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Comparison of local spherical characters and the
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Abstract

In this paper, we prove a conjecture of Wei Zhang on comparison of certain lo-

cal spherical characters from which we draw some consequences for the Ichino-Ikeda

conjecture for unitary groups.
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1 Introduction

Let E{F be a quadratic extension of number fields. Let V be a pn`1q-dimensional hermitian
space over E and let W Ă V be a nondegenerate hyperplane. Set G “ UpW q ˆ UpV q and
H “ UpW q. We view H as a subgroup of G via the natural diagonal embedding. Let π be
a cuspidal automorphic representation of GpAq. Define the H-period of π to be the linear
form PH : π Ñ C given by

PHpφq “

ż

HpF qzHpAq

φphqdh, φ P π

where dh stands for the Tamagawa Haar measure on HpAq (the integral is absolutely con-
vergent by cuspidality of π). Let BCpπq be the base change of π to GLnpAEq ˆGLn`1pAEq
(known to exist thanks to the recent work of Mok [Mok] and Kaletha, Minguez, Shin
and White [KMSW]). We may decompose π “ πn b πn`1 with πn, πn`1 cuspidal auto-
morphic representations of UpW q and UpV q respectively. We have a similar decomposi-
tion BCpπq “ BCpπnq b BCpπn`1q with BCpπnq, BCpπn`1q two automorphic representa-
tions of GLn,E and GLn`1,E respectively. Let Lps, BCpπqq denote the L-function of pair
Lps, BCpπnq ˆ BCpπn`1qq defined by Jacquet, Piatetskii-Shapiro and Shalika. If π is tem-
pered everywhere (meaning that for all place v the local representation πv is tempered), a
famous conjecture of Gan, Gross and Prasad links the nonvanishing of the period PH to
the nonvanishing of the central value Lp1{2, BCpπqq (see [GGP,conjecture 24.1] for a precise
statement). In the influential paper [II], Ichino and Ikeda have proposed a refinement of
this conjecture for orthogonal groups in the form of an exact formula relating these two
invariants. This conjecture has been suitably extended to unitary groups by N. Harris in
his Ph.D. thesis ([Ha]). These formulas are modeled on the celebrated work of Waldspurger
([Wald3]) on toric periods for GL2.

In two recent papers ([Zh1], [Zh2]), W.Zhang has proved both the Gan-Gross-Prasad and
the Ichino-Ikeda conjectures for unitary groups under some local assumptions on π. More
precisely, Zhang proves the Gan-Gross-Prasad conjecture under some mild local assumptions
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(mainly that π is supercuspidal at one place of F which splits in E, see [Zh1,Theorem 1.1])
but he only gets the Ichino-Ikeda conjecture under far more stringent assumptions (see
[Zh2,Theorem 1.2]). This discrepancy is due to some local difficulties that we shall discuss
shortly. In [Zh2], Zhang makes a series of conjectures (one for every place of F ) which if true
would allow to considerably weaken the assumptions of [Zh2, Theorem 1.2]. The goal of this
paper is to prove this conjecture at all nonarchimedean place of F . Thus, it will allow us to
derive new cases of the Ichino-Ikeda conjecture.

Let us now formulate the Ichino-Ikeda conjecture in a form suitable to our purpose. We
assume from now on that π is everywhere tempered. Set

Lps, πq :“ ∆n`1

Lps, BCpπqq

Lps ` 1

2
, π, Adq

where ∆n`1 is the following product of special values of Hecke L-functions

∆n`1 :“
n`1ź

i“1

Lpi, ηiE{F q

ηE{F being the idele class character associated to the extension E{F and where the adjoint
L-function of π is defined by

Lps, π, Adq :“ Lps, BCpπnq, Asp´1qnqLps, BCpπn`1q, As
p´1qn`1

q

(see [GGP, §7] for the definition of the Asai L-functions). For all place v of F , we will denote
by Lps, πvq the corresponding quotient of local L-functions. To the period PH we associate
a global spherical character Jπ. It is a distribution on the Schwartz space SpGpAqq of GpAq
given by

Jπpfq “
ÿ

φPBπ

PHpπpfqφqPHpφq

for all f P SpGpAqq and where Bπ is a (suitable) orthonormal basis of π for the Petersson
inner product

pφ, φ1qPet “

ż

GpF qzGpAq

φpgqφpgqdg

(where dg is the Tamagawa Haar measure on GpAq). We also define local spherical characters
as follows. Fix factorizations dg “

ś
v dgv and dh “

ś
v dhv of the Tamagawa Haar measures

on GpAq and HpAq respectively. For all place v of F , we define a local spherical character
Jπv

: SpGpFvqq Ñ C (where SpGpFvqq denotes the Schwartz space of GpFvq) by

Jπv
pfvq “

ż

HpFvq

Tracepπvphqπvpfvqqdhv, fv P SpGpFvqq

(the integral is absolutely convergent by temperedness of πv). For almost all place v of F , if
fv is the characteristic function of GpOvq we have

3



Jπv
pfvq “ Lp

1

2
, πvqvolpHpOvqqvolpGpOvqq

We define a normalized spherical character J 6
πv

by

J 6
πv

pfvq “
Jπv

pfvq

Lp1

2
, πvq

Finally, we will write Sπ for the component group associated to the L-parameter of π. It is
a 2-abelian group and if BCpπq is cuspidal we have Sπ » pZ{2Zq2. We can now state the
Ichino-Ikeda conjecture as follows:

Conjecture 1.0.1 (Ichino-Ikeda) Assume that π is everywhere tempered. Then, for all
factorizable test function f “

ś
v fv P SpGpAqq we have

Jπpfq “ |Sπ|
´1Lp

1

2
, πq

ź

v

J 6
πv

pfvq

Note that the Ichino-Ikeda conjecture is not usually stated this way but rather in a form
involving directly the (square of the absolute value of the) period PH and some local peri-
ods (see [II,conjecture 1.5] and [Ha,conjecture 1.2]), see however [Zh2, lemma 1.7] for the
equivalence between the two formulations.

The main tool used by Zhang to attack conjecture 1.0.1 is a comparison of certain (simple)
relative trace formulae that have been proposed by Jacquet and Rallis ([JR]). To carry this
comparison, we need a fundamental lemma and the existence of smooth matching. The
fundamental lemma for the case at hand has been proved by Yun ([Yu]) in positive charac-
teristic and extended by J. Gordon to characteristic 0 in the appendix to [Yu]. The existence
of smooth matching at nonarchimedean places is one of the main achievements of Zhang in
[Zh1]. It has been recently extended in a weak form by Xue ([Xue]) to archimedean places.
The comparison between the two trace formulae has been done by Zhang in [Zh1]. The
output is an identity relating the spherical Jπ (under some mild local assumptions on π) to
certain periods on the base-change of π. More precisely, there is a certain spherical char-
acter IBCpπq attached to these periods and we get an equality between Jπpfq and IBCpπqpf

1q
up to an explicit factor for nice matching functions f and f 1 (see [Zh2,Theorem 4.3] and
Theorem 3.5.1 below). Thanks to the work of Jacquet, Piatetskii-Shapiro and Shalika on
Rankin-Selberg convolutions we know an explicit factorization for IBCpπq in terms of local
(normalized) spherical characters I6

BCpπvq (see [Zh2,Proposition 3.6]). As a consequence, we
also get an explicit factorization of Jπ. However, this factorization is still in terms of the
local spherical characters I6

BCpπvq which are living on (products of) general linear groups. In
order to get the Ichino-Ikeda conjecture we need to compare them with the our original local
spherical characters J 6

πv
. It is precisely the content of the following conjecture of Zhang (see

[Zh2, conjecture 4.4] and conjecture 3.5.5 for precise statements):

4



Conjecture 1.0.2 (Zhang) Let v be a place of F . Then for all matching functions fv P
SpGpFvqq and f 1

v P SpG1pFvqq we have

I
6
BCpπqv

pf 1
vq “ CpπvqJ 6

πv
pfvq

where Cpπvq is some explicit constant.

Together with the above-mentioned comparison of relative trace formulae, this conjecture
implies the Ichino-Ikeda conjecture under mild local assumptions (see [Zh2,Proposition 4.5]).
Zhang was able to verify his conjecture in certain particular cases. More precisely, in [Zh2]
the above conjecture is proved for split places or when the representation πv is unramified
(and the residual characteristic is sufficiently large) or supercuspidal (see Theorem 4.6 of
loc.cit). This explains the very strong conditions that are imposed on π in [Zh2, Theorem
1.2]. The main purpose of this paper is to prove conjecture 1.0.2 at every nonarchimedean
place. Our main result thus reads as follows (see Theorem 3.5.7):

Theorem 1.0.3 For every nonarchimedean place v of F , conjecture 1.0.2 holds at v.

As a consequence of this theorem we obtain the following result towards conjecture 1.0.1
(see Theorem 3.5.8):

Theorem 1.0.4 Let π be cuspidal automorphic representation of GpAq which is everywhere
tempered. Assume that all the archimedean places of F split in E and that there exists a
nonarchimedean place v0 of F such that BCpπv0q is supercuspidal. Then conjecture 1.0.1
holds for π.

The main new ingredient in the proof of Theorem 1.0.3 is a group analog of the local relative
trace formula for Lie algebras developed by Zhang in [Zh1,§4.1]. Actually, this local trace
formula can be derived directly from results contained in [Zh1] and [Beu] so that the proof
of it is rather brief (see §4.3). We then deduce Theorem 1.0.3 from a combination of this
local trace formula with certain results of Zhang on truncated local expansion of spherical
characters (see [Zh2,§8] and §4.1).

We now briefly describe the content of each section. In section 1, we set up the notations, fix
the measures and recall a number of results (in particular concerning global and local base-
change for unitary groups and the local Gan-Gross-Prasad conjecture) that will be needed in
the sequel. In section 2 we mainly recall the work of Zhang on comparison of global relative
trace formulae, we state precisely conjecture 1.0.2 as well as the main results (Theorem 3.5.7
and Theorem 3.5.8). Section 3 is devoted to the proofs of Theorem 1.0.3 and Theorem
1.0.4. In section 4, we explain how we can remove the temperedness assumption in Theorem
3.5.8. Finally, we have included an appendix to prove that the simple Jacquet-Rallis trace
formulae are still absolutely convergent for test functions which are not necessarily compactly
supported (but nevertheless rapidly decreasing). For this, we define certain norms on the
automorphic quotient rGs :“ GpF qzGpAq and establish their basic properties. This material
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is certainly classical but the author hasn’t be able to find a convenient reference, hence
we provide complete proofs. It has however interesting consequences e.g. for H a closed
subgroup of G we can give a criterion under which every cuspidal form on rGs is integrable
on rHs (see Proposition A.1.1 (ix), the criterion simply being that the variety HzG is quasi-
affine).

Aknowledgement: I thank Volker Heiermann, Wee-Teck Gan and Hang Xue for useful
comments on an earlier draft of this paper. This work has been done while the author was
a Senior Research Fellow at the National University of Singapore and the author would like
to thank this institution fo its warm hospitality.

2 Preliminaries

2.1 General notations and conventions

In this paper E{F will always be a quadratic extension of number fields or of local fields of
characteristic zero. We will always denote by TrE{F the corresponding trace and by x ÞÑ x

the nontrivial F -automorphism of E. Moreover, we will fix a nonzero element τ P E such
that TrE{F pτq “ 0. The notation RE{F will stand for the Weil restriction of scalars from
E to F . For every finite dimensional hermitian space V over E we will denote by UpV q
the corresponding unitary group and we will write upV q for its Lie algebra. The standard
maximal unipotent subgroup of GLn will be denoted by Nn. For all connected reductive
group G over F we will write ZG for the center of G. For all n ě 1 we define a variety Sn

over F by

Sn :“ ts P RE{FGLn; ss “ 1u

and its "Lie algebra" sn by

sn :“ tX P RE{FMn;X ` X “ 0u

We have a surjective map ν : RE{FGLn{GLn Ñ Sn given by νpgq “ gg´1 which, by Hilbert
90, is surjective at the level of k-points for any field k. We will denote by c the Cayley map
c : X ÞÑ pX ` 1qpX ´ 1q´1 which realizes a birational isomorphism between sn and Sn and
also between upV q and UpV q for all finite dimensional hermitian space V over E.

Assume that the fields E and F are local. We will then denote by |.|F the normalized absolute
value on F (and similarly for E) and by ηE{F the quadratic character of Fˆ associated to
the extension E{F . We will also fix an extension η1 of ηE{F to Eˆ and a nontrivial additive
character ψ : F Ñ Cˆ. We will set ψEpzq “ ψp1

2
TrE{F pzqq for all z P E. Let G be a

reductive connected group over F . By a representation of GpF q we will always mean a
smooth representation if F is p-adic and an admissible smooth Fréchet representation of
moderate growth if F is archimedean (see [BK], [Ca] and [Wall, section 11]). We will denote
by IrrpGq, IrrunitpGq and TemppGq the set of isomorphism classes of irreducible, irreducible
unitary, irreducible tempered representations of GpF q respectively. We will endow these sets
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with the Fell topology (see [Tad]). For any parabolic subgroup P “ MU of G (U denoting
the unipotent radical of P and M a Levi factor) and for any irreducible representation σ

of MpF q we will denote by iGP pσq the normalized parabolic induction of σ. The notation
ΨunitpGq will stand for the group of unitary unramified characters of GpF q. The space of
Schwartz functions SpGpF qq consists of locally constant compactly supported functions if
F is p-adic oand functions rapidly decreasing with all their derivatives if F is archimedean
(see [Beu,§1.4]). If F is p-adic and Ω is a finite union of Bernstein components of GpF q (see
[BD]), we will denote by SpGpF qqΩ the corresponding summand of SpGpF qq (for the action
by left translation). Finally, if π is an irreducible generic representation of GLnpEq we will
denote by Wpπ, ψEq the Whittaker model of π with respect to ψE . It is a space of smooth
functions W : GpF q Ñ C satisfying the relation

W pugq “ ψEp
n´1ÿ

i“1

ui,i`1qW pgq

for all u P NnpEq and such that π is isomorphic to Wpπ, ψEq equipped with the GpF q-action
by right translation.
In the number field case, we will denote by A and AE the adele rings of F and E respectively
and by ηE{F the idele class character associated to the extension E{F . We will fix an
extension η1 of ηE{F to Aˆ

E. For every place v of F we will denote by Fv the corresponding
completion, Ov Ă Fv the ring of integers (if v is nonarchimdean) and we will set Ev “ EbFFv,
OE,v “ OE bOF

Ov where OF , OE denote the ring of integers in F and E respectively. If
S is a finite set of places of F , we define FS “

ś
vPS Fv. If Σ is a (usually infinite) set of

places of F , we will write AΣ for the restricted product of the Fv for v P Σ. We will also
fix a nontrivial additive character ψ : A{F Ñ Cˆ and we will set ψEpzq “ ψp1

2
TrE{F pzqq

for all z P AE . For all place v of F , will denote by ψv, ψE,v and η1
v the local components

at v of ψ, ψE and η1 respectively. Let G be a connected reductive group over F . We will
set rGs “ GpF qzGpAq and for all place v of F we will denote by Gv the base-change of G
to Fv. The Schwartz space SpGpAqq of GpAq is by definition the restricted tensor product
of the local Schwartz spaces SpGpFvqq. We will denote by Upg8q the enveloping algebra of
the complexification of the Lie algebra g8 of

ś
v|8 GpFvq and by CG P Upg8q the Casimir

element. If a maximal compact subgroup K “
ś

vKv of GpAq has been fixed, we will also
denote by CK P Upg8q the Casimir element of K8 :“

ś
v|8 Kv. Finally if η : Aˆ{Fˆ Ñ Cˆ

is an idele class character and g P GLnpAq we will usually abbreviate ηpdet gq by ηpgq.

2.2 Analytic families of distributions

Assume that F is a local field. Let G be a connected reductive group over F and let π ÞÑ Lπ

be a family of (continuous if F is archimedean) linear forms on SpGpF qq indexed by the set
TemppGpF qq of all irreducible tempered representations of GpF q. Assume that the following
condition is satisfied:

For all parabolic subgroup P “ MU of G and for all square-integrable
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representation σ of MpF q there is at most one irreducible subrepresentation π of
iGP pσq such that Lπ ‰ 0.

This condition is for example automatically satisfied if G “ GLn (as in this case the rep-
resentation iGP pσq is always irreducible). If this condition is satisfied, we may extend the
family of distributions π ÞÑ Lπ to any induced representation iGP pσq as above by setting
LiG

P
pσq “ Lπ if π is the unique irreducible subrepresentation of iGP pσq such that Lπ ‰ 0 and

LiG
P

pσq “ 0 if no such subrepresentation exists. We then say that this family is analytic if for
all f P SpGpF qq, all parabolic subgroup P “ MU and all square-integrable representation σ
of MpF q the function

χ P ΨunitpMq ÞÑ LiG
P

pσbχqpfq

is analytic (recall that ΨunitpMq being a compact real torus has a natural structure of analytic
variety).

2.3 Base Change for unitary groups

Let E{F be a quadratic extension of local fields of characteristic zero (either archimedean or
p-adic). Let V be a n-dimensional hermitian space over E. Recall that the set of Langlands
parameters for UpV q is in one-to-one correspondence with the set of p´1qn`1-conjugate dual
continuous semisimple representations ϕ of the Langlands group LE of E (see [GGP, §3] for a
definition of ǫ-conjugate dual representations). In what follows, by a Langlands parameter for
UpV q we shall mean a representation ϕ of this sort. By the recent results of Mok [Mok] and
Kaletha-Minguez-Shin-White [KMSW] on the local Langlands correspondence for unitary
groups together with the work of Langlands [Lan] for real groups, we know that there exists
a canonical decomposition

IrrpUpV qq “
ğ

ϕ

ΠUpV qpϕq

indexed by the set of all Langlands parameters for UpV q. The sets ΠUpV qpϕq are finite (some
of them may be empty) and called L-packets. By the Langlands classification, the above
decomposition boils down to an analog decomposition of the tempered dual

TemppUpV qq “
ğ

ϕ

ΠUpV qpϕq

where the union is over the set of tempered Langlands parameters for UpV q i.e. the pa-
rameters ϕ whose image is bounded. This last decomposition admits a characterization in
terms of endoscopic relations (see [Mok, Theorem 3.2.1] and [KMSW, Theorem 1.6.1]) and
of the (known) Langlands correspondence for GLdpEq ([He], [HT], [S]). By this Langlands
correspondence, every parameter ϕ of UpV q determines an irreducible representation πpϕq
of GLnpEq. If π is in the L-packet corresponding to ϕ we will write BCpπq :“ πpϕq. If π is
tempered then so is BCpπq and conversely. However it might happen that π is supercuspidal
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or square-integrable but BCpπq is not. Aubert, Moussaoui and Solleveld [AMS] have re-
cently proposed a very general conjecture on how to detect supercuspidal representations in
L-packets. Moreover, Moussaoui [Mou] has been able to verify this conjecture for orthogonal
and symplectic groups. Most probably his work will soon cover unitary groups too. We will
need the following particular case of the Aubert-Moussaoui-Solleveld conjecture for which
however we can give a direct proof.

