Imène Ghedamsi 
email: ighedamsi@yahoo.fr
  
A micro-model of didactical variables to explore the mathematical organization of complex numbers at upper secondary level
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When complex numbers are introduced, there may be some mathematical choices that go beyond the learning processes requirements. Research highlights the necessity to take into account the epistemological aspects of complex numbers in order to cope with students' potential difficulties with these numbers. In this paper, we analyze the contents of the mathematical organization planned by the upper secondary institution to introduce these numbers by using a micro-model of didactical variables. Our results underline a lack of organization and put forward some learning criteria that could be deployed to design tasks for introducing efficiently complex numbers.

Introduction

One of the most useful approaches to introduce the complex numbers postulates the existence of the solution (√-1 or 𝑖) of the equation 𝑥 2 + 1 = 0, and enlarges by the same time the set of real numbers by including such solution in a way that the sum and product rules could be naturally generalized [START_REF] Ghedamsi | Difficultés d'apprentissage des NOMBRES complexes en fin de Secondaire[END_REF]. Yet, the real number and the complex number are utterly unlike, specifically because the former is associated to a concrete measuring process. Some pioneer research on complex numbers [START_REF] Artigue | Quatre étapes dans l'histoire de nombres complexes : quelques commentaires épistémologiques et didactiques[END_REF][START_REF] Rogalski | Peut-on élaborer une situation didactique d'introduction aux nombres complexes par l'histoire de l'équation du troisième degré, en terminale scientifique[END_REF]Rossel & Schneider, 2003) underline the complexity of learning these numbers by emphasizing the gap between the epistemological aspects of these numbers and the mathematical organization chosen to introduce them. Three fundamental epistemological aspects are highlighted by these researches and may give some details about this gap: -In history, imaginary numbers are firstly used as a tool by the Italian algebra school to resolve cubic equations; they appeared as the square root of a negative number in the numerical expression given by the formula of the real solution ( √ 𝑎 + √-𝑏 𝑛 + √ 𝑎 -√-𝑏 𝑛 ) with no more mathematical meanings.

-Imaginary numbers were being used by mathematicians long before they were first properly defined as complex numbers. The progress of the imaginary from the statute of a simple tool towards a mathematical existence as an object was supported by their efficiency to solve geometrical and infinitesimal calculus problems. Mathematicians made free use of them by applying the permanence principle which consists on generalizing real number rules to these numbers.

-The manipulation of imaginary numbers in history evolved through the use of several mathematical and semiotic representations. The use of several procedures, particularly those related to the multiplication of vectors, led to a geometric representation of imaginary numbers in the Argand (or complex) plane by identifying them to both a vector and a point. This kind of representation is not the first one; mathematicians started thinking about trigonometric representations of imaginary numbers along with their emergence by using infinitesimal calculus rules. The key role of these semiotic and mathematical representations reinforced the utility of imaginary numbers and putted forward the necessity to firmly entrench them as a mathematical object.

Many researches emphasize the major role of the organization of mathematical activities in the teaching and learning of mathematics as it shaped what could be taught and how this could be done (textbooks, syllabus, etc.). For instance, the study of the mathematical organization of Calculus concepts in the transition between secondary school and university highlights several problems in the way used to introduce mathematical topics that could potentially affect students' process of learning [START_REF] Bressoud | Teaching and learning of Calculus[END_REF]. This paper seeks to analyze this phenomenon in the case of complex numbers taking into account the epistemological aspects mentioned above, especially through their connection to the development of students' work with these numbers. We build on a networking of frames in order to identify the didactical variables -defined as the parameters that influence students' work [START_REF] Bloch | Comment le cursus secondaire prépare-t-il les élèves aux études universitaires ?[END_REF], related to complex numbers. Then, we use these variables to give a global vision of the choices of the mathematical organization related to the introduction of these numbers. [START_REF] Sfard | On the dual nature of mathematical conceptions: reflections on processes and objects as different sides of the same coin[END_REF] argued that three phases shaped both the historical and the cognitive development of a mathematical concept. She particularly underlined subtle differences between historical and cognitive phases by means of the example of complex numbers. From the historical point of view, the three phases are defined as follow: "1) the preconceptual stage, at which mathematicians were getting used to certain operations on the already known numbers […] manipulations were treated as they were; as processes and nothing else […]; 2) a long period of predominantly operational approach, during which a new kind of number begun to emerge out of the familiar processes […], at this stage, the just introduced name of the new number served as a cryptonym for certain operations rather than as a signifier of any "real" object […]; 3) the structural phase, when the number in question has eventually been recognized as a fully-fledged mathematical object […]." (Sfard, 1991, p. 14). These three stages are firmly consent with the history of complex numbers. In adequacy with these phases, the cognitive development of students is categorized into three stages: 1) interiorization where students become aware of the processes that gives rise to the concept; 2) condensation where students start combining and generalizing processes; 3) reification where the concept achieves the status of mathematical object by unifying the various processes in a structure. In this sense, the mathematical organization of complex numbers should cope with activities that enable students to first build skills of computation with square roots through active involvement of processes including those related to number representations; and secondly to realize through a huge variety of cases the practical perspective of these numbers [START_REF] Sfard | On the dual nature of mathematical conceptions: reflections on processes and objects as different sides of the same coin[END_REF].

