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This study aims to investigate undergraduate mathematics students' learning experiences in a first course on Group Theory. I have used the Commognitive Theoretical Framework to examine incidences of interdiscursive commognitive conflict that emerge due to incommensurabilities with other areas of mathematics, such as Set Theory. Data is comprised of students' coursework, interviews and other secondary data. Analysis suggests that incidences of incomplete mathematical learning emerge when students need to cope with the notions of set, group, subgroup, and their elements in the same mathematical task. In addition, analysis suggests that students can often successfully produce a technically valid proof, without necessarily having full grasp of the involved concepts, indicating a ritualistic participation in Group Theory discourse.

Background

Unlike other areas of university Mathematics, such as Calculus and Analysis, the learning of Abstract Algebra, and Group Theory in particular, has been investigated to a significantly lesser extent. The first studies focusing on the learning of Group Theory emerged in the early nineties, adopting, mostly, an acquisitionist 1 perspective and within the Piagetian tradition of studying cognitive processes and errors (e.g. [START_REF] Dubinsky | On learning the fundamental concepts of Group Theory[END_REF][START_REF] Asiala | The development of students' understanding of permutations and symmetries[END_REF]. Other studies investigated issues such as difficulties students face with the level of abstraction of this particular mathematical subject [START_REF] Hazzan | Reducing abstraction level when learning abstract algebra concepts[END_REF], students' reaction to the semantic abbreviation and symbolisation [START_REF] Nardi | Mathematics undergraduates' responses to semantic abbreviations, 'geometric' images and multi-level abstractions in Group Theory[END_REF], the importance of visualisation [START_REF] Ioannou | Mathematics undergraduates' experience of visualisation in abstract algebra: The metacognitive need for an explicit demonstration of its significance[END_REF][START_REF] Zazkis | Coordinating visual and analytic strategies: A study of students' understanding of the group D4[END_REF], and novice-students' difficulty with the process of proof [START_REF] Weber | Student difficulty in constructing proofs: The need for strategic knowledge[END_REF].

These studies have highlighted the pedagogical challenges that students, as well as educators, face in the learning of this particular course, mostly due to its abstract nature, the often unclear, to the novice students, raison d'être of the fundamental concepts, as well as the consequent tension due to historical decontextualisation of these concepts [START_REF] Nardi | Mathematics undergraduates' responses to semantic abbreviations, 'geometric' images and multi-level abstractions in Group Theory[END_REF]. Leron and Dubinsky (1995, p. 227) suggest that "[t]he teaching of abstract algebra is a disaster, and this remains true almost independently of the quality of the lectures."

Far more scarce are studies in this particular area that analyse learning from a participationist 2 perspective and in particular through the lenses of Commognitive Theoretical Framework [START_REF] Nardi | Commognitive Analyses of the learning and teaching of mathematics at university level: The case of discursive shifts in the study of Calculus[END_REF]. [START_REF] Ioannou | Conceptual and learning issues in mathematics undergraduates' first encounter with group theory: A commognitive analysis[END_REF], among other issues, investigated the intertwined nature of object-level 1 Acquisitionists consider human development "as proceeding from personal acquisitions to participation in collective activities". (Sfard, 2008, p.78) 2 According to participationism, "patterned, collective forms of distinctly human forms of doing are developmentally prior to the activities of the individual." (Sfard, 2008, p. 78) Thematic Working Group 14 and metadiscursive level of mathematical learning in Group Theory, focusing on the intradiscursive3 commognitive conflicts (see [START_REF] Ioannou | A commognitive analysis of mathematics undergraduates' responses to a commutativity verification Group Theory task[END_REF] as an example) but also on the interdiscursive commognitive conflicts, namely in relation to the incommensurability with other areas of mathematics. This study is a ramification of the second category. In particular, the aim of this study is to investigate incidences of commognitive conflict that emerge due to the incommensurability between various mathematical concepts in other mathematical fields towards the learning of Group Theory. For instance the notion of a set, as this has been learned in secondary mathematics education, or in the introductory course of Set Theory, and the newly introduced notion of group, focusing both on these notions as well as their elements.

Theoretical framework

As mentioned above, Commognitive Theoretical Framework (CTF) by Anna [START_REF] Sfard | Thinking as Communicating: Human development, the growth of discourses, and mathematizing[END_REF] adopts a participationist perspective on learning and teaching. This fact sets CTF apart from Behaviourism and Cognitivism, in an ontological, epistemological and methodological level. Unlike the acquisitionist perspective, Commognition considers the object of developmental change to be the human activity and not the individual. Moreover, by using CTF, one should not aim to analyse the students' skills or the mental schemas of the various concepts but the discourse itself, as the principal object of attention. In fact this last characteristic of CTF is what distinguishes it from the other participationist approaches [START_REF] Sfard | Thinking as Communicating: Human development, the growth of discourses, and mathematizing[END_REF].