Lemma 2.3.1 Assume that F is p-adic. Let π P IrrpUpV qq and assume that BCpπq is
supercuspidal. Then so is π.

Proof: We will use the following characterization of supercuspidal representations

(1) π is supercuspidal if and only if the Harish-Chandra character Θπ of π is compactly
supported modulo conjugation.

The necessity is an old result of Deligne ([De]). The sufficiency follows for example from
Clozel’s formula for the character ([Cl1, Proposition 1]).

Let ϕ be the Langlands parameter of π. Then by our assumption the L-packet ΠUpV qpϕq

is a singleton. Introduce the twisted group ČGLnpEq “ GLnpEqθn where θnpgq “ tg´1. It
is the set of F -points of the nonneutral connected component of the non-connected group
G` “ RE{FGLn ¸ t1, θnu. Since ϕ is a conjugate-dual representation of LE, it follows that

BCpπq may be extended to a representation BCpπq` of G`pF q. Denote by ČBCpπq the

restriction of BCpπq` to ČGLnpEq and denote by Θ ČBCpπq
the Harish-Chandra character of

ČBCpπq (the Harish-Chandra theory of characters has been extended to twisted groups by
Clozel [Cl2]). Since BCpπq is supercuspidal, the character Θ ČBCpπq

is compactly supported
modulo conjugation (this follows for example from the equality up to a factor between Θ ČBCpπq

and weighted orbital integrals of coefficients of ČBCpπq see [Wald2, théorème 7.1]). By the
endoscopic characterization of the local Langlands correspondence for unitary groups, there is
a relation between Θπ and Θ ČBCpπq

. More precisely there is a correspondence between (stable)

regular conjugacy classes in UpV qpF q and ČGLnpEq (see [Beu2,§3.2], in this particular case

the correspondence takes the form of an injective map UpV qregpF q{stab ãÑ ČGLnpEqreg{stab)

and for all regular elements y P UpV qpF q, rx P ČGLnpEq that correspond to each other we
have (see [Mok, Theorem 3.2.1] and [KMSW, Theorem 1.6.1])

Θ ČBCpπq
prxq “ ∆py, rxqΘπpyq

where ∆py, rxq is (up to a sign) a certain transfer factor. From this relation we easily infer
that Θπ is compactly supported modulo conjugation and hence that π is supercuspidal by
(1). �

We now move on to a global setting. Thus E{F is a quadratic extension of number fields
and V is a n-dimensional hermitian space over E. If v is a place of F which splits in E then
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we have isomorphisms UpV qpFvq » GLnpFvq and pRE{FGLnqpFvq » GLnpFvqˆGLnpFvq and
we define a base change map BC : IrrpUpV qvq Ñ IrrppRE{FGLnqvq by π ÞÑ π b π_. By
Theorem 2.5.2 of [Mok] and Theorem 1.7.1/Corollary 3.3.2 of [KMSW] we may associate to
any cuspidal automorphic representation π of UpV q an isobaric conjugate-dual automorphic
representation BCpπq of GLnpEq, the base-change of π, satisfying the following properties:

(1) The Asai L-function

Lps, BCpπq, Asp´1qn`1

q

has a pole at s “ 1 and moreover if BCpπq is cuspidal this pole is simple (see [GGP, §7]
for the definition of the Asai L-functions);

(2) Let v be a place of F . Then, if BCpπq is generic or v splits in E we have BCpπvq “
BCpπqv;

(3) If BCpπq is generic then the multiplicity of π in L2prUpV qsq is one (see Theorem 2.5.2/Re-
mark 2.5.3 of [Mok] and Theorem 5.0.5, Theorem 1.7.1 and the discussion thereafter of
[KMSW]).

Let v be a place of F and π P IrrpUpV qpFvqq. Assume first that v is inert in E. By the
Langlands classification there exist

• a parabolic subgroup P “ MN of UpV qv with

M » REv{Fv
GLn1

ˆ . . .ˆ REv{Fv
GLnr

ˆ UpV 1q

where V 1 Ă Vv is a nondegenerate subspace;

• tempered representations πi P TemppGLni
pEvqq, 1 ď i ď r, and π1 P TemppUpV 1qq;

• real numbers λ1 ą . . . ą λr ą 0,

such that π is the unique irreducible quotient of

i
UpV qv
P

`
|det|λ1

Ev
π1 b . . .b |det|λr

Ev
πr b π1

˘

The r-uple pλ1, . . . , λrq only depends on π and we will set cpπq “ λ1 if r ě 1, cpπq “ 0

if r “ 0 (i.e. if π is tempered). Assume now that v splits in E. Then, we have an
isomorphism UpV qv » GLn,Fv

and there exists a r-uple pn1, . . . , nrq of positive integers such
that n1 ` . . .` nr “ n, tempered representations πi P TemppGLn1

pFvqq i “ 1, . . . , r and real
numbers λ1 ą λ2 ą . . . ą λr such that π is the unique irreducible quotient of

iGLn

P

`
|det|λ1

Fv
π1 b . . .b |det|λr

Fv
πr

˘
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where P denotes the standard parabolic subgroup of GLn with Levi GLn1
ˆ . . .ˆGLnr

. In
this case, we set cpπq “ maxp|λ1|, |λr|q. This depends only on π and in particular not on the
choice of the isomorphism UpV qv » GLn,Fv

(which is only defined up to an automorphism
of GLn,Fv

since it involves the choice of a place of E above v).

In any case, for c ą 0 we define IrrďcpUpV qvq to be the set of irreducible representations
π P IrrpUpV qvq such that cpπq ď c. Combining the above global results of Mok and Kaletha-
Minguez-Shin-White with the bounds toward the Ramanujan conjecture for GLn of Luo-
Rudnick-Sarnak [LRS] suitably extended to ramified places independently by Müller-Speh
and Bergeron-Clozel ([MS], [BC]), we get the following:

Lemma 2.3.2 Set c “ 1

2
´ 1

n2`1
. Let π be a cuspidal automorphic representation of UpV qpAq

such that BCpπq is generic. Then, for all place v of F we have

πv P IrrďcpUpV qvq

2.4 The local Gan-Gross-Prasad conjecture for unitary groups

Let E{F be a quadratic extension of local fields of characteristic zero (either archimedean or
p-adic). Let W be a n-dimensional hermitian space over E and define the hermitian space
V by V “ W ‘K e where pe, eq “ 1. Set H “ UpW q and G “ UpW q ˆ UpV q. We view H as
a subgroup of G via the diagonal embedding. We will say than an irreducible representation
π of GpF q is H-distinguished if the space HomHpπ,Cq of HpF q-invariant (continuous in the
archimedean case) linear forms on π is nonzero. By multiplicity one results (see [AGRS],
[JSZ]) we always have dimHomHpπ,Cq ď 1. We will denote by IrrHpGq and TempHpGq
the subsets of H-distinguished representations in IrrpGq and TemppGq respectively. Let ϕ
be a generic Langlands parameter for G. We have the following conjecture of Gan, Gross
and Prasad ([GGP,conjecture 17.1])

Conjecture 2.4.1 The L-packet ΠGpϕq contains at most one H-distinguished representa-
tion.

By [Beu, Theorem 12.4.1] and [GI, Proposition 9.3], the following cases of this conjecture
are known.

Theorem 2.4.2 (Beuzart-Plessis, Gan-Ichino) .

(i) Let ϕ be a tempered Langlands parameter for G. Then conjecture 2.4.1 holds for ϕ.

(ii) Assume that F is p-adic. Then conjecture 2.4.1 holds for any generic Lamglands pa-
rameter ϕ of G.

11



2.5 Measures

We will use the same normalization of measures as in [Zh2, §2]. Let us recall these choices.
We actually define two sets of Haar measures: the normalized and the unnormalized. We
will use the normalized Haar measures apart in section 4 where we will use the unnormalized
one. From now on and until section 4, where we will switch to a local setting, we fix a
quadratic extension E{F of number fields. We will denote by ηE{F the idele class character
corresponding to this extension. We will also fix a nonzero character ψ : A{F Ñ Cˆ and a
nonzero element τ P E such that TrE{F pτq “ 0. We will denote by ψE the character of AE

given by ψEpzq “ ψp1

2
TrE{F pzqq.

Let v be a place of F . We endow Fv with the self-dual Haar measure for ψv. Similarly, we
endow Ev with the self-dual Haar measure for ψE,v. On Fˆ

v , we define a normalized measure

dˆxv “ ζFv
p1q

dxv

|xv|Fv

and an unnormalized one

d˚xv “
dxv

|xv|Fv

More generally, for all n ě 1, we equip GLnpFvq with the following normalized Haar measure

dgv “ ζFv
p1q

ś
ij dgv,ij

|det gv|nFv

as well as with the following unnormalized one

d˚gv “

ś
ij dgv,ij

|det gv|nFv

and similarly forGLnpEvq. Recall thatNn denotes the standard maximal unipotent subgroup
of GLn. We will give NnpFvq and NnpEvq the Haar measures

duv “
ź

1ďiăjďn

duv,ij

We equip Aˆ, NnpAq, NnpAEq, GLnpAq and GLnpAEq with the global Tamagawa Haar
measures given by

dˆx “
ź

v

dˆxv, du “
ź

v

duv, dg “
ź

v

dgv

Recall that Sn “ ts P RE{FGLn; ss “ 1u and its Lie algebra sn “ tX P RE{FMn;X`X “ 0u.
Let V be a n-dimensional hermitian space over E and denote by upV q the Lie algebra of
UpV q. Choosing a basis of V we get an embedding upV q ãÑ RE{FMn. Let us denote by x., y
the GLnpEvq-invariant bilinear pairing on MnpEvq given by

12



xX, Y y :“ TracepXY q

Note that the restrictions of x., .y to snpFvq and upV qpFvq are Fv-valued and nondegenerate.
We define a Haar measure dX on upV qpFvq such that the Fourier transform

pϕpY q “

ż

upV qpFvq

ϕpXqψvpxX, Y yqdX

and its dual

qϕpXq “

ż

upV qpFvq

ϕpY qψvp´xY,XyqdX

are inverse of each other. We define similarly a Haar measure and Fourier transforms ϕ ÞÑ pϕ,
ϕ ÞÑ qϕ on snpFvq.

The Cayley map c : X ÞÑ cpXq “ p1`Xqp1´Xq´1 induces birational isomorphisms from sn
to Sn and from upV q to UpV q. We define the unnormalized Haar measure d˚gv on UpV qpFvq
to be the unique Haar measure such that the Jacobian of c at the origin is 1. The normalized
Haar measure on UpV qpFvq is defined by

dgv “ Lp1, ηEv{Fv
qd˚gv

Similarly, we endow SnpFvq with an unnormalized measure d˚sv which is the unique GLnpEvq-
invariant measure for which the Jacobian of the Cayley map c at the origin is 1. The
corresponding normalized measure is given by

dsv “ Lp1, ηEv{Fv
qd˚sv

Note that d˚sv (resp. dsv) can also be identified with the quotient of the unnormalized
(resp.normalized) Haar measures on GLnpEvq and GLnpFvq via the isomorphism
ν : GLnpEvq{GLnpFvq » SnpFvq, νpgq “ gg´1. Finally, we equip UpV qpAq with the global
Haar measure given by

dg “
ź

v

dgv

It is not the Tamagawa measure since there is a factor Lp1, ηE{F q´1 missing. Note that the
local normalized Haar measure dgv can be identified with the quotient of the normalized
Haar measures on Eˆ

v and Fˆ
v via the isomorphism Eˆ

v {Fˆ
v » Up1qpFvq, x ÞÑ x{x. Hence,

as the Tamagawa number of Up1q is 2, we have

p1q vol
`
EˆAˆzAˆ

E

˘
“ volprUp1qsq “ 2Lp1, ηE{F q

13



3 Spherical characters, the Ichino-Ikeda conjecture and

Zhang’s conjecture

In this section E{F will be a quadratic extension of number fields and we will use normalized
Haar measures (see §2.5). Let W be an hermitian space of dimension n over E. We will
set V “ W ‘K Ee where pe, eq “ 1, G “ UpW q ˆ UpV q and H “ UpW q. We view H

as a subgroup of G via the diagonal embedding. We will fix a maximal compact subgroup
K “

ś
vKv of GpAq. We will say that an irreducible representation π “ b1

vπv of GpAq is
abstractly H-distinguished if for all place v of F the representation πv is Hv-distinguished
i.e. if HomHv

pπv,Cq ‰ 0. Set G1 “ RE{F pGLn ˆ GLn`1q. We define two subgroups H 1
1 “

RE{FGLn and H 1
2

“ GLn ˆ GLn`1 of G1 (H 1
1

is embedded diagonally). We also define a
character η of H 1

2
pAq by

ηpg1, g2q “ ηE{F pg1q
n`1ηE{F pg2q

n

for all pg1, g2q P H 1
2
pAq “ GLnpAqˆGLn`1pAq. We will also fix a maximal compact subgroup

K 1 “
ś

vK
1
v of G1pAq such that K 1

v “ GLnpOE,vq ˆ GLn`1pOE,vq for all nonarchimedean
place v of F . Finally, if π and Π are cuspidal automorphic representations of GpAq and
G1pAq respectively then we endow them with the following Petersson inner products

pφ1, φ2qPet :“

ż

rGs

φ1pgqφ2pgqdg, φ1, φ2 P π

pφ1
1
, φ1

2
qPet :“

ż

rZG1 zG1s

φ1
1
pg1qφ1

2
pg1qdg1, φ1

1
, φ1

2
P Π

3.1 Global spherical characters

For any cuspidal automorphic representation π of GpAq we define the H-period PH : π Ñ C

by

PHpφq “

ż

rHs

φphqdh, φ P π

The integral is absolutely convergent (see Proposition A.1.1(ix)). We will say that the
cuspidal automorphic representation π is globally H-distinguished if the period PH is not
identically zero on π. We may associate to this period a (global) spherical character Jπ :

SpGpAqq Ñ C defined as follows. Let f P SpGpAqq and choose a compact-open subgroup
Kf Ă GpAfq by which f is biinvariant. Let B

Kf
π be an orthonormal basis for the Petersson

inner product of πKf whose elements are CG and CK eigenvectors. Then we set

Jπpfq “
ÿ

φPB
Kf
π

PHpπpfqφqPHpφq

14



The sum is absolutely convergent and does not depend on the choice of the basis B
Kf
π (see

Proposition A.1.2).

Let Π be a cuspidal automorphic representation of G1pAq whose central character is trivial
on ZH 1

2
pAq “ Aˆ ˆ Aˆ. We define two periods λ : Π Ñ C and β : Π Ñ C by

λpφq “

ż

rH 1
1

s

φph1qdh1

βpφq “

ż

rZH1
2

zH 1
2

s

φph2qηph2qdh2

for all φ P Π. The two above integrals are absolutely convergent (see Proposition A.1.1(ix)).
We also define a (global) spherical character IΠ : SpG1pAqq Ñ C as follows. Let f 1 P SpG1pAqq

and choose a compact-open subgroup Kf 1 Ă GpAf q by which f 1 is biinvariant. Let B
Kf 1

Π
be

an orthonormal basis for the Petersson inner product of ΠKf 1 whose elements are CG1 and
CK 1 eigenvectors. Then we set

IΠpf 1q “
ÿ

φPB
K

f 1

Π

λpΠpf 1qφqβpφq

The sum is absolutely convergent and does not depend on the choice of the basis B
Kf 1

Π
(see

Proposition A.1.2).

3.2 Local spherical characters

Let v be a place of F . Let πv be a tempered representation of GpFvq. We define a distribution
Jπv

: SpGpFvqq Ñ C (the local spherical character associated to πv) by

Jπv
pfvq “

ż

HpFvq

Tracepπvphqπvpfvqqdhv, fv P CpGpFvqq

By [Beu, §8.2], the above integral is absolutely convergent. Choosing models for G and H

over OF , for almost all v if fv “ 1Kv
, we have

Jπv
pfvq “ Lp

1

2
, πvqvolpHpOvqqvolpGpOvqq

(see the introduction for the definition of Lps, πvq). Hence, we define a normalized spherical
character J 6

πv
by

J 6
πv

“
1

Lp1

2
, πvq

Jπv

By [Beu, Theorem 8.2.1] we have

(1) πv is Hv-distinguished if and only if Jπv
‰ 0.
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Moreover, by [Beu, Corollary 8.6.1], for all parabolic subgroup P “ MU of Gv and for all
square-integrable representation σ of M there is at most one irreducible subrepresentation
π Ă iGP pσq such that Jπ ‰ 0. Thus, we are in the situation of §2.2 and the family of
distributions πv P TemppGvq ÞÑ Jπv

is analytic.

