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Mathematical tutorials play an important role in tertiary teaching of mathematics in Germany. However, we do not know a lot about what actually happens in these tutorials. This paper reports from a small study in the context of a PhD project which investigates the work of teaching assistants (TAs). The result of this study is a typology of discussion patterns of tasks in mathematical tutorials. In this study typological analysis, including a hierarchical cluster analysis, was used to identify different ways in how TAs work on mathematical tasks in classroom discussions. The findings suggest that there are five main patterns for the discussion of tasks, differing in focus, length and support of students' learning.

Introduction

In Germany, teaching assistants (TAs) play a vital role in the learning of mathematics at universities. A mathematical course usually consists of three parts: the lecture, homework assignments and small group tutorials. The lecturer delivers the lecture and assigns three to five tasks for the homework assignments. After working on these assignments for one week, the students hand in their solutions to the tasks, TAs correct them and later discuss these tasks in small group tutorials. Usually, the lecturer and TAs meet every week for planning the tutorial session. TAs do not assist the lecturer in his teaching activities, but they are on their own in the tutorials and free to discuss the tasks as they like. TAs in Germany are undergraduate students who are just a few years ahead of the students they teach and they are usually employed for one semester. By leading the tutorials, TAs are close to the students' actual learning and may function as link between students and lecturer, e.g., they shall connect the contents of the lecture to the tasks, they ought to get feedback from the students and report this to the lecturer. TAs are expected to be accurate and to facilitate students' learning by also sharing their own experiences as successful students.

Although TAs play such an important role in the learning of the students, there is hardly any research on German TAs' practices. Internationally, research on TAs has increased in the last 20 years. However, as their role and practices differ in many ways from that of German TAs, it is uncertain in what respect the results of these studies can be transferred to the German context. Therefore, the aim of my PhD project is to understand how German TAs organize their tutorials in order, later, to be able to provide a basis on which we can develop quality criteria for German tutorials and use them to support TAs in weekly meetings and tutorial trainings.

Theoretical background

In the last years, research on mathematical teaching practices has increased and there have been a few studies that compare characteristics and teaching styles of instructors in different levels. [START_REF] Weber | Traditional instruction in advanced mathematics courses: A case study of one professor's lectures and proofs in an introductory real analysis course[END_REF] showed that one lecturer might use different teaching styles, depending on his learning goals and the content he is teaching. Weber could identify three different ways of teaching proofs in a Thematic Working Group 14 Proceedings of CERME10 traditional lecture format: logical-structural, procedural and semantic. This suggests that, at least advanced lecturers, change their teaching styles intentionally.

There have also been studies on comparing teaching styles of different instructors. One example is [START_REF] Pinto | Revisiting University Mathematics Teaching: A Tale of Two Instructors[END_REF] study on two TAs that are even supposed to follow the same lesson plan. Using Schoenfeld's resources, orientation and goals theory [START_REF] Schoenfeld | How we think: A theory of goal-oriented decision making and its educational applications[END_REF], Pinto illustrates how both TAs prepare and hold their tutorials quite differently according to their research background and experience in teaching this particular topic. Also [START_REF] Mali | Characterising university mathematics teaching[END_REF] could accord to the findings of Pinto.

In their study on two tutors in small group tutorials, they found out that teaching seems to be closely linked to research practices of the tutors: the mathematician "uses the graph to make fundamentally mathematical ways of thinking transparent to students", whereas the mathematics educator uses the graph "as an alternative to explain the mathematics" (p. 2193).

Of course, looking at TAs from the German context, they do not have a research background that might influence their teaching. However, their experience from their own tutorials or from teaching tutorials in former semesters as well as their learning goals, beliefs about learning or the mathematical contents might influence the way they discuss tasks. Therefore, the main research question for this paper is: What different "discussion patterns" do TAs use when working on mathematical tasks in tutorials? This includes sub-questions like: Do TAs focus on the problems they identified when correcting the students' work? Do they always discuss the whole task or only parts of it? How much do they support the students in their learning process? For this paper I combine the answers to these questions by trying to find overall patterns for classroom discussions.

