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Abstract. Travelling waves for nonlocal reaction-diffusion equations are studied. The min-
imax representation of the wave speed is obtained. It is used to obtain analytical estimates
and asymptotic values of the speed. Two regimes of wave propagation are identified. One
of the them is dominated by diffusion and another one by the nonlocal interaction.
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1 Introduction

We consider the nonlocal reaction-diffusion equation

∂u

∂t
= D

∂2u

∂x2
+

∫

∞

−∞

ϕ(x− y)S (u (y + a, t− τ)) dy − ku, (1.1)

where ϕ(x) is a non-negative integrable function with a bounded support, S(u) is a smooth
non-negative and non-decreasing function such that the equation

S(u) = ku (1.2)
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has three solutions, u+ < u0 < u−, and S ′(u±) < k. Some additional conditions and examples
will be considered below. The diffusion coefficient D can be positive or zero, τ ≥ 0, a is a real
number. This equation describes various applications including propagation of neural waves
[1, 2]. In this case S(u) is neuron response function, ϕ(x) the connectivity function showing
how the connection between neurons depends on the distance between them, time delay τ
is an average time of signal transmission between connected neurons. A positive constant k
characterizes the rate of signal decay, and a real number a is introduced for convenience, it
will be used in the analysis of the problem.

Equation (1.1) is considered on the whole axis. We will be interested in traveling waves
solutions of this equations introduced in Section 2 below. One of the important their charac-
teristics is the speed of wave propagation. Though, in general, it cannot be found explicitly,
various various minimax and variational representations of the wave speed can be used to get
some estimates and to study its asymptotics. The first mini-max representation of the wave
speed was suggested in [3] for the scalar equation on the basis of the phase plane analysis. A
similar approach was used in [4] for a system of two equations in combustion theory. Another
mini-max representation, based on the global stability of travelling waves, was developed for
monotone reaction-diffusion systems (see [5] and the references therein). It was used to es-
timate the speed of blood coagulation waves in [6]. This approach was generalized for some
integro-differential equations [7, 8]. Let us also mention variational representations of the
wave speed obtained in [9, 10]. In this work, we will use the method based on the global
stability argument in order to obtain a minimax representation of the wave speed for another
integro-differential equation. We will use it to get analytical estimates and asymptotic values
of the speed.

2 Minimax representation of the wave speed in the

monotone case

Profile w(x) of a travelling wave solution u(x, t) = w(x − ct) of equation (1.1) is a solution
of the problem

Dw′′ + cw′ +

∫

∞

−∞

ϕ(x− y)S(w(y + a+ cτ))dy − kw = 0, (2.1)

w(±∞) = u±. (2.2)

Existence and global stability of travelling wave solutions of integro-differential equations
are studied under various conditions on the functions ϕ(x), S(w), and constants D > 0 or
D = 0, τ > 0 or τ = 0 [1, 7, 11, 12]. Moreover, these waves are monotonically decreasing
functions of x.

The wave is globally asymptotically stable if the following convergence

sup
x∈R

|u(x, t)− w(x− ct− h)| → 0 , t → ∞ (2.3)
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occurs for some constant h and for the solution u(x, t) of equation (1.1) considered on the
whole axis with the initial condition u(x, t) = u0(x),−τ ≤ t ≤ 0. Here u0(x) is a continuous
decreasing function with the limits u0(±∞) = u±. Note that more general stability results
are available. This assumption is sufficient for what follows. If the function S(u) is increasing
and ϕ(x) is non-negative, then the wave stability follows from the results of the work [12]
(see also [11] for the nonlocal equation without delay). We suppose these conditions to be
satisfied.

Proposition 2.1. Suppose that τ = 0, S(u) is increasing, and there exists a monotonically
decreasing solution w(x) of problem (2.1), (2.2). Then for any function ρ(x) continuous
together with its second derivative, ρ′(x) < 0 for all x ∈ R, ρ(±∞) = u±, the following
estimate holds:

inf
x∈R

F (ρ) ≤ c ≤ sup
x∈R

F (ρ) , (2.4)

where

F (ρ) =

(

Dρ′′ +

∫

∞

−∞

ϕ(x− y)S(ρ(y + a))dy − kρ

)

/(−ρ′) .

