Athina Thoma 
email: a.thoma@uea.ac.uk
  
Elena Nardi 
  
Discursive shifts from school to university mathematics and lecturer assessment practices: Commognitive conflict regarding variables

Keywords: Undergraduate examinations, assessment routines, commognitive conflict, variables

We report part of an ongoing study that aims to characterise lecturers' assessment discourse, especially on closed-book examinations. We focus particularly on lecturers' discourses that concern the transition from school to university mathematics, and we do so through highlighting one commognitive conflict regarding the use of variables in a task from an examination paper for a Year 1 module on Sets, Numbers and Probability taught in a UK mathematics department. We show evidence that the lecturer's assessment practices aim to facilitate students' avoidance of errors that are occurring because of said conflict. Here, we focus on students' scripts which illustrate that, nonetheless, students make errors and do not draw on the discourse of integers when deciding the domain of the variables used in the task. We conclude with a brief discussion of students' experience of commognitive conflict in the transition from school to university mathematics.

Introduction

Studies in mathematics education have focused on students' transition from secondary school to university (e.g. [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF]. Part of how students experience said transition is evidenced in their engagement with examinations during their first-year undergraduate modules. The nature of tasks in examinations has been studied using different theoretical frameworks (e.g. [START_REF] Tallman | A characterization of Calculus I final exams in US colleges and universities[END_REF]. Researchers have also examined lecturers' perspectives on examination tasks [START_REF] Bergqvist | University mathematics teachers' views on the required reasoning in Calculus exams[END_REF][START_REF] Tallman | A characterization of Calculus I final exams in US colleges and universities[END_REF]. In our study, we take a discursive approach in analysing examination tasks and lecturers' perspectives focusing on aspects of the transition from secondary school to university mathematics. This theoretical approach allows a characterisation of the mathematical discourse the students engage in when solving the tasks, and provides insight into lecturers' assessment practices and their expectations from students' responses.

In this paper, we analyse a task from a first-year module on Sets, Numbers and Probability offered in a UK mathematics department. We build on previously reported work from this study [START_REF] Thoma | A commognitive analysis of closed-book examination tasks and lecturers' perspectives[END_REF] in order to delve into lecturers' assessment practices facilitating students' transition to university mathematics in more detail. Specifically, we take the case of variables and the way these appear in a Number Theory task of the module's examination paper. In choosing this particular case, we take cue from previous works (e.g. [START_REF] Epp | Variables in mathematics education[END_REF] which note that variables have diverse uses in mathematics, some of which often create difficulties for students' transition to algebra and other advanced topics. Of particular relevance in this paper is the discussion by [START_REF] Biehler | Students' use of variables and examples in their transition from generic proof to formal proof[END_REF] about the difficulties with variables that students face.

In the part of our study reported here, we focus on a commognitive conflict concerning the number domains in the secondary school and university mathematics discourses. First-year mathematics undergraduate students' errors regarding variables, when engaging in a Number Theory task, provide evidence of this unresolved commognitive conflict. In what follows, we present briefly the theoretical framework of the study, the examination task and the study's participants. We then analyse the task and the interview data with the lecturer who posed the task. The interview data illustrate the lecturer's ways of assisting the students to avoid the errors. Finally, we highlight the errors evidenced in the student scripts despite this assistance, we present the case that these errors stem from aforementioned commognitive conflict and conclude with a discussion of findings and how these are embedded into the larger study.