Methods and design

The study is being conducted at a German university. Students of mathematics for pre-service teachers are expected to attend lectures and additional small group tutorials of 10 to 30 students. Both, lectures and tutorials are weekly sessions of 90 minutes, the students are supposed to work on tasks out of class which are assessed by the TAs and discussed in tutorials. The videos for this study were generated in tutorial sessions containing 78 task discussions in total (2-3 discussions per tutorial). 32 TAs have taken part in this study, all of them pre-service teachers. The data set includes task discussions in tutorial sessions from different semesters of the years 2010 to 2015 and the discussion covered a range of topics from analysis, arithmetic and geometry. This great variety of tutorials was chosen to get a representative sample of task discussions, thereby reducing other influences (style of lecturer, difficulty of mathematical content, etc.).

The students in the tutorials were all bachelor students studying teaching mathematics in secondary schools. Students were not directly videotaped unless they presented parts of the solution in front of the class. Their questions, comments and other contributions to the task discussions are audible in the videos.

In a previous part of the PhD study, these 78 task discussions were analyzed for different aspects: how TAs start and end the task discussions, what methods they use, how they try to support the students using visualizations, references to the lecture, etc. Using qualitative content analysis, different categories were generated to investigate each aspect in more detail [START_REF] Püschl | An insight into mathematics tutorials[END_REF].

This part of the study focus on the task discussion as a whole. As we want to find out different types of discussions, an empirical typification method, namely the "typological analysis" by Kuckartz (as described in Kluge, 1999), was used for analyzing the data. An important part of typification methods is to identify features which characterize the different discussion patterns. These features for the classification of task discussions are based on some categories from the previous part of the PhD project (see [START_REF] Püschl | An insight into mathematics tutorials[END_REF]. The following four features were considered for the typological analysis: use of didactical elements, completeness of discussion, focus on problems and focus on strategies.

The use of didactical elements is a key feature for the discussion, because it indicates to what extend the TAs support the students in their learning process. In the previous analysis of the PhD study, ten different didactical elements were identified: "use of visualization", "highlighting common mistakes", "reference to lecture, other exercises, school", "giving structural advice", "clarification of expectations", "solving in several ways", "recapitulation of main results", "clarification of student questions", "generating cognitive conflicts", "returning students' questions" and "asking advanced questions". Some were only used in a few discussions (like "returning students' questions") while others could be found frequently (e.g., "use of visualization"). Some didactical elements are rather pedagogical (e.g., "returning students' questions"), others demand more mathematical skills (e.g., like "asking advanced questions"). For the purpose of this paper instances in which a TA used a didactical element were counted, ranging from a minimum of 0 to a maximum of 13 elements per task discussion. The feature completeness of discussion tells, whether the TAs discuss the whole task or only parts of it. Therefore, this is a binary feature, 0 standing for an incomplete discussion. The other two features give insight into the focus of discussion and relate to categories from prior analysis. The focus could be on the mathematical problems the students had when working on the task. The focus on problems feature consists of three categories from the previous part of the study: "giving feedback on the work of students", "highlighting common mistakes" and "telling the students to review specific parts of the task". The focus on strategies feature is quite different: here, the TAs do not discuss mathematical difficulties, but rather pass on strategies that students need to solve a specific type of tasks. It contains the following three categories: "pointing out the task difficulty", "giving structural advice" and "summarizing of task". For both features, the elements in each discussion are counted, ranging from 0 to 4. Based on these four features, agglomerative hierarchical clustering was used to find patterns in the 78 task discussions. Agglomerative clustering starts with all 78 cases, each building one cluster. The algorithm then merges a selected pair of clusters into a single cluster, so that after 77 steps only one big cluster is being left (Hastie, Friedman, & Tibshirani, 2001, p. 472). To equal the relative influence of the four features in the cluster algorithm, they were scaled between 0 and 1. The Squared Euclidean distance was used as a metric to calculate the distance between each cluster. To decide which clusters are joint in each step, the Ward's Method was chosen as linkage criterion. The Ward's Method tries to minimize the total distance from centroids by joining two clusters. This method facilitates the construction of clusters with similar sizes and is frequently used because it has often provided better results than other linkage criterions (Bortz, 2005, p. 573). As the clusters become more heterogeneous in every step of the algorithm, it is often recommended to stop at a number of clusters before the greatest increase of distance (Bacher et al., 2010, p. 241). The statistical analysis was facilitated by the software SPSS (version 23).

