having limits at infinity:

ar = lim a(z), by= lim b(z), cx= lim c(z);

r—+o0 r—+o0 r—+o0

the limiting operators are given by:
Livu=ayu” +biu + ciu.

Since the coefficients are constants, the essential spectrum of the operator,
that is the set of complex numbers A for which the operator L — A does not
satisfy the Fredholm property, can be explicitly calculated by virtue of the
Fourier transform:

Ae(§) = —as&® +bri€+cx, R

Invertibility of limiting operators is equivalent to the condition that the
essential spectrum does not contain the origin.

In the case of general elliptic problems, the same assertions hold true.
The Fredholm property is satisfied if the essential spectrum does not contain
the origin or if the limiting operators are invertible. However, such conditions
may not be explicitly written.

When the operators fail to satisfy the Fredholm property, the standard
solvability conditions may not be applicable and solvability relations are, in
general, not known. There are some classes of operators for which solvabil-
ity conditions are obtained. We illustrate them with the following example.
Consider the equation

Lu=Au+au=f (1.1)

in R?, where a > 0 is a constant. The operator L here coincides with its lim-
iting operators. The homogeneous equation has a nonzero bounded solution.
Hence the Fredholm property is not satisfied. However, since the operator has
constant coefficients, we can use the Fourier transform and find the solution
explicitly. Solvability relations can be formulated as follows. If f € L2(R%)
and zf € L'(RY), then there exists a solution of this equation in H2(R9) if
and only if

eip:r:
f(z), ) =0, pe Sda a.e.
( 2m)% ) L2 g, v

(see [24]). Here and further down, S¢ denotes the sphere in R? of radius r
centered at the origin. Thus, though the operator is non-Fredholm, solvability
relations are formulated analogously. However, such similarity is only formal,
because the range of the operator is not closed.

In the case of the operator with a potential:

Lu=Au+ a(z)u = f,



the Fourier transform cannot help. Nevertheless, solvability relations in R?
can be obtained by a rather sophisticated application of the theory of self-
adjoint operators (see [21]). As before, solvability conditions are formulated
in terms of orthogonality to solutions of the homogeneous adjoint problem.
There are several other examples of linear elliptic operators without Fredholm
property for which solvability relations can be derived (see [13-15,17-24]).

Solvability conditions play an important role in the analysis of nonlinear
elliptic problems. When the operators do not satisfy the Fredholm property,
in spite of some progress in understanding of linear problems, there exist
only few examples where nonlinear non-Fredholm operators are studied (see
[5-7,15,24,26]). In the present article, we deal with the nonlinear system, for
which the Fredholm property may not be satisfied:

0
% = Auy, + arpuy

+/QGk(x - y)Fk(Ul(y,t),’UQ(y,t),. . ,UN(ZJ,t),ZJ)dy, 1<E<N. (12)

Here, all a;, > 0 and § is a domain in R?, d = 1,2, 3, the more physically
interesting dimensions. Problems of that kind appear in cell population dy-
namics. The space variable x here corresponds to the physical space or to
the cell genotype; ug(x,t) stand for the cell densities for various groups of
cells as functions of their genotype and time. The right side of system (1.2)
describes the evolution of cell densities via cell proliferation and mutations.
Here, the diffusion terms correspond to the change of genotype via small
random mutations, and the nonlocal terms describe large mutations. In this
context, Fj(uy,us,...,un,z) are the rates of cell birth which depend on the
vector function:

u = (uy,uy, ..., uy) € RY (1.3)
and z (density-dependent proliferation), and the functions Gi(x — y) show
the proportion of newly born cells changing their genotype from y to x.
Let us assume that they depend on the distance between the genotypes.
In population dynamics, the integro-differential equations describe models
with intra-specific competition and nonlocal consumption of resources (see
[2,3,8]). The existence of stationary solutions of (1.2) was studied in [15] via
the fixed point technique. Related to problem (1.2), we consider the sequence
of iterated systems of equations with m € Nand 1 < k < N:

0
% = Auy, + apug

+/ Gk,m(x_y)Fk(ul(yvt)>u2(yut)7"-7UN(y7t)7y)dy7 ag Z 0. (14)
Q

For 1 < k < N, each sequence of kernels Gy, (z) — Gi(z) as m — oo in
the appropriate function spaces discussed below. Let us prove that, under
the appropriate technical conditions, each of systems (1.4) admits a unique
stationary solution vector function u(™ (z) € H?; the limiting system (1.2)
will possess a unique stationary solution u(x) € H? and u(™ (z) — u(z) in
H? as m — oo, which is a so-called existence of stationary solutions in the



sense of sequences. The similar ideas in the sense of standard Schrodinger-
type operators were exploited in [16] and [25]. The non-Fredholm operators
arise also when studying the so-called embedded solitons (see [11]).

