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Introduction

 [START_REF] Freudenthal | Mathematics as an Educational Task[END_REF], in relation to mathematics and its learning, asserts that there is no doubt that pupils should learn mathematizing […] There is no mathematics without mathematizing […] This is what follows from the interpretation of mathematics as an activity. (p. 134) On the other hand, [START_REF] Dreyfus | Advanced mathematical thinking processes[END_REF] points out the relevance of mathematising by highlighting the processes through which mathematical knowledge is constructed (discovering, defining, proving, modelling, etc.). These processes are relevant research focuses in mathematics education by the importance of its teaching and learning. In this sense, assuming mathematics as an activity, [START_REF] Rasmussen | Advancing Mathematical Activity: A Practice-Oriented View of Advanced Mathematical Thinking[END_REF] also note the significance of considering mathematical practices developed in a learning setting.

From the mathematics education perspective, mathematicians have been seen as study subjects. In fact, Tall (1991) already points out that "we are cognizant of the fact that it is essential to understand the nature of the thinking of mathematical experts to see the full spectrum of mathematical growth" (p. 3). In this regard, several researchers study mathematical practices of mathematicians with the aim of proposing models that describe such practices. For instance, [START_REF] Ouvrier-Buffet | A model of mathematicians' approach to the defining processes[END_REF] proposes a model that describes how mathematicians develop the mathematical practice of defining. Weber and collaborators focus on aspects of mathematician's work associated to the process of proving (Mejia-Ramos & Weber, 2014;[START_REF] Weber | How mathematicians obtain conviction: Implications for mathematics instruction and research on epistemic cognition[END_REF][START_REF] Weber | Why and how mathematicians read proofs: an exploratory study[END_REF]. Furthermore, [START_REF] Weber | Why and how mathematicians read proofs: an exploratory study[END_REF] devise "a model for how mathematicians read the proofs of others" (p. 341). These inquiries lead us to consider the study of the mathematical activities that take place when research mathematicians generate conjectures and proofs.

In our study, conjecturing and proving refer to those activities carried out to generate conjectures and proofs respectively. For us a conjecture is a statement that can be true or false, appears reasonable, "has not been convincingly justified and yet it is not known to be contradicted by any examples, nor is it known to have any consequences which are false" (Mason, Burton & Stacey, 1982, p. 58). On the other hand, we consider [START_REF] Weber | Why and how mathematicians read proofs: an exploratory study[END_REF] definition of proof: "the socially sanctioned written product that results from mathematicians' attempt to justify why a conjecture is true" (p. 331). For two reasons, we consider the practices of conjecturing and proving as two sides of the same coin. Firstly, for reasons related to mathematics, Peirce's contributions (1997) on the three type of reasoning: abduction, induction and deduction, applied to mathematics, justify the joint consideration of both processes [START_REF] Fernández-León | A model to characterize the activity of conjecturing and proving of professional mathematicians[END_REF]. Specifically, abduction refers to the provisional adoption of a hypothesis, deduction traces out the probable and necessary consequences of a hypothesis and induction is the verification of a hypothesis by experiments [START_REF] Peirce | Pragmatism as a Principle and Method of Right Thinking: The 1903 Harvard Lectures on Pragmatism[END_REF]. Secondly, from mathematics education, [START_REF] Alibert | Research on mathematical proof[END_REF] point out that "[t]he formulation of conjectures and the development of proofs are two fundamental aspects of a professional mathematician's work" (p. 215).

This work contributes to the research line that studies the mathematical practices of research mathematicians, when developing their research, with the aim of improving the teaching and learning of such practices in an educational context. To be precise, we focus on the mathematical practices of conjecturing and proving in order to identify their characteristics as a basis to formulate a model.