Focusing on mathematical discourse in specific, unlike other scientific discourses, objects are discursive constructs and form part of the discourse. Mathematics is an autopoietic system of discourse, i.e. "a system that contains the objects of talk along with the talk itself, and that grows incessantly 'from inside' when new objects are added one after another" (Sfard, 2008, p. 129). CTF defines discursive characteristics of mathematics as the word use (the mathematical vocabulary, including the keywords that are used, not always exclusively, in schools and academia), visual mediators (the visible objects that are used as part of communication), narratives (any sequence of utterances that describe objects, relations and process, such as definitions, theorems and proofs), and routines (repetitive patterns characteristic of mathematical discourse) with their associated metarules, namely the how and the when of the routine.

A useful notion of CTF, especially for this particular study, is commognitive conflict, which is defined as a "situation that arises when communication occurs across incommensurable4 discourses" (Sfard, 2008, p. 296). Commognitive conflict is considered "a gate to the new discourse rather than a barrier to communication, both the newcomer and the oldtimers must be genuinely committed to overcoming the hurdle" (Sfard, 2008, p. 282). Therefore, an aim of this study is to identify these situations in the undergraduate mathematics students' attempts to solve problems, which involve the newly introduced notion of group.

Other important notions within the CTF that are important for this study are the rules of discourse, namely the object-level and the metalevel rules. Object-level rules are defined as "narratives about the regularities in the behaviour of the objects of the discourse" (Sfard, 2008, p. 201). In other words these are rules that are directly related to the definition of the various objects, e.g. group, subgroup, coset, etc. Metalevel rules "define patterns in the activity of the discursants trying to produce and substantiate object-level narratives" (Sfard, 2008, p. 201). In other words metarules govern the of proof of new (to novice students) mathematical results.

Consequently, Sfard (2008, p. 254) two distinct categories of learning, namely the objectlevel and the metalevel learning. Moreover, object-level learning "expresses itself in the expansion of the existing discourse attained through extending a vocabulary, constructing new routines, and producing new endorsed narratives; this learning, therefore results in endogenous expansion of the discourse". In addition, metalevel learning, which involves changes in the metalevel rules of the discourse "is usually related to exogenous change in discourse. This change means that some familiar tasks, such as, say, defining a word or identifying geometric figures, will now be done in a different, unfamiliar way and that certain familiar words will change their uses". In the context of this study, object-level rules could be considered the rules governing the elements of the set 𝑋 or the group 𝐺, whereas metalevel rules could refer to the proof that an algebraic structure is indeed a subgroup.

Methodology

This study is a ramification of a larger research project, which conducted a close examination of Year 2 mathematics students' learning experiences in their first encounter with Abstract Algebra. The module was taught in a research-intensive mathematics department in the United Kingdom, in the spring semester of a recent academic year.

The Abstract Algebra (Group Theory and Ring Theory) module was mandatory for Year 2 mathematics undergraduate students, and a total of 78 students attended it. The module was spread over 10 weeks, with 20 one-hour lectures and three cycles of seminars in weeks 3, 6 and 10 of the semester. The role of the seminars was mainly to support the students with their coursework. There were 4 seminar groups, and the sessions were each facilitated by a seminar leader, a full-time faculty member of the school, and a seminar assistant, who was a doctorate student in the mathematics department. All members of the teaching team were pure mathematicians. The module assessment was predominantly exam-based (80%). In addition, the students had to hand in a threefold piece of coursework (20%) by the end of the semester.

The gathered data included the following: Lecture observation field notes, lecture notes (notes of the lecturer as given on the blackboard), audio-recordings of the 20 lectures, audio-recordings of the 21 seminars, 39 student interviews (13 volunteers who gave 3 interviews each), 15 members of staff's interviews (5 members of staff, namely the lecturer, two seminar leaders and two seminar assistants, who gave 3 interviews each), student coursework, markers' comments on student coursework, and student examination scripts. For the purposes of this study, there have been analysed the staff and student interviews, and the coursework solutions. The interviews, which covered a wide spectrum of themes, were fully transcribed, and analysed with comments regarding the mood, voice tone, emotions and attitudes, or incidents of laughter, long pauses etc., following the principles of Grounded Theory, and leading to the "Annotated Interview Transcriptions", where the researcher highlighted certain phrases or even parts of the dialogues that were related to a particular theme. Furthermore, coursework solutions were analysed in detail, after the data collection period, using the CTF, and mostly focusing on issues such as students' engagement certain mathematical concepts, the use of mathematical vocabulary and symbolisation, and the application of discursive rules.

