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The concept of derivative plays a major role in economics. One important competence for students of economics is to interpret values of the derivative in an economic context. In the study presented in this paper it was investigated how students of economics interpreted values of the derivative in an economic context before and after their Calculus course at university. Before the course only very few students were able to interpret these values adequately. After the course about half of the students were able to state an adequate economic interpretation of values of the derivative, mostly as amount of change of the function while increasing the output by one (marginal) unit, which is a common interpretation in economics. However, the data indicates that many of these students just identified the derivative with that amount of change without understanding the differences and the connection between these two different mathematical objects.

Introduction and embedding of the research

In order to maximize their profit firms have to make many profound decisions, for example about possible investments. An important tool that aids economists to make optimal decisions is marginal analysis. [START_REF] Baumol | Microeconomics: Principles and policy[END_REF] listed marginal analysis even as one of the most important ideas of economy. In marginal analysis the consequences of making relative small changes from the current situation are examined [START_REF] Ruffin | Principles of economics[END_REF]. Typical problems are the effects on cost or revenue if the output is increased by a small amount (normally one unit), or the effects on the demand of a product if the price is increased by a small amount. Marginal analysis is closely connected with the mathematical concept of derivative, which serves as a tool to measure the effects of these small changes on cost or revenue. Therefore, students of economics should have a proper understanding of the mathematical concept of derivative and its use in marginal analysis, which is currently investigated in my PhD-Thesis (supervised by Prof. Dr. Rolf Biehler).

Unlike for students of engineering or physical science, whose understanding of the derivative has been examined more extensively [START_REF] Bezuidenhout | First-year university students' understanding of rate of change[END_REF][START_REF] Bingolbali | Concept image revisited[END_REF][START_REF] Çetin | The Ability of Students to Comprehend the Function-Derivative Relationship with Regard to Problems from Their Real Life[END_REF][START_REF] Maull | A questionnaire to elicit the mathematical concept images of engineering students[END_REF], only little research about the understanding students of economics have of this concept exists. Only two studies are known to the author dealing with the understanding of rate of change by students of economics (Mkhatswa & Doerr, 2015;[START_REF] Wilhelm | Projecting rate of change in the context of motion onto the context of money[END_REF], and none of these involves the concept of derivative explicitly. To use the derivative in marginal analysis the students have to interpret calculated values of the derivative in an economic context. Interpreting values of the derivative in contexts is not easy for students, as shown by [START_REF] Bezuidenhout | First-year university students' understanding of rate of change[END_REF] for students of engineering. He showed, for example, that many of these students could not interpret values of the derivative of a stopping distance function S(v) (v is the velocity of a vehicle) adequately. They overgeneralized that the derivative is the acceleration or the velocity, or they had problems with the unit, which shows that they did not have a profound understanding of the derivative itself as rate of change. The economic interpretation of the derivative has the additional difficulty that it does not directly correspond to any of the usual mathematical representations of the derivative, which is explained in detail in the next section. Therefore, it can be expected that students of economics have even more difficulties in understanding this interpretation. To address this conjecture, the study presented in this paper is guided by the following research question: "How do students of economics interpret the derivative in an economic context before and after their Calculus course?" The results will extend the knowledge about students' difficulties in the understanding of the derivative with a focus on students of economics, who have been rarely considered until now.

Theoretical background of the study

The economic interpretation of the derivative

In physical contexts, the derivative is often interpreted as rate of change (for example as speed), which directly corresponds to other representations of the derivative like the slope or the limit of the difference quotient. The common economic interpretation, however, represents a different mathematical object, which is now explained for cost functions. If :[0; [ [0; [ C    is a cost function and C(x) represents the cost of a given output x, '( ) Cx(called marginal cost) is often interpreted as the additional cost while increasing the output by one unit [START_REF] Schierenbeck | Grundzüge der Betriebswirtschaftslehre[END_REF]. This additional cost, exactly calculated by ( 1) ( )

C x C x



, differs from the derivative C'(x) in its numerical value and in the unit. Hence, this interpretation has to be connected to the students' other knowledge of the derivative and needs to be justified. A typical justification is via the approximation formula ( ) ( ) ( )

C x h C x C x h     
for h close to 0 with the additional argument that 1 h  is really small in economic contexts. A more detailed description of the connection between the derivative and its economic interpretation as additional cost can be found in [START_REF] Feudel | Relevant knowledge concerning the derivative concept for students of economics-A normative point of view and students' perspectives[END_REF]. Some books of economics add the word "marginal" to the unit when describing marginal cost. The marginal cost is then the cost that arises if the output is increased by a marginal unit and is written as ' dC C dx  (e.g. in [START_REF] Reiß | Mikroökonomische Theorie: historisch fundierte Einführung[END_REF]). In economic literature the term "marginal unit" is often used as a synonym for a very small, but finite, unit. In [START_REF] Dyckhoff | Grundzüge der Produktionswirtschaft[END_REF], for example, the term is used to emphasize that one unit is small enough and that the derivative C'(x) can be used as approximation for the difference quotient

C x  
for Δx = 1. [START_REF] Reiß | Mikroökonomische Theorie: historisch fundierte Einführung[END_REF] emphasizes furthermore that it depends on the context whether a unit can be considered as marginal or not (example of the book: if water utility is measured in cubic meters a marginal unit might be a cubic millimeter).