2. Formulation of the Results

The nonlinear part of systems (1.2) and (1.4) will satisfy the regularity con-
ditions analogous to the ones of [15].

Assumption 1. Functions Fy(u,z) : RY x Q — R, 1<k < N are such that

N
ZF,?(u, z) < Klulgny + h(z) for uweRN, zeQ, (2.1)
k=1

with a constant K > 0 and h(z) : @ — R*,  h(z) € L*(Q). Moreover, they
are Lipschitz continuous functions, such that, for any v(1-2) e RV, z € Q:

N
Z(Fk(u(l),x) — F(u®,2))2 < Lju® —u® |y, (2.2)
k=1

where a constant L > 0.

Here and further down, the norm of a vector given by (1.3) is

Evidently, the stationary solutions of (1.2) and (1.4), which exist under the
appropriate technical conditions, will satisfy the system of nonlocal elliptic
equations:

Ay + / Gl — ) Fio(r (), us (@), - une (9), y)dy + agur, = 0,
Q
ap >0, 1<k<N, (2.3)
and formeN, 1 <k<N:
Au{™ + / G (=) Fe(ul™ (), uS™ (), . .., u (), y)dy+arul™ =0, aj, > 0.
Q
(2.4)
We denote
(F1(@), Fol@)) 20 = / fi(@) Fol)da,

with a slight abuse of notations when these functions are not square inte-
grable, like, for instance, those used in the orthogonality conditions of As-
sumption 2 below. Indeed, if fi(z) € L(Q) and fa(z) is bounded in ©, then
the integral in the right side of the definition above makes sense. In the first



part of the work, we consider the case of Q = R?, such that the appropriate
Sobolev space is equipped with the norm:

N N
lullre g, vy = D Mkl = D {llukl Ty + 1 Auk] 2@y} (2.5)
k=1 k=1

We will also use the norm

N
lulFe g, vy = D el 72 aay-
k=1

The main issue for systems (2.3) and (2.4) above is that the operators —A —
ay : H?(R?) — L?(R%), aj > 0 do not satisfy the Fredholm property, which
is the obstacle when solving such systems. The similar situations arise in
linear and nonlinear equations; both self-adjoint and non self-adjoint involv-
ing non-Fredholm second- or fourth-order differential operators or systems of
equations with non-Fredholm operators have been studied extensively in the
recent years (see [14-16,18-27]). Let us make the following assumption on
the integral kernels involved in the nonlocal parts of (2.4).

Assumption 2. Let m € N, Gy, (7) : R — R, such that Gy ,,(z) € L}(R?)
and G (z) — Gi(x) in LY(RY) as m — oo with 1 <k < N, 1 <d <3 and
1<I1<N-1, 1¢Nwith N> 2.

(I) Let ar, > 0, 1 < k <, assume that 2Gj ,,(z) € L'(R?), such that
2Ghom(z) — 2G(z) in L' (RY) as m — oo and for all m € N:

eii arx
(Gk,m(l‘), NoTS )Lz(R) =0, d=1. (2.6)
(Gk,m(a:), eW:) =0, peSlr, d=2,3 (2.7)
(27T) 2 LZ(]Rd)

(IT) Let ax =0, [+ 1 < k < N, assume that 3Gy, (z) € L'(R?), such
that 223G () — 22Gy(z) in L' (R?) as m — oo and for all m € N

(kal(x), 1)L2(Rd) =0 and (Gkvm(z),x‘g)Lz(Rd) = 0, 1 <s< d. (28)

Let us use the hat symbol throughout the work to designate the standard
Fourier transform, such that

—~ 1

Gr(p) := - Gr(z)e™P*dz, pe R (2.9)
(2m)2 Jgra
Thus
—~ 1
1Gr(P)|| Lo (ray < 7 |Gr(2) || L1 (- (2.10)
(2n)



Let us define the following auxiliary quantities for m € N:

Grom 2Grom
My = max { || S (?) . ||PCrm(p) L 1<k<lI
pe —ag Lo (RY) b — ag oo (RY)
(2.11)
Mj, m = max G’“pr) : H(;/,;n(p)H CI+1<k<N.
p Lo (RY)
Lo (Rd)
(2.12)
Similarly, in the limiting case, we have
_ o
My, = max { || 50 P"Gr(p) , 1<k<L
P2 =G| gy P2 |
(2.13)
M, := max Gkgp) , Hé;@)H . I+1<k<N.
p Lo (RY)
Los (Rd)
(2.14)

Clearly, expressions (2.11) and (2.12) are finite due to Lemma Al in one
dimension and Lemma A2 for d = 2,3 of [22] under Assumption 2 above.
This enables us to define for each m € N:

M, :=maxMy ,, 1<kE<N (2.15)

with My, given by (2.11) and (2.12). Analogously, for the limiting case due
to Lemmas 6.1 and 6.2 of the Appendix of [27], we define

M :=maxM, 1<k<N, (2.16)
which is finite. Our first main statement is as follows.