Theoretical frames

The object level of this concept is closely linked to the algebraic structure (or mathematical category) of the set of complex numbers. Each category or structure refers to one mathematical representation. In the language of category theory, the establishment of an isomorphism between sets of the same algebraic structure allows a person confronted to a new set to detect similarities and connections to familiar objects or sets, and to organize efficiently the new set. For instance, the isomorphism of field𝑠 φ ∶ (ℂ, +, . ) ⟶ (ℝ 2 , +, . ), 𝑎 + 𝑖𝑏 ⟶ (𝑎, 𝑏) permits to link the abstract representation of the complex numbers to a more concrete one. Furthermore, the use of functors to transit from one category to another permits to translate a difficult problem from one mathematics area into an easier problem in another area; this is the case of the trisection problem which is just solved by using complex numbers. This knowledge thus permits to orientate and to organize mathematical thinking.

At the transition from the end of secondary school to university, two categories of mathematical structures are implicitly used in the teaching of complex numbers: the category of Euclidian space and the Field category. To achieve the object level, these categories (and more) should become "the ultimate base for claims on the new object's existence." (Sfard, 1991, p. 20). Of course, this could not be done at the transition between secondary school and university! To do so requires some foundational notions that are actually not taught at these levels. Nevertheless, the study of the mathematical organization of complex numbers by means of category theory provides information about the mathematical representations concerned by the institution and their design as well as those involved in a process of conversion between two mathematics areas. These information are associated to the mathematical culture of complex numbers, and they are useful for the teachers as they become aware of substantial details that influence the development of the learning process. Thus, the investigation of the upper secondary mathematical organization by using categories should not be outlawed simply because of the lack of mathematical notions at this level. However, it is fundamental to stress the distinction between the semiotic representations of an object as signifiers -that are organized into semiotic registers, and what is signified thus the mathematical representation. In the case of complex numbers, one semiotic representation may evoke more than one mathematical representation and vice versa. For instance, 𝑧, 𝑧, |𝑧|, arg(𝑧) , etc. constitute the elements (or the scripts) of what we called the intrinsic register; students' work with complex numbers in the category of Euclidean space could be done by using both the intrinsic scripts and the geometrical ones. This is the case of the representations of three collinear points: A, B and C are collinear points, if there exists a real number α≠0 such that 𝑧 𝐵 -𝑧 𝐴 = 𝛼(𝑧 𝐶 -𝑧 𝐴 ) which is equivalent to arg( zC -zA zB -zA )0(). Further study on the semiotic registers involved in the same category or in the transition between two categories is unavoidable. A switch between two semiotic registers is a conversion which refers to the same signified being in the same category. This conversion creates a new semiotic representation that does not involve the formation of a new object. In the case of the translation from one category to another, this switch engages a process of creation of a new mathematical representation of the same object. The process of conversions between semiotic representations as well as between mathematical representations performed the cognitive flexibility of the students and enabled the enlargement of the representations field of these numbers [START_REF] Duval | Sémiosis et pensée: registres sémiotiques et apprentissages intellectuels[END_REF]. This theoretical synthesis highlights the impact of at least three didactical variables on the learning process of complex numbers. These variables lead to a micro-model that we use to investigate the institutional mathematical organization of complex numbers: DV1: The use of the permanence principle which concerns the generalization of real numbers rules (in the categories of field and Euclidian space) to the complex numbers; DV2: the use of the process-object duality; and DV3: the use of the semiotic and mathematical representations. We classify the mathematical organization in terms of practical blocks containing types of tasks and techniques to solve these tasks [START_REF] Chevallard | Steps towards a new epistemology in mathematics education[END_REF]. This classification gives an overall patent description of the institutional requirements that permits to analyze the mathematical organization of complex numbers by involving the three variables of the stated micro-model. In this paper, we investigate this mathematical organization by means of two didactical variables that are DV2 and DV3.