Let Πv be a generic unitary representation of G1pFvq. We may write Πv “ Πn,v b Πn`1,v

where Πn,v and Πn`1,v are generic and unitary representations of GLnpEvq and GLn`1pEvq
respectively. Let WpΠn,v, ψEq and WpΠn`1,v, ψEq be the Whittaker models of Πn,v and
Πn`1,v corresponding to the characters ψE and ψE respectively. Set WpΠvq “ WpΠn,v, ψEqb
WpΠn`1,v, ψEq. We define linear forms (the local Flicker-Rallis periods)

βn,v : WpΠn,v, ψEq Ñ C, βn`1,v : WpΠn`1,v, ψEq Ñ C

and scalar products

θn,v : WpΠn,v, ψEq ˆ WpΠn,v, ψEq Ñ C, θn`1,v : WpΠn`1,v, ψEq ˆ WpΠn`1,v, ψEq Ñ C

by

βk,vpWkq “

ż

Nk´1pFvqzGLk´1pFvq

Wkpǫkpτqgk´1qηEv{Fv
pdet gk´1q

k´1dgk´1

θk,vpWk,W
1
kq “

ż

Nk´1pEvqzGLk´1pEvq

Wkpgk´1qW 1
kpgk´1qdgk´1

for all k “ n, n ` 1, all Wn,W
1
n P WpΠn,v, ψEq and all Wn`1,W

1
n`1

P WpΠn`1,v, ψEq where
ǫkpτq “ diagpτk´1, τk´2, . . . , τ, 1q (recall that τ is a fixed nonzero element of E such that
TrE{F pτq “ 0). The above integrals are absolutely convergent (see [JS] Propositions 1.3 and
3.16 for the absolute convergence of θk,v, the proof for βk,v is identical). Set βv “ βn,v bβn`1,v

and θv “ θn,v b θn`1,v. If Ev{Fv, Πv, ψE,v are unramified, τ is a unit in Ev and Wv P WpΠvq
is the unique K 1

v-invariant vector such that Wvp1q “ 1, we have (see [JS, Proposition 2.3]
and [Zh2,§3.2])

βvpWvq “ volpK 1
vqLp1,Πn,v, As

p´1qn´1

qLp1,Πn`1,v, As
p´1qnq

and

θvpWvq “ volpK 1
vqLp1,Πn,v ˆ Π_

n,vqLp1,Πn`1,v ˆ Π_
n`1,vq

Hence, we define normalized versions β6
v and θ6

v of βv and θv by

β6
v “

βv

Lp1,Πn,v, Asp´1qn´1qLp1,Πn`1,v, Asp´1qnq
, θ6

v “
θv

Lp1,Πn,v ˆ Π_
n,vqLp1,Πn`1,v ˆ Π_

n`1,vq

For all s P C, we also have the local Rankin-Selberg period λvps, .q : WpΠvq Ñ C defined by
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λvps,Wn b Wn`1q “

ż

NnpEvqzGLnpEvq

WnpgnqWn`1pgnq|det gn|
s
Ev
dgn

for all pWn,Wn`1q P WpΠn,v, ψEq ˆ WpΠn`1,v, ψEq, and its normalization λ6
vps, .q given by

λ6
vps, .q “

λvps, .q

Lps ` 1

2
,Πn,v ˆ Πn`1,vq

The integral defining λvps, .q is absolutely convergent for Repsq " 0 and λ6
vps, .q extends to an

entire function on C (see [JPSS] and [Jac] for the archimedean case). We will set λ6
v “ λ6

vp0, .q.
Obviously λ6

v defines a H 1
1pFvq-invariant linear form on Πv. Moreover by [JPSS] and [Jac],

there exists W P WpΠvq such that λ6
vpW q “ 1. Hence λ6

v defines a nonzero element in
HomH 1

1
pΠv,Cq. If Πv is tempered then λvps, .q is absolutely convergent for Repsq ą ´1{2

and we will set λv “ λvp0, .q.

We are now ready to define the (normalized) local spherical character I6
Πv

: SpG1pFvqq Ñ C

attached to Πv. Let f 1
v P SpG1pFvqq. If v is nonarchimedean then choose a compact-open

subgroup Kf 1
v

of G1pFvq by which f 1
v is biinvariant and let BΠv

be an orthonormal basis of

Π
K

f 1
v

v for the scalar product θ6
v. If v is archimedean, we let BΠv

be any orthonormal basis of
Πv for the scalar product θ6

v consisting of CK 1
v
-eigenvectors. Then we set

I
6
Πv

pf 1
vq “

ÿ

WPBΠv

λ6
vpΠvpf 1

vqW qβ6
vpW q

The sum is absolutely convergent and does not depend on the choice of BΠv
. If moreover Πv

is tempered then we define an unnormalized local spherical character IΠv
: SpG1pFvqq Ñ C

by using θv, βv and λv instead of θ6
v, β

6
v and λ6

v. Finally, the proofs of [JS, Proposition 1.3]
and [JPSS, Theorem 2.7] easily show that the family of distributions Πv P TemppG1

vq ÞÑ IΠv

is analytic in the sense of §2.2.

3.3 Orbital integrals

Consider the action of H ˆH on G by left and right translations. Then, an element δ P G is
said to be regular semisimple for this action if its orbit is closed and its stabilizer is trivial.
Denote by Grs the open subset of regular semisimple element in G. Let v be a place of F
and δ P GrspFvq be regular semisimple. We define the (relative) orbital integral associated
to δ as the distribution given by

Opδ, fvq “

ż

HpFvqˆHpFvq

fvphδh1qdhdh1, fv P SpGpFvqq

There is another way to see these orbital integrals. For all fv P SpGpFvqq, we define a
function rfv P SpUpV qpFvqq by

rfvpxq “

ż

HpFvq

fvphp1, xqqdh, x P UpV qpFvq
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This defines a surjective linear map SpGpFvqq Ñ SpUpV qpFvqq. Let us say that an element
x P UpV q is regular semisimple if it is so for the action of UpW q by conjugation i.e. if the
UpW q-conjugacy class of x is closed and the stabilizer of x in UpW q is trivial. Denote by
UpV qrs the open subset of regular semisimple element in UpV q. For all x P UpV qrspFvq we
define the orbital integral associated to x as the distribution

Opx, ϕq “

ż

UpW qpFvq

ϕphxh´1qdh, ϕv P SpUpV qpFvqq

For all δ “ pδW , δV q P Grs the element x “ δ´1

W δV is regular semisimple in UpV q and this
defines a surjection Grs ։ UpV qrs. Moreover, for all δ P GrspFvq and all f P SpGpFvqq, we
have the equality

Opδ, fq “ Opx, rfq

where x “ δ´1

W δV .

We can also define orbital integrals on the space SpupV qpFvqq. Call an element X P upV q
regular semisimple if it is so for the adjoint action of UpW q. Let us denote by upV qrs the
open subset of regular semisimple elements. Then, for all X P upV qrspFvq we can define an
orbital integral by

OpX,ϕq “

ż

UpW qpFvq

ϕph´1Xhqdh, ϕ P SpUpV qpFvqq

The Cayley map c : X ÞÑ p1`Xqp1´Xq´1 realizes a UpW q-equivariant isomorphism between
the open subsets upV q˝ “ tX P upV q; detp1´Xq ‰ 0u and UpV q0 “ tx P UpV q; detp1`xq ‰
0u. Assume that v is nonarchimedean and let ω Ă upV q˝pFvq and Ω Ă UpV q˝pFvq be open
and closed UpW qpFvq-invariant neighborhoods of 0 and 1 respectively such that the Cayley
map restricts to an analytic isomorphism between ω and Ω preserving measures. For all
ϕ P SpUpV qpFvqq, we define a function ϕ6 by

ϕ6pXq “

"
ϕpcpXqq if X P ω
0 otherwise

Then for all X P ωrs “ ω X upV qrspFvq and all ϕ P SpUpV qpFvqq we have

OpcpXq, ϕq “ OpX,ϕ6q

Consider now the action of H 1
1

ˆ H 1
2

on G1 by left and right translations. As before, an
element γ P G1 is said to be regular semisimple for this action if its orbit is closed and its
stabilizer is trivial. Denote by G1

rs the open subset of regular semisimple element in G1. Let
v be a place of F and γ P G1

rspFvq be regular semisimple. We define the (relative) orbital
integral associated to γ as the distribution given by

Opγ, f 1
vq “

ż

H 1
1

pFvqˆH 1
2

pFvq

f 1
vph´1

1
γh2qηph2qdh1dh2, f 1

v P SpG1pFvqq
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There is another way to see these orbital integrals. Recall that Sn`1pFvq “ ts P GLn`1pEvq; ss “
1u and that we have a surjective map ν : GLn`1pEvq Ñ Sn`1pFvq, νpgq “ gg´1. For all
f 1
v P SpG1pFvqq, we define a function rf 1

v P SpSn`1pFvqq by

rf 1
vpsq “

ż

H 1
1

pFvq

ż

GLn`1pFvq

f 1
vph1p1, gh2qqdh2dh1, g P GLn`1pEvq, s “ νpgq

if n is even and

rf 1
vpsq “

ż

H 1
1

pFvq

ż

GLn`1pFvq

f 1
vph1p1, gh2qqη1

vpgh2qdh2dh1, g P GLn`1pEvq, s “ νpgq

if n is odd. In any case, this defines a surjective linear map SpG1pFvqq Ñ SpSn`1pFvqq.
The group GLn acts on Sn`1 by conjugation and we shall say that an element s P Sn`1 is
regular semisimple if it is so for this action i.e. if the GLn-conjugacy class of s is closed and
the stabilizer of s in GLn is trivial. We will denote by Sn`1,rs the open subset of regular
semisimple elements in Sn`1. For all s P Sn`1,rspFvq we define the orbital integral associated
to s as the distribution

Ops, ϕ1q “

ż

GLnpFvq

ϕ1ph´1shqηEv{Fv
phqdh, ϕ1 P SpSn`1pFvqq

For γ “ pγ1, γ2q P G1
rs the element s “ νpγ´1

1
γ2q P Sn`1 is regular semisimple and this defines

a surjection G1
rs ։ Sn`1,rs. Moreover, for all γ P G1

rspFvq and all f 1 P SpG1pFvqq, we have
the equality

Opγ, f 1q “

#
Ops, rf 1q if n is even,
η1
vpγ´1

1
γ2qOps, rf 1q if n is odd.

where s “ νpγ´1

1 γ2q.

We can also define orbital integrals on the space Spsn`1pFvqq. Call an element X P sn`1

regular semisimple if it is so for the adjoint action of GLn. Let us denote by sn`1,rs the open
subset of regular semisimple elements. Then, for all X P sn`1,rspFvq we can define an orbital
integral by

OpX,ϕ1q “

ż

GLnpFvq

ϕ1ph´1XhqηEv{Fv
phqdh, ϕ1 P Spsn`1pFvqq

The Cayley map c “ cn`1 : X ÞÑ p1 ` Xqp1 ´ Xq´1 realizes a GLn-equivariant isomorphism
between the open subsets s˝

n`1 “ tX P sn`1; detp1´Xq ‰ 0u and S˝
n`1 “ ts P Sn`1; detp1`

sq ‰ 0u. Let ω1 Ă s˝
n`1

pFvq and Ω1 Ă S˝
n`1

pFvq be open and closed GLnpFvq-invariant
neighborhoods of 0 and 1 respectively such that the Cayley map restricts to an analytic
isomorphism between ω1 and Ω1 preserving measures. For all ϕ1 P SpSn`1pFvqq, we define a
function ϕ1

6 P Spsn`1pFvqq by
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ϕ1
6pXq “

"
ϕ1pcpXqq if X P ω1

0 otherwise

Then for all X P ω1
rs “ ω1 X sn`1,rspFvq and all ϕ1 P SpSn`1pFvqq we have

OpcpXq, ϕ1q “ OpX,ϕ1
6q

3.4 Correspondence of orbits and transfer

We now recall the correspondence between orbits following [Zh1, §2.4]. We will denote by
H 1

1
zG1{H 1

2
, HzG{H , Sn`1{GLn and UpV q{UpW q the geometric quotients of G1, G, Sn`1

and UpV q by H 1
1 ˆ H 1

2, H ˆ H , GLn and UpW q respectively (the last two actions being
given by conjugation). We will also write pH 1

1
zG1{H 1

2
qrs, pHzG{Hqrs, pSn`1{GLnqrs and

pUpV q{UpW qqrs for the regular semisimple loci in these geometric quotients. These are the
image of G1

rs, Grs, Sn`1,rs and UpV qrs by the natural projections. The maps pγ1, γ2q P G1 ÞÑ
νpγ´1

1
γ2q and pδW , δV q P G ÞÑ δ´1

W δV induce isomorphisms

H 1
1
zG1{H 1

2
» Sn`1{GLn and HzG{H » UpV q{UpW q

and similarly for the regular semisimple loci. Moreover, there is a natural isomorphism (see
[Zh1, §3.1])

p1q H 1
1
zG1{H 1

2
» HzG{H

which preserves the regular semisimple loci. For all field extension k of F we have pH 1
1
zG1{H 1

2
qrs pkq “

H 1
1pkqzG1

rspkq{H 1
2pkq and HpkqzGrspkq{Hpkq is a subset of pHzG{Hqrs pkq. The above iso-

morphism thus induces injections

p2q HpkqzGrspkq{Hpkq ãÑ H 1
1
pkqzG1

rspkq{H 1
2
pkq

and

p3q UpV qrspkq{UpW qpkq ãÑ Sn`1,rspkq{GLnpkq

This last map admits the following explicit description. Choosing a basis of V whose last
element is e we get an embedding UpV qpkq ãÑ GLn`1pk bF Eq. By [Zh3, lemma 2.3] any
regular semisimple element x P UpV qrspkq is GLnpkbFEq-conjugated to a regular semisimple
element of Sn`1pkq which is unique up to GLnpkq-conjugation. The GLnpkq-conjugacy class
of this element is exactly the image of x by the map (3).

We have a similar situation at the level of Lie algebras: we have a canonical isomorphism
between geometric quotients
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p4q sn`1{GLn » upV q{UpW q

which preserves the regular semisimple loci psn`1{GLnqrs “ sn`1,rs{GLn and pupV q{UpW qqrs “
upV qrs{UpW q. For all field extension k of F this induces an injection

p5q upV qrspkq{UpW qpkq ãÑ sn`1,rspkq{GLnpkq

We now define, following [Zh2, §4.1], two families of transfer factors Ωv : G
1
rspFvq Ñ Cˆ and

ωv : sn`1,rspFvq Ñ Cˆ, v a place of F , satisfying the following conditions:

‚ For all v and all γ P G1
rspFvq (resp. all X P sn`1,rspFvq) we have Ωvph1γh2q “

ηvph2qΩvpγq (resp. ωvph´1Xhq “ ηEv{Fv
phqωvpXq) for all ph1, h2q P H 1

1
pFvq ˆ H 1

2
pFvq

(resp. for all h P GLnpFvq);

‚ For all γ P G1
rspF q (resp. all X P sn`1,rspF q), we have the product formula

ś
v Ωvpγq “

1 (resp.
ś

v ωvpXq “ 1) where almost all terms in the product are equal to 1.

Let v be a place of F . For all s P Sn`1,rspFvq and all X P sn`1,rspFvq, we set

p6q Ωvpsq “ η1
v

´
detpsq´rn`1

2
s detpen`1, en`1s, . . . , en`1s

nq
¯

p7q ωvpXq “ η1
v pdetpen`1, en`1X, . . . , en`1X

nqq

where en`1 “ p0, . . . , 0, 1q and η1
v is the local component at v of the character η1 : Aˆ

E Ñ Cˆ

extending ηE{F that we fixed at the beginning. Note that (see the proof of [Zh1, lemma 3.5])

p8q ΩvpcpXqq “ ηvp2qnpn`1q{2ωvpXq

for all X P sn`1,rspFvq sufficiently close to 0. Finally for all γ “ pγ1, γ2q P G1
rspFvq, we set

Ωvpγq “

"
Ωvpsq if n is even,
η1
vpγ´1

1 γ2qΩvpsq if n is odd.

where s “ νpγ´1

1 γ2q. For future reference, we record the following formula

p9q ΩvpγqOpγ, f 1q “ ΩvpsqOps, rf 1q

for all f 1 P SpG1pFvqq, all γ P G1
rspFvq and where we have set s “ νpγ´1

1 γ2q.
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Using the transfer factors we can define the notion of matching functions as follows. Let v
be a place of F . We say that functions f 1 P SpG1pFvqq and f P SpGpFvqq match each other
or that they are smooth transfer of each other if we have the equality

Opδ, fq “ ΩvpγqOpγ, f 1q

for every δ P GrspFvq and γ P G1
rspFvq whose orbits correspond to each other via the embed-

ding (2). Similarly, we say that functions ϕ1 P Spsn`1pFvqq and ϕ P SpupV qpFvqq match each
other or that they are smooth transfer of each other if we have the equality

OpX,ϕW q “ ωvpY qOpY, ϕ1q

for every X P upV qrspFvq and Y P sn`1,rspFvq whose orbits correspond to each other via the
embedding (5).

If the place v splits in E then the existence of smooth transfer is easy (see [Zh1, Proposition
2.5]). One of the main achievement of [Zh1] was to prove the existence of smooth transfer
for nonarchimedean places. In other words, we have the following (see [Zh1, Theorem 2.6]):

Theorem 3.4.1 (Zhang) Let v be a nonarchimedean place of F .

(i) For every function f 1 P SpG1pFvqq there exists a function f P SpGpFvqq, matching f 1

and conversely for every function f P SpGpFvqq there exists a function f 1 P SpG1pFvqq
which matches f .

(ii) For every function ϕ1 P Spsn`1pFvqq there exists a function ϕ P SpupV qpFvqq matching
ϕ1 and conversely for every function ϕ P SpupV qpFvqq there exists a function ϕ1 P
Spsn`1pFvqq which matches ϕ.

One of the main ingredient in the proof of Zhang was the following (see [Zh1, Theorem 4.17])

Theorem 3.4.2 (Zhang) Let v be any place of F . If ϕ P SpupV qpFvqq and ϕ1 P Spsn`1pFvqq
match then so do ǫp1

2
, ηEv{Fv

, ψqnpn`1q{2 pϕ and pϕ1.