The data has been analyzed regarding the four features mentioned above. In addition, other factors have been taken into account as they might influence the results (Kuckartz, 2012, p. 125). Therefore, the discussion patterns identified by the cluster algorithm were analyzed in regard to a variety of other factors. Three factors are presented in this paper: time spent on the discussion, the TAs' individual approaches and their experience in leading tutorials.

Results

The results from the cluster analysis suggest five clusters from the 78 discussions. Using four or less clusters would have resulted in a high increase in distance between the cases in the cluster. Three cases of the 78 discussions were eliminated, because they did not fit one of these clusters for several reasons1 . One case, for example, which showed a great distance to all of the other clusters, was a task discussion in which the TA was really ambitious and wanted to discuss the whole exercise with a lot of student participation, focusing on problems as well as strategies. However, in this way she ran out of time and was not able to discuss even half of the exercise in more than 40 minutes. As there is no similar task discussion in the data and it would have influenced the cluster algorithm too much, this case was eliminated according to these qualitative and quantitative considerations. Table 1 shows that most of the discussions fall into clusters 1, 2 and 5. Only 16 of the 75 discussions have a focus on problems. Cluster 2 and 5 make up more than half of the discussions (55%), both not focusing on either problems or strategies. Cluster 1 is the only cluster with a focus on strategies.

Taking into account the five clusters from cluster analysis five different discussion patterns could be identified in the material:

Heuristic discussion (Cluster 1)

The TA discusses the complete task by focusing on strategies the students have to acquire in order to solve tasks from this specific type. The heuristic discussion is the only pattern with this focus on strategies and used 24% of all task discussions.

Pragmatic discussion (Cluster 2)

The TA discusses the complete task without focusing on strategies or problems and with minimal use of didactical elements to support the students in their learning processes. The pragmatic discussion is the most frequently used discussion pattern (29%).

Student-oriented discussion (Cluster 3)

The TA discusses the complete solution of the task while focusing on the specific problems the students might have had. This pattern is called student-oriented, because the TA satisfies the students' request for a model solution, but also tries to help them to overcome their difficulties. The studentoriented discussion is only used in 13% of the task discussions.

Problem-oriented discussion (Cluster 4)

This type of discussion can be characterized by a focus on problems. The TA highlights the difficulties in the solution process, using many didactical elements to support the students. This pattern is similar to the student-oriented discussion, only differing in the completeness of the discussion. Only 6 task discussions fall into this pattern.

Minimalistic discussion (Cluster 5)

TAs using the minimalistic discussion just discuss parts of the solution without a specific focus. The TAs hardly use didactical elements to support the students. This pattern is quite similar to the pragmatic discussion except for the completeness of the discussion. About 25% of the task discussions fall into this cluster.

Duration of discussions

The average discussion time of one task is about 19 minutes long, ranging from a minimum of 2 to a maximum of 53 minutes. The boxplots in Figure 1 show how long the discussions last in each discussion pattern.

Although the differences in average discussion time between the different patterns is not statistically significant (one-factor ANOVA at a 5% significance level) there are some interesting observations to be made: The pragmatic discussion and the minimalistic discussion are about 10 minutes shorter than the discussions in the other clusters. Especially for the pragmatic discussion, this result is quite surprising as the TAs are going through the complete solution. However, both discussion patterns do not have a specific focus. TAs who discuss problems or strategies probably need some time to concentrate on this focus and need more didactical elements to support the students. Time might be an important factor for TAs to choose a discussion pattern like the pragmatic or minimalistic patters as they often run out of time in the tutorials. 

Individual approaches of the TAs

Another factor which might influence the choice of discussion pattern might be the individual approaches of the TA. Depending on their beliefs on learning, some TAs might prefer learning from mistakes and usually choose discussions in the problem-oriented or the student-oriented pattern.

Others rather want to hand on the model solutions and therefore choses the pragmatic discussion pattern. One interesting aspect to investigate might be whether TAs usually choose the same pattern or whether they switch between the patterns when discussing different tasks.

As most TAs in the data only discuss one or two tasks, the data for this analysis is quite small. The following table shows the distribution of discussions from two TAs who discuss seven different tasks: Andrew tends to use complete discussions with no specific focus. Although he discusses seven different tasks, he never focuses on strategies. David's discussions fall in four different patterns. He does not seem to have a preference for any of the different types. This result suggests that some TAs have individual approaches while others might be rather flexible in their choice of discussion pattern.

