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Digital tools are increasingly becoming part of mathematics in Higher Education, some of which are used pedagogically. An example is Sim2Bil, a digital tool that offers mathematical tasks about a simulation of cars. Students can solve the tasks using integrals. Applying the theory of instrumental genesis, in which techniques are analyzed in light of epistemic and pragmatic value, we studied the tool when used by groups of engineering students. We observed the students applying techniques such as instrumented and pen & pencil for solving the tasks. The techniques required the combination of understanding integrals kinematically (as distance travelled), graphically (as area under a graph) and as a calculation with symbols (finding the anti-derivative). In fact, the mathematical tasks provided opportunity for students to address at least one task, and we had students solving the most demanding ones.

Introduction

Solving mathematical tasks involves using different tools. These tools might be compasses and rulers, but also language, symbols, gestures, and digital tools. From a didactical point of view, it is important to study how such tools function, how students work with these tools and how the tools can be incorporated into educational practices. Within education, tools not only serve to do mathematics, such as carrying out calculations quickly, but they can also be pedagogical instruments for learning mathematics [START_REF] Artigue | Learning Mathematics in a CAS Environment: The Genesis of a Reflection about Instrumentation and the Dialectics between Technical and Conceptual Work[END_REF]. In our study, we focus on digital tools. Examples of digital tools for doing mathematics are Mathematica (www.wolfram.com/mathematica/) and MatLab (www.mathworks.com), which are numerical computing environments used in academia and industries. Examples of digital, pedagogical tools for mathematics are Geogebra (www.geogebra.org) and MIT Mathlets (http://mathlets.org).

Our research is positioned within the education for engineers. The integral is one of the mathematical concepts to be learned. It can be perceived in many different ways, for example as an object (as a function or as an area) or as a process (calculating the anti-derivative or taking the limit of a Riemann sum). Researchers have found that students have difficulties conceptualizing the integral (e.g. [START_REF] Jones | Understanding the integral: Students' symbolic forms[END_REF][START_REF] Swidan | Learning the indefinite integral in a dynamic and interactive technological environment[END_REF]. [START_REF] Derouet | La fonction de densité au carrefour entre probabilités et analyse en terminale S. Etude de la conception et de la mise en aeuvre de tâches d'introduction articulant lois à densité et calcul intégral[END_REF] has focused on the relation between integral, area and probability, in which the integrand is the probability density. We take an approach where we study the relation between integral, area and distance in which the integrand is the velocity. We are representing the integral as a mathematical model for making objects move under certain conditions.

There are several digital tools used for the learning of integrals. On the internet one can find applets, in which the integral is demonstrated with the Riemann Sum with an interactive slider for showing the limiting process. [START_REF] Berry | Promoting students' graphical understanding of the calculus[END_REF] used a different tool, namely one that can record displacement of an object and then graphically display both a displacement-time graph and a velocity-time graph. These kinematical graphs were meant to assist students in visually making a connection between the function and its anti-derivative. [START_REF] Yerushalmy | Signifying the accumulation graph in a dynamic and multirepresentation environment[END_REF] describe another tool that, given a function and its graph, generates graphically an accumulation point graph. Further on, [START_REF] Swidan | Learning the indefinite integral in a dynamic and interactive technological environment[END_REF], presented the Calculus Integral Sketcher, which allows students to construct and drag a primitive graph when a function graph is given. In all cases, students' learning is supported by graphical means. We want to extend the research on pedagogical, digital tools for learning the concept of integrals by combining graphical and kinematical approaches with dynamic animations. Therefore, we considered a tool aiming to engage students to (1) combine different topics of their curriculum, such as calculus and kinematics, (2) calculate and interpret graphs etc, and (3) collaborate.

We studied Sim2Bil which can be used for groups within higher education where integrals and kinematics are part of the curriculum (students in the natural sciences, engineering, etc.). The tool requires users to work with velocity functions, of which the integral represents the distance travelled. The tool's name comes from a Norwegian word for car, 'bil', derived from automobile. The tool consists of mathematical tasks connected to dynamic animations. In addition to studying this tool, we want to study collaborative work between students, because inter-personal mediation is considered an important aspect of future education [START_REF] Lowyck | Bridging Learning Theories and Technology-Enhanced Environments: A Critical Appraisal of Its History[END_REF].