In a recent paper Xue ([Xue]) was able to extend Zhang results to obtain a weak version of
smooth transfer at archimedean places (which however is sufficient for many global appli-
cations). In order to state Xue’s result in the generality that we need, we have to vary the
hermitian space W . Let us denote momentarily the groups G and H by GW and HW . To
every hermitian space W 1 of rank n over E we can associate similar groups GW 1

and HW 1

and replacing W by W 1 everywhere in the previous paragraphs we have a notion of matching
between test functions in SpG1pFvqq and test functions in SpGW 1

pFvqq, v a place of F . Then,
Xue’s result reads as follows:

Theorem 3.4.3 (Xue) Let v be an archimedean place of F . Then, the space of functions
f 1 P SpG1pFvqq admitting a smooth transfer to SpGW 1

pFvqq for all hermitian space W 1 of rank
n over E is dense in SpG1pFvqq. Similarly, the space of functions f P SpGW pFvqq such that
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there exists a function f 1 P SpG1pFvqq matching f and with the property that for all hermitian
space W 1 of rank n over E for which W 1

v fi Wv the function f 1 match 0 P SpGW 1

pFvqq, is
dense in SpGpFvqq.

Parallel to the existence of smooth transfer there is also a fundamental lemma for the case
at hand. This fundamental lemma has been proved by Yun in (sufficiently large) positive
characteristic [Yu] and extended to the characteristic zero case by J.Gordon in the appendix
to [Yu]. It can be stated as follows:

Theorem 3.4.4 (Yun-Gordon) There exists a constant cpnq depending only on n such
that for every place v of F of residual characteristic greater than cpnq the following holds: If
Wv admits a self-dual lattice Lv then the function f 1

v “ 1K 1
v

match the function fv “ 1GpOvq

where we have defined a model of G over Ov using the self-dual lattice Lv, otherwise the
function f 1

v “ 1K 1
v

match the function fv “ 0.

3.5 Transfer of spherical characters, Zhang’s conjecture and Ichino-

Ikeda conjecture

We shall say of a function f P SpGpAqq that it is nice if it satisfies the following conditions:

‚ f is factorizable: f “ bvfv;

‚ There exists a nonarchimedean place v1 of F and a finite union Ω1 of cuspidal Bernstein
components of GpFv1q such that fv1 P SpGpFv1qqΩ1

;

We define the notion of nice function on G1pAq similarly. To state the next theorem, we will
need to consider more than one pair of hermitian spaces pW,V q. Recall that we have an
orthogonal decomposition V “ W ‘K Ee where pe, eq “ 1. To any (isomorphism class of) n-
dimensional hermitian space W 1 over E we associate the pair pW 1, V 1q where V 1 “ W 1 ‘KEe.
Using such a pair we may construct a new pair pHW 1

, GW 1

q of reductive groups over F where
HW 1

“ UpW 1q and GW 1

“ UpW 1q ˆUpV 1q. Note that if W 1 “ W then pHW 1

, GW 1

q “ pH,Gq.
The discussions of the previous paragraphs of course apply verbatim to pHW 1

, GW 1

q. In
particular we have a notion of matching between functions in SpGW 1

pFvqq and SpG1pFvqq, v
a place of F , and a notion of nice function on GW 1

pAq. We shall say that a nice function
f 1 P SpG1pAqq match a tuple of nice functions pfW 1

qW 1, fW 1

P SpGW 1

pAqq and W 1 running
over all isomorphism classes of n-dimensional hermitian spaces over E, if for all W 1 and all
place v of F the functions f 1

v and fW 1

v match. Comparing two (simple) global relative trace
formulae that have been proposed by Jacquet and Rallis ([JR]), Zhang proves the following
(see [Zh1, Proposition 2.10] and [Zh2, Theorem 4.3]):

Theorem 3.5.1 (Zhang) Let π be an abstractly H-distinguished cuspidal automorphic rep-
resentation of GpAq such that BCpπq is cuspidal and for all non-split archimedean place v
the representation πv is tempered. Let f P SpGpAqq and f 1 P SpG1pAqq be nice functions and
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assume that there exists a tuple pfW 1

qW 1, fW 1

P SpGW 1

pAqq, of nice functions matching f 1

such that fW “ f . Then, we have

Jπpfq “ 2´2Lp1, ηE{F q´2IBCpπqpf
1q

Remark 3.5.2 The above theorem differs slightly from [Zh1, Proposition 2.10] and [Zh2,
Theorem 4.3] for the following reasons:

• First we are not assuming that our test functions are supported in the regular semi-
simple locus (this is one of the requirement that Zhang imposes on his ’nice’ functions);

• We are using test functions that are not necessarily compactly supported (since they are
only rapidly decreasing, i.e. in the Schwartz space, at the archimedean places). This is
necessary if we want to apply this theorem in conjunction with Xue’s result (Theorem
3.4.3) as the dense subspace of ’transferable’ test functions that he constructs has no
reason to consists of compactly supported functions;

• We have drop the condition that π is supercuspidal at one split places but we add the
assumption that π must be tempered at all non-split archimedean places.

This last point is only minor: dropping the condition of π being supercuspidal at one
split place can be done by slightly modifying Zhang’s original argument when he separates
contributions in the spectral side of the simple trace formulas and using the recent extension
by Ramakrishnan of his ’mild Tchebotarev theorem for GLpnq’ [Ra]. Moreover, here we
assume that π is tempered at all non-split archimedean places in order to have a result
independent of the local Gan-Gross-Prasad conjecture for generic L-packets at archimedean
places (this conjecture is currently only known for tempered L-packets at these places, see
§2.4), this conjecture was granted as a working hypothesis in [Zh2]. The first point is more
serious and to get rid of this assumption on the support we have to use the recent works of
Zydor [Zy] on regularization of the geometric side of the Jacquet-Rallis trace formulae and
Chaudouard-Zydor [CZ] on extending the transfer to singular orbital integrals. Finally, the
extension to rapidly decreasing functions (at the archimedean places) is an easy matter using
basic estimates on these functions. A convenient way to do this is to introduce some norms
on the automorphic quotient rGs “ GpF qzGpAq. We give definitions and basic properties of
these norms in the appendix. Also, for convenience of the reader, we provide in appendix A a
full proof of Theorem 3.5.1 using the aforementioned results of Zydor and Chaudouard-Zydor

Thanks to the theory of Rankin-Selberg convolution due to Jacquet, Piatetski-Shapiro and
Shalika ([JPSS]), for every cuspidal automorphic representation π of GpAq whose base change
is cuspidal we know a factorization of the global spherical character IBCpπq. More precisely,
if f 1 P SpG1pAqq is completely factorizable, we have (see [Zh2, Proposition 3.6])
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p1q IBCpπqpf
1q “ Lp1, ηE{F q2

Lp1{2, BCpπqq

Lp1, π, Adq

ź

v

I
6
BCpπqv

pf 1
vq

An immediate consequence of this factorization of Theorem 3.5.1 and of the multiplicity one
theorems of Aizenbud-Gourevitch-Rallis-Schiffmann [AGRS] of of Jiang-Sun-Zhu [JSZ] is the
following:

Corollary 3.5.3 Let π be a globally H-distinguished (i.e. such that Jπ ‰ 0) cuspidal auto-
morphic representation of GpAq satisfying the two following conditions:

• For all non-split archimedean place v of F , the representation πv is tempered;

• There exists a split nonarchimedean place v0 such that πv0 is supercuspidal.

Then for all place v1 of F different from v0 where π is tempered, there exists a constant
Cpπv1q P C such that for all pair pfv1 , f

1
v1

q P SpGpFv1qq ˆ SpG1pFv1qq of matching functions
with the property that f 1

v1
has a matching test function fW 1

v1
P SpGW 1

pFv1qq for all hermitian
space W 1 of rank n, we have

Jπv1
pfv1q “ Cpπv1qIBCpπv1

qpf
1
v1

q

Remark 3.5.4 Note that the condition of matching of the function f 1
v1

is empty if v1 is
nonarchimedean (by Theorem 3.4.1) or splits in E.

Proof: Let Av1 denote the adeles outside of v1 and let f v1 “
ś

v‰v1
P SpGpAv1qq be a

factorizable test function. By the multiplicity one results of [AGRS] and [JSZ] and 3.2 (1),
there exists a constant C P C such that

Jπpf v1 b fv1q “ CJπv1
pfv1q

for all fv1 P SpGpFv1qq. Since Jπ ‰ 0 we may choose the function f v1 so that C ‰ 0. More-
over, up to replacing fv0 by its projection to SpGpFv0qqΩ0

, where Ω0 denotes the Bernstein
component of πv0 , we may assume that fv0 P SpGpFv0qqΩ0

. Then, for all fv1 P SpGpFv1qq
the function f “ f v1 b fv1 is nice. By Theorem 3.4.3 of Xue we can also arrange f v1 such
that for all non-split archimedean place v the function fv admits a transfer f 1

v P SpG1pFvqq
which itself admits a transfer to SpGW 1

pFvqq for all rank n hermitian space W 1 over E.
By Theorem 3.4.1 of Zhang and our choice of f v1 at non-split archimedean places, we can
find a factorizable test function f 1v1 “

ś
v‰v1

f 1
v P SpG1pAv1qq matching f v1 and more-

over admitting a matching to SpGW 1

pAv1qq for all W 1. Since v0 splits in E, there exists
an isomorphism G1

v0
» Gv0 ˆ Gv0 so that BCpπv0q “ πv0 b π_

v0
and then every function

ϕ1 “ ϕ1 bϕ2 P SpG1pFv0qq » SpGpFv0qq bSpGpFv0qq match the function ϕ1 ˚ϕ_
2

P SpGpFv0qq
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where ϕ_
2 pgq :“ ϕ2pg´1q and ˚ denotes the convolution product. From this we easily infer

that we can choose f 1
v0

P SpG1pFv0qqΩ0ˆΩ_
0
, where Ω_

0
is the Bernstein component dual

to Ω0. Then, for all f 1
v1

P SpG1pFv1qq the function f 1 :“ f 1v1 b f 1
v1

is nice. Now the
result follows from Theorem 3.5.1 applied to f “ f v1 b fv1 and f 1 “ f 1v1 b f 1

v1
where

pfv1 , f
1
v1

q P SpGpFv1qq ˆ SpG1pFv1qq is any pair of matching functions with f 1
v1

satisfying the
condition of the statement (Note that the assumption that πv0 is supercuspidal implies that
BCpπq is cuspidal). �

In [Zh2, conjecture 4.4], Zhang makes the following conjecture

Conjecture 3.5.5 Let v be a place of F and let πv “ πn,v bπn`1,v be an irreducible tempered
unitary Hv-distinguished representation of GpFvq. Then, for all matching functions f P
SpGpFvqq and f 1 P SpG1pFvqq, we have

IBCpπvqpf
1
vq “ κvpπvqLp1, ηEv{Fv

q´1Jπv
pfvq

the constant κvpπvq being given by

κvpπvq “ |τ |
pdn`dn`1q{2
Ev

ˆ
ǫp1{2, ηEv{Fv

, ψvq

η1
vp´2τq

˙npn`1q{2

ωBCpπn,vqpτq

where ωBCpπn,vq denotes the central character of BCpπn,vq and dn “
`
n

3

˘
, dn`1 “

`
n`1

3

˘
.

Remark 3.5.6 The above conjecture actually differs slightly from [Zh2,conjecture 4.4]. In-
deed, there is a discrepancy in the definition of the constant κvpπvq. In loc. cit. there is
an extra factor ηvpdiscpW qq and the factor η1

vp´2τq is replaced by η1
vpτq. This discrepancy

seems to come from lemma 9.1 of [Zh2] on the compatibility between the transfer factors
on the group and on the Lie algebra (see §3.4(8)). Of course, this difference has no im-
pact for global applications since in any case if π is an automorphic representation thenś

v κvpπvq “ 1.

Obviously, we may deduce from the conjunction of the above conjecture, of Theorems 3.5.1,
3.4.1 and 3.4.3 and of the factorization (1) some instances of the Ichino-Ikeda conjecture (as
stated in the introduction). In [Zh2], Zhang was able to verify conjecture 3.5.5 in certain
particular cases (see [Zh2, Theorem 4.6]). More precisely, he proves the conjecture when
either

• The place v splits in E;

• v is nonarchimedean, πv is unramified and the residue characteristic of v is sufficiently
large;

• v is nonarchimedean and πv is supercuspidal.

The main goal of this paper is to prove conjecture 3.5.5 for all nonarchimedean places v.
Namely, we prove
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Theorem 3.5.7 Conjecture 3.5.5 holds for all nonarchimedean place v of F .

As in [Zh2], this theorem has consequences for the Ichino-Ikeda conjecture. Namely, we will
deduce from it the following

Theorem 3.5.8 Assume that all the archimedean places of F split in E and let π be a
cuspidal automorphic representation of GpAq which is everywhere tempered and such that
there exists a nonarchimedean place v of F with BCpπvq is supercuspidal. Then conjecture
1.0.1 holds for π.

The proofs of Theorems 3.5.7 and 3.5.8 will be given in §4.4 and §4.6.

3.6 A globalization result

Until the end of this paragraph, we make the following assumption

the hermitian space W is anisotropic

This means that H “ UpW q is an anisotropic group over F .

Let v1 be a nonarchimedean place of F which is inert in E and let S be a finite set of
nonarchimedean places of F which split in E. Let σ be a unitary supercuspidal representation
of GpFSq. Recall that TempHpGv1q denotes the set of (isomorphism classes of) tempered
irreducible HpFv1q-distinguished representations π1 of GpFv1q (see §2.4). Let Irrv1,σ,HpGq
be the set of irreducible representations π1 P IrrpGv1q for which there exists a cuspidal
automorphic representation π of GpAq which is globally H-distinguished (i.e. such that
Jπ ‰ 0) such that πv1 » π1 and πS » σ b χ for some unramified character χ P ΨunitpGSq.
The goal of this section is to prove the following result:

Proposition 3.6.1 The set Irrv1,σ,HpGq X TemppGv1q is dense in TempHpGv1q.

The proof of this proposition follows closely that of Corollary A.8 in [ILM, appendix A]. We
will need a lemma which is the analog of lemma A.2 of loc. cit. Before stating it we need to
introduce some more notations.

Let P “ MN be a parabolic subgroup of Gv1 and let σ be a square-integrable representation
of MpFv1q. We will say that the tempered representation i

Gv1

P σ of GpFv1q is regular if for all
w P W pGv1 ,Mq we have wσ fi σ. Recall that this implies that the representation i

Gv1

M σ is
irreducible. We will denote by TempregpGv1q the set of all regular tempered representations
of GpFv1q. It is an open subset of TemppGv1q. Recall that in §2.3 for all c ą 0 we have defined
subsets IrrďcpUpW qv1q and IrrďcpUpV qv1q of IrrpUpW qv1q and IrrpUpV qv1q respectively. In
what follows, we set IrrďcpGv1q “ IrrďcpUpW qv1q b IrrďcpUpV qv1q and Irrunit,ďcpGv1q “
IrrunitpGv1q X IrrďcpGv1q.
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Lemma 3.6.2 Let 0 ă c ă 1

2
. Then, TempregpGv1q is open in Irrunit,ďcpGv1q (for the Fell

topology).

Proof: The proof is the same as in [ILM, lemma A.2] the key fact being that the real
exponents of tempered representations of unitary groups are all half integers. In loc. cit.
the authors use the work of Muic on generic square-integrable representations of classical
groups ([Mui]) to deduce this fact for tempered generic representations. However, as already
noted in [ILM, Remark A.3], the same result holds for all tempered representation thanks to
the work of Mœglin and Mœglin-Tadic on classification of square-integrable representations
of classical groups ([Moe1],[MT]). Note that the basic assumption made by Mœglin and
Tadic (see [MT,§2] for a precise statement) to prove their classification is now known since
it follows from the canonical normalization of intertwining operators for unitary groups due
to Mok ([Mok,Proposition 3.3.1]) and Kaletha-Minguez-Shin-White ([KMSW, lemma 2.2.3])
together with the classical reducibility criterion of Silberger and Harish-Chandra ([Sil1,§5.4],
[Sil2, lemma 1.2; lemma 1.3]). For quasi-split unitary groups, a different proof has been
given by Mœglin ([Moe2]) using twisted endoscopy. For a proof of the basic assumption for
quasisplit symplectic and orthogonal groups using the normalization of intertwining operators
see [Xu,Proposition 3.2]. �

Proof of Proposition 3.6.1: By [Beu1, Corollary 8.6.1], the closure of TempHpGv1q is an
union of connected components of TemppGv1q. Hence TempH,regpGv1q :“ TempHpGv1q X
TempregpGv1q is dense in TempHpGv1q. Let π1 P TempH,regpGv1q. It is sufficient to show that
π1 belongs to the closure of Irrv1,σ,HpGq X TemppGv1q. Since σ is HpFSq-distinguished (see
§3.2), by [SV] Theorem 6.2.1 and Theorem 6.4.1 we know that π1 and σ belong to the support
of the Plancherel measures for L2pHpFv1qzGpFv1qq and L2pHpFSqzGpFSqq respectively. From
[SV, Theorem 16.3.2], it follows that there exists a sequence of globally H-distinguished
automorphic representations πn of GpAq such that πn,v1 Ñ π1 and πn,S Ñ σ for the Fell
topology. Since σ b ΨunitpGSq is open in IrrunitpGSq we have πn,S P σ b ΨunitpGSq for n
sufficiently large. This implies that πn,v1 belongs to Irrv1,σ,HpGq and πn, BCpπnq are cuspidal
for n sufficiently large.

Set c “ 1

2
´ 1

pn`1q2`1
. By Lemma 2.3.2, πn,v1 belongs to Irrunit,ďcpGv1q for n sufficiently large.

Hence, by Lemma 3.6.2, πn,v1 P TempH,regpGv1q for n sufficiently large and this ends the
proof of the proposition. �

4 Proof of Zhang’s conjecture

In this section we will prove Theorem 3.5.7 and Theorem 3.5.8. As Theorem 3.5.7 has
already been proved by Zhang at every split place v, we only need to prove it at every
nonarchimedean place v of F which is inert in E. Fix such a place v. We will now drop all
the index v: E{F “ Ev{Fv,G “ Gv, H “ Hv, G1 “ G1

v, H
1
1 “ H 1

1,v, H
1
2 “ H 1

2,v, ψ “ ψv,
ψE “ ψE,v and so on. Also, to ease notation we will just write s “ sn`1. Finally, we will
now use unnormalized Haar measures (see §2.5). In particular, Theorem 3.5.7 now takes the
following form (see [Zh2, lemma 4.7]):
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Theorem 4.0.1 Let π “ πn bπn`1 be a H-distinguished irreducible tempered representation
of GpF q. Then, for all matching functions f P SpGpF qq and f 1 P SpG1pF qq, we have

IBCpπqpf
1q “ κpπqJπpfq

where

κpπq “ |τ |
pdn`dn`1q{2
E

ˆ
ǫp1{2, ηE{F , ψq

η1p´2τq

˙npn`1q{2

ωBCpπnqpτq

4.1 A result of Zhang on truncated local expansion of the spherical

character IΠ

In this section we recall a result of Zhang [Zh2] on the existence of truncated local expansion
for the spherical characters IΠ. This result is the main ingredient in the proof by Zhang
of some particular cases of conjecture 3.5.5. It will also play a crucial role in the proof of
Theorem 3.5.7.