Finally, all emerging ethical issues during the data collection and analysis, namely, issues of power, equal opportunities for participation, right to withdraw, procedures of complaint, confidentiality, anonymity, participant consent, sensitive issues in interviews, etc., were addressed accordingly.

Data analysis

This study focuses on the application of object-level and metalevel rules that govern the mathematical concepts under study, namely, groups, subgroups, sets and their elements, investigating also the emerging commognitive conflicts. A priori analysis suggests that there are two likely commognitive conflicts: the first is related to sets (in school mathematics, sets come with a binary operation, whereas, in university mathematics, sets such as 𝑋 in 𝑆𝑦𝑚(𝑋) do not); the second is related to functions (in school mathematics, functions operate on algebraic structures, whereas in Group Theory they play a double role, namely, operating on sets, and being themselves members of a set with a binary operation). Such commognitive conflicts have appeared in five of the thirteen students' solution of the following task: Suppose 𝑋 is a non-empty set and 𝐺 ≤ 𝑆𝑦𝑚 (𝑋). Let 𝑎 ∈ 𝑋 and 𝐻 = {𝑔 ∈ 𝐺: 𝑔(𝑎) = 𝑎}. Prove that 𝐻 is a subgroup of 𝐺.

Interestingly, students, despite their problematic application of object-level rules of the involved concepts, were often able to apply the involved metarules correctly, and produce a valid proof (e.g. for the claim that 𝐻 is a subgroup of 𝐺). This fact possibly indicates that proving, as assessed in this course, may not always require an explorative participation in the proof process and complete grasp of the involved mathematical notions, but rather can rely on a ritualistic5 performance of new routines. Moreover, successful application of metalevel rules does not necessarily imply that all the involved mathematical concepts have been fully objectified6 . Due to limited space, below there will be demonstrated two examples of students' responses.

The first example of interdiscursive commognitive conflict, as this has been suggested in the a priori analysis above, appears below in the solution of Student A. The student has not grasped the fact that the operation refers to the group 𝐺 and not to the set 𝑋. Apparently, he seems to have tried to apply it to 𝑎 ∈ 𝑋 in an effort to prove inverses. He has not realised that 𝑋 is a set and not a group, and therefore there is no defined binary operation on 𝑋. In Figure 1, one can identify a commognitive conflict that emerged due to the discursive shift from the secondary school mathematical discourse, where all mathematical sets have algebraic structure, and in particular a binary operation with some properties. The notion of a set without an operation is for these students. Furthermore, it proves to be particularly confusing to deal with this new kind of object in the context of a course on Group Theory, where some structures, namely groups, do have a binary operation, and others do not. In addition, another commognitive conflict is related to changes in acceptable notation. In particular, the notation 𝑔𝐻 is possibly confused with 𝑔 (𝑋). This "abuse" of notation, where 𝑔𝐻 stands for "the set of all 𝑔ℎ for ℎ in 𝐻" may contribute to the confusion. An underlying commognitive conflict is due to the fact that in a university mathematics discourse, abuse of notation is often acceptable where it does not cause mathematical ambiguity. However, notation that is mathematically unambiguous may nevertheless be pedagogically confusing.

The second example, related to the second commognitive conflict of the a priori analysis, appeared in Student B's attempt to solve the aforementioned mathematical task, as seen in Figure 2. Although her solution demonstrates that she has a structural understanding of the required proof, yet she is still unable to practically do it. She applies accurately the routine for a set to be a subgroup, nevertheless there is an inaccurate application of object-level rules of the concepts of set and group and consequently several inaccuracies in her attempt. The first one is related to the expressions 𝑔(𝑎 1 ), 𝑔(𝑎 2 ), … and 𝑎 1 , 𝑎 2 … where 𝑎 is used to signal an element of 𝐻, and which is possibly a result of a deep confusion regarding the elements of the groups, 𝐺, 𝐻 and 𝑆𝑦𝑚 (𝑋) versus the elements of the set 𝑋, as well as the operation of the permutation on a set versus the composition of permutations. This inaccuracy may be considered as a result of a commognitive conflict regarding the notion of function. In the old mathematical discourse functions operate on algebraic objects, which are usually numbers. In Group Theory, functions (such as permutations) play a dual rolethey operate on sets as in the old discourse, where often these sets have algebraic structure, but, in addition, they are also themselves objects of an algebraic structure (in this case group), where there is a binary operation (function composition). This dual role contributes to the incommensurability of the discourses. Moreover, Student B uses the incorrect expressions 𝑔(𝑎 1 ), 𝑔(𝑎 2 ), referring to elements of the set 𝑋, but under operation that is not applicable in 𝑋. She does not have a clear view of what is 𝑋 and what is 𝐻, i.e. that 𝑋 is a non-empty set and that is a subgroup of 𝐺 with a certain condition. At some point she also writes 𝑎 ∈ 𝐻, which is not true since 𝑎 is an element of 𝑋. Student B's incomplete object-level learning is also revealed in the following statement: I found it quite hard, because... I got a bit confused with this um… 𝑆𝑦𝑚(𝑋) and stuff, butso I don't -I started it but then I weren't sure, whether I was doing it right, so I kind of have stopped, and I'm gonna go ask for help. To likebecause I -I don't like, if I'm doing something and I'm not sure if it's right, I don't like to carry on because I don't want to do it all wrong.