Theorem 3. Let Q = R?, d = 1,2,3, Assumptions 1 and 2 hold, and for all
m € N, we have V2(27)2 M,,L < 1 — ¢ for some 0 < & < 1. Then, each sys-
tem of equations (2.4) admits a unique solution u(™ (x) € H?(RY, RN); the
limiting system of equations (2.3) has a unique solution u(x) € H*(R?, RY),
such that u(™ (z) — u(z) in H*(RY, RN) as m — oo.

The unique solution of each system (2.4) u'™)(z) is nontrivial pro-
vided the intersection of supports of the Fourier transforms of functions
supka/(E),\x) N supp@k,m is a set of nonzero Lebesque measure in RY for
some 1 < k < N. Similarly, the unique solution of the limiting system (2.3)
u(x) does not vanish identically if supka/(O,\m) N supp@k is a set of nonzero
Lebesgue measure in R4 for a certain 1 <k < N.

The second part of the present work deals with the studies of the anal-
ogous system on the finite interval with periodic boundary conditions for the
solution vector function and its first derivative, namely on Q = I := [0, 27].



We assume the following about the integral kernels present in the nonlocal
parts of system (2.4) in such case.

Assumption 4. Let Q =1, m € N, Gy (z) : I — R, Gi m(x) € L®(I), such
that G m(z) — Gr(x) in L=(I) as m — oo with G 1, (0) = G m(271), 1 <
k< N,where N>3and 1<l<q¢<N-1,l,geN.

(I) Let ax, > 0 and aj, #n? n € Zfor 1 <k <I.

(II) Let ar, =n3, ny € N and

e:i:inka:
Gr,m (), > =0, I+1<k<gq (2.17)
( Var /) L
(III) Let ax = 0 and
(Grm (), )2y =0, ¢+1<k<N. (2.18)

Let Fy(u,0) = Fy(u,2r) foru € RN and k=1,...,N.

We introduce the Fourier transform for functions on the [0, 27] interval
as follows:

27 e—inx
Grni= Gip(x)——dz, neZ 2.19
k, ; k() Wor (2.19)
and define the following auxiliary expressions for m € N:
Grmon *Gr,mn
P 1= max{ ot ”2# } . 1<k<lL (2.20)
’ n? — a || n? —ak ||
Greymon *Grmn
P,m::max{ aman || % } I+1<k<gq (221)
' n= = N oo = =N e
Gk m,n
Py 1= max { || —5— v NGrmmlljee ¢y ¢ +1 <k <N (2.22)
n Joo
In the limiting case, we will use
G *Gin
Py = max{ Lt DTk } 1<k<l (223
n= — ag ||jo n= — ag ||;=
Gin *Grn
Pk:—max{ Zhn_ Tk } I+1<k<q (224)
ne — Ny || n= = ng ||
Gk n
Py = maxq || —5~ v NGrmlljee ¢ g +1<E<N. (2.25)
n? || e

Evidently, expressions (2.20), (2.21), and (2.22) are finite by virtue of Lemma
A3 of [22] under Assumption 4 above. This allows us to define for each m € N:

Py =maxPy.,,, 1<kE<N (2.26)

with Py, given by (2.20), (2.21), and (2.22). Similarly, in the limiting case
by means of Lemma 6.3 of the Appendix of [27], we define

P:=maxP,, 1<k<N, (2.27)
which is finite. Let us use here the corresponding functional space:

H2(I):={v(z) : I =R | v(z),v" ()€ L*(I), v(0)=v(2m), v (0)=2'(27)},



aiming at u(z) € H*(I), 1 < k < I. We introduce the following auxiliary
constrained subspaces:

e:i:inkac
V2T

with the goal of having uy(z) € HZ(I), | +1 < k < q. Finally:

H%(I)::{UEHZ(IH (v(x), ) 20}, npeN, [+1<k<q,
L2(I)

H{(I):={ve H*(I) | (v(z),1) 2y =0}, q¢+1<k<N.