Let us set

ξ´ “

¨
˚̊
˚̊
˚̊
˝

0 . . . . . . . . . 0

τ
. . .

...

0
. . . . . .

...
...

. . . . . . . . .
...

0 . . . 0 τ 0

˛
‹‹‹‹‹‹‚

P spF q

It is a regular nilpotent element for the GLnpF q-action by conjugation (see [Zh2, lemma
6.1]). Zhang has defined a regularized orbital integral µξ´

over the orbit of ξ´ (see [Zh2,
definition 6.10]). It is a GLnpF q-invariant linear form ϕ P SpspF qq ÞÑ µξ´

pϕq which coincide
with the usual orbital integral when the support of ϕ intersect the orbit of ξ´ in a compact
set.

For all X “

ˆ
A u

v w

˙
P sn`1pF q, we define

∆´pXq :“ det
`
v, vA, . . . , vAn´1

˘

Note that (see §3.4 (7))

p1q ωpXq “ ηp´1qnη1p∆´pXqq

for all X P srspF q and

p2q ∆´pξ´q “ p´1qnpn´1q{2τnpn`1q{2
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Let r ą m1 ą m ą 0 be positive integers. In [Zh2, definition 8.1], Zhang defines a notion
of pm,m1, rq-admissible test functions on G1pF q. They span a finite dimensional subspace of
SpG1pF qq. In what follows when we say that pm,m1, rq is sufficiently large, we shall mean that
m is sufficiently large, that m1 is sufficiently large depending on m and that r is sufficiently
large depending on pm,m1q. Recall that in §3.3 we have, using a Cayley map, associated to
any function f 1 P SpG1pF qq a function f 1

6 on spF q. Also, in §2.5 we have defined a certain
Fourier transform ϕ ÞÑ pϕ on SpspF qq. We extract from [Zh2] the two following results (see
Lemma 8.8, Theorem 8.5 of [Zh2] and their proofs):

Proposition 4.1.1 (Zhang) Let U and Z be relatively compact neighborhood of 1 and 0

in G1pF q and ps{GLnqpF q respectively. Then, if pm,m1, rq is sufficiently large, for every
pm,m1, rq-admissible function f 1 we have Supppf 1q Ď U and the function X P Zrs ÞÑ

η1p∆´pXqqOpX, pf 1
6q is constant and equal to η1p∆´pξ´qqµξ´

p pf 1
6q. Moreover, we can find a

pm,m1, rq-admissible function f 1 such that µξ´
p pf 1

6q ‰ 0.

Theorem 4.1.2 (Zhang) Let Π “ Πn b Πn`1 be an irreducible tempered representation of
G1pF q. Then, if pm,m1, rq is sufficiently large (depending on Π) we have the equality

IΠpf 1q “ |τ |
pdn`dn`1q{2
E ωΠn

pτqµξ´
p pf 1

6q

for all pm,m1, rq-admissible function f 1, where dn “
`
n

3

˘
and ωΠn

denotes the central character
of Πn.

A direct consequence of Proposition 4.1.1 and Theorem 4.1.2 is the following:

Corollary 4.1.3 Let C Ď TemppG1q be a compact subset and let U and Z be relatively
compact neighborhood of 1 and 0 in G1pF q and ps{GLnqpF q respectively.. Then, there exists
a test function f 1 P SpG1pF qq satisfying the following conditions:

(i) Supppf 1q Ď U and the function X P Zrs ÞÑ η1p∆´pXqqOpX, pf 1
6q is constant and equal

to η1p∆´pξ´qqµξ´
p pf 1

6q;

(ii) µξ´
p pf 1

6q ‰ 0;

(iii) For all Π P C we have the equality

IΠpf 1q “ |τ |
pdn`dn`1q{2
E ωΠn

pτqµξ´
p pf 1

6q

Proof: For all r ą m1 ą m ą 0, let us denote by Crm,m1, rs the set of Π P C such that the
equality

IΠpf 1q “ |τ |
pdn`dn`1q{2
E ωΠn

pτqµξ´
p pf 1

6q
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holds for all pm,m1, rq-admissible function f 1. Note that Crm,m1, rs is a closed subset of C.
Obviously, by Proposition 4.1.1, it suffices to show that if pm,m1, rq is sufficiently large then
Crm,m1, rs “ C and for that we may assume C to be connected. By Theorem 4.1.2 we have

ď

m0ą0

č

měm0

ď

m1
0

ąm

č

m1ěm1
0

ď

r0ąm1

č

rěr0

Crm,m1, rs “ C

Now, by Baire category theorem, this implies that for pm,m1, rq sufficiently large the set
Crm,m1, rs is not meager i.e. it has nonempty interior (since it is closed). By connectedness
of C and analyticity of Π ÞÑ IΠ this implies Crm,m1, rs “ C and this ends the proof. �

4.2 Weak comparison of local spherical characters

Proposition 4.2.1 For all π P TempHpGq there exists a nonzero constant Cpπq P C such
that for all matching functions f P SpGpF qq and f 1 P SpG1pF qq we have

Jπpfq “ CpπqIBCpπqpf
1q

Moreover, the function π P TempHpGq ÞÑ Cpπq is analytic.

Proof: Assume that we have proved the existence of a constant Cpπq as in the proposition
for a dense set of π in TempHpGq. We claim that the proposition can be deduced from
this. Indeed, for all π P TempHpGq we can define a constant Cpπq as follows: choose any set
pf, f 1q P SpGpF qqˆSpG1pF qq of matching functions such that IBCpπqpf

1q ‰ 0 (the existence of
such a pair follows from Theorem 3.4.1 and Theorem 4.1.2) and set Cpπq “ JπpfqIBCpπqpf

1q´1.
Of course this constant may a priori depend on the choice of f and f 1 but it follows from
the analyticity of π ÞÑ Jπ and Π ÞÑ IΠ and our assumption that in fact it is independent of
such a choice. Still by analyticity of the spherical characters the equality of the proposition
is true for all π P TempHpGq and all pair of matching functions pf, f 1q and the function
π P TempHpGq ÞÑ Cpπq is analytic. Moreover it is nowhere zero since for all π P TempHpGq
there exists f P SpGpF qq such that Jπpfq ‰ 0 and there exists a f 1 P SpG1pF qq matching f
(by Theorem 3.4.1).

We now prove the existence of a dense subset of π satisfying the proposition. To this end
we will use Proposition 3.6.1. We first need to globalize the situation at hand. Let

• E{F be a quadratic extension of number fields such that all archimedean places of F
are nonsplit in E and v1 be a place of F such that Ev1{Fv1 » E{F ;

• W a n-dimensional hermitian space over E such that

– for all archimedean place v of F the group UpWqv is anisotropic (in particular W
is anisotropic);

– Wv0 » W .
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We will set V “ W ‘K Ee where pe, eq “ 1 (so that Vv1 » V ), H “ UpWq and G “ UpVq.
Let v0 be two nonarchimedean places of F which split in E and let σ be a supercuspidal rep-
resentations of GpFv0q. Applying Proposition 3.6.1 to S “ tv0u, we deduce the existence of a
dense subset D Ă TempHpGq such that for all π P D there exists a globally H-distinguished
cuspidal automorphic representation Π of GpAq such that Πv1 » π and Πv0 is supercuspidal.
Applying Corollary 3.5.3 to such representations Π, which we remark are necessarily tem-
pered at all archimedean places since UpWq is anisotropic there, we deduce for all π P D

there exists a constant Cpπq as in the proposition. �

4.3 A local trace formula

Let f1, f2 P SpGpF qq. Then

(1) The integral

Jpf1, f2q “

ż

HpF q

ż

HpF q

ż

GpF q

f1ph1gh2qf2pgqdgdh1dh2

is absolutely convergent.

This follows from [Zh1, Lemma A.4].

By [Beu1, Proposition 8.2.1(v)], we have

p2q Jpf1, f2q “

ż

TempHpGq

Jπpf1qJπ_pf2qdµGpπq

where dµGpπq denotes the Harish-Chandra-Plancherel measure of GpF q. We also have (see
§3.3 for the definition of rfi)

Jpf1, f2q “

ż

UpW qpF q

ż

UpV qpF q

rf1ph´1xhq rf2pxqdxdh

Let us fix open and closed UpW qpFvq-invariant neighborhoods ω Ă upV qpFvq and Ω Ă

UpV qpFvq of 0 and 1 as in §3.3. Assume that rf2 is supported in Ω. Then, we have (see §3.3
for the definition of fi,6)

Jpf1, f2q “

ż

UpW qpF q

ż

upV qpF q

f1,6ph
´1Xhqf2,6pXqdXdh

By Fourier transform, we also have

Jpf1, f2q “

ż

UpW qpF q

ż

upV qpF q

qf1,6ph´1Xhq pf2,6pXqdXdh

By [Zh1, Corollary 4.5] this expression is absolutely convergent so that we can switch the
two integrals and we finally get
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p3q Jpf1, f2q “

ż

upV qpF q

qf1,6pXqOpX, pf2,6qdX

Summing up, from (2) and (3) we deduce that

p4q

ż

TempH pGq

Jπpf1qJπ_pf2qdµGpπq “

ż

upV qpF q

qf1,6pXqOpX, pf2,6qdX

for all functions f1, f2 P SpGpF qq with Suppp rf2q Ď Ω.

We will also need the following formula (see [Beu1, Proposition 8.2.1(iv)]):

p5q rfp1q “

ż

TempHpGq

JπpfqdµGpπq

for all f P SpGpF qq.

4.4 Proof of Theorem 4.0.1

We keep the notations of the previous paragraph. Let f P SpGpF qq. Denote by C Ď
TempHpGq the support of the function π ÞÑ Jπpfq. It is a compact set and so is its dual
C_. Let us denote by Y the image of Ω in pHzG{HqpF q “ pUpV q{UpW qqpF q and by Z

the image of the support of qf6 in pupV q{UpW qqpF q. We will denote by the same letters the
corresponding subsets in pH 1

1
zG1{H 1

2
qpF q and ps{GLnqpF q respectively (see §3.4 (1) and (4)).

By Corollary 4.1.3, there exists a function f 1 P SpG1pF qq such that

• f 1 is supported in the inverse image of Y in G1pF q;

• The function Y P Zrs ÞÑ η1p∆´pY qqOpY, pf 1
6q is constant and equal η1p∆´pξ´qqµξ´

p pf 1
6q;

• µξ´
p pf 1

6q ‰ 0;

• For all Π P BCpC_q we have

IΠpf 1q “ |τ |
pdn`dn`1q{2
E ωΠn

pτqµξ´
p pf 1

6q

Let f2 P SpGpF qq be a function matching f 1 (whose existence is guaranteed by Theorem
3.4.1). Up to multiplying f2 by the characteristic function of Y we may assume that rf2 is
supported in Ω. By §3.4(8) the functions ηp2qnpn`1q{2f 1

6 and f2,6 match. Hence, by Theorem

3.4.2 so do ηp2qnpn`1q{2 pf 1
6 and ǫp1

2
, ηE{F , ψqnpn`1q{2 pf2,6. Thus, by 4.1(1) and 4.1(2), for all

X P Ωrs, denoting by Y P Zrs the corresponding element, we have
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ǫp
1

2
, ηE{F , ψqnpn`1q{2OpX, pf2,6q “ ηp2qnpn`1q{2ηp´1qnη1p∆´pY qqOpY, pf 1

6q

“ ηp2qnpn`1q{2ηp´1qnη1p∆´pξ´qqµξ´
p pf 1

6q

“ η1p´2τqnpn`1q{2µξ´
p pf 1

6q

Consequently, we have

p1q

ˆ
ǫp1

2
, ηE{F , ψq

η1p´2τq

˙npn`1q{2 ż

upV qpF q

qf6pXqOpX, pf2,6qdX “ µξ´
p pf 1

6q

ż

upV qpF q

qf6pXqdX

“ µξ´
p pf 1

6qf6p0q “ µξ´
p pf 1

6q
rfp1q

“ µξ´
p pf 1

6q

ż

TempHpGq

JπpfqdµGpπq

where the last equality follows from 4.3(5).

On the other hand, by Proposition 4.2.1, for all π P C we have

Jπ_pf2q “ Cpπ_qIBCpπ_qpf
1q “ Cpπ_q|τ |

pdn`dn`1q{2
E ωBCpπ_qnpτqµξ´

p pf 1
6q

It follows that

p2q

ż

TempHpGq

JπpfqJπ_pf2qdµGpπq “

µξ´
p pf 1

6q|τ |
pdn`dn`1q{2
E

ż

TempH pGq

JπpfqCpπ_qωBCpπ_qnpτqdµGpπq

Since µξ´
p pf 1

6q ‰ 0, we deduce from (1), (2) and 4.3(4) that

p3q

ż

TempHpGq

Jπpfq pκpπ_qCpπ_q ´ 1q dµGpπq “ 0

for all f P SpGpF qq and where

κpπq “ |τ |
pdn`dn`1q{2
E

ˆ
ǫp1

2
, ηE{F , ψq

η1p´2τq

˙npn`1q{2

ωBCpπqnpτq

Let ZpGq denotes the Bernstein center of G (see [BD]). We may see ZpGq as a unital
subalgebra of the space of continuous functions on TemppGq which moreover acts on SpGpF qq
with the property that Jπpz ‹ fq “ zpπqJπpfq for all z P ZpGq, all f P SpGpF qq and all
π P TemppGq. Thus by (3), we get
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p4q

ż

TempHpGq

zpπqJπpfq pκpπ_qCpπ_q ´ 1q dµGpπq “ 0

for all f P SpGpF qq and all z P ZpGq. For all π P TemppGq let us denote by χπ the
’infinitesimal character’ of π, that is the algebra homomorphism χπ : ZpGq Ñ C given by
χπpzq :“ zpπq for all z P ZpGq. Set Y :“ SpecmaxZpGq. Then, the map TemppGq Ñ Y ,
π ÞÑ χπ is continuous and proper. Let Ytemp Ď Y be the image of this map and µY be the
push-forward of the Plancherel measure µG to Ytemp. Then, by the disintegration of measures
there exists a measurable mapping χ ÞÑ µχ from Ytemp to the space of measures on TemppGq
such that

p5q

ż

TemppGq

ϕpπqdµGpπq “

ż

Ytemp

ż

TemppGq

ϕpπqdµχpπqdµY pχq

for all continuous compactly-supported function ϕ : TemppGq Ñ C and such that for all
χ P Ytemp, µχ is supported on TempχpGq :“ tπ P TemppGq | χπ “ χu. By (4), we get

p6q

ż

Ytemp

zpχq

ż

TempH,χpGq

Jπpfq pκpπ_qCpπ_q ´ 1q dµχpπqdµY pχq “ 0

for all f P SpGpF qq and all z P ZpGq where we have set TempH,χpGq :“ TempHpGq X
TempχpGq. Since the restriction of ZpGq to Ytemp is self-adjoint (i.e. for all z P ZpGq there
exists z˚ P ZpGq such that z˚pχq “ zpχq for all χ P Ytemp), separates points and for all
f P SpGpF qq the function π P TemppGq ÞÑ Jπpfq is compactly supported, by (6) and the
Stone-Weierstrass theorem for µY -almost all χ P Ytemp, we get

ż

TempH,χpGq

Jπpfq pκpπ_qCpπ_q ´ 1q dµχpπq “ 0

for all f P SpGpF qq. Since TempχpGq is finite, we have

ż

TempH,χpGq

Jπpfq pκpπ_qCpπ_q ´ 1q dµχpπq “
ÿ

πPTempH,χpGq

Jπpfq pκpπ_qCpπ_q ´ 1qµχpπq

for µY -almost all χ P Ytemp and all f P SpGpF qq. Finally, as the spherical characters Jπ for
π P TempH,χpGq are linearly independent, we get that

pκpπ_qCpπ_q ´ 1qµχpπq “ 0

for µY -almost all χ P Ytemp and all π P TempH,χpGq which by (5) means that κpπqCpπq “ 1

for µG-almost all π P TempHpGq. Since π P TempHpGq ÞÑ κpπqCpπq is analytic and the
support of µG is precisely TemppGq, it follows that κpπqCpπq “ 1 for all π P TempHpGq
which is what we wanted. �
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4.5 A first corollary

In this paragraph we prove the following corollary to Theorem 4.0.1. It will be needed for
the proof of Theorem 3.5.8.