Empirical context

Complex numbers constitute one of the most important topics introduced in algebraic courses at the end of the secondary school in Tunisia for 16/17 years old students. Courses follow the contents of the unique official textbook used by the teachers as their own syllabi; almost all mathematics teachers adhere strictly to this textbook. The mathematical organization concerned by this study is taken from this textbook.

The modeling of the whole mathematical organization of complex numbers into praxeologies underlines the existence of 14 types of tasks designed T1 until T14; each one can be solved by using more than one technique. These techniques are generally algorithmic and indicated in the terms of the questions. For instance, to solve the type of task T7: Determine an argument of a complex number; students have the possibility to simply employ the property of the argument of the product of two numbers, they can also use cosine and sinus properties. Each task is a block formed by the type of tasks and the involved technique. The frequencies of these tasks (each task can occur more than once) in the whole organization are as follows: T1: Determine the cartesian representation of a complex number 20 T2: Solve an equation using complex numbers 5 T3: Determine the conjugate of a complex number 2 T4: Determine the affix of a point or a vector 7 T5: Determine the modulus of a complex number 12 T6: Spot points in the complex plane 16 T7: Determine an argument of a given complex number 5 T8: Determine the trigonometric representation of a complex number 11 T9: Determine the kind of a quadrilateral (rectangle, square, etc.) 2 T10: Determine a set of points of the complex plane 11 T11: Determine the kind of a triangle (isosceles, equilateral, etc.) 1 T12: Prove that three points are collinear 1 T13: Determine the position of two lines (parallel, secant, etc.) 1 T14: Determine the sinus and the cosine of an angle 1

Table 1: Types of tasks and frequencies

The tasks are organized according to the categorization of the course into three sections: 1) the first section concerns the introduction of complex numbers via the traditional approach mentioned in the beginning of this paper; T3, T2 and T1 are the tasks used in this section particularly to prove and to exemplify the proprieties of the product and the sum of complex numbers and of their conjugates, by using the cartesian representation; 2) in the second section, the affix and the image notions, and the modulus and its proprieties are introduced with no details about the necessity to draw on the complex plane; T6, T5 et T4 are the tasks involved in this section; 3) the third section introduces the argument and its proprieties, and the trigonometric representation of complex numbers; T7 and T8 are mostly studied here. The tasks T9 to T14 are not concerned by a specified section, they are considered as integrative tasks that permit to use a variety of techniques. Using this classification, we can now analyze the mathematical organization of complex numbers with a particular focus on the micromodel of the selected didactical variables.

Some results

Pseudo operation level of complex numbers

In opposition to the cognitive development principles as highlighted by [START_REF] Sfard | On the dual nature of mathematical conceptions: reflections on processes and objects as different sides of the same coin[END_REF], the mathematical organization focus from the beginning, on the object level of complex numbers in way that: 1) the reification phase is "imposed" to the students with no tasks that allow the unification of the processes into a structure; 2) the preconceptual level of these numbers is missing, and the interiorization phase is limited to the manipulation of several representations of the object which is already introduced via one of them, this manipulation is mainly guided by the questions; 3) the condensation phase, which is supposed to illustrate the operation level of these numbers, is mostly neglected. It is important to precise that the same type of tasks could be associated to more than one level of complex numbers: preconcept, operation, or object. Specifically, the frequencies of the tasks referring to these levels are as follows:

Objet Preconcept Operation About 2/3 of the whole tasks concerns the object level of complex numbers, and only deals with algorithmic computation in the field category or the Euclidian space category of ℂ. The only process, referring to the supposed preconceptual level of complex numbers, consists on the strict manipulation of complex numbers representations by "juggling" from one to another. These manipulations are isolated, indicated in the statements, and do not probably lead to any kind of interiorization, this is the case, for example, of the geometric interpretation of the cartesian representation and vice versa.

Only two tasks from those related to the operation level could actually be considered as an effective training to combine and unify processes that show the practical perspective of complex numbers (tasks T13 and T14). Tasks T9 to T14 should clearly highlight the role of complex numbers to overcome complex computations of the geometrical problems, but with a certain choice of data, the students can simply apply geometric rules with no reference to these numbers. But the mathematical organization that is investigated in this paper does not permit to underline the role of complex numbers in simplifying extremely complicated computations; the data associated to the tasks T9 to T12 are not thought to take advantage of the operation level of these numbers.