Commognitive conflicts and assessment routines facilitating discursive shifts [START_REF] Sfard | Thinking as communicating: Human development, development of discourses, and mathematizing[END_REF] theory of commognition is a discursive approach that is being increasingly used in mathematics education [START_REF] Tabach | Communicational perspectives on learning and teaching mathematics: prologue[END_REF], as well as specifically in university mathematics education [START_REF] Nardi | Commognitive analyses of the learning and teaching of mathematics at university level: the case of discursive shifts in the study of Calculus[END_REF]. Mathematics in this approach is a discourse that can be described in terms of the following four characteristics: word use (e.g. divisor), visual mediators (e.g. algebraic symbols), endorsed narratives (e.g. definitions) and routines (e.g. proving). The routines are distinguished in deeds ("an action resulting in a physical change in objects"; Sfard, 2008, p. 236), rituals ("creating and sustaining a bond with other people", p. 241) and explorations ("producing endorsed narratives", p. 259) with the explorations further categorised in recall, substantiation and construction. Of particular relevance to our analysis here is the construct of commognitive conflict "the phenomenon that occurs when seemingly conflicting narratives are originating from different discoursesfrom discourses that differ in their use of words, in the rules of substantiation, and so forth." (p. 257). For example, a commognitive conflict may occur between the different relationships that the number domains have in school and university mathematics discourses. In school, number domains are introduced progressively. They are used for some time; and then subsumed in the next number domain. Positive integers are introduced first. Then, as the students learn about division, rational numbers follow. After a while, the discourse about unsigned rational numbers (which includes integers and rational numbers) together with negative numbers constitute the discourse on rational numbers (p. 121). The discourse of real numbers is introduced in later stages of the secondary school. In the university discourse, the number domains play a different role. They are presented as crucial abstract structures, the ring of integers and the fields of rationals, reals and complex numbers. In particular modules, the focus of study are those abstract structures and that is the case for Number Theory, where the domain of the variables is restricted in the discourse of integers.

In our study, we examine students' participation in the university mathematics discourse taking also into account the lecturers' perspectives, particularly their rationale for the choices of the examination tasks and the wording of the tasks. Our previous analysis of examination tasks and lecturers' assessment practices [START_REF] Thoma | A commognitive analysis of closed-book examination tasks and lecturers' perspectives[END_REF] highlighted the following assessment routines: giving directions to the students regarding the steps their response to a task may take; structuring the tasks and subtasks in ways that allowed students to secure and optimise marks as they progressed from one part of a task to another; and, providing guidance regarding expected justifications in the students' responses. Overall, these routines aim at assisting students' shifting from school to university mathematics discourse. Here, we aim to extend our previous analyses, also taking into account lecturers' assessment routines, which aim to avoid expected errors. We will make the case that unresolved commognitive conflicts are responsible for those errors. We are, therefore, starting to look in tandem at aspects of students' experience (here: commognitive conflicts relating to variables in a Number Theory examination task) and lecturers' perspectives onand intended practice relating to this experience. In the following, we outline the larger study our paper originates in; and, introduce the examination task and a brief commognitive analysis of it. We then offer an analysis of the lecturer's perspectives on the task, highlighting those assessment routines that aim to help students avoid errors relating to variables. Finally, we present the student examination scripts, which illustrate these errors and examine whether, and how, the unresolved commognitive conflict in the different relationships with number domains at school and university, may be seen as responsible for these errors.

The examination task and the participants of our study (lecturer and students)

The data of our study consists of examination tasks from different modules, lecturers' interviews on those tasks and students' scripts corresponding to these examination tasks. The focus of this paper is on one task from the module Sets, Numbers and Probability. This is a first-year module and has two parts: Sets, Numbers and Proofs taught in the autumn semester and Probability taught in the spring semester. The final examination includes six tasks: the first two are compulsory and the other four optional. One of the compulsory and two from the optional tasks are on Numbers, Sets and Proofs and the others on the Probability part of the module. At the final examination, the students have to solve both the compulsory tasks and three from the optional tasks. The total grade of the examination is 100 marks and the pass grade is 40 marks. This paper focuses on the compulsory task from the Sets, Numbers and Proofs part of the module (Figure 1). More specifically, in this part of the module, the topics covered are: Set Theory (notation, operations, cardinality and countability), Functions (introduction to functions, injection, surjection), Proofs (direct proof, proof by induction, proof by contradiction, proof by counterexample), Number theory (greatest common divisor, prime numbers, modular arithmetic) and Equivalence relations. The topic examined in this task is proof by induction and Number theory. Our analysis will focus on students' responses to the Number theory part of the task, task (ii). The model solution for part (ii) created by the lecturer for departmental use is in Figure 2. We note that this solution is not made available to the students. Fifty-four students took part in the final examination and the marks of their responses in this task ranged from 4 to 20, with the mean being 16.85 marks. The scripts of 22 students were selected by the first author to represent a variety of marks (Figure 3). The errors based on what we see as an unresolved commognitive conflict regarding variables were observed in 6 students' scripts. Here we report: first, analysis of the task and from the lecturer interview data; then, a sample from the analysis of the six students' scripts.