Proof. Let us verify the right-hand side inequality in (2.4). Suppose that it does not hold.
Then for some function ρ(x), we have c > supx∈R F (ρ). Then there exists such value c0 that

c > c0 > sup
x∈R

F (ρ),

and, consequently, the inequality

Dρ′′ + c0ρ
′ +

∫

∞

−∞

ϕ(x− y)S(ρ(y + a))dy − kρ < 0 (2.5)

holds for all x ∈ R. Consider the Cauchy problem

∂v

∂t
= D

∂2v

∂x2
+ c0

∂v

∂x
+

∫

∞

−∞

ϕ(x− y)S (v (y + a, t)) dy − kv (2.6)

with the initial condition v(x, 0) = ρ(x). Then by virtue of the comparison theorems [7] and
(2.5), the solution v(x, t) decreases as a function of t for every x. Hence, we get the estimate

v(x, t) ≤ ρ(x) , x ∈ R, t ≥ 0. (2.7)

Let u(x, t) be solution of equation (1.1) with the same initial condition. Then v(x, t) =
u(x+ c0t, t). Convergence (2.3) implies:

sup
x∈R

|v(x, t)−w(x−(c−c0)t−h)| = sup
x∈R

|u(x+c0t, t)−w(x−(c−c0)t−h)| → 0 , t → ∞. (2.8)
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Since c > c0 and w(x) is a decreasing function, then v(x, t) → u− for each x fixed, as t → ∞.
This convergence contradicts (2.7). This contradiction proves the right inequality in (2.4).
The left inequality can be proved similarly.

�

Theorem 2.2. Suppose that τ = 0, S(u) is increasing, and there exists a monotonically
decreasing solution w(x) of problem (2.1), (2.2). Then

c = inf
ρ
sup
x

F (ρ) = sup
ρ

inf
x
F (ρ), (2.9)

where infimum in the first equality and supremum in the second equality are taken with
respect to all functions ρ(x) continuous together with their second derivatives, and such that
ρ′(x) < 0 for all x ∈ R, ρ(±∞) = u±.

Proof. The inequalities

sup
ρ

inf
x
F (ρ) ≤ c ≤ inf

ρ
sup
x

F (ρ)

follow from (2.4). It remains to note that if we take the wave solution as a test function,
ρ(x) ≡ w(x), then we obtain the equalities.

�

Theorem 2.3. Suppose that τ > 0, a = 0, S(u) is increasing, and there exists a monotoni-
cally decreasing solution w(x) of problem (2.1), (2.2). Then

c = inf
ρ
sup
x

Φ(ρ, c) = sup
ρ

inf
x
Φ(ρ, c), (2.10)

where

Φ(ρ, c) =

(

Dρ′′ +

∫

∞

−∞

ϕ(x− y)S(ρ(y + cτ))dy − kρ

)

/(−ρ′) .

This equation has a unique solution.

Proof. Set a = στ in (2.9), and denote by c(σ) the left-hand side of this equality in order
to show its dependence on σ. Then

c(σ) = inf
ρ
sup
x

Φ(ρ, σ) = sup
ρ

inf
x
Φ(ρ, σ) (2.11)

since Φ(ρ, σ) = F (ρ) (for a = στ). Since ρ(x) is a decreasing function, then for any ρ
fixed and for any x ∈ R, Φ(ρ, σ)(x) is a non-increasing function of σ. Hence c(σ) is a non-
increasing continuous function of σ. Therefore, equation c(σ) = σ has a unique solution. It
provides equality (2.10) with c = σ.

�
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3 Non-monotone case

The results presented above essentially use the wave monotonicity and global stability. They
are obtained in the case where the function S(u) is monotonically increasing and the function
ϕ(x) is non-negative. These assumptions provide the applicability of the maximum principle
and comparison theorems for equation (1.1). We will now obtain some estimates of the wave
speed for a non-monotone function S(u). The case of ϕ(x) with a variable sign can be studied
similarly.

Lemma 3.1. Let S(u) ≤ S+(u) for all u ≥ 0 and some smooth monotonically increasing
function S+(u). Assume, moreover, that ϕ(x) ≥ 0. Then the solution v(x, t) of the equation

∂v

∂t
= D

∂2v

∂x2
+

∫

∞

−∞

ϕ(x− y)S+ (v (y + a, t− τ)) dy − kv (3.1)

with an initial condition v(x, t) = v0(x, t), −τ ≤ t ≤ 0 satisfies the inequality

v(x, t) ≥ u(x, t), (3.2)

where u(x, t) is the solution of equation (1.1) with the same initial condition.

Proof. By virtue of the conditions on the functions S+ and S, we have

S+(v)− S(u) = (S+(v)− S+(u)) + (S+(u)− S(u)) = b(x, t)(v − u) + g(x, t),

where b(x, t) = 0 if v(x, t) = u(x, t) and

b(x, t) =
S+(v)− S+(u)

v − u
≥ 0

otherwise, g(x, t) = S+(u) − S(u) ≥ 0. Set z = v − u and subtract equation (1.1) from
equation (3.1). We get

∂z

∂t
= D

∂2z

∂x2
+

∫

∞

−∞

ϕ(x− y) (b(y, t)z(y + a, t− τ) + g(y, t)) dy − kz. (3.3)

Since z(x, t) = 0 for −τ ≤ t ≤ 0, then z(x, t) ≥ 0 for all t ≥ 0. The lemma is proved.
�

Suppose, next, that S(u) ≥ S−(u) for u ≥ u, where S−(u) is a monotonically increas-
ing function. Then a similar assertion holds with inequality (3.2) replaced by an opposite
inequality.