Mathematisation: Theoretical perspectives

In the last decades, the specific meaning of the term "advanced mathematical thinking" has been a subject under discussion. [START_REF] Tall | The transition to advanced mathematical thinking: Functions, limits, infinity and proof[END_REF] associates this expression with the formal use of definitions to describe concepts and the logical deductions of theorems based upon them. He points out that such grade of sophistication is the highest level of mathematical thinking, but not the activities to reach it. With this in mind, [START_REF] Rasmussen | Advancing Mathematical Activity: A Practice-Oriented View of Advanced Mathematical Thinking[END_REF] propose an alternative characterisation of advanced mathematical thinking, called "advancing mathematical activity", that mainly focuses on general mathematical practices (defining, classifying, conjecturing, etc.) instead of on particular mathematical contents. They emphasise the progression and evolution of students' reasoning in relation to their previous activity when participating in a variety of different socially or culturally situated mathematical practices. [START_REF] Rasmussen | Advancing Mathematical Activity: A Practice-Oriented View of Advanced Mathematical Thinking[END_REF] also suggest that each mathematical practice can be described by using two different dimensions, the so-called horizontal mathematising and vertical mathematising. These two terms are firstly used by [START_REF] Treffers | Three Dimensions. A Model of Goal and Theory Description in Mathematics Education: The Wiskobas project[END_REF] to describe what he calls "progressive mathematising". Treffers refers to horizontal mathematising as the activities of "transforming a problem field into a mathematical problem" (p. 247) and to vertical mathematising as those proper activities of the process of reorganisation within the mathematical system itself. Notice that the idea of mathematisation is originally formulated by [START_REF] Freudenthal | Mathematics as an Educational Task[END_REF], who understands mathematics as a human activity. This author indicates that "there is not mathematics without mathematizing" (op. cit., p. 134). He defines mathematisation as the activity of organising matter from reality and within the mathematics discipline. [START_REF] Freudenthal | Revisiting Mathematics Education: China Lectures[END_REF] assumes Treffers' dimensions, although expressing their meanings in the following way: horizontal mathematisation leads from the world of life to the world of symbols. In the world of life one lives, acts (and suffers); in the other one symbols are shaped, reshaped, and manipulated, mechanically, comprehendingly, reflectingly; this is vertical mathematisation. (Freudenthal, 1991, pp. 41-42) For him, these two forms of mathematisation are not separated worlds, have the same status in practice and can take place at all levels of mathematical activity.

In our research, we assume Rasmussen et al.'s (2005) approach about horizontal and vertical mathematising. These authors also slightly adapt and modify Treffer's constructs. For them, horizontal mathematising refers to those activities used to formulate a problem situation in such a way that it can be mathematically addressed subsequently. Thus, horizontal mathematising also includes problem situations that are properly mathematical and is mainly related to initial or informal ways of reasoning. On the other hand, vertical mathematising refers to those activities built on horizontal activities with the aim of creating new mathematical ideas or realities. They use these constructs to characterise the practices of symbolising, algorithmatising and defining. An important coincidence they find among these three mathematical practices is the relation between "creating" and "using". They argue that both actions occur when these practices are carried out, although with a different role in each dimension. In particular, in horizontal mathematisation, people create (definitions, algorithms, etc.) "to express, support, and communicate ideas that were more or less already familiar" (Rasmussen et al., 2005, p. 70) and products of this dimension are used within their mathematical problematic situation. On the other hand, in vertical mathematisation, new mathematical realities are created and using promotes "movement from the particular to the more general and in some cases the more formal" (op. cit., pp. 70-71). The authors state that vertical activities often give rise to other horizontal activities. Vertical mathematisation may be the setting for a new horizontal mathematisation, which subsequently can lead to vertical mathematisation, and so on, creating a chain of progressive mathematisations.

Our study aims to identify characteristics of the practices of conjecturing and proving of research mathematicians to describe and explain how they develop them. For this purpose, horizontal and vertical dimensions proposed by [START_REF] Rasmussen | Advancing Mathematical Activity: A Practice-Oriented View of Advanced Mathematical Thinking[END_REF] are considered. Thus, the research question behind this study is: Can horizontal and vertical mathematising constructs describe and explain the mathematical practices of conjecturing and proving of research mathematicians?

Methodology

In this research, we assume a qualitative methodology. In particular, we have adopted a case study methodological approach. With the aim of answering the research question above, we consider an inductive analysis, that is, the different categories emerge from the data. In this work, we discuss one case of a research mathematician.

Participant and context

The participant (Anna, pseudonym) is a research mathematician, understanding as such those who have a Ph.D. in mathematics and have published research papers also in mathematics. Specifically, Anna is a teacher that researches in mathematical analysis (functional analysis) and has more than five years of experience in university teaching. The case study of Anna presented here is part of a larger research study which aims, among others, to refine and thus improve the analysis shown below. The results reported in this paper are based only on this participant's case.