Figure 1 shows the interface of Sim2Bil. The top left part shows an animation of two cars driving in a straight line from a starting line to a finish line. This is the simulation area. The lower left part shows two separate graphs for the velocity-time function of both cars. The areas under the graphs represent the distance travelled by the cars. This is the graph area. The bottom right part is the space for the velocity functions of the cars. A user can set in parameters for polynomial velocity functions. This is called the formula area. Also, within this area there are buttons to click on. 'Formula1' and 'Formula2' give the generalized kinematical formulae for average and instantaneous velocity, and displacement, which include the integral symbol. Other buttons can hide/show the cars and graphs. When pressing the Start button in the bottom right corner, an animation starts showing the cars run, and at the same time the areas under the graphs are animated: the grey areas increase with time.

The tasks in the top right area were especially designed for the animations. In connection with the animations of cars driving by taking over each other and finishing at the same time and the graphs, the tasks were about making these cars run under certain conditions. Without the tasks, the animations of moving cars will not be very meaningful, and vice versa.

In the study presented in this paper, we investigate how Sim2Bil is used by groups of students. We use the theory of instrumental genesis to analyze our data. Our research question is: what forms does the instrumental genesis of students working with Sim2Bil take? 

The theory of instrumental genesis

The theory has assisted researchers to study students' activities in CAS environments (e.g. Drijvers, 2003;Guin & Trouche, 1999) and dynamic geometry environments (e.g. [START_REF] Alqahtani | Instrumental appropriation of a collaborative, dynamicgeometry environment and geometrical understanding[END_REF]. First, we will explain the constructs instrumentalisation, instrumentation and technique which play an important role in the theory. Further, we will explain how techniques can have epistemic or pragmatic value.

Any artifact, a physical object, will remain a bare artifact for a person if the person does not know what to use it for. However, an artifact might turn into an instrument if there exists a meaningful relation between the person and the artifact [START_REF] Rabardel | From artefact to instrument[END_REF]. [START_REF] Drijvers | From artifacts to instruments: A theoretical framework behind the orchestra metaphor[END_REF] give a good example of how a hammer, an artifact, is turned into an instrument if a person has skills and experience of how to use it properly. The distinction between artifacts and instruments does not lay in a physical change of the objects, but a transformation of the way a person thinks about and practically uses the object. This transformation process is a learning process and it is called instrumental genesis. The transformation process works in two directions as explained by [START_REF] Trouche | Managing the Complexity of Human/Machine Interactions in Computerized Learning Environments: Guiding Students' Command Process through Instrumental Orchestrations[END_REF]: towards the artifact and towards the user. The first direction involves the user learning to use the artifact. This embraces the activities in which an artifact becomes an instrument for a user, and about how the action influences the user's activity and knowledge. This direction is called instrumentalisation. The other direction concerns the user using the artifact meaningfully for tasks. This is called instrumentation. As [START_REF] Artigue | Learning Mathematics in a CAS Environment: The Genesis of a Reflection about Instrumentation and the Dialectics between Technical and Conceptual Work[END_REF] points out, this process involves developing ways for solving tasks.

We will analyse students' work with Sim2Bil. Our intention is to understand how students are appropriating the tool and the transformation process of the tool becoming an instrument. Since there exists a dialectic relationship between an artifact and a user [START_REF] Gueudet | Towards new documentation systems for mathematics teachers?[END_REF], we will look into both directions described above for the investigation.

Epistemic and pragmatic value of techniques

While doing mathematics, students can use several techniques, which may involve doing calculations and making drawings. A technique within the theory of instrumental genesis means "a manner of solving a task" (Artigue, 2002, p. 248). Artigue distinguishes between instrumented and paper & pencil techniques. Techniques yield a result and, therefore, they have a value. The value can be epistemic or pragmatic. Epistemic value involves that the technique has a meaning for the students related to the mathematical objects involved. We observe this, for example, when students find solutions to symbolic equations by creating a graphical representation with a graphing tool to use the zeros of the graph instead of solving the equations algebraically or numerically.

A technique might also have pragmatic value. [START_REF] Artigue | Learning Mathematics in a CAS Environment: The Genesis of a Reflection about Instrumentation and the Dialectics between Technical and Conceptual Work[END_REF] explains that we can observe pragmatic value when a technique is applied by students who are focused on the productive outcome of that technique (e.g. to have a quick answer). Further, she states that epistemic value might be less recognizable than pragmatic value since the latter concerns the appearance of immediate results. We observe this, for example when students are randomly guessing an equation.

Methods

To investigate students' work with Sim2Bil we needed to observe students interacting with this digital tool. Hence, we created an environment in which students use the tool (tasks, animations), and other resources such as calculators, pens and paper.

As a default setting, there are two velocity functions given in the interface so that a student can press the Start button, see the cars run and the areas under the graphs grow. The two default velocity functions make the cars finish simultaneously. In this way, the forthcoming tasks were framed, which all have requirements on how the cars should finish. With a total of four tasks, Sim2Bil integrates tasks and animations.