The amalgam of complex numbers representations

Four kind of semiotic representations structured into four registers intervene in the mathematical organization of complex numbers: 1) intrinsic register (In., 𝑧, 𝑧, |𝑧|, arg(𝑧) , etc.); 2) cartesian register (Ca., scripts using 𝑎 + 𝑖𝑏); 3) trigonometric register (Tr., scripts using 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)); 4) graphic register (scripts using cartesian coordinates G.a.c., or polar coordinates G.a.p.). These semiotic representations are employed in several ways by mean of the two mathematical categories of ℂ used in this mathematical organization: field category and Euclidian space category. The analysis of the tasks using complex numbers representations is structured into three levels depending on the conversion process: 1) no conversions between semiotic representations as well as between mathematical representations; 2) only conversions between semiotic representations; 3) conversions between both semiotic representations and mathematical representations. In the case of this mathematical organization, each conversion between mathematical representations is followed by a conversion between semiotic representations. Depending on the techniques used, the same type of tasks could be associated to any of the three levels mentioned above: object, preconcept and operation.

For instance, the tasks related to T1: Determine the cartesian representation of a complex number can be solved in the same register (computing powers of i in the cartesian register), or by moving into another register (from the register to the cartesian one). Some techniques used to solve tasks referring to T8, T3, T2, T1 and T10 do not require conversions, the frequencies of these tasks are shown in the table below:

Mathematical category Semiotic register Occurrence

Field

Cartesian 26

Intrinsic 1

Trigonometric 2

Euclidian space

Cartesian 1

Intrinsic 5

Graphic/cartesian coordinates 1 

Conclusion

The analysis shows that the mathematical organization of complex numbers involves some values of the didactical variables that are theoretically identified. This result corroborates their validity to examine students' learning expectations in the case of complex numbers. However, the approach used to introduce these numbers, firstly as object and implicitly as an element of a field set, avoids the possibilities to engage efficiently in tasks that deal with the operation level of these numbers as well as with valuable conversions of semiotic representations in the category of Euclidian space. Moreover, this approach makes it difficult to organize contents related to conversions between mathematical representations so that students can use them by their own in the future. But the role of the institutional mathematical organization is manifest to overcome the potential changes that should occur in the way students are required to work with complex numbers at university level. On the other side, the micro-model of didactical variables related to complex numbers reveals a high level of cognitive flexibility that is required for learning complex numbers specifically at the beginning of the university level: differentiate between real numbers rules and complex numbers ones; use conversions between mathematical representations to solve geometrical problems; make autonomously semiotic conversions; involve several categories of the set of complex numbers to solve problems outside and inside mathematics, etc. These requirements are a source of students' main difficulties with complex numbers [START_REF] De | Teaching and learning of complex numbers[END_REF][START_REF] Ghedamsi | Difficultés d'apprentissage des NOMBRES complexes en fin de Secondaire[END_REF]. Specifically, [START_REF] Barrera | On the geometrical meanings of multiplication[END_REF] highlights students' difficulties to interpret the product of complex numbers by means of plane's transformations in the category of Euclidian space. The crucial question is then: how to design efficiently the introduction of complex numbers in ways that minimize transition issues to the university? This study leads us to conjecture how it is possible to tackle such question by means of the micro-model of didactical variables. More precisely, three criteria may be considered for designing efficiently the mathematical organization that aimed the introduction of complex numbers: 1) use several values of the didactical variables and specifically those related to the conversions between semiotic and mathematical representations; 2) highlight the distinctions between the different categories of the set of complex numbers; 3) focus firstly on the operational level of complex number and improve its use in the resolution of different kind of problems. Further studies on students' learning of complex numbers are needed to examine the efficiency of these criteria.

Table 2 : Complex numbers levels and frequencies

 2 

Table 3 : Frequencies of tasks with no conversions

 3 About 1/3 of the whole tasks (26 out of 95) of the mathematical organization concerns the work on the Field category using the Cartesian register. These tasks involve simple computations by the mean of the properties of the operations in the ℂ field. Tasks from almost all the types are concerned by the conversions between semiotic representations:

	Mathematical category	Semiotic conversion	Occurrence
	Field	(Ca.→Tr.) (In. →Ca.)	2 1
		(Ca.→In.); (Ca. →Tr.)	1; 6
		(Ca. →G.a.c.); (G.a.c. →Ca.)	24; 5
	Euclidian space	(Ca. →G.a.p.); (G.a.p. →Ca.)	4; 1
		(In. →Tr.); (G.a.p. →Tr.)	6; 1
		(In. →G.a.c.); (In. →G.a.p.)	4; 2

Table 4 : Frequencies of tasks with semiotic conversions

 4 The most important tasks that require semiotic conversions within the Euclidian space are those related to the determination of the graphic representation of a complex number by interpreting geometrically a given relation with complex numbers. This interpretation is based on a standard employ of the properties given in the textbook. Finally, only two tasks need a double conversion: T13

	(Euclidian	space./G.a.p.→Field/Tr.→Euclidian	space./G.a.c.),	and	T14	(Euclidian
	space/Ca.→Fied/Tr.).				
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