The research instruments

The data for our study are obtained from different sources: interviews, working documents and research reports. Four semi-structured interviews are conducted. The first of them aims to obtain basic information from the researcher; the following interviews revolve around the mathematical research carried out by Anna. Specifically, we discuss her research results collected in different research reports (papers, posters and beamer presentations in conferences). We also talk about the personal working documents used in the development of her research. Some of these documents are related to situations that led to successful outcomes and some others to situations which were less successful.

Data analysis

The analysis process (interpretative analysis) considers the dimensions horizontal and vertical mathematising from Rasmussen et al.'s (2005) approach to organise the mathematical activities that take place when conjecturing and proving. Specifically, this process identifies relevant events in the data and assigns meanings according to the theoretical framework: first, they are classified as actions linked to the mathematical practices of conjecturing or proving. These actions are subsequently linked to the horizontal or vertical dimension of the corresponding practice, according to the characteristics of these two dimensions. For instance, when proving, the activity of Detecting patterns in examples (see description below) is considered horizontal since when detecting patterns in examples one systematically expresses or formulates (based on experimentation) how certain property (the problem situation) holds in such a way its generalisation can be addressed in the vertical category Formalising findings with examples. Once that double assignment is finished (conjecturing-proving and horizontal-vertical), taking the nature of the events in consideration, the categories emerge in such a way that each event is seen as an "example" of a category.

Results

In this section, categories of activities that emerged from the analysis of the data are presented. Consequently, the offered classification is not based either on the content of the research (geometry, analysis, etc.) or the mathematical method considered in each practice (proof by contradiction, etc.). Although space prevents the exemplification of each given category, we provide several excerpts from Anna's answers and documents to illustrate some of them. Specifically, we denote each example by "Example x.y", where "x", that may be 1 or 2, refers to the mathematical research situations in which the example arises and "y", that varies between 1 and 6, indicates the precise moment (in the temporary sequence) of the mathematical research situation in which the excerpt appears.

Although conjecturing and proving are closely related practices [START_REF] Fernández-León | A model to characterize the activity of conjecturing and proving of professional mathematicians[END_REF], we describe them separately for expository reasons. Notice that the informal character of horizontal mathematising and the almost simultaneity of these two mathematical practices make complicated to differentiate if the features of the researcher's informal activities are linked to the construction of a proof or, on the contrary, of a conjecture. We changed the conjecture on the (Q4) property by formulating a new one that was more probable in the light of the example checked before (gluing CAT(0) space): "any CAT(0) space with constant curvature satisfies the (Q4) condition".

How mathematicians conjecture

Three

How mathematicians prove

Two Example 1.5-Anna: After formulating the new conjecture, we considered another space of constant curvature, the sphere, to see which pattern was followed when checking the (Q4) condition in such space. We observed that it was very similar in both spaces.

In the sequel, the activities that characterise the vertical component of the practice of proving are given.

P.V.a) Selecting and applying demonstration methods. Selection and application of demonstration methods (direct, by contraposition, by contradiction, etc.). Results of this study may show the still strong influence of formalism on mathematical research.

  categories of horizontal nature (C.H.a, C.H.b, C.H.c) and two of vertical one (C.V.a, C.V.b) have been characterised during the analysis of Anna's case. These categories do not describe a linear C.V.b) Formalising modifications of statements. Formalisation of the modifications of the hypothesis or conclusion of an already existent conditional proposition (proved or not) which gives rise to a conjecture. Example 1.4-Anna:

  P.V.b) Using proof techniques. Use of proof techniques or tools found in the horizontal dimension. P.V.c) Applying known results. Application of known results to build chains of logical implications. P.V.d) Formalising findings with examples. Extension and formalisation of the findings and calculations with examples in the horizontal dimension. Example 1.6-Anna: After revising those examples, we extended the calculations in the examples to general cases and proved the conjecture. In fact, what was done was the following: we wrote the proof in the hyperbolic space and wrote what to do in the general case. This type of reasoning is very common in our papers if the extension is very easy and useless.

  categories of horizontal nature (P.H.a, P.H.b) and four of vertical one (P.V.a, P.V.b, P.V.c, P.V.d) have emerged from the data. We start by describing the activities that characterise the horizontal component of the practice of proving.P.H.a) Detecting techniques or tools within proofs. Careful study and examination of the characteristics and steps of other proofs related to the proof to be built. When dealing with the construction of a new proof, it is common to seek proof techniques, in other proofs, that may fit in well with the new proof. Notice that this description is consistent with the claim by[START_REF] Rasmussen | Advancing Mathematical Activity: A Practice-Oriented View of Advanced Mathematical Thinking[END_REF] that many specific activities of this dimension are of organisational and clarifying type.