Task analysis and the lecturer interview

In part (i) of the task (Figure 1), the students are asked to engage in a substantiation routine (proof by induction). The wording of the task directs the students to this type of proof. In part (ii), the students are directed to engage first in a recall routine, giving the definition of a divisor, and then in a substantiation routine of a relationship describing the connection between the linear combination of a and b and the divisor d of a and b (iia). The students are then directed toward using the Euclidean Algorithm in (iib) and, in the last part (iic), they are expected to engage in a proof by contradiction (not explicitly mentioned in the wording of the task) in order to prove that the linear combination given is not divisible by 7see [START_REF] Thoma | A commognitive analysis of closed-book examination tasks and lecturers' perspectives[END_REF] for more detailed analysis of the task. For the purpose of this paper, we focus on the lecturer and student data corresponding to the second part of the task, (ii). During the interview, the lecturer said:

Lecturer: (…) my memory of school mathematics is that there was a lot of doing things but not necessarily a lot of formally defining things (…) And of course they came to university thinking that they knew what that [the definition of the divisor] meant but in this situation it really matters that they are restricting themselves to the-to the ring of integers (…) and all the symbols represent integers so what it means to divide is very different than if they were working with fractional numbers or something where they could write a over b and things like this.

Our commognitive analysis highlights the differences in the lecturer comments between the school discourse and the university discourse and, more specifically, with regard to the routine of defining and the importance of understanding that "all the symbols represent integers".

He highlights the differences between what the students are used to and what they are expected to do at university level. Our analysis sees this as the differences between the two discourses: on the one hand on the focus of the routines; on the other hand, on the constraints of the different discourses that exist within the mathematical discourse at university level. More specifically, the students, working with this definition have to restrict their work on integersand not on rational or real numbers. The lecturer, then, speaks about the nature of the symbols involved. We recognize this comment by the lecturer as foreseeing students' errors in the case that they treat the divisor as a rational instead of an integer, drawing on the discourse of rational numbers instead of the discourse of integers. Integer numbers are rational numbers, and making the distinction between the twoand then opting for working within the discourse of integersis not something that these students have been routinely working with in school. This shows that the lecturer expects students to use division in the way that they were taught in school, instead of considering the abstract structure that this task is asking them to restrict their activity in. In the excerpt that follows, the lecturer explains his assessment routines which aim to assist students with avoiding errors that are happening because of what we see as a commognitive conflict: subtask (ii) is gradually structured as first asking the definition, then, substantiating a narrative that draws on this definition, engaging with the Euclidean algorithm and, finally, combining all the above to engage in a proof by contradiction. He comments on the purpose of this gradual structure as follows:

Lecturer: (…) what's being tested here is their ability to write down something formally and correct. And I would worry that if I didn't prompt them to write down formally the definition of what it means for one integer to divide another in the exam, in the pressure of the exam and so on, then their answers could start looking very 'creative' at the second part and they might start writing down fractions.

Therefore, he aims that the gradual structure aids students towards achieving the expected solution.

This can be thought of as a way of helping students avoid experiencing errors stemming from what we labelled as commognitive conflict, where a and b, would be treated by students as rational numbers, instead of integers: this gradual structure serves as a reminder that they should restrict themselves in the discourse of integers. Additionally, the analysis shows that the lecturer stresses the routine of justification and the rigor of the university discourse compared to the school discourse, a further staple of the transition that these students are at the moment experiencing [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF].

Lecturer: (…) the only challenging part would be the last part, the part that requires some thought and they need to-to sort of understand or remember that somehow it relates to what happened up here [shows parts (iia) and (iib)] (…) to remind them that I want them to explain why they are answering what they are saying.

In the excerpt above, the lecturer comments on the challenge of the (iic) part of the task and the purpose of the prompt "Explain your answer carefully". In this part of the task, the students have to engage in a substantiation routine that is based on the endorsed narratives that they have created for parts (iia) and (iib). The lecturer suspects that the students may omit justifying their response regarding the substantiation of the given relationship and aims that this prompt will help them do so.