The first task requires students to press the Start button and explain what the shaded areas represent. This task gives a visual introduction to the tool offering an association to distance as represented by area under a graph. After Task 1, there are Tasks 2-4, in which students are asked to find velocity functions that fulfill different requirements for the running cars. In Task 2, students are asked to find other functions so that the cars run with different velocities and arrive at the finish line at the same time. This will require students to translate the kinematics into mathematics and find functions v(t) so that 4 0 ( ) 400 vt   . In Task 3, they are asked to make the green car be only half way when the red car reaches the finish line, thus 4 0 ( ) 200 vt   . In Task 4, they are asked to make one car have half the velocity of the other when they arrive at the finish line simultaneously.

Our study was carried out at two different universities, at each of which we worked with one group of three students. All were within their first year of engineering studies. Group 1 comprised three boys, while Group 2 included one boy and two girls. All the six participants were not familiar with Sim2Bil. In their lectures, the students of Group 1 might have seen a similar tool as Sim2Bil, including a button to press on screen for making an animation run. All volunteered to participate in this study outside regular lectures. The groups sat in a room with a table and one laptop with the tool in front of them. They were informed that we would study how they interact with the tool, and that they would not be assessed. Both groups were given an unlimited time for group work, and it turned out that Group 1 spent 45 minutes and Group 2 used one hour.

There are some differences in how the groups were treated, with regards to parts of the interface and how the tasks were given. In the interface, the top right area showed an unused menu for Group 1 and they received the tasks on paper. For Group 2, the Tasks 2-4 were given on screen. In the formula area, the students of Group 1 could write in parameters to make up to third degree polynomials (see Figure 1). Group 2 students could write in any expressions. Since Task 1 has a different nature than the others, as it does not ask for mathematical expressions, we gave this task orally to Group 2, at about three minutes into the session. In this way, we could see whether the Start button would be quickly found. The data collection consisted of video recordings of the students' group work. The first author was present with both groups and two cameras were used at different angles to capture students' writings, gestures, and screen activity. The video recordings were transcribed fully for Group 1 and largely for Group 2, and analyzed in light of instrumental genesis. In particular, techniques the students used to solve the tasks were identified by going through the videos and transcriptions, and analyzed in terms of epistemic and pragmatic value.

Results

By analyzing the students' group work regarding the process of instrumentalisation, we observed that Group 1 easily found the Start button at the beginning. They saw the cars driving to the finish line and arriving together, the growing graphs and the increasing shaded areas. Then they read Task 1. They related the areas under the graphs with the distance covered by the cars.

Group 2 was not asked to press the Start button at the beginning. They started by explaining to each other what they saw on the screen: Dana:

We are going to work with the relationship between velocity and time. (…) I'm thinking we are supposed to come up with functions like this (points at the formula area) related to the graphs (points at the graph area). Isn't it?

Jeff: Mhm… Okay, it looks like we have the formula for the velocity of the first car… and for the second car. So, uhm….

In the episode above the students related velocity functions to the graphs and velocity to the cars. After this, Jeff turned to the researcher and asked: "Excuse me, what are we supposed to find out here? We are supposed to…". The researcher asked them to press the Start button. Then, they pressed Start and saw the animated cars and graphs, and they related the areas under the graphs to distance covered by the moving cars. Thereafter, they started working on the remaining tasks.

Based on the observation of Group 2, we saw that guidance of finding the Start button was needed. At first sight, the screen offers much information, so this button can be overlooked. By pressing Start, they were introduced to the tool's functionalities and to the conditions of the tasks. The animation showed two cars running differently but finishing simultaneously. We interpret that once the Start button was found, it enabled the appropriation of (1) the operations of the animations and

(2) the conditions of the tasks.

In regards to the process of instrumentation, the students used several techniques. For example, they set parameters in the formula area and pressed the Start button and watched the cars run. Another instrumented technique was to insert parameters and notice how a graph of a function looked like, dismissing it when it went too low. These techniques were applied by both groups within each task. On some occasions, we observed some students set in parameters seemingly at random in the formula area. Then, the graphs were noticed or they saw the cars run. On other occasions, the instrumented techniques were done as a final check whether their paper and pencil solutions were correct (paper & pencil techniques are explained below). These instrumented techniques had pragmatic value, since it was a quick check to see whether inputs were correct. The students might have reasonably guessing parameters, and on some occasions, the students explained why the animations appeared the way they did connecting it with algebraic expressions of the functions. The techniques connect symbolic, graphical, and kinematical representations. Therefore, it can be argued that the techniques also had epistemic value.