Corollary 4.5.1 Let f P SpGpF qq and f 1 P SpG1pF qq. Then f and f 1 match if and only if
we have

IBCpπqpf
1q “ κpπqJπpfq

for all π P TempHpGq and where as before we have set

κpπq “ |τ |
pdn`dn`1q{2
E

ˆ
ǫp1

2
, ηE{F , ψq

η1p´2τq

˙npn`1q{2

ωBCpπqnpτq

Proof: The necessity follows from Theorem 4.0.1. Let us prove the sufficiency. Thus, we
assume that

IBCpπqpf
1q “ κpπqJπpfq

for all π P TempHpGq and we want to prove that f and f 1 match. Let f2 P SpGpF qq be a
function which matches f 1 (such a function exists by Theorem 3.4.1). Then, by Theorem
4.0.1 and the assumption, for all π P TempHpGq we have Jπpfq “ Jπpf2q. Thus, by 4.3(2),
for all f1 P SpGpF qq we have

p1q Jpf1, fq “ Jpf1, f2q

Let x0 P UpV qrspF q and choose f1 so that rf1 is supported in a small neighborhood of x0
in UpV qrspF q. Then a formal manipulation, which is justified since everything is absolutely
convergent here, yields

p2q Jpf1, fq “

ż

UpV qpF q

f1pxqOpx, fqdx

and

p3q Jpf1, f2q “

ż

UpV qpF q

f1pxqOpx, f2qdx

Since the functions x P UpV qrspF q ÞÑ Opx, fq and x P UpV qrspF q ÞÑ Opx, f2q are locally

constant (see [Zh1, Proposition 3.13]), we may choose f1 such that
ż

UpV qpF q

f1pxqOpx, fqdx “

Opx0, fq and
ż

UpV qpF q

f1pxqOpx, f2qdx “ Opx0, f2q. For such a choice, it follows from (1), (2)

and (3) that Opx0, fq “ Opx0, f2q. As x0 was arbitrary we see that f and f2 have the same
regular semisimple orbital integrals and hence f and f 1 match. �
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4.6 Proof of Theorem 3.5.8

We may assume that π is abstractlyHpAq-distinguished (hence for all v, πv isHv-distinguished).
By the multiplicity one theorems of Aizenbud-Gourevitch-Rallis-Schiffmann [AGRS] of of
Jiang-Sun-Zhu [JSZ], there exists a constant C such that

Jπpfq “ C
ź

v

J 6
πv

pfvq

for all factorizable test function f “
ś

v fv P SpGpAqq and we only need to show that
C “ 4´1Lpπ, 1{2q. For this, it is sufficient to prove the existence of f P SpGpAqq with

Jπpfq “ 4´1Lpπ,
1

2
q

ź

v

J 6
πv

pfvq

and J 6
πv

pfvq ‰ 0 for all place v. Let v1 be a (nonarchimedean) place of F such that BCpπv1q
is supercuspidal (such a place exists by assumption). This implies in particular that BCpπq
is cuspidal and πv1 supercuspidal (by Lemma 2.3.1). By Theorem 3.5.1, Theorem 3.5.7 and
identity 3.5 (1), it suffices to show that there exist a nice function f 1 P SpG1pAqq matching
a tuple of nice functions pfW 1

qW 1, fW 1

P SpGW 1

pAqq, such that IBCpπvqpf
1
vq ‰ 0 for all v. Let

Ω1 be the Bernstein component of BCpπv1q in G1pFv1q. Then, we can find a function f 1˝
v1

P
SpG1pFv1qqΩ1

such that IBCpπv1
qpf

1˝
v1

q ‰ 0. Let f 1 “
ś

v f
1
v be a factorizable test function in

SpG1pAqq such that f 1
v1

“ f 1˝
v1

and IBCpπvqpf
1
vq ‰ 0 for all other place v. By construction, the

function f 1 is nice. Moreover, by the assumption on archimedean places, Theorem 3.4.1 and
Theorem 3.4.4, we can find a tuple of functions pfW 1

qW 1, fW 1

P SpGW 1

pAqq, matching f 1. Of
course, the functions fW 1

have no reason of being nice. However, by Lemma 2.3.1 for all W 1

there exists a finite union ΩW 1

1
of cuspidal Bernstein components of GW 1

pFv1q such that ΩW 1

1

contains all irreducible representation of GW 1

pFv1q whose base change belongs to Ω1 and by
Corollary 4.5.1 up to replacing fW 1

v1
by its projection fW 1

v1,Ω
W 1

1

onto SpGW 1

pFv1qq
ΩW 1

1

we may

assume that fW 1

v1
“ fW 1

v1,Ω
W 1

1

. Then, for all W 1 the function fW 1

is nice and we are done. �

A Compaison of relative trace formulae

The goal of this appendix is to provide a proof of Theorem 3.5.1. Inspired by [Kott, §18], we
start by introducing a convenient notion of norms on the adelic points of a variety over F .

A.1 Norms on adelic varieties

We will use the following convenient although not very precise notations. If f1, f2 are positive
valued functions on a set X we will write

f1pxq ! f2pxq, for all x P X

to mean that there exists a constant C ą 0 such that f1pxq ď Cf2pxq for all x P X. We will
also write
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f1pxq ă f2pxq, for all x P X

or just f1 ă f2 if there exist constants C, d ą 0 such that f1pxq ď Cf2pxqd for all x P X.
Finally, we will write

f1pxq „ f2pxq, for all x P X

or simply f1 „ f2 if f1 ă f2 and f2 ă f1.

Let X be a set. By an abstract norm on X we will just mean a function ‖.‖ : X Ñ r1,`8r.
Let ‖.‖1 and ‖.‖2 be two abstract norms on X. We will say that ‖.‖1 dominates ‖.‖2 if
‖x‖2 ă ‖x‖1 for all x P X and we will say that ‖.‖1 and ‖.‖2 are equivalent if ‖.‖1 dominates
‖.‖2 and ‖.‖2 dominates ‖.‖1 i.e. if ‖.‖1„ ‖.‖2. Let f : X Ñ Y be a map between two sets
and let ‖.‖Y be an abstract norm on Y . Then, we define an abstract norm f˚‖.‖Y on X by

f˚‖x‖Y :“ ‖fpxq‖Y

for all x P X.

Let F be a number field, A its ring of adeles and for every place v of F we will denote by Fv

the corresponding completion. For every finite extension F 1 of F , we will write AF 1 “ AbF F
1

for the adele ring of F 1. We fix algebraic closures F of F and F v of Fv. For every place v of
F , we will denote by |.|v the normalized absolute value on Fv. This absolute value extends
uniquely to an absolute value on F v that we will also denote by |.|v. We define

AF “ F bF A “ limÝÑ
F 1

AF 1

where the limits is taken over all finite subextension of F {F . Let X be an algebraic variety
over F (i.e. a reduced separated scheme of finite type over F ). Since X is of finite type we
have XpAF q “ limÝÑ

F 1

XpAF 1q. We are going to define certain (equivalence classes of) abstract

norms on XpAF q and XpF vq, v a place of F . The definition of these abstract norms in
mainly inspired by [Kott, §18]. First assume that X is affine and choose a set tP1, . . . , Pku
of generators for the F -algebra F rXs. For every place v of F we define an abstract norm
‖.‖Xv

on XpF vq by

‖x‖Xv
:“ max p1, |P1pxq|v, . . . , |Pkpxq|vq

for all x P XpF vq. Choosing a different generating set tQ1, . . . , Qℓu would yield another
family of abstract norms p‖.‖1

Xv
qv with the following properties:

• For all place v, ‖.‖1
Xv

„ ‖.‖Xv
;

• There exists d ą 0 such that for almost all place v, we have

‖.‖
1{d
Xv

ď ‖.‖1
Xv

ď ‖.‖dXv
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In particular, for all v the equivalence class of the abstract norm ‖.‖Xv
does not depend on

the particular generating set chosen and by a norm on XpF vq we will mean any abstract
norm in this equivalence class. Note that the norms p‖.‖Xv

qv constructed above are Galois
invariant in the sense that ‖σx‖Xv

“ ‖x‖Xv
for all x P XpF vq and all σ P GalpF v{Fvq. This

allows us to extend the norm ‖.‖Xv
to XpKq for any finite extension K of Fv: choosing any

embedding ι : K ãÑ F v we set

‖x‖Xv
:“ ‖ιpxq‖Xv

for any x P XpKq.

We now define an abstract norm ‖.‖X on XpAF q as follows. Let x P XpAF q and choose a
finite extension F 1{F such that x P XpAF 1q. Then, we may write x as a product

ś
w xw,

xw P XpF 1
wq, indexed by the set of places of F 1 and we set

‖x‖X :“
ź

v

¨
˝ź

w|v

‖xw‖
rF 1

w:Fvs
Xv

˛
‚

1{rF 1:F s

where the first product is over the set of places v of F and the second product is over the
set of places w of F 1 above v. Note that this definition does not depend on the choice of the
finite extension F 1{F such that x P XpAF 1q. Moreover, choosing a different generating set
would give an equivalent abstract norm. By a norm on XpAF q we will mean any abstract
norm in this equivalence class. We will assume from now on that for any affine variety X

over F we have fixed norms ‖.‖X on XpAF q and norms ‖.‖Xv
on XpF vq, for all place v of F ,

as above (i.e. by choosing a finite generating set of F rXs). In the particular case X “ A1

(the affine line) we will even take

‖x‖A1
v

“ maxp1, |x|vq

for all place v of F and for all x P XpF vq “ F v. Note that by the product formula we then
have

p1q ‖x‖A1 “ ‖x´1‖A1

for every x P F
ˆ
.

We continue to assume that X is affine. Let U “ pUiqiPI be a finite covering of X by affine
open subsets. We can define another abstract norm ‖.‖Xv,U on XpF vq by

‖x‖Xv ,U :“ mint‖x‖Ui,v
; i P I such that x P UipF vqu, x P XpF vq

Then we have (see [Kott, Proposition 18.1(6)])

• For all place v, ‖.‖Xv,U „ ‖.‖Xv
;
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• There exists d ą 0 such that for almost all place v, we have

‖.‖
1{d
Xv

ď ‖.‖Xv,U ď ‖.‖dXv

• For all place v, ‖.‖Xv,U is Galois invariant.

We can also define an abstract norm ‖.‖X,U on XpAF q by sending x P XpAF 1q, F 1{F a finite
extension, to

‖x‖X,U :“
ź

v

¨
˝ź

w|v

‖xw‖
rF 1

w:Fvs
Xv,U

˛
‚

1{rF 1:F s

Then ‖.‖X,U is a norm on XpAF q (i.e. ‖.‖X,U „ ‖.‖X). This allows us to extend the definition
of the abstract norms ‖.‖X and ‖.‖Xv

to any algebraic variety X over F as follows. Let X
be such a variety and choose a finite covering U “ pUiqiPI of X by affine open subsets. Then
the definitions of the abstract norms ‖.‖X,U and ‖.‖Xv,U as above still make sense and we
will set ‖.‖X :“ ‖.‖X,U , ‖.‖Xv

:“ ‖.‖Xv,U . Choosing a different covering V of X would give
abstract norms p‖.‖1

Xv
qv and ‖.‖1

X satisfying the following

• For all v, ‖.‖1
Xv

„ ‖.‖Xv
and there exists d ą 0 such that for almost all v we have

‖.‖
1{d
Xv

ď ‖.‖1
Xv

ď ‖.‖dXv

• ‖.‖1
X „ ‖.‖X .

In particular the equivalence class of ‖.‖X (resp. of ‖.‖Xv
for v a place of F ) doesn’t depend

on the particular choice of U and by a norm on XpAF q (resp. on XpF vq) we will mean any
abstract norm in this equivalence class. From now on we assume that every algebraic variety
over F has been equipped with a family of norms as above (i.e. by choosing a finite covering
U by affine open subsets). If X is affine we also assume that these norms have been defined
using the trivial covering U “ tXu so that they coincide with the ones we already fixed. If
G is an affine algebraic group over F we also define a norm ‖.‖rGs on rGs “ GpF qzGpAq by

‖x‖rGs :“ inf
γPGpF q

‖γx‖G

for all x P rGs.

Proposition A.1.1 Let X and Y be algebraic varieties over F and let G be an affine alge-
braic group over F .

(i) The function x ÞÑ ‖x‖X is locally bounded on XpAq.

(ii) Let f : X Ñ Y be a morphism of algebraic varieties. Then f˚‖.‖Y ă ‖.‖X . In particular
we have ‖gg1‖G ă ‖g‖G‖g

1‖G and ‖g´1‖G „ ‖g‖G for all g, g1 P GpAF q. If moreover f
is a finite morphism (in particular if it is a closed embedding) then f˚‖.‖Y „ ‖.‖X .
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(iii) Let f P F rXs and let Xf “ Dpfq be the principal open subset of X defined by the
nonvanishing of f . Then, we have

‖x‖Xf
„ ‖x‖X‖fpxq´1‖A1

for all x P Xf pAF q.

(iv) Let U Ă X be an open subset and assume that X is quasi-affine. Then, we have

‖x‖U „ ‖x‖X

for all x P UpF q. More generally if p : X Ñ Y is a regular map and Y is quasi-affine
then for all open subset V Ă Y we have

‖x‖p´1pV q „ ‖x‖X

for all x P p´1pV qpAF q such that ppxq P V pF q.

(v) If X is quasi-affine then there exists d ą 0 such that

ÿ

xPXpF q

‖x‖´d
X

converges.

(vi) Let drg be a right Haar measure on GpAq. Then there exists d ą 0 such that the two
integrals

ż

GpAq

‖g‖´d
G drg,

ż

rGs

‖x‖´d
rGsdx

converge.

(vii) Assume that X carries a G-action and that we have a regular map p : X Ñ Y making
X into a G-torsor over Y . Fix a right Haar measure drg on GpAq. Then for all d ą 0

there exists d1 ą 0 such that

ż

GpAq

‖gx‖´d1

X drg ! ‖ppxq‖´d
Y

for all x P XpAq.
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(viii) Assume that G is connected and reductive and let S Ă GpAq be a Siegel domain (see
[MW1, §I.2.1]). Then, we have

‖g‖G „ ‖g‖rGs

for all g P S.

(ix) Let H ă G be a closed subgroup such that G{H is quasi-affine (this is the case if for
example H is reductive or if there is no nontrivial morphism H Ñ Gm). Then, we have

‖x‖rHs „ ‖x‖rGs

for all x P rHs. In particular, by (vi) there exists d ą 0 such that the integral

ż

rHs

‖x‖´d
rGsdx

converges.

Proof:

(i) This follows from the fact that for all v the function x P XpFvq ÞÑ ‖x‖Xv
is locally

bounded and the fact that for almost all v we have ‖xv‖Xv
“ 1 for all xv P XpOvq.

(ii) It suffices to prove the following

• For all place v, we have f˚‖.‖Yv
ă ‖.‖Xv

and if f is finite ‖.‖Xv
ă f˚‖.‖Yv

;

• There exists d ą 0 such that for almost all place v, we have f˚‖.‖Yv
ď ‖.‖dXv

and

if f is finite ‖.‖
1{d
Xv

ď f˚‖.‖Yv
.

Assume that the norms p‖.‖Xv
qv have been defined using the finite affine open covering

U “ pUiqiPI of X and that the norms p‖.‖Yv
qv have been defined using the finite affine

open covering V “ pVjqjPJ of Y . Up to refining U , we may assume that for all j P J

there exists a subset Ipjq Ă I such that f´1pVjq “
Ť

iPIpjq Ui. If moreover f is finite
then for all j P J , the open subset f´1pVjq is affine so that we may assume that
U “ pf´1pVjqqjPJ . This allows us to reduce to the case where both X and Y are affine
in which case the statement can be proved much the same way as [Kott, Proposition
18.1(1)].

(iii) Assume that the family of norms p‖.‖Xv
qv has been defined using the finite affine open

covering U “ pUiqiPI of X. Set Ui,f “ Ui X Xf for all i P I. Obviously, we may assume
that the family of norms p‖.‖Xf,v

qv has been defined using the affine open covering
Uf “ pUi,fqiPI of Xf and that

42



‖x‖Ui,f,v
“ max

`
‖x‖Ui,v

, |fpxq|´1

v

˘

for all place v of F and all x P Ui,fpF vq. Then we have

b
‖x‖Ui,v

maxp1, |fpxq|´1
v q ď ‖x‖Ui,f,v

ď ‖x‖Ui,v
maxp1, |fpxq|´1

v q

for all place v of F and all x P Ui,fpF vq. It follows that

a
‖x‖Xv

maxp1, |fpxq|´1
v q ď ‖x‖Xf,v

ď ‖x‖Xv
maxp1, |fpxq|´1

v q

for all place v of F and all x P XfpF vq. Taking the product we get

a
‖x‖X‖fpxq´1‖A1 ď ‖x‖Xf

ď ‖x‖X‖fpxq´1‖A1

for all x P XfpAF q.

(iv) We prove the second claim which is more general than the first. Let p : X Ñ Y be
a regular map, V Ă Y an open subset and assume that Y is quasi-affine. It already
follows from (ii) that we have

‖x‖X ă ‖x‖p´1pV q

for all x P XpAF q. Hence, it suffices to prove the reverse inequality for all x P
p´1pV qpAF q such that ppxq P V pF q. As Y is quasi-affine, up to replacing V by a
finite affine open cover we may assume that V “ Yf for some f P F rY s. Still denoting
by f its image in F rXs we then have p´1pV q “ Xf . Then by (ii), (iii) and (1) we have

‖x‖Xf
„ ‖x‖X‖fpxq´1‖A1 “ ‖x‖X‖fpxq‖A1 ă ‖x‖X

for all x P XfpAF q such that fpxq P F
ˆ
. This implies the desired inequality.

(v) As there exists an open embedding of X into an affine variety, by (iv) we immediately
reduce to the case where X itself is affine. Then, we can find a closed embedding
ι : X ãÑ An for some integer n ą 0 and by (ii) we are reduced to prove the statement
for X “ An and then eventually for X “ A1 in which case the statement is easily
checked.

(vi) Note that

ż

rGs

‖x‖´d
rGsdx ď

ż

rGs

ÿ

γPGpF q

‖γx‖´d
G dx “

ż

GpAq

‖g‖´d
G drg

43



for all d ą 0. Hence it suffices to show that for d sufficiently large the last integral
above is convergent. Assume that H is a closed distinguished subgroup of G isomorphic
to Gm or Ga. We first show that if the statement is true for both H and G{H then it
is true for G. For this we write

ż

GpAq

‖g‖´d
G drg “

ż

pG{HqpAq

ż

HpAq

‖ 9gh‖´d
G drhdr 9g

for all d ą 0 and where drh, dr 9g are suitable right Haar measures on HpAq and
pG{HqpAq respectively (Note that pG{HqpAq “ GpAq{HpAq). Let d0, d1 ą 0. Set-
ting d “ d0 ` d1, we get

ż

HpAq

‖gh‖´d
G drh ď

ˆ
inf

hPHpAq
‖gh‖G

˙´d0 ż

HpAq

‖gh‖´d1
G drh

for all g P GpAq. By (ii), there exists c ą 0 such that ‖h‖H ! ‖gh‖cG‖g‖
c
G for all

ph, gq P HpAq ˆ GpAq. Hence,

ż

HpAq

‖gh‖´d
G drh !