Our aim is to have uy(z) € HZ(I), ¢+1 < k < N. The constrained subspaces
defined above are Hilbert spaces, as well (see Chapter 2.1 of [9]). The resulting
space used for proving the existence in the sense of sequences of solutions
u(x) : I — RN of system (2.3) will be the direct sum of the spaces given
above, such that

HC2(I7 RN) = @54::1}]2(1) EBZ:lJrl Hl?(I) @{f\{:q-i-l Hg(l)
The corresponding Sobolev norm is given by

N
||U||§{g(1, RN) = Z{Huk|\2L2(1) + ||UZH%2(1)}
k=1

with u(z) : I — RY. Another useful norm here is

N

||U||i2(]7 RY) = Z Huk|‘%2(1)
k=1

Our second main result is as follows.

Theorem 5. Let Q = I, Assumptions 1 and 4 hold, and for all m € N, we
have 2/ P,,L < 1 — ¢ with some 0 < ¢ < 1. Then, each system of equations
(2.4) possesses a unique solution u(™ (x) € H2(I, RN); the limiting system
of equations (2.3) admits a unique solution u(x) € H2(I, RY), such that
u™ (z) — u(z) in H>(I, RN) as m — co.

The unique solution of each system (2.4) u(™ (x) is nontrivial provided
the Fourier coefficients Gy m nFr(0,2), # 0 for some k =1,..., N and some
n € Z. Similarly, the unique solution of limiting system (2.3) u(x) does not
vanish identically if Gy nFr(0,2), # 0 for some k = 1,...,N and some
n € Z.

Remark. We use the constrained subspaces HZ(I) and HZ(I) involved in
the direct sum of spaces H2(I, RY), such that the Fredholm operators
f% —n?: H(I) — L*(I) and f% : H2(I) — L?*(I) have trivial kernels.

We conclude the article with the studies of our system on the product
of sets, where one is the finite interval I with periodic boundary conditions as
before and another is the whole space of dimension not exceeding two, such
that in our notations Q = I x R? = [0,27] x RY, d = 1,2 and = = (21,7,



with 2; € I and z; € R? The total Laplace operator in such context will
be

2 &

A::—Q—l—z o

.
Ox? p Oz

The appropriate Sobolev space for the problem is H?(£2, R™) of vector func-
tions u(x) : © — RY such that for k=1,... N

%(o,m) - %(QW,M)

ur(z), Aug(z) € LA(Q), up(0,21) = uk(2m, 1), 01, O0xy

with z; € R? a.e. It is equipped with the norm:
N

HuH%I?(Q, RN) ‘= Z{HUkHQLz(Q) + HAuk”%ﬂ(Q)}'
k=1

Another norm used here is given by the following:
N

||UH2L2(Q, RN) += Z HukH2L2(Q)'
k=1

Similar to the whole space case studied in Theorem 3, the operators —A—ay, :
H?(Q) — L*(Q), ax >0 do not possess the Fredholm property.
Assumption 6. Let m € N, G n(z) : Q — R, Gi.m(x) € LY(Q):

Grm(7) — Gi(x) in L(Q), m — oo,
for z; € R? ae. Gpn(0,21) = G on (27,21 ) € L°(R?), such that
Grm(0,21) — Gr(0,21), Grm(2m,21) — Gr(2m,2.) in L=®(RY), m — oo

and Fj(u,0,z,) = Fy(u,2m,2,) for z; € R ae., u € RY, d = 1,2 and
k=1,...,N.Let N>3and 1 <l <qg< N —1withl,g € N.

(I) Assume that, for 1 < k < [, we have n} < ap < (n + 1)%, ng €
ZT = NU{0}, 21 G m(z) € LY(Q), such that x) Gy m(z) — 21 Gi(z) in
LY(Q) as m — oo and

( ein:z:l eii\/dk—’lﬁll)
L2(Q)

Gkﬁm(l’l,IL’L), \/ﬂ m ZO, |n| S Ngk, d= ].7 (228)

( einwl eipacL 5 (2 29)
Grm(z1,21), —F— =0, pES //—0m, In|<nk, d=2. .
V2m 2w L2 9) k

(II) Assume that, for (+1 < k < ¢, we have a, = n3, ng € N, 22 Gy n(z)
€ L'(Q), such that 22 Gy . (z) — 22 G (z) in L'(Q) as m — oo and
6incc1 eii\/WIL>
L2(Q)

=0, |n|<np—1, d=1, (2.30)