We observed both groups use paper & pencil techniques for the tasks 2-4. They calculated the integral as anti-derivative, but knowing that they calculated the area under the graph and that it was the distance covered by the cars. In task 4, Group 1 also used a technique consisting of making rectangle and triangle drawings and making area calculations based on the fact that one area needs to be equal the other one. The techniques have a pragmatic value since the focus was on the productive potential (finding velocity functions) and it was a way of checking their answers. It can also be argued that these techniques, inherent symbols, had an epistemic value, since integration can be regarded as anti-derivation and an area can be regarded as distance travelled.

Both groups discussed how to solve each task. Also, one group occasionally used gestures to visualize the cars and graphs in a way they could not visualize through instrumented techniques (e.g. get a specific graph). Also, gestures were used to support their imagination in discussions on the requirements. When one group started on task 4, they used their hands to gesture the run of the cars, mimicking the cars take over each other and finish together. Especially, the use of gestures occurred when the students faced challenges in finding parameters to solve the tasks.

For creating polynomial velocity functions, the tool included a hint for the problem-solving process. We observed some students being "stuck" while doing calculations and clicking around on possible buttons for a clue. The formula buttons confirmed to them, that they needed an integral, but it did not help them in calculating the integral or in mathematizing the requirements of the tasks.

At the end, the one group related their answer (v1=100, v2=-25t+150) to different parts in the areas on screen:

Erik: Can we prove that the answer is correct? Yes, by the calculations again. (…) But we can also see it here that it stops on half of the other (point at the screen). So, it stops on 40. So, you can see that on the graph, actually.

Sam:

Oh, yes and you can see that it is a relation between the area under the graph…which is the integrated of the velocity.

This episode shows that the students were reasoning on how they can check whether their answer is correct. Erik mentioned the paper & pencil technique (calculating the triangle and rectangle, area), and the instrumented technique (notice the graphs on screen including the equal areas and the velocity of the red car is half the velocity of the green car). Sam repeated the relation between areas and distance.

Discussion and conclusion

Research has focused on different approaches for learning the concept of integral. In some studies, the integral was visualized as Riemann sum. In our contribution, we have taken another approach: we investigated how students work with Sim2Bil, which is a digital tool designed for university level engineering studies that include mathematics and kinematics. Two groups of students were offered tasks and animations to make cars fulfill different requirements. They needed to collaboratively understand the distance travelled as an area under a graph.

The theory of instrumental genesis allowed us to investigate students' activities in a technological environment as previous studies have shown. In particular, focusing on particular aspects of the theory such as instrumentation, instrumentalization and technique, we were able to analyse the ways students used Sim2Bil.

In the theory of instrumental genesis, a distinction is made between learning to use a tool, and using the tool for solving tasks. For learning to use the tool, the Start button played a dominant role. By pressing the Start button, students observe how the velocity functions make the graphs appear and the cars run. Thus, students were introduced to the functionalities of the tool and the conditions of the tasks. However, if students weren't told to press Start, it could take long before they discover the dynamic animation. For using a tool for solving tasks, also known as instrumentation, [START_REF] Artigue | Learning Mathematics in a CAS Environment: The Genesis of a Reflection about Instrumentation and the Dialectics between Technical and Conceptual Work[END_REF] distinguishes between two types of techniques, instrumented and paper & pencil techniques.

In tasks 2-4, our students needed pencil and paper for calculating the integral as anti-derivative, and making drawings of areas which they also calculated. Their instrumented techniques consisted of generating cars running and generating graphs. In both groups, the instrumented techniques were always the final activity in each of the tasks 2-4. With this technique, they could check whether the functions they had found met the conditions of the task.

Several techniques were used to solve the tasks. The instrumented techniques in the groups played a role as a check whether solutions are correct. Thus, they had pragmatic value. At the same time, the instrumented techniques had epistemic value because integration can be regarded as anti-derivation, and an area can be regarded as distance travelled. With task 1, our students learned the operations of the animations and the conditions of the tasks within only a few minutes. The Start button was included to get the cars running. This framed the forthcoming tasks. The challenge laid in finding functions for solving the remaining tasks. To overcome these challenges, the students used several techniques as explained above supported by gestures and discussions.

The study has some limitations. Sim2Bil is different from other tools in which students can construct mathematical objects (drag triangles, construct families of parabolas, etc). It is more of a question generator, the animation "explains" the task, and the students can use the animations or the graphs to check their answer. Additionally, the findings of this study may not be generalizable to larger groups of students since we have only observed two groups of students using the digital tool.
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