Theorem 3.2. Suppose that S−(u) ≤ S(u) ≤ S+(u) for u ≥ 0, where S−(u) and S+(u) are
smooth monotonically increasing functions. Suppose, next, that each of the equations

S(u) = ku, S−(0) = ku, S+(u) = ku
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has three solutions: u±, u0; u
(+)
± , u

(+)
0 ; u

(−)
± , u

(−)
0 , respectively, such that

u+ < u0 < u−, u
(+)
+ < u

(+)
0 < u

(+)
− , u

(−)
+ < u

(−)
0 < u

(−)
− ,

S ′(u±) < k, S ′

±(u
(±)
± ) < k,

and u+ < u
(±)
0 < u−.

Assume that problem (2.1), (2.2) has a travelling wave solution with a speed c. Then the
following estimate holds:

c− ≤ c ≤ c+, (3.4)

where c± are the wave speed in the problems

Dw′′ + cw′ +

∫

∞

−∞

ϕ(x− y)S±(w(y + a+ cτ))dy − kw = 0, (3.5)

w(±∞) = u
(±)
± . (3.6)

Proof. Consider equation (3.1) with the initial condition v(x, t) = w(x), −τ ≤ t ≤ 0, where
w(x) is a solution of problem (2.1), (2.2). The solution of this problem converges to the
travelling wave solution, that is, solution of problem (3.5), (3.6) with c = c+. From Lemma
3.1 it follows that c ≤ c+. The left-hand side inequality in (3.4) can be proved similarly.

�

4 Estimates of the wave speed

4.1 Analytical solution

We will now apply the minimax representation in order to obtain analytical estimates of
the wave speed. Accuracy of the estimates depends on the choice of test functions ρ(x). If
the estimates from above and from below are close to each other, then they are also close
to the exact value of the speed. We will construct test functions as exact solutions of some
approximate models. Let

S0(u) =

{

0 , u < u0

b , u ≥ u0
,

and ϕ(x) = ϕ0 exp(−r|x|) for some positive constants u0, b, ϕ0, and r, ku0 < b. In this case,
equation (2.1) (a = τ = 0) can be solved explicitly. In order to simplify the formulas below,
we set ϕ0 = r. If w(x) is a decreasing function and w(0) = u0, then

J(w) ≡
∫

∞

−∞

ϕ(x− y)S0(w(y))dy = b (2− erx) , x < 0, J(w) = be−rx , x ≥ 0.
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Equation (2.1) is reduced to the problem

Dw′′ + cw′ − kw + b (2− erx) = 0 , x < 0, Dw′′ + cw′ − kw + be−rx = 0 , x ≥ 0, (4.1)

w(−0) = w(+0), w′(−0) = w′(+0). (4.2)

If Dr2 ± cr ̸= k, its solution writes:

w(x) = c1e
µ1x + c2e

rx +
2b

k
, x ≤ 0, w(x) = c3e

µ2x + c4e
−rx , x ≥ 0, (4.3)

where

µ1 = − c

2D
+

√

c2

4D2
+

k

D
, µ2 = − c

2D
−

√

c2

4D2
+

k

D
, c1 =

αµ2 − β

µ2 − µ1

, c3 =
αµ1 − β

µ2 − µ1

,

c2 =
b

(Dr2 + cr − k)
, c4 = − b

(Dr2 − cr − k)
, α = c4 − c2 −

2b

k
, β = −(c2 + c4)r .

Condition w(0) = u0 provides the equation for the wave speed c = c0:

αµ1 − β

µ2 − µ1

− b

(Dr2 − cr − k)
= u0. (4.4)

In the limiting case D = 0, after solving (4.4), we obtain the expression for the wave
speed:

c0 =
1

r

(

bϕ0

ru0

− k

)

. (4.5)

In order to compare with numerical simulations, this formula is given for the case where ϕ0

can be different from r.
In the limiting case of large r (ϕ0 = r), which corresponds to the local equation, after

solving (4.4), we obtain:

c0 =
2σ

√
kD√

1− σ2
, σ = 1− ku0

b
. (4.6)