The Lecturer, with the statement below, reinforces the claim that a number of students had an incomplete object-level learning regarding the elements of groups and sets.

It is interesting, you know you have got a set in the group and somehow separating out in their minds the different roles of the elements of the setting up around and the group which is acting, is something that, you know, somehow they don't have a picture in their mind ofso theyyou know writing a string of symbols round like 𝑔 1 𝑔 2 (𝑎) itsthe sort ofthe distinction between the elements of the group and the elements of the set is something that is not necessarily clear.

Lecturer's opinion highlights the importance of examining students' object-level learning of the relevant mathematical concepts as well as their efficiency with the process of proof, something that can be investigated using CTF. It also reinforces the claim of unresolved commognitive conflicts as these occur in the discursive shift from the secondary education mathematics discourse to the formalism of Group Theory discourse. In particular, this study is in agreement with the Lecturer about the fact that in the discourse of Group Theory there coexist structures with and without an operation, a new feature that is particularly confusing for novice students.

Interestingly, Lecturer's view is in agreement with the Seminar Leaders and Assistants', as this has been expressed in their final report on the 78 students' performance, as seen in Figure 3. Similarly, Markers' comments highlight students' difficulty to distinguish the various algebraic structures that coexist in the discourse of Group Theory. Students' confusion is due to the fact that that they often cannot distinguish the elements of the set and the elements of the group, but also they cannot always successfully attach the binary operation to the appropriate structure.

Conclusion

This study's aim was to identify incidents of incomplete mathematical learning in the context of Group Theory, focusing, when possible, on interdiscursive commognitive conflicts, related, in particular with the concepts of set, group and their elements. In agreement with other studies, Group Theory is a demanding subject, both from an object-level [START_REF] Dubinsky | On learning the fundamental concepts of Group Theory[END_REF][START_REF] Nardi | Mathematics undergraduates' responses to semantic abbreviations, 'geometric' images and multi-level abstractions in Group Theory[END_REF] as well as from a metalevel [START_REF] Weber | Student difficulty in constructing proofs: The need for strategic knowledge[END_REF] perspective. The analysis above suggests that a frequent incidence of incomplete mathematical learning emerged during the discursive shift from a set (as students have learned in the secondary education mathematical discourse) to a group (new introduced concept in the discourse of Group Theory) and it also involved their elements. The first example of commognitive conflict emerged when Student A applied object-level rules relevant to the concept of group on set 𝑋, in which there is no defined binary operation. A second example of commognitive conflict, related to the first, was revealed through problematic use of notation, that displayed Student B's unclear view of what is 𝑋 and what is 𝐻, i.e. that 𝑋 is a non-empty set and that 𝐻 is a subgroup of 𝐺. Finally, the analysis above suggests that students may have a structural understanding of the required proof, yet they are still unable to practically do it, indicating a ritualistic participation in the Group Theory discourse.
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These are conflicts that emerge within the particular mathematical discourse, e.g. a conflict that may occur for concepts such as subgroups and normal subgroups (both within the discourse of Group Theory).

Incommensurable discourses are the discourses that differ in their use of words, visual mediators, routines or their rules of substantiation. In addition, they may allow the endorsement of seemingly contradictory narratives, due to the fact that they do not share criteria for deciding whether a given narrative should be endorsed or not.[START_REF] Sfard | Thinking as Communicating: Human development, the growth of discourses, and mathematizing[END_REF] Thematic Working Group 14 Proceedings of CERME10

Rituals are defined as "sequences of discursive actions whose primary goal (closing conditions) is neither the production of an endorsed narrative nor a change in objects, but creating and sustaining a bond with other people"(Sfard, 2008, p. 241) 

Objectification is defined as the "process in which a noun begins to be used as if it signified an extradiscursive, selfsustained entity (object), independent of human agency"(Sfard, 2008, p. 300).Thematic Working Group 14Proceedings of CERME10