ˆ
inf

hPHpAq
‖gh‖G

˙´d0

‖g‖d1G

ż

HpAq

‖h‖
´d1{c
H drh

for all g P GpAq. As the left hand side above is, as a function of g, invariant by right
translation by HpAq we also get

ż

HpAq

‖gh‖´d
G drh !

ˆ
inf

hPHpAq
‖gh‖G

˙d1´d0 ż

HpAq

‖h‖
´d1{c
H drh

for all g P GpAq. By assumption for d1 sufficiently large the last integral above is
convergent. Thus, it only remains to show that for d1 ą 0 sufficiently large the integral

ż

pG{HqpAq

ˆ
inf

hPHpAq
‖ 9gh‖G

˙´d1

dr 9g

converges. By (ii), we have ‖ 9g‖G{H ă infhPHpAq‖ 9gh‖G for all 9g P GpAq{HpAq. Conse-
quently, the convergence of the last integral above for d1 sufficiently large follows from
the assumption on G{H .

Let P0 be a minimal parabolic subgroup of G over F . Then, by the Iwasawa decompo-
sition there exists a compact subgroup K Ă GpAq such that GpAq “ P0pAqK. As K is
compact, by (i) the norm ‖.‖G is bounded on K. Moreover, we have

ż

GpAq

‖g‖´d
G drg “

ż

P0pAq

ż

K

‖kp0‖
´d
G dkdrp0
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for suitable (right) Haar measures drp0 and dk on P0pAq and K respectively. By (i)
and (ii), it follows that we may assume G “ P0. Let P0 “ M0N0 be a Levi decompo-
sition. Then the Haar measure drp0 decomposes as drp0 “ dn0dm0 according to the
decomposition P0pAq “ N0pAqM0pAq. Moreover we have ‖n0m0‖P0

„ ‖m0‖M0
‖n0‖N0

for all pm0, n0q P M0pAq ˆ N0pAq. This allows us to reduce to the case where G “ M0

or G “ N0. If G “ N0 then it admits a composition series whose successive quotients
are isomorphic to Ga and we are reduced to the case G “ Ga where the statement can
be checked directly. Assume now that G “ M0 and denote by A0 the maximal split
torus in the center of G. Then A0 is isomorphic to a product of Gm and M0{A0 is
anisotropic. Thus, we only need to treat the cases G “ Gm and G anisotropic. Once
again if G “ Gm the statement can be checked directly. Now if G is anisotropic we
write

p2q

ż

GpAq

‖g‖´d
G dg “

ż

GpF qzGpAq

ÿ

γPGpF q

‖γg‖´d
G dg

By (i), (ii) and (v) if d is sufficiently large the function

g P GpAq ÞÑ
ÿ

γPGpF q

‖γg‖´d
G

is locally bounded. Moreover by [BHC] the quotient GpF qzGpAq is compact. The result
then follows from (2).

(vii) Let d ą 0. As p is a G-torsor and Y is separated, the action of G on X is free i.e. the
regular map

G ˆ X Ñ X ˆ X

pg, xq ÞÑ pgx, xq

is a closed embedding. By (ii), it follows that there exists c ą 0 such that ‖g‖G !
‖gx‖cX‖x‖

c
X for all pg, xq P GpAq ˆ XpAq. Let d0, d1 ą 0. Using the same trick as in

the first part of the proof of (vi), we show that for d1 “ d0 ` d1 we have

ż

GpAq

‖gx‖´d1

X drg !

ˆ
inf

gPGpAq
‖gx‖X

˙d1´d0 ż

GpAq

‖g‖
´d1{c
G drg

for all x P XpAq. By (vi), the last integral above is convergent for d1 sufficiently large.
Moreover, by (ii) we have ‖ppxq‖Y ă infgPGpAq‖gx‖X for all x P XpAq. Thus, the
statement follows by choosing d0 sufficiently large (depending on d1).
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(viii) Let T0 be a maximal split torus in RF {QG. Then, up to conjugating S by an element
of GpF q, there exists a compact subset Ω Ă GpAq such that

S Ď T0pRqΩ

Hence, by (i) and (ii) it is sufficient to show that

‖a‖G „ ‖a‖rGs

for all a P T0pRq. The inequality ‖a‖rGs ď ‖a‖G is obvious so that we only need to show
that ‖a‖G ă ‖a‖rGs for all a P T0pRq. Let χ1, . . . , χn be a basis of X˚pT0q. Then we
have

‖a‖G „ max
`
|χ1paq|, |χ1paq|´1, . . . , |χnpaq|, |χnpaq|´1

˘

for all a P T0pRq. Thus, it suffices to show that for all character χ P X˚pT0q we have
|χpaq| ă ‖a‖rGs for all a P T0pRq. Let χ be such a character and let V be a rational
representation of RF {QG containing a nonzero vector v0 such that a.v0 “ χpaqv0 for all
a P T0. Let v1, . . . , vr be a basis of V . Set VA “ V bQ A and define a nonnegative
function |.|V on VA by

|λ1v1 ` . . .` λrvr|V “
ź

v

maxp|λ1,v|v, . . . , |λr,v|vq

for all λ1, . . . , λr P A. Note that there exist nonzero vectors v P VA such that |v|V “ 0

but that, however, if v P VF “ V bQ F is nonzero then |v|V ě 1. We have |v|V ă ‖v‖VF

for all v P VA, where VF is considered as an algebraic variety over F . Note that G acts
on VF via the natural embedding G ãÑ pRF {QGqF . Hence, by (ii) we have

|χpaq|d ď |χpaq|d|γv0|V “ |γav0|V ă ‖γav0‖VF
ă ‖γa‖G

for all a P T0pRq, γ P GpF q and where we have set d “ rF : Qs. Taking the infimum
over γ yields the desired inequality.

(ix) By (ii), the inequality ‖x‖rGs ă ‖x‖rHs is obvious so that we only need to show that
‖x‖rHs ă ‖x‖rGs for all x P rHs. We will need the following fact (which is where the
assumption G{H quasi-affine is crucial):

(3) There exists a (set-theoretic) section s : pHzGq pF q Ñ GpF q such that

‖spxq‖G ă ‖x‖HzG for all x P pHzGq pF q.

Proof of (3): Let p : G Ñ HzG be the natural surjection. Since HzG is quasi-
affine, by (iv), it suffices to find an open covering pUiqiPI of HzG and sections si :
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UipF q Ñ p´1pUiqpF q such that ‖sipxq‖p´1pUiq ă ‖x‖Ui
for all i P I and all x P UipF q.

It is even sufficient to construct one non-empty open subset U Ď HzG and a section
sU : UpF q Ñ p´1pUqpF q such that ‖sUpxq‖p´1pUq ă ‖x‖U for all x P UpF q. Indeed,
if such a pair pU, sUq exists, we can find a finite number of translates Ui :“ Uγi,
γi P GpF q, i P I, covering HzG and then the sections si : UipF q Ñ p´1pUiqpF q given
by sipxq :“ spxγ´1

i qγi, for all i P I and x P UipF q, satisfy the desired condition.
As p : G Ñ HzG is a torsor for the étale topology, we can find a non-empty open
subset U Ď HzG and a finite étale map U 1 Ñ U such that U 1 ˆU G is the trivial
G-torsor over U 1. In particular there exists a regular section sU 1 : U 1 Ñ U 1 ˆU G. Let
s0 : UpF q Ñ U 1pF q be any set-theoretic section. Then, by (ii) and since U 1 Ñ U is
finite, the section sU :“ pr2 ˝ sU 1 ˝ s0 : UpF q Ñ p´1pUqpF q, where pr2 denotes the
projection U 1 ˆU G Ñ G, satisfies the desired condition.

Let s : pG{HqpF q Ñ GpF q be a section as in (3). We have ‖γ‖G{H ă ‖γh‖G, for all
pγ, hq P GpF q ˆ HpAq (by (ii)) and thus

inf
γ1PHpF q

‖γ1h‖H ď ‖spγq´1γh‖H ă ‖spγq‖G‖γh‖G ă ‖γ‖G{H‖γh‖G ă ‖γh‖G

for all pγ, hq P GpF q ˆ HpAq. Taking the infimum over γ it follows that

inf
γ1PHpF q

‖γ1h‖H ă inf
γPGpF q

‖γh‖G “ ‖h‖rGs

for all h P HpAq. Hence, it suffices to show

p4q ‖h‖rHs ă inf
γPHpF q

‖γh‖H

for all h P HpAq. Denote by NH the unipotent radical of H and let LH be a Levi
component of H (so that H “ LH ˙NH). As rNHs is compact we are easily infer from
(i) and (ii) that

‖ℓn‖rHs „ ‖ℓ‖rLHs and inf
γPHpF q

‖γℓn‖H „ inf
γLPLH pF q

‖γLℓ‖LH

for all ℓ P LHpAq and all n P NHpAq. We are thus reduced to prove (4) in the case where
H is reductive. Denote by H0 the connected component of the identity in H . Since
HpF q{H0pF q, HpF q{H0pF q are finite and HpAq{H0pAq is compact we may assume
that H “ H0. Let T0 be a maximal split torus of RF {QH and let χ P X˚pT0q. By (viii),
it is sufficient to show that

p5q |χpaq| ă ‖γa‖H

47



for all a P T0pRq and all γ P HpF q. Let V be a rational representation of RF {QH

containing a nonzero vector v0 such that a.v0 “ χpaqv0 for all a P T0. Fix a basis
v1, . . . , vn of V and let |.|V be the nonnegative function on VA

F
“ V bQ AF defined by

|λ1v1 ` . . .` λrvr|V “
ź

v

¨
˝ź

w|v

maxp|λ1,w|v, . . . , |λr,w|vqrF 1
w:Fvs

˛
‚

1{rF 1:F s

for all λ1, . . . , λr P AF 1, F 1{F a finite extension. Note that |v|V ě 1 for all nonzero
vector v P VF “ V bQ F and |v|V ă ‖v‖VF

for all v P VA
F
. It follows that

|χpaq|d ď |χpaq|d|γv0|V “ |γav0|V ă ‖γav0‖VF
ă ‖γa‖H

for all pa, γq P T0pRq ˆ HpF q. Taking the infimum over γ we get (5) and this ends the
proof of (ix). �

Let G be a connected reductive group over F . Fix a maximal compact subgroup K8 of
GpA8q and a Haar measure dg on GpAq. We will denote by Upg8q the universal enveloping
algebra of (the complexification of) the Lie algebra of GpA8q. For simplicity we will assume
that the split center of G is trivial. Denote by AprGsq the space of automorphic functions
on rGs by which we mean functions φ : rGs Ñ C satisfying the following conditions

• φ is smooth: there exists a compact-open subgroup K of GpAf q such that φ is right
K-invariant and for all gf P GpAfq the function g8 P GpA8q ÞÑ φpg8gfq is C8;

• φ is uniformly of moderate growth: there exists d ą 0 such that for all u P Upg8q we
have |pRpuqφqpgq| ! ‖g‖drGs for all g P GpAq.

Note that we don’t impose any condition of K8-finiteness or z8-finiteness (where z8 denotes
the center of Upg8q). The space AprGsq is naturally equipped with a LF topology (see [Beu1,
appendix A] for basic facts about LF vector spaces). As usual, we define AcuspprGsq to be
the subspace of cuspidal functions in the following sense: φ P AprGsq is cuspidal if for all
proper parabolic subgroup P “ MN of G we have

ż

rNs

φpngqdn “ 0

for all g P GpAq. The space AcuspprGsq is a closed subspace of AprGsq from which it inherits
a LF topology and moreover every cuspidal function φ P AcuspprGsq is of rapid decay in the
following sense: for all u P Upg8q and for all d ą 0 we have

|pRpuqφqpgq| ! ‖g‖´d
rGs
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for all g P rGs (see [MW1, Corollary I.2.12]). By the open mapping theorem, for all compact-
open subgroup K of GpAf q the topology on AcuspprGsqK is also induced by the family of
seminorms

‖φ‖d,u “ sup
gPrGs

|pRpuqφqpgq|‖g‖drGs, d ą 0, u P Upg8q

There is another natural family of seminorms inducing the given topology on AcuspprGsqK.
Let CG P Upg8q and CK P Upk8q denote the Casimir elements of GpA8q and K8 respectively
and set ∆ “ C2

G ` C2

K . Then the family of Sobolev seminorms

‖φ‖k “ ‖Rp1 ` ∆qkφ‖L2prGsq, k ě 0, φ P AcuspprGsq

where ‖.‖L2prGsq denotes the L2-norm on L2prGsq, induce on AcuspprGsqK its LF topology
(this follows essentially from strong approximation together with the Sobolev lemma). We
will denote L2

cuspprGsq the completion of AcuspprGsq in L2prGsq. It is a unitary representation
of GpAq which decomposes discretely.

Let now f P SpGpAqq be a Schwartz function on GpAq. We denote as usual by

Kf px, yq “
ÿ

γPGpF q

fpx´1γyq, x, y P rGs

the automorphic kernel of f . Note that the sum is absolutely convergent by Proposition
A.1.1. Let π Ă AcuspprGsq be a cuspidal automorphic representation and let Bπ be an
orthonormal basis of (the completion of) π for the L2 scalar product. We define

Kf,πpx, yq “
ÿ

φPBπ

pRpfqφqpxqφpyq, x, y P rGs

Then Kf,π is the orthogonal projection of Kf , seen as a function in x, onto π or, what
amounts to the same, the orthogonal projection of Kf , seen as a function of y, onto π.
Finally, letting B Ă AcuspprGsq be an orthonormal basis of L2

cuspprGsq, we set

Kf,cusppx, yq “
ÿ

φPB

pRpfqφqpxqφpyq, x, y P rGs

Note that

Kf,cusp “
ÿ

π

Kf,π

where the sum is over a complete family of orthogonal cuspidal automorphic representations
π Ă AcuspprGsq (all of them if there is multiplicity one).

Proposition A.1.2 Let H1, H2 Ă G be closed algebraic subgroups such that the quotients
G{H1 and G{H2 are quasi-affine. Then the integral
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ż

rH1s

ż

rH2s

ÿ

π

|Kf,πph1, h2q|dh1dh2

the sum running over a complete family of orthogonal cuspidal automorphic representations,
converges. We even have the stronger following result: let K0 be a compact-open subgroup of
GpAfq such that f is right K0-invariant and let B Ă AcuspprGsqK0 be an orthonormal basis
of L2

cuspprGsqK0 consisting of functions which are CK and CG eigenvectors, then the integral
ż

rH1s

ż

rH2s

ÿ

φPB

|pRpfqφqph1q||φph2q|dh1dh2

converges.

Proof: The second statement is obviously stronger than the first since for every cuspidal
automorphic representation π we can find an orthonormal basis of πK0 consisting of CK´
and CG´eigenvectors. Let B be an orthonormal basis of L2

cuspprGsqK0 as in the proposition.
By Proposition A.1.1(ix) it suffices to prove that for all d ą 0 we have

p7q
ÿ

φPB

|pRpfqφqpxq||φpyq| ! ‖x‖´d
rGs‖y‖

´d
rGs

for all x, y P rGs. Let d ą 0. Since the family of norms p‖.‖kqk generates the topology on
AcuspprGsqK0, there exists k ą 0 such that

|φpxq| ! ‖φ‖k‖x‖
´d
rGs

for all φ P AcuspprGsqK0 and all x P rGs.

For all φ P B, let us denote by λKpφq, λGpφq P R the eigenvalues of CK and CG acting on φ.
Let N be a positive integer. For all φ P B, we have

Rpfqφ “ p1 ` λGpφq2 ` λKpφq2q´NRpf pNqqφ

where f pNq “ p1 ` ∆qNf . Hence, we have

ÿ

φPB

|Rpfqφpxq||φpyq| “
ÿ

φPB

p1 ` λGpφq2 ` λKpφq2q´N |Rpf pNqqφpxq||φpyq|

! ‖x‖´d
rGs‖y‖

´d
rGs

ÿ

φPB

p1 ` λGpφq2 ` λKpφq2q´N‖Rpf pNqqφ‖k‖φ‖k

“ ‖x‖´d
rGs‖y‖

´d
rGs

ÿ

φPB

p1 ` λGpφq2 ` λKpφq2qk´N‖Rpf pN`kqqφ‖L2‖φ‖L2

ď ‖x‖´d
rGs‖y‖

´d
rGs‖f

pN`kq‖L1

ÿ

φPB

p1 ` λGpφq2 ` λKpφq2qk´N
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for all x, y P rGs and where ‖.‖L1 denotes the L1-norm on L1prGsq. By [Mu], for N " 1 the
last sum above converges. This proves (7) and ends the proof of the proposition. �

Remark A.1.3 • Fix f8 P SpGpA8qq. Then, the proof of the proposition actually shows
that for all d ą 0 there exists a continuous seminorm νd on SpGpF8qq so that

p8q |Kf8bf8,cusppx, yq| ď νdpf8q‖x‖´d
rGs‖y‖

´d
rGs

for all f8 P SpGpF8qq and all x, y P rGs.