P.H.b) Detecting patterns in examples.

Experimentation with specific examples that satisfy the hypotheses of a given conjecture with the aim of detecting patterns that could be extended to more general settings for the proof in process.
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process, but they are interconnected many times. We begin by describing the activities that characterise the horizontal component of the practice of conjecturing.

C.H.a) Detecting patterns. Experimentation with mathematical objects (a triangle, a number, a Hilbert space…) and in relation to a certain characteristic or observable property. To be more precise, logical reasoning and informal activities with mathematical objects involved in detecting a certain pattern in a concrete mathematical context.

Example 1.1-Anna:

When dealing with the research question about whether all complete CAT(0) spaces satisfy the (Q4) condition, we started to check what happened to spaces with constant curvature, since the other two extreme cases had already been checked by the authors of the paper (Hilbert spaces and R-trees). Firstly, we checked that the hyperbolic space, with curvature -1, satisfied property (Q4). That conclusion led us to a conjecture.

Example 2.1-Anna:

We considered the analytic expression of the modulus of convexity of the sphere, a geodesic space that is not linear: δ(r,ε)=1- ) ;

and tried to prove its monotonicity with respect to "r" through the first derivative. We did many calculations but no conclusion could be established. Many experiments with the software Mathematica were also done to see if the modulus of convexity of the sphere was monotone with respect to the variable r. However, we couldn't derive any conclusion from hand calculations, which was the necessary for any future publication. We started to checked property (Q4) in more CAT(0) spaces, specifically, on gluing CAT(0) spaces. These experiments allowed us to reject the conjecture "every CAT(0) space has property (Q4)".

C.H.c) Modifying statements. Experimentation with the components of an already existent conditional proposition (proved or not, that is, a proved proposition or a conjecture) consisting in modifying its hypothesis or conclusion.

The activities that characterise the vertical component of the practice of conjecturing are given next.

C.V.a) Formalising patterns. Generalisation and formalisation of a certain pattern observed in horizontal mathematising activities. Specifically, a pattern observed in the horizontal dimension is used to formulate what is known as a conjecture.

Example 1.2-Anna:

We conjectured that "every CAT(0) space has property (Q4)".

Example 2.2-Anna: After seeing many different plots with Mathematica of the cited function, we conjectured that "The modulus of convexity of the sphere is nonincreasing with respect to r".

Conclusions

In this research, different categories are identified (and organised through the constructs horizontal and vertical mathematising) to describe and explain the mathematical practices of conjecturing and proving. These categories are consistent with previous results of other studies, for instance, inductive reasoning described by [START_REF] Peirce | Pragmatism as a Principle and Method of Right Thinking: The 1903 Harvard Lectures on Pragmatism[END_REF] is closely related to our category Testing conjectures. The "Examples x.y" shown in the previous section corroborate, for both practices, the interrelationship between horizontal and vertical mathematising activities. Notice that the identification of these different categories may contribute to elaborate a model that characterises both mathematical practices.

The categories identified may give information about instruction processes to improve students' understanding of the practices of conjecturing and proving and of their products (conjectures and proofs). Such understanding highlights and emphasises the duality conjecturing/conjecture and proving/proof, so that it is consistent with what mathematics (as a product of mathematicians) reveals.

On the other hand, Harel and Sowder (1998) identify three different students' proof schemes: external conviction proof schemes, empirical proof schemes and analytical proof schemes. A tentative idea to develop in future works is to check whether the role we have identified induction to play in the horizontal dimension of the practice of proving, Detecting patterns in examples, may help us to facilitate the transition of students from empirical schemes to analytical schemes.

We characterise the results of this inquiry as exploratory. That is, the classification described above must be refined and validated, in future research, in other different contexts (with other mathematical contents, other mathematical cognitive levels, etc.).