Numerical simulations of equation (1.1) with the step-wise constant function S0(u) and an
exponential function ϕ(x) are shown in Figure 1. In the case of small diffusion coefficients
(curves 1 and 2), the wave speed practically coincides with the analytical formula (4.5)
obtained for D = 0. The influence of the diffusion coefficient becomes more essential for
D = 10−3 and D = 10−2. It is interesting to note that the dependence of the wave speed on
diffusion coefficient for the integro-differential equation is quite different in comparison with
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Figure 1: Numerical simulation of wave propagation. A snapshot of solution (left) and the
wave speed dependence on the parameter u0 (right) found numerically and by the analytical
formula (4.5). The curves are obtained for different values of the diffusion coefficient: 1.
D = 10−6, 2. D = 10−4, 3. D = 10−3, 4. D = 10−2. The values of other parameters are as
follows: k = 0.1, b = 0.1, r = 20, ϕ0 = 10. The analytical curve coincides with curve 1.

the reaction-diffusion equation where the wave speed grows proportionally to
√
D (see also

Figure 2). Numerical simulations were carried out with an implicit finite difference method
based on the Tomas algorithm for the inversion of the tridiagonal matrix. Numerical accuracy
was verified by the convergence of the results under the decrease of time and space steps and
by the comparison with the analytical results.

4.2 Estimates and asymptotics

Consider now a smooth increasing function S(u) such that S(u) ≡ S0(u) for |u − u0| ≥ ϵ.
We will use the estimate of the wave speed (Proposition 2.2) with the test function w(x)
given by (4.3). We have

F (w) = c0 +H(x),

where

H(x) =
1

w′(x)

∫

∞

−∞

ϕ(x− y)(S0(w(y))− S(w(y)))dy.

Hence

c0 + inf
x
H(x) ≤ c ≤ c0 + sup

x
H(x). (4.7)

Since w(0) = u0 and |w(y)− u0| ≥ ϵ for |y| ≥ ϵ/β, where β ∼ |w′(0)|, then
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|H(x)| ≤ b

|w′(x)|

∫ ϵ/β

−ϵ/β

ϕ(x− y)dy.

The right-hand side of the last inequality converges to 0 as ϵ → 0 if the function ϕ(x) has, for
example, a bounded support or decays at infinity faster than w′(x). Thus, inequalities (4.7)
provide not only the estimates of the wave speed but also its convergence to c0 as ϵ → 0.

We finally consider one more numerical example with the function

S(u) =
2b

π
arctan((u− u0)/ϵ) + b

in order to illustrate asymptotics of the wave speed. Figure 2 (left) shows the dependence of
the wave speed on ϵ. The limiting value for ϵ → 0 coincides with the value found for S0(u).

Figure 2: Dependence of the wave speed on ϵ (left) and on D (right). The values of parame-
ters are as follows: k = 0.1, r = 20, ϕ0 = 10, b = 0.05, u0 = 0.1, 1. D = 10−6, 2. D = 10−4, 3.
D = 10−3 (left); k = 0.1, b = 0.05, u0 = 0.1, ϵ = 10−5, r = 2ϕ0; 1. analytical formula (4.6), 2.
ϕ0 = 30, 3. ϕ0 = 20, 4. ϕ0 = 10, 5. ϕ0 = 5 (right).

The dependence of the wave speed on the diffusion coefficient D for different values of r is
presented in Figure 2 (right). Variation of r (with the corresponding change of ϕ0) determines
the value of nonlocal interaction. The limit of large r corresponds to the local equation. This
figure clearly shows the presence of two different mechanisms of wave propagation. The first
one corresponds to sufficiently small values of the diffusion coefficient. The wave speed is
practically independent of D but it depends on the range of nonlocal interaction r. It can
be called nonlocal regime of wave propagation. The second mechanism is determined by
diffusion. It is observed for sufficiently large values of D. The wave speed depends on D
as a square root, and it weakly depends on r. This can be called diffusion regime of wave
propagation. The wave speed in the nonlocal regime is well approximated by formula (4.5)
and in the diffusion regime by formula (4.6).
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5 Conclusions

Integro-differential equations describe various processes in biological and biomedical appli-
cations. In many cases, these equations have travelling wave solutions. The speed of wave
propagation characterizes these processes. In particular, the speed of cortex waves should
belong to a certain range providing normal brain functioning. It depends on the response
and connectivity functions of populations of neurons. In the damaged cortical tissue, these
parameters can change following a stroke for example, resulting in a decrease of the cortical
wave speed. External stimulation with the characteristics calculated from the properties of
healthy and partially damaged cortical tissue can be introduced in order to restore the wave
speed.

Though several methods are developed to determine the speed of wave propagation for
reaction-diffusion equations, we are not aware whether other representations are applicable
for the problem under consideration. The estimates obtained in this work are applicable
under some restrictive conditions on the function S(u). Further studies are necessary to
generalize them for a broader class of functions.
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