<Gk,m(ml7xL)7 ﬁT

<G ( i eim) 0, peS s, In| < 1, d=2, (2.31)
kom\T1,T1 ), —F— =Y p nZ—n2’ nsng — 1, = 4, .
V2m 2w L) k

eilnkzl

+ingz,
(&4
Gr,m(r1,21), ——— =0, |Grm(z1,21), T s =0, (2-32)
’ V2nr . ’ V2T ’ .
L2(Q) L2(Q)




for 1 <s<d.
(III) Assume that, for ¢+ 1 < k < N, we have ar, = 0, 22 Gy m(z) €
LY(Q), such that 22 Gy (x) — 22 Gi(z) in LY(Q) as m — oo and

(Gk7m($>7 1)L2(Q) =0, (Gk}m(l'), xj_’s)L2(Q) =0, 1<s<d. (2.33)

Let us use the Fourier transform for functions on such a product of sets,
namely ford =1,2and k=1,...,N:

Gr,n(p) == 71(,“ / dz | e "PTL Gr(z1,21)e """ dz1, péeE RY nelZ.
(2m) = Jre 0
(2.34)
Thus
~ ~ 1
1)l = 50ty el Gn )] < ozl Gullasco

For the technical purposes, we define the following quantities for m € N:

R o ék,m,n(p) (p* + n2)ék,m,n (p)
keom ‘= max 5 5 , 5 7 ,
p°+nc—ag p*+nT —ag
L3 Lo
(2.35)
1<k<I (2.36)
R L Gk,m,n(p) (P2 + nz)Gk,m,n(p)
kym 1= Iax P2 +n2—n2 ) 212 2 )
k b nT—ng
L L
(2.37)
l+1<k<q. (2.38)
ék,m,n(p) ~
Ry m = max W s HGk,m,n(p)Hmp , (2-39)
g+1<k<N. (2.40)
In the limiting case, we have
~ ) oA
Ry :=max (|| 55— Gk’r;(p) , (p 2—|—n )QGk’n(p) . (2.41)
pe+n° —ag p?+n® —ag
L L
1<k<I. (2.42)
Grm 24+ n2)Grm
Ry = max{ || okn® _f | (" 1) Chn(p) . (243)
p* +n* —ng P +n* —ny
L L
I+1<k<q. (2.44)
Gim ~
Re=maxd |20 g )| b, av1sksN
p>+n Le, L2,
(2.45)

10



Assumption 6 along with Lemmas A6, A5, and A4 of [22] yield that the
expressions given by (2.35), (2.37), and (2.39) are finite, which enables us to
define for each m € N:

R, :=maxRy,,, k=1,...,N,

with Ry, given in (2.35), (2.37), and (2.39). Analogously, in the limiting
case by virtue of Lemmas 6.6, 6.5, and 6.4 of the Appendix of [27], we define
the finite quantity

R:=maxRy, k=1,...,N.
The final statement of the work is as follows.

Theorem 7. Let Q = I x R?, d = 1,2, Assumptions 1 and 6 hold, and for
all m € N, we have ﬁ(?w)%RmL <1—¢ for some 0 < e < 1. Then, each
system of equations (2.4) admits a unique solution u™ (z) € H*(Q, RN); the
limiting system of equations (2.3) has a unique solution u(z) € H*(Q, RN),
such that u™ (x) — u(z) in H*(Q, RY) as m — oco.

The unique solution of each system (2.4) u'™)(z) is nontrivial pro-
vided that th/eﬂztersectz'on of supports of the Fourier transforms of func-
tions suppFy(0,z),(p) N suppék,m,n(p) is a set of nonzero Lebesgue mea-
sure in R? for some k = 1,...,N and for some n € Z. Similarly, the
unique solution of limiting system (2.3) u(x) does not vanish identically if
supme)n(p) N supp(A;'km(p) is a set of nonzero Lebesgue measure in RY
for a certain k =1,..., N and for some n € Z.

Remark. Note that, in the work, we deal with real-valued vector functions
by means of the assumptions on Fy(u,z), Ggm(z) and Gi(z), k=1,...,N
involved in the nonlocal terms of systems (2.4) and (2.3).

3. The Whole Space Case

Proof of Theorem 3. By virtue of Theorem 3 of [15], each system of equations
(2.4) possesses a unique solution u(™ () € H?(R?, RYN), m € N. System
(2.3) has a unique solution u(x) € H*(R? RY) as a result of Lemmas 6.1
and 6.2 of the Appendix of [27] in dimensions d = 1 and d = 2, 3, respectively,
along with Theorem 3 of [15].