• We can prove the first part of the proposition directly by using the Selberg trick. Indeed,
it suffices to show that the series

ÿ

π

Kf,π

converges absolutely in AcuspprGˆGsq or, what amounts to the same, that it converges
absolutely in AprGˆ Gsq. To prove this, we only need to show that the sum

ÿ

π

|Kf,πpx, yq|

converges absolutely for all x, y P rGs and is bounded uniformly in x, y. By a theorem
of Dixmier-Malliavin ([DM]), we may write f as a finite sum of convolutions f1,i ‹f2,i,
f1,i, f2,i P SpGpAqq, i “ 1, . . . , k. By the Cauchy-Schwarz inequality, we have

|Kf,πpx, yq| ď
kÿ

i“1

Kh2,i,πpx, xq1{2Kh1,i,πpy, yq1{2

for all π, all x, y P rGs and where we have set hj,i “ f˚
j,i ‹ fj,i where by definition

f˚
j,ipgq “ fj,ipg´1q. Thus, by another application of Cauchy-Schwarz, we get

ÿ

π

|Kf,πpx, yq| ď
kÿ

i“1

Kh2,i,cusppx, xq1{2Kh1,i,cusppy, yq1{2

for all x, y P rGs and the right hand side is uniformly bounded (even of rapid decay).
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A.2 Relative trace formulae

We now return to the situation considered in section 3. We will use the same notations and
normalization of measures as there (in particular our global Haar measures are Tamagawa
measures). We define the following ’bases’ (geometric quotients): B :“ HzG{H and B1 :“
H 1

1
zG1{H 1

2
. These are affine varieties (as H , H 1

1
and H 1

2
are reductive). We set p : G Ñ B

and p1 : G1 Ñ B1 for the natural projections and pF , p1
F for the corresponding maps at the

level of F -points. For all test function f P SpGpAqq, f 1 P SpG1pAqq, δ P BpF q, γ P B1pF q, we
set

Kf,δpx, yq :“
ÿ

δPp´1

F
pδq

fpx´1δyq, x, y P GpAq

Kf 1,γpx, yq :“
ÿ

γPpp1

F
q´1pγq

f 1px´1γyq, x, y P G1pAq

Note that these sums are absolutely convergent by Proposition A.1.1 (v) and that

Kfpx, yq “
ÿ

δPBpF q

Kf,δpx, yq

Kf 1px, yq “
ÿ

γPB1pF q

Kf 1,γpx, yq

Whenever convergent, we define the following ’global orbital integrals’

Opδ, fq :“

ż

rHs

ż

rHs

Kf,δph1, h2qdh1dh2

Opγ, f 1q :“

ż

rH 1
1

s

ż

rH 1
2

s

Kf 1,γph1, h2qηph2qdh2dh1

and the following two expressions

Jpfq “

ż

rHs

ż

rHs

Kfph1, h2qdh1dh2

Ipf 1q “

ż

rH 1
1

s

ż

rH 1
2

s

Kf 1ph1, h2qηph2qdh2dh1

Proposition A.2.1 (i) Assume that f P SpGpAqq is a nice function (see §3.5). Then the
expressions defining Jpfq and Opδ, fq, δ P BpF q, are absolutely convergent and we have
the equalities

ÿ

δPBpF q

Opδ, fq “ Jpfq “
ÿ

π

Jπpfq
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where the left sum is absolutely convergent and the right sum is over the set of cuspidal
automorphic representations π of GpAq.

(ii) Assume that f 1 P SpG1pAqq is a nice function (see §3.5). Then the expressions defining
Ipf 1q and Opγ, f 1q, γ P B1pF q, are absolutely convergent and we have the equalities

ÿ

γPB1pF q

Opγ, f 1q “ Ipf 1q “
ÿ

Π

2´2Lp1, ηE{F q´2IΠpf 1q

where the left sum is absolutely convergent and the right sum is over the set of cuspidal
automorphic representations Π of G1pAq whose central character is trivial on ZH 1

2
pAq.

Proof: We only prove (ii) the proof of (i) being similar.

Set rG1 “ G1{ZH 1
2

and define rf 1 P Sp rG1pAqq by

rf 1prgq “

ż

Z 1

H2
pAq

f 1pzrgqdz

Then we have, at least formally,

Ipf 1q “

ż

rH 1
1

s

ż

rH 1
2

{ZH1
2

s

K rf 1ph1, h2qηph2qdh2dh1

As f 1 is a nice function we have K rf 1 “ K rf 1,cusp
. Thus, by Proposition A.1.2, it follows that

the expression defining Ipf 1q is absolutely convergent and that

Ipf 1q “
ÿ

Π

ż

rH 1
1

s

ż

rH 1
2

{ZH1
2

s

K rf 1,Π
ph1, h2qηph2qdh2dh1

where the sum is over the set of all cuspidal automorphic representations Π of G1pAq with
a central character trivial on ZH 1

2
pAq. We would like to identify the term indexed by Π

above with the global spherical character IΠpf 1q. However, we don’t have equality on the
nose because the scalar products used to define IΠpf 1q and K rf 1,Π

are not the same. More
precisely, IΠpf 1q is defined using the Petersson scalar product p., .qPet of section 3 whereas in
the definition of K rf 1,Π

we have used the scalar product

pφ, φ1q
L2pr rG1sq “

ż

r rG1s

φprgqφ1prgqdrg

“ vol
`
ZG1pF qZH 1

2
pAqzZG1pAq

˘
pφ, φ1qPet

Thus, we get

ż

rH 1
1

s

ż

rH 1
2

{ZH1
2

s

K rf 1,Π
ph1, h2qηph2qdh2dh1 “ vol

`
ZG1pF qZH 1

2
pAqzZG1pAq

˘´1
IΠpf 1q
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By 2.5(1), we have

vol
`
ZG1pF qZH 1

2
pAqzZG1pAq

˘
“ vol

`
EˆAˆzAˆ

E

˘2
“ 22Lp1, ηE{F q2

and the second equality of (ii) follows.

The first equality follows from standard formal manipulations. To justify these manipula-
tions, we need to establish that the following expression is absolutely convergent (as a triple
integral)

ż

rH 1
1

s

ż

rH 1
2

s

ÿ

γPB1pF q

Kf 1,γph1, h2qηph2qdh2dh1 “

ż

rH 1
1

s

ż

rH 1
2

{ZH1
2

s

ÿ

γPB1pF q

K rf 1,γ
ph1, h2qηph2qdh2dh1

where for all γ P B1pF q, K rf 1,γ
is defined the same way as Kf 1,γ . For this, by Proposition

A.1.1 (v) and (ix), it suffices to show that for all d ą 0 we have an inequality

p1q
∣

∣

∣
K rf 1,γ

ph1, h2q
∣

∣

∣
! ‖γ‖´d

B1 ‖h1‖
´d

r rG1s
‖h2‖

´d

r rG1s

for all γ P B1pF q and all h1 P rH 1
1s, h2 P rH 1

2{ZH 1

2
s. Since f 1 is factorizable, we may

write f 1 “ f 1
8 b f 18 with f 1

8 P SpG1pF8qq and f 18 P SpG1pA8
F qq. Let B1 ãÑ V “ Ar

be a closed embedding of B1 into some affine space. For all ϕ P C8
c pV pF8qq, we define

f 1
ϕ :“ pϕf 1

8q b f 18 where we identify ϕ with a function on G1pF8q by composition with the
projection G1pF8q Ñ B1pF8q and the embedding B1pF8q ãÑ V pF8q. Then, f 1

ϕ is again a
nice function so that K rf 1

ϕ
“ K rf 1

ϕ,cusp
and, by A.1(8), for all d ą 0 there exists a continuous

semi-norm νd on SpG1pF8qq such that

p2q
∣

∣

∣
K rf 1

ϕ
px, yq

∣

∣

∣
ď νdpϕf 1

8q‖x‖´d

r rG1s
‖y‖´d

r rG1s

for all ϕ P C8
c pV pF8qq and all x, y P rGs. Let Γ denote the intersection of B1pF q with

the projection of the support of f 18 (a compact subset of B1pA8
F q). Note that for all ϕ P

C8
c pV pF8qq, all γ P B1pF q and all ph1, h2q P H 1

1pAF q ˆ H 1
2pAF q, we have K rf 1

ϕ,γ
ph1, h2q “

ϕpγqK rf 1,γ
ph1, h2q and K rf 1,γ

ph1, h2q “ 0 if γ R Γ. Hence, by (2), to show (1) it suffices to
construct a family pϕγqγPΓ of functions in C8

c pV pF8qq satisfying the following two conditions

• For all γ P Γ, we have Supppϕγq X Γ “ tγu and ϕγpγq “ 1;

• For all d ą 0, the function γ P Γ ÞÑ ‖γ‖d
B1νdpϕγf

1
8q is bounded.

There exists a lattice L Ă V pF8q containing Γ. Fix a function ϕ0 P C8
c pV pF8qq with the

property that Supppϕ0q X L “ t0u and ϕ0p0q “ 1. For all v P L, define ϕv P C8
c pV pF8qq

by ϕvpxq “ ϕ0px ´ vq. We claim that the family pϕγqγPΓ satisfies the two conditions above.
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Indeed, the first condition is clear and for all d ą 0, there exist k ą 0 and two finite families
puiqiPI and pviqiPI of elements of Upg1

8q such that

νdpϕf 1
8q ď sup

iPI
sup

gPG1pF8q

|pRpuiqϕqpgqpRpviqf
1
8qpgq| ‖g‖kG1

for all ϕ P C8
c pV pF8qq. Then, for all ℓ ą 0 we have

νdpϕf 1
8q ď

˜
sup
iPI

sup
gPG1pF8q

|pRpuiqϕqpgq| ‖g‖´ℓ
G1

¸ ˜
sup
iPI

sup
gPG1pF8q

|pRpviqf
1
8qpgq| ‖g‖k`ℓ

G1

¸

for all ϕ P C8
c pV pF8qq. Thus, it suffices to show that for all u P Upg1

8q there exists ℓ ą 0 so
that the function

γ P Γ ÞÑ ‖γ‖d
B1 sup

gPG1pF8q

|pRpuqϕγqpgq| ‖g‖´ℓ
G1

is bounded. Fix u P Upg1
8q. Then, we can find a finite family prjqjPJ of regular functions

in C
“
RF {QG

1
‰

and a finite family pXjqjPJ of elements of the symmetric algebra of V pF8q
such that, denoting by BpXjq the corresponding constant coefficients differential operators
on V pF8q, we have

Rpuqϕ “
ÿ

jPJ

rjBpXjqϕ

for all ϕ P C8
c pV pF8qq. Since for each j P J the absolute value of rj is bounded by a constant

times a power of the norm ‖.‖G1, we are reduced to prove that for all X in the symmetric
algebra of V pF8q there exists ℓ ą 0 such that

‖γ‖dB1 sup
gPG1pF8q

|BpXqϕγpgq| ‖g‖´ℓ
G1 ! 1

for all γ P Γ. By our choice of the functions pϕγqγPΓ and Proposition A.1.1(ii) we have

‖γ‖B1 ă ‖g‖G1

for all γ P Γ and all g P G1pF8q with ϕγpgq ‰ 0. Hence, we just need to show that for all X
in the symmetric algebra of V pF8q the function

γ P Γ ÞÑ sup
gPG1pF8q

|BpXqϕγpgq| “ sup
vPB1pF8q

|BpXqϕγpvq|

is bounded. But this is obvious by the way we have defined the functions pϕγqγPΓ. �
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A.3 Proof of Theorem 3.5.1

Let f P SpGpAqq and f 1 P SpG1pAqq be nice functions and assume that there exists a tuple
pfW 1

qW 1, fW 1

P SpGW 1

pAqq, matching f 1 and such that fW “ f . By Theorem 3.4.4, we may
assume that fW 1

“ 0 for almost all W 1. There are natural isomorphisms HW 1

zGW 1

{HW 1

»
B » B1 for all W 1 (see §3.4). In order to compare the trace formulas of Proposition A.2.1,
we need to know that for all δ P BpF q and all γ P B1pF q corresponding to each other via the
previous bijection we have

p1q
ÿ

W 1

Opδ, fW 1

q “ Opγ, f 1q

Note that for γ regular semi-simple (i.e. such that the fiber over γ in G1pF q consists of
regular semi-simple elements), this is a direct consequence of the fact that pfW 1

qW 1 matches
f 1 (in this case there is at most one nonzero contribution in the left sum). To treat the
general case, we need to use recent results of Zydor and Chaudouard-Zydor. More precisely,
in [Zy] Zydor has defined, for δ P BpF q and γ P B1pF q, certain distributions

gW
1

P SpGW 1

pAqq ÞÑ OZpδ, gW
1

q

g1 P SpG1pAqq ÞÑ OZpγ, g1q

The definition of OZpγ, .q is (roughly) as follows. let A be the standard maximal split torus
in GLn and set a :“ X˚pAq bR. Then for T P a, g1 P SpG1pAqq and γ P B1pF q, Zydor defines
a certain ’truncated’ kernel KT

g1,γ on rH 1
1s ˆ rH 1

2s (see [Zy] §5.5, note that the o of loc. cit.
corresponds to our γ and that the function f of loc. cit. corresponds not to g1 but rather to
its descent rg1 to Sn`1pAq as in §3.3) and he shows that for T in a certain cone the integral

OZ,T pγ, g1q :“

ż

rH 1
1

sˆrH 1
2

s

KT
g1,γph1, h2qηph2qdh2dh1

converges absolutely (see [Zy,Theorem 5.9]). The definition of KT
g1,γ is as a sum the main

term being Kg1,γ and the remaining terms depending only on g1
P for certain proper parabolic

subgroup P “ MU of G1 where g1
P pxq :“

ż

UpAq

g1pxuqdu. Since f 1 is a nice function, we have

f 1
P “ 0 for all proper parabolic subgroup and thus KT

f 1,γ “ Kf 1,γ and OZ,T pγ, f 1q “ Opγ, f 1q
for all T (remark that this also reproves the absolute convergence of Opγ, f 1q of Proposition
A.2.1). Finally, still for T in a certain cone, Zydor shows that the function T ÞÑ OZ,T pγ, g1q
is an exponential-polynomial whose purely polynomial term is constant ([Zy, Theorem 5.9])
and he defines OZpγ, g1q to be this constant. Since OZ,T pγ, f 1q “ Opγ, f 1q for all T , we also
have OZpγ, f 1q “ Opγ, f 1q. The definition of OZpδ, .q is similar and since the functions fW 1

are nice the same argument shows that OZpδ, fW 1

q “ Opδ, fW 1

q for all W 1 and all δ P BpF q.
Finally, the main result of [CZ] is that if g1 P SpG1pAqq match a tuple of functions pgW

1

qW 1,
gW

1

P SpGW 1

pAqq, then we have
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ÿ

W 1

OZpδ, gW
1

q “ OZpγ, g1q

for all δ P BpF q and all γ P B1pF q corresponding to each other (strictly speaking [CZ]
only considers compactly supported functions but the proofs applies verbatim to Schwartz
functions). Together with the previous equalities this shows (1).

Now (1) together with Proposition A.2.1 leads to the identity

p2q
ÿ

W 1

ÿ

πW 1

JπW 1
pfW 1

q “
ÿ

Π

2´2Lp1, ηE{F q´2IΠpf 1q

where πW 1 runs over the set of all cuspidal automorphic representations of GW 1

pAq and
Π runs over the set of all cuspidal automorphic representations of G1pAq whose central
character is trivial on ZH 1

2
pAq. Fix a maximal compact subgroup KW 1

“
ś

vK
W 1

v of GW 1

pAq
for all W 1 and let Σ be the infinite set of places v of F which split in E and where π, f
and f 1 are unramified. By Theorem 3.4.4, we may assume that for all W 1 and all v P Σ

the function fW 1

v is unramified (i.e. it equals volpKW 1

v q´1
1KW 1

v
). Then, in the equality

(2) only the πW 1 and the Π which are unramified at all places in Σ contribute. Define the
Hecke algebra HG,Σ “ CcpGpAΣq{{KΣq of compactly supported and KΣ-biinvariant functions
on GpAΣq. This is the restricted tensor product over v P Σ of the local Hecke algebras
HG,v “ CcpGpFvq{{Kvq. We define similarly the Hecke algebra HG1,Σ “ CcpG

1pAΣq{{K 1
Σ

q
and the local Hecke algebras HG1,v “ CcpG

1pFvq{{K 1
vq. Note that for all n-dimensional

hermitian space W 1 over E we have an isomorphism GpAΣq » GW 1

pAΣq canonical up to
conjugation which induces a canonical isomorphism HG,Σ » CcpG

W 1

pAΣq{{KW 1

Σ
q. There is

a base change homomorphism HG1,Σ Ñ HG,Σ, h ÞÑ hbc and for all v P Σ, all W 1 and all
hv P HG1,v, hv ‹ f 1

v and hbcv ‹ fW 1

v match each other (see [Zh1, Proposition 2.5]). For all
irreducible unitary representation Π of G1pAq which is unramified at all places in Σ let us
denote by h ÞÑ phpΠq the corresponding character of the Hecke algebra HG1,Σ. Then, for all
W 1, all cuspidal automorphic representation πW 1 which is unramified at all places in Σ and

all h P HG1,Σ the element hbc P HG,Σ acts on π
KW 1

Σ

W 1 by phpBCpπW 1qq. Let h P HG1,Σ. Since the
functions h ‹ f 1 and phbc ‹ fW 1

qW 1 are nice and match each other we can apply equality (2)
to these functions to get

p3q
ÿ

W 1

ÿ

πW 1

phpBCpπW 1qqJπW 1
pfW 1

q “
ÿ

Π

2´2Lp1, ηE{F q´2phpΠqIΠpf 1q

Let Irrunit,ΣpG1pAqq be the set of all irreducible unitary representations of G1pAq which are
unramified at all places in Σ. Then the functions Π P Irrunit,ΣpG1pAqq ÞÑ phpΠq, h P HG1,Σ,

are bounded and we have xh˚ “ ph where h˚pgq “ hpg´1q. Hence by the Stone-Weierstrass
theorem, from (3) we deduce
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p4q
ÿ

W 1

ÿ

πW 1

JπW 1
pfW 1

q “
ÿ

Π

2´2Lp1, ηE{F q´2IΠpf 1q

where this time πW 1 and Π run over the sets of cuspidal automorphic representations of
GW 1

pAq and G1pAq such that BCpπW 1,vq “ Πv “ BCpπvq for all v P Σ. Recall the following
automorphic-Cebotarev-density theorem due to Ramakrishnan ([Ra]):

Theorem A.3.1 (Ramakrishnan) Let Π1, Π2 be two isobaric automorphic representa-
tions of GLdpAEq such that Π1,v » Π2,v for almost all places v of F that are split in E.
Then, Π1 “ Π2.

As BCpπW 1q is always isobaric it follows from this theorem that the right hand side of (4)
reduces to 2´2Lp1, ηE{F q´2IBCpπqpf

1q and that if πW 1 contributes to the left hand side then
BCpπW 1q “ BCpπq. In particular, πW 1 and π belong to the same (global) Vogan L-packet.
By the local Gan-Gross-Prasad conjecture (see §2.4), and since by assumption π is tempered
at all archimedean places, we know that there is at most one abstractly HW 1

-distinguished
representation in this L-packet. By assumption, π is such a representation. Hence, the left
hand side of (4) reduces to Jπpfq and this ends the proof of Theorem 3.5.1. �
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