Theoretical tools for the study

An adequate economic interpretation should be part of the students' conceptual knowledge of the derivative, which can be described with the term concept image by [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. The concept image describes the total cognitive structure that is associated with the concept. This includes are all mental pictures, associated properties and processes. Concerning the derivative the students' concept image should contain the different representations of it, the differentiation rules, connections to other mathematical concepts like monotonicity, and in the case of students of economics also an adequate economic interpretation of the concept. To understand this interpretation properly students should connect it to other knowledge of the derivative they already have from school. The process of making these connections, called synthesizing by [START_REF] Dreyfus | Advanced mathematical thinking processes Advanced mathematical thinking[END_REF], is a special challenge in the case of the common economic interpretation of the derivative as additional cost because this interpretation does not directly correspond to any of the other representations of the derivative, and, as described above, justifying it needs some argumentation.

Knowledge about the derivative covered in the students' Calculus course

In the course the study took place in (University of Paderborn, Germany), the derivative concept itself was covered in two lectures. In the first lecture the definition of the derivative as limit of the difference quotient, which was also visualized by secant lines "converging" to the tangent line, and the differentiation rules were presented. Afterwards the unit of the derivative in comparison with the unit of the original function was discussed in the case of a cost function C. In the second lecture the economic interpretation was presented and justified. Two possibilities were given in the course:

1. Approximation of the additional cost of the next unit

This interpretation was justified in the course via the above mentioned approximation formula ∆C ≈ C'(x)•∆x that was derived by deencapsulating the limit in the definition of the derivative and using the limit as an approximation of the difference quotient.

Additional cost of the next marginal unit

It was illustrated in the lecture with the help of the tangent line in the case of a convex function that the error between ΔC and C'(x)•Δx in the approximation '( )

C C x x  
  becomes smaller, the smaller Δx is. It was explained that the limiting process ∆x→0 results in a fictional equation '( ) dC C x dx  , in which dx was called a marginal unit.

Some lectures later, after the introduction of the concepts of monotonicity and convexity, the connection between the derivative and these two concepts was discussed. In a last step the derivative was used as a tool to solve optimization problems.

Besides the lectures the students had to solve problems referring to the content of the lectures. The problems were solved by the students in small groups. One week later the solutions were presented on the board in the lecture hall. Relevant for this study is that the problems also included a task to interpret the value '(5) C of the cost function 2 ( ) 8 10 700

C x x x    in an economic context.

Methodology of the study Data Collection

Students of economics at the University of Paderborn were administered a pre-test addressing their previous knowledge of the derivative concept in September 2015 in a voluntary bridging course before their math courses. The pretest contained the following task, to check if an adequate economic interpretation was part of the students' concept image:

A company produces pens. The cost (in euro) for the production of a number of x pens can be described with a cost function with the following equation: (GE = units of money, ME= units of quantity).

State an economic interpretation of this value.

As described in the previous section, the students were familiar with that type of task.

Data analysis

The answers to the two tasks were categorized by the author with quantitative content analysis.

Besides two categories given by the interpretations "additional cost of the next unit" and "additional cost of the next marginal unit", which were derived from literature in economics (see "Theoretical background"), the categories were created inductively because it was not clear what answers the students might state. This led to a system of 10 categories for the task in the pretest (other answers, which were all wrong, were given by less than 3% of the students). The answers in the first three categories were adequate economic interpretations (detailed descriptions in Figure 1). The answers in the categories 4-10 were not adequate economic interpretations (detailed description in Figure 2): the answers in categories 4-5 contained at least a correct idea, the answers in categories 6-8 were wrong economic interpretations, and the answers in categories 9-10 were no economic interpretations and therefore were wrong answers to the task as well. After the development of the category system the data was re-coded by a student to check inter-rater reliability. The reliability coefficient Cohen's Kappa was κ = 0.82, which is good.

The 10 categories mentioned above were also used to categorize the answers to the task in the exam to interpret '(73) 0.2 P  for a profit function P. However, three additional categories that contained more than 3% of the answers had to be added (Figure 3). In addition, the category "cost doubles or halves" was adapted to "Increase of profit by 20%". 