We apply the standard Fourier transform (2.9) on both sides of systems
(2.3) and (2.4). This gives us for k=1,...,N and m € N:

1 Gi(p) fu(p)

p? —ag

u" (p) = (2m) 7 =R

uk(p) = (2m) SN CAY

11



with fx(p) and ]?k m(p) denoting the Fourier transforms of Fy(u(z),z) and
Fi.(ul™ (), z), respectively. Evidently, we have the upper bound

ék,m(p) _ ék(p)
pT —ag b7 — ag

Leo(R4)
4 Gk,m p 7
+(2 )2 2 ( ) ‘fkm( )*fk(p”
b7 —ag
(R?)
Hence
m 5 é 1 é
HU;(C ) ,ukHLz(md) < (2m): ;_ (®) - 2k_(P) ||Fk(“($)7$)||L2(R"’)
PT =Gk DT Ak | pay
G m m
+(2m)? k_( p) | Fr(ul™ (2), 2) — Fio(u(z), )| 2 ga)-
P* =k | e rey

By means of inequality (2.2) of Assumption 1, we have

N
D P (utm (@), @) = Fr(u(x),2)|2250) < L™ = p2e, gy (3:2)

Note that u{™ (z),ux(z) € H2(RY) C L°[RY), k = 1,...,N, d < 3 by
means of the Sobolev embedding. Hence, we obtain

||U(m) - U||2L2(Rd, RN)
N Il & ~
Gem(p)  Gi(p)
d k,m\P E\P 2
<amyy | Senl) S0 | Fi(ua), @) 13 gy
k=1 Loo(R4)

+ 2(27r)dM31L2||u(m) — uHiz(Rd, RN )

such that
||U(m) - UH%?(W, RN)
2021)" || Crm(p)  Cilp) 2
< S || ShmlB) | (), )2 -
_ 2 _ 2 _ ’ L2(R4)
2-e)=||pPP—a p Lo ®Y)

By virtue of inequality (2.1) of Assumption 1, we have F,(u(z),z) € L*(R%),
k=1,...,N for u(z) € H>(R?, RV). Thus,
u™ (z) = u(x), m— oo (3.3)

in L2(R?, RY) due to Lemmas 6.1 and 6.2 of the Appendix of [27] for d = 1
and d = 2, 3, respectively. Obviously, for k =1,..., N and m € N:

D) = et EOOID) @) (o 47 O () im()
pT —ag p? — ay

12



Therefore

p*ul™ (p) — p*Uk(p)| < (2r)

Lee(R9)

By means of (3.2) we obtain for k=1,...,N

HAUI(Cm) - AukHL2(Rd)

2G 2G
d m
< (2m)# | EGkn®) _ P CilD) 1Fu (), ) o e
pP—a,  pP—
Lo (R4)
A
d m
+(2m)2 P"Grm(p) L)[ul™ = ul| 2 ga, mr)-
p2 —ay s
L (R%)

Therefore, by means of Lemmas 6.1 and 6.2 of the Appendix of [27] in d = 1
and for d = 2,3, respectively, along with (3.3), we arrive at Au("™(z) —
Au(z) in L2(R?, RY) as m — oo. Norm definition (2.5) yields that u(™ (z) —
u(z) in H2(R4, RY) as m — oc.

Suppose that the solution u("™) (z) of system (2.4) discussed above van-
ishes a.e. in R? for some m € N. This will contradict to the assumption that
the Fourier images of Gy, () and Fy(0, z) do not vanish on a set of nonzero
Lebesgue measure in R? for a certain 1 < k < N. The similar reasoning
holds for the solution u(x) of the limiting system of equations (2.3) discussed
above. O

4. The Problem on the Finite Interval

Proof of Theorem 5. Evidently, for 1 < k < N, we can estimate |Gx(0) —
Gr(2m)| from above by

|Gk(0) = Giom (0)| + |Gy (2m) — G (27)|
< 2|Grm(2) — Gi(2)|| Lo (ry — 0, m — 00

as assumed, such that G (0) = Gy (27). Clearly, under the stated conditions,
we have G m(z) € L'(I), m € N and Gy m(x) — Gi(z) in L*(1) for k =
1,..., N asm — oo. By means of Theorem 5 of [15], each system (2.4) admits
a unique solution u(™ (z) belonging to H2(I, RY) with m € N. System (2.3)
possesses a unique solution u(z) belonging to H2(I, RY) due to Lemma 6.3
of the Appendix of [27] along with Theorem 5 of [15].