Both, Andrew and David, are experienced TAs who have led tutorials for several semesters. However, not all of the TAs are as experienced as David and Andrew. Like expert and novice teachers differ in some aspects of their teaching, rather inexperienced TAs might also choose different ways of discussing tasks. Only 11 TAs of the 32 TAs in the data have led tutorials before the semester of this study and are therefore labeled as "experienced" while the other 21 TAs are called "inexperienced". Table 3 suggests that there are some differences between experienced and inexperienced TAs. The experienced TAs, which have lead tutorials in the previous semesters, seem to prefer the heuristic, pragmatic and minimalistic discussions. The inexperienced TAs have a greater focus on problems. They use the student-oriented and problem-oriented patterns more frequently than the experienced TAs. This result is quite surprising as you would rather expect experienced TAs to have a specific focus in the discussion. However, the number of cases is quite small, it would be very interesting to analyze this aspect for a bigger set of data.

Final remarks

This paper presents five different patterns for the discussion of tasks in mathematical tutorials. The "heuristic discussion" focuses on strategy teaching which is very important for learning. This type consumes more teaching time than the other types and is rather used by experienced TAs. As Brophy explains, this kind of instruction is not "only demonstration of and opportunities to apply the skill itself but also explanations of the purpose of the skill (what it does for the learner) and the occasions on which it would be used" (2000, p. 25). Therefore, the students can hopefully gain more than just another solution from this kind of discussion.

In the "student-oriented discussion" and the "problem-oriented discussion" TAs focus on aspects the students struggle with and help them to overcome these difficulties. These types of discussion take some more minutes than the average discussion. Interestingly these patterns are seldom used by experienced TAs. One explanation might be that inexperienced TAs are more aware of the students' problems as they still remember their own problems. It could also be the case that experienced TAs do not believe that these patterns help the students in their learning process. However, this result might only due to the data.

More than half of the discussions have no specific focus and few didactical elements to support students' learning. The "pragmatic discussion" and the "minimalistic discussion" consume the least teaching time, so time pressure in the tutorials might be a reason for the frequent use of these two discussion patterns. However, the TAs might have other motivations for using discussion patterns without focus. Possibly, TAs might pursue learning goals that we are not aware of in this study. This shows that further research on this aspect is needed.

According to the findings of [START_REF] Weber | Traditional instruction in advanced mathematics courses: A case study of one professor's lectures and proofs in an introductory real analysis course[END_REF], some TAs seem quite flexible in using the different discussion patterns. This result gives rise to possibility that we can support TAs in using the appropriate pattern for a specific learning goal. Especially, the heuristic and the problem-oriented patterns could be practiced in tutorial training. Apart from that discussion patterns could be a topic in the weekly meetings, helping the TAs to plan their tutorials more goal-oriented.

Figure 1 :

 1 Figure 1: duration of discussion in minutes each discussion pattern (N=75)

Table 1 : median of four features distributed into five clusters (N=75)

 1 

	Cluster		completeness	number of	focus on	focus on
			(1 complete, 0 incomplete)	didactical elements (0-10 elements)	problems -number of elements (0-4	strategies -number of elements (0-4
					elements)	elements)
	1	median	1	4	0	1
		N	18	18	18	18
	2	median	1	2	0	0
		N	22	22	22	22
	3	median	1	6	1	0
		N	10	10	10	10
	4	median	0	5	2	0
		N	6	6	6	6
	5	median	0	2	0	0
		N	19	19	19	19
	overall	mean value	1	3	0	0

Table 2 : distribution of clusters on example of two TAs

 2 

			discussion pattern			
	TA	heuristic	pragmatic	student-	problem-	minimalistic	overall
				oriented	oriented		
	Andrew	1	5	0	0	1	7
	David	2	2	2	0	1	7

Table 3 : distribution of discussion patterns depending on experience of TAs (N=75)

 3 

			discussion pattern		
	experience of TAs	heuristic pragmatic student-	problem-	minimalistic	overall
				oriented	oriented		
	experienced	11	10	3	1	10	35
	inexperienced	7	12	7	5	9	40
	Overall	18	22	10	6	19	75
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