Results

The students' answers to the task to interpret '(200) As can be seen in Figure 4, the economic interpretation of the derivative of a cost function C as the additional cost of the next unit was not known by the students from school, and is not as intuitive that the students stated it spontaneously. Instead, some students tried to use their knowledge about the derivative being the slope at a point (category: Gradient of cost at the point) or the rate of change (categories: Growth rate at of cost or Cost per unit). Others had misconceptions.

The students' answers to the task to interpret '(73) 0.2 P  for a profit function P in an economic context in the exam after their Calculus course are shown in Figure 5. As can be seen in Figure 5, more than half of the students knew the common economic interpretation of the derivative of a profit function as additional profit of the next (marginal) unit after the course (but still various misconceptions occurred). Thus, an adequate economic interpretation of the derivative was part of their concept image for about half of the students. However, the data indicates that many of these students did not really integrate their economic interpretation of the derivative with the rest of their concept image, i.e. they did not fully understand the differences between the derivative '( )

Px and its economic interpretation as profit of the next unit (differences in the numerical values and in the units). Of the 422 students who interpreted the derivative as additional profit, 100 students (23.7%) mentioned "unit of money per unit of quantity" as corresponding unit, which is the right unit of the derivative but not of its interpretation as additional profit. Furthermore, of the 103 students who interpreted the derivative as the additional profit of the next unit, only 20 students (19.4%) mentioned in their interpretation that the value of the derivative '( ) Px is just an approximation of the additional profit ( 1) ( )

P x P x 
, although the lecturer had emphasized that this has to be stated explicitly in the interpretation (and had shown graphically the error on the board). This indicates that many students probably did not understand the differences between the derivative '( ) Pxand its economic interpretation. They just identified both objects, which leads to an incoherent concept image of the derivative [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF].

Limitations of the study

Due to organizational problems it was not possible to match the students in the pretest and the exam. So it is not possible to investigate the progress of individual students with the data. It is just possible to compare the amount of students giving certain answers before and after the course.

Discussion and conclusions for further research

The study shows that an adequate economic interpretation was not part of the students' concept image of the derivative (with few exceptions) when entering university. Hence, this interpretation should be introduced in the course with caution and connected to the rest of their concept image of the derivative concept. After the course an adequate economic interpretation of the derivative as the additional cost/profit of the next (marginal) unit was part of their concept image for about half of the students. However, the data indicates that many of these students did not understand the differences between the derivative as a mathematical concept and its economic interpretation. For example, one quarter of the students who interpreted the derivative as additional profit gave the wrong unit (a unit of rate). They did not distinguish between the derivative being a rate of change and its economic interpretation being an amount of change, which is also documented in literature [START_REF] Mkhatshwa | Students' understanding of marginal change in the context of cost, revenue, and profit[END_REF]. Furthermore, the data indicates that many students were not aware that the value of the derivative is just an approximation for the additional cost/profit of the next unit. Students having these problems probably did not connect the economic interpretation of the derivative to their concept image of the derivative as a pure mathematical concept properly.

To find out to what extent the students really integrated the economic interpretation of the derivative as additional cost/profit into their concept image as intended in their Calculus course (i.e. that they know the differences and the connection between these two different mathematical objects, and can justify the identification of them), further research is necessary. Therefore, in spring 2015, an interview study addressing this identification directly was conducted to find out to what extent the students really integrated the economic interpretation of the derivative into their concept image of the derivative concept (and not just memorized it) and what cognitive obstacles occur during the justification of the economic interpretation of the derivative in the way it was done in the course.

The above mentioned research, however, only takes a cognitive perspective into account. There are more factors influencing the way students interpret the derivative in an economic context like institutional practices of the two institutes involved in their education (institutes of mathematics and economics). Taking these institutional influences into account, which has great potential for further research, would, however, require other theoretical perspectives like ATD [START_REF] Bosch | Introduction to the Anthropological Theory of the Didactic (ATD)[END_REF].
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 1 Figure 1: Adequate response categories for the task to interpret '(200) 2 C  for a cost function C in an economic context
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 2 Figure 2: Not adequate response categories for the task to interpret '(200) 2 C  for a cost function C in an economic context
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 3 Figure 3: Additional response categories for the task to interpret '(73) 0.2 P  for a profit function P in an economic context
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 2 for a cost function C in an economic context before their Calculus course are shown in Figure 4.
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 4 Figure 4: Students' answers to the task to interpret '(200) 2 C  for a cost function C in an economic context before their Calculus course (N = 143)
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 5 Figure 5: Students' answers to the task to interpret '(73) 0.2 P  for a profit function P in an economic context in the exam at the end of their Calculus Course (N = 821)

  After their Calculus course in February 2016 the students had to take an exam to finish the course successfully. In the exam the students also had to answer a similar task: R be a profit function of a company, which manufactures a product in an unlimited and indivisible amount. The profit is measured in units of money, the output measured in units of quantity. It is known that the derivative function P' is called marginal profit. You get
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