Let us apply Fourier transform (2.19) on both sides of systems (2.3) and
(2.4). This gives us forn € Z and 1 < k < N:

Uk,n:\/% k, fk,’ uén):\/ﬂ k, ,fk, s

N 4.1
2 _a, 0 ME (4.1)

13



with fg, and fi ., standing for the Fourier images of Fj(u(z),z) and

Fy.(u'™ (), z), respectively, under transform (2.19). This allows us to de-

rive the upper bound:

Gk m,n Gk,n
n? — ay,

(m
|U1c’

|fl~c7n|

Joo

|fk,m,n - fk,n|

k:mn

n? — 0k ||j

+v2r

Hence
m G ,mM,mn G , T
lluf™ () — ur (@)l L2 (1) smH e R | Fr (u(z), )| 21y
n< — ag N — ag ||j

Gk:,m,n
2

ar 1P (ut™ (), 2) = Fi(u(z),2)]| 2 (1)
—an |l

Inequality (2.2) of Assumption 1 gives us

N
S F () (@), 2) - Filu(@),a) 2y < Liu®™ = ullor, zm). (4:2)

Note that, by virtue of the Sobolev embedding, we have u,(cm)(z), ug(x) €
H2(I) € L™(I), 1 < k < N. Clearly

2
kan _ Gk,n

n?—a, n?-—a

™ —ul|22; zny < 47rz 1F5(u@), )72 py

RIVES)
+47TP51L2||U(m) —ullfa(r, gy

Thus
N

||U(m) —UH%z(I, RN)§ Z

2
Gk:mn _ Gk),n
ay 27

1P (@), )22 )

|oo

Obviously, Fy(u(z),z) € L*(I), k = 1,...,N for u(z) € H2(I, RY) via
inequality (2.1) of Assumption 1. Then, by virtue of the result of Lemma 6.3
of the Appendix of [27], we arrive at
u™ (z) = u(z), m — oo, (4.3)

in L2(I, RY). Apparently, forn € Z, meN, 1<k <N

e G

’I’L2’u,k}n _ mn Qk,nfk:,n’ n2u§€m) _ \/%n k,Qm,nfk:,m,n'

ne — ag n= —ag

Hence

n kan L Gkn

|nuk) nukn|<\/

n =

|fk:,n|

n? — ay, n% — ag ||}

‘fk,m,n - fk,n|>

[

n Gk,m,n

+ V27

—ap

14



such that via (4.2)

d2 (m) d2 / nQGk m,n nQGk n
. < 2 3 9 _ 9 F
‘sz k deUk LQ(I)i T n2—ak nQ—Qk oo || k(U(IE),x)”LZ(I)
n2Grmon
F V2 || L™ — | o, gy
ne —ag oo

By means of the result of Lemma 6.3 of the Appendix of [27] along with (4.3),
we obtain
. d?
") = g
in L2(I, RN). Thus, u("™ (z) — u(z) in the H*(I, RY) norm as m — oo.
Suppose that u(m)(ac) vanishes a.e. in I for some m € N. Then, we will
arrive at the contradiction to the assumption that the Fourier coefficients
GromnFi(0,2), # 0 for some k=1,..., N and a certain n € Z. The similar
argument holds for the solution u(x) of the limiting system (2.3) discussed
above. O

u(), m— o,

5. The Problem on the Product of Sets

Proof of Theorem 7. Clearly, for 1 < k < N, the norm |Gy (0,2, )—Gy (27, z 1)
|| Lo (re) can be bounded from above by

[Gr(0,21) = Grym (0,21 )|| Loo (ra)
FGrm (2, 21) — Gr(2m, 21 )|| oo (rey — 0, ™M — 00

as assumed, such that G1(0,2,) = Gy (27,2, ) for z; € R? a.e.. By virtue of
Theorem 7 of [15], each system (2.4) possesses a unique solution u(™)(z) €
H2(Q, RY), m € N. System (2.3) admits a unique solution u(z) € H?(Q, RY)
as a result of Lemmas 6.6, 6.5, and 6.4 of the Appendix of [27] along with
Theorem 7 of [15].