From the above, we see that the lecturer has identified students' difficulties with the nature of the variables being used in this task. Our commognitive analysis sees this as evidence that the lecturer appears alerted to this difficulty as a difference between the school and the university discourse. The students, during their school years, gradually moved from the discourse of the natural numbers, to the one of the integers, then to the rational numbers and finally to the reals. Now, in this task, they are asked to endorse the discourse of the integers, which is subsumed in the discourse of rational numbers, within which they have been performing division of numbers in school. We now turn to students' responses, which evidence that, despite aforementioned aid provided by the lecturer, errors The students' scripts Student [03] first communicates the relationship between the divisor d and a using written verbal visual mediators. In the second part of (iia) the student writes, using symbolic mediation, that d is a divisor of a and d is a divisor of b. However, in the symbolic realisation of the divisor, the student deploys fractions, with d being the numerator and a and b being the denominators. This way of writing that d divides a can be seen as a translation of the written verbal mediator into a symbolic mediator without taking into account that the fraction line means that the denominator divides the numerator. In the case of the task, this division would result in a non-integer number. This way of writing signals that the student may see m and n (written on the right hand of the script) as numbers and not as integers.

Then, the student writes the relationship between the symbolic mediators m, d and a and concludes that d is equal to the product of m and a. The student used all the symbols given in the wording of the task to produce a narrative that involves fractions. Fractions could be part of the discourse of rationals, and this task asks the students to restrict their activity within the discourse of integers. We see the appearance of fractions and the absence of the constraints regarding the variables as evidence of the commognitive conflict regarding the relationships between the number domains in school and university mathematics discourses. Unclear meaning making regarding the object of a divisor is evidenced as the student starts by explaining that d is a factor of a, then engages in the discourse of rationals concluding that d=ma but then saying that the product 2d has d as a divisor. Having concluded that the greatest common divisor is 3 (Figure 4) using long division -and not the Euclidean algorithm -the student writes 123m + 45n =3. Then s/he divides all the terms of the equality by 3 and takes different cases where the new equality is true.

In doing so though, [03] does not take into account the nature of the variable symbolic mediators and the variables become rational numbers. Also, there are multiple values in the rational numbers that satisfy this equality as can be seen in the response (Figure 4). Finally, in the last part of the task, the student responds affirmatively that there are "integers" s and t. However, the s and t s/he gives are 

Symbolic visual mediation and the transition to university mathematics

Looking at the model solution produced by the lecturer (Figure 2) and the wording of the task (Figure 1), we can see that there are four different instances where the students have to define the symbolic mediators they use: first, in the definition of the divisor where an integer is introduced to illustrate the relationship between a and d; then, in the narrative which connects a, b and their divisor d; next, in the substantiation of the relationship between the linear combination of a and b and their divisor d; and, finally, in order to prove by contradiction that a linear combination of a and b is not divisible by 7. In the last instance, the symbolic mediators on both sides of the equality have to be integers and, as 7 is not divisible by 3, the contradiction occurs. The wording of the task, where the lecturer stresses that all the variables in this part of the task are integers, and the structure of the task aim to signal to the students that they have to be working within the domain of integers. Our analysis suggests that lecturers design the tasks being aware of the students' potential errors regarding the variables belonging to different number domains and thus adds to [START_REF] Bergqvist | University mathematics teachers' views on the required reasoning in Calculus exams[END_REF] results on what lecturers take into account when designing assessment tasks. The data from the students' scripts shows however, that, in six out of the twenty-two analysed responses, students' errors signal an unresolved commognitive conflict that relates to making a distinction about the nature of the variables. Engaging with this distinction is not a routine that students are typically engaged with, at least in the UK secondary classrooms where the students participating in this study have been educated in: number domains are introduced progressively and students are simply expected to always work within the latest introduced number domain. However, in the university, the numerical context of a task may differ from task to task and the students are expected to be able to swiftly identify the domain that is appropriate for each task and work within it. We approach this issue therefore as a non-negligible aspect of the students' transition from school to university mathematics. Our results resonate with those in [START_REF] Biehler | Students' use of variables and examples in their transition from generic proof to formal proof[END_REF] study. They found that, frequently, their participants would use symbols without providing information regarding the domain of the variable; in our case, not attending to such information results also in leaving parts of the task practically not answeredespecially in the cases where the explicit request for "integers s and t" in (iic) receives non-integer responses. 

Figure 1 :

 1 Figure 1: Compulsory task on Sets, Numbers and Proofs

Figure 3 :

 3 Figure 3: Marks from all the students' scripts

  illustrating this commognitive conflict were not avoided. Of the twenty-two student scripts analysed, six contained said evidence ([01], [03], [06], [11], [16], [17]).

Figure 4 :

 4 Figure 4: Student [03]'s script to (ii)
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 5 Figure 5: Student [16]'s to (iic)
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