Let us apply Fourier transform (2.34) on both sides of systems (2.3) and
(2.4). This gives us for k=1,...,N, n€Z, pc R? d=1,2, m € N:

a1 Groymn (P) froamn (P)
P2 +n2 —ay ) uk,m,n(p) = (277) 2 o s

p* +n? —ay

(5.1)
with ﬁn(p) and ﬁ7m7n(p) denoting the Fourier images of Fy(u(z),z) and
Fj.(u™)(z),z), respectively, for k = 1,..., N under transform (2.34). This
enables us to derive the upper bound:

Uk,n(p) = (2)

|ak,m,n (p) - '/Uf\k,n (p)|

Grmn(p) _ ak,n (p)
p24+n? —a, p?+n?-—a

< (2m)*F | Frm (D)

oo
L"yP

ékm’b,n (p)

)d+1
2
p?+n? —ay

+ (277 |J/c;€,m7n(p> - ﬁun(p”

oo
n,p

15



Hence, for k=1,...,N

ul™ (@) — ur (@) L2 (@)

a1 || Grmn(p) Gin(p)
< 2 3 9 . 9 F
< (2m) 2 p24+n?2—a, p?+n?-—a i | F(u(z), z) || L2 (o)
é m,n
+ (27r)dZj p72 _I:_ n2 (—szk . ||Fk(u(m)(x), r) — Fp(u(x), )| 12(0)-

Inequality (2.2) of Assumption 1 yields

N
Y IE (™ (@), 2) = Fy(u(x),2)13 ) < LIu™ (@) = u(@)] 120, mv)-

Note that, due to the Sobolev embedding, we have u,(cm) (z),ux(z) € H*(Q) C
L>*(Q), k=1,...,N. Evidently

||U(m) - UH%?(Q, RN)

N

2(2m) d+1 Z

+2(2m) " RE, L2 |ul™) — “||2L2(Q, RN)-

kan ék,n(p)

2+n27ak P2 +n2 —ay

2
1Pk (u(@), 2) 720

Therefore, we obtain

||u(m) - u||2L2(Q, RN)

2(27T)d+1 N

<
T e(2-¢) ;
Evidently, Fy(u(z),z) € L*(Q), k=1,...,N for u(x) € H*(Q, RY) due to

inequality (2.1) of Assumption 1. By virtue of the results of Lemmas 6.6, 6.5,
and 6.4 of the Appendix of [27], we derive

Gk,m,n(p) . Gk:,n(p)
p2+n2—ap p*P+n?-a

2
1Pk (u(@), 2)72(0)-
k| oo

u™ (2) — u(z), m— oo, (5.3)
in L2(Q, RY). Obviously

|(p? + n*)Tk,m.n(p) — (P> 4+ n2)Tkn(p)|

< (92 [ @+ 2 Crmn(®) (0% +0*)Gin(p) 7
= ( 7T) 2 2 - 2 2 |fk‘,n(p)|
p°+n® —ay p°+n®—ay .
da+1 (p2 + n2)ék m n(p) N -~
2 2 — m,mn - n .
+ (27) P o | | femn (D) = fren(p)]
n,p
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Via (5.2), this gives us
1Au(™ (@) — Aug(@)]| 20
(* + 1) Crmn(®)  (P*+10%)Crn(p)

d+1
< (2 2 — F
< (2m) p2+n? —ap p2+n? —ap - | k(u(w),m)HLQ(Q)
om) ., Llju™ (z) — .
+ (2m) [ — - [wt™ () — u(@)|| 20, rV)
n,p

By virtue of (5.3) along with the results of Lemmas 6.6, 6.5, and 6.4 of the
Appendix of [27], we obtain

Au™ (2) = Au(z), m — oo,
in L2(Q, RY). Thus, we arrive at
W™ (@) > u(z), m— oo,

in H%(Q, RY). Suppose that «(™ (z) vanishes a.e. in © for some m € N. This
gives us the contradiction to the assumption t/hﬂ there exist k = 1,...,N
and n € Z, such that suppékm,n(p) N suppFi(0,x),(p) is a set of nonzero
Lebesgue measure in R?. The similar argument is valid for the solution u(x)
of limiting system (2.3) considered above. O

6. Discussion

Let us conclude the work with a short discussion of biological interpretations
of our results. All tissues and organs in a biological organism are characterized
by the cell distribution with respect to their genotype. Without mutations,
all cells would possess the same genotype. Due to mutations, the genotype
changes and represents a certain distribution around its principal value. The
stationary solutions of such systems yield a stationary cell distribution with
respect to the genotype. Existence of these stationary distributions is an
important property of biological organisms which allows their existence as
steady-state systems. We prove the existence of stationary solutions in the
space of integrable functions decaying at infinity. Biologically, this implies
that the cell distribution with respect to the genotype decays as the dis-
tance from the main genotype increases. Our results show what conditions
should be imposed on cell proliferation, mutations, and influx to arrive at
such distributions. In the context of population dynamics, our results apply
also to biological species where individuals are distributed around some aver-
age genotype. In this case, the existence of stationary solutions corresponds
to the existence of biological species (see [4]).
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