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Minimal time of null controllability of two
parabolic equations

Lypia OuUAILT*

Abstract

We consider a one-dimensional 2 x 2 parabolic equations, simultane-
ously controllable by a localized function in their source term. We also
consider a simultaneous boundary control. In each case, we prove the ex-
istence of minimal time Tp(g) of null controllability, that is to say, the
corresponding problem is null controllable at any time T > Ty(q) and not
null controllable for T < Ty(q). We also prove that one can expect any
minimal time associated to the boundary control problem.

1 Introduction

Let us fix T' > 0 and w = (a,b) C (0,1), and consider the parabolic systems:

Oy —Ay+q(-)Hy=1,Bu  in Qr := (0,T) x (0,1),

y(-,0)=0, y(,1)=0 on (0,7), (1)
y(0,) = yo in (0,1),
and
Oy —Ay+q(-)Hy =0 in Qr,
y(-0)=Bv, y(,1)=0 on (0,7), (2)
y(0,) = wo in (0,1),

In systems and (2), ¢ € L*(0,1) is a given function, H is a real matrix,
BeR%isa given vector, 1, denotes the characteristic function of w, yg €
L?(0, 1;R?) is the initial datum for system (1) and yo € H~1(0, 1; R?) for system
(@), v € L*(Q7) and v € L*(0,T) are the control forces.

It is well known that the system (resp., the system ) is well-posed for
any T > 0 (resp., admits a unique solution by transposition) (see [1§]), i.e., for
any (yo,u) € L2(0, 1;R?) x L*(Qr) (resp., (y0,v) € H~'(0,1;R2) x L2(0,T))
there exists a unique solution

y € L*(0,T; Hi(0,1;R?)) N C°([0, T); L*(0, 1; R?))
(resp.,y € L*(Qr;R?) N C°([0,T]; H*(0,1; R?))).

Note that the rank of the control operator B is one and we are interested
in studying the approximate controllability and null controllability for systems

and (2).

*Aix Marseille Université, CNRS, Centrale Marseille, 12M, UMR, 7373, 13453 Marseille,
France. E-mail: lydia.ouaili@etu.univ-amu.fr




1. We say that system (resp., system ) is approximately control-
lable in L?(0,1;R?) (resp., H~1(0,1;R?)) at time T if for every yo,yq €
L?(0,1;R?) (resp., yo,ya € H1(0,1;R?)) and ¢ > 0, there exists u €
L?(Qr) (resp., v € L2(0,T)) such that the solution y to system (1)) (resp.,
system (2)) satisfies

ly(T,-) = vallz20,1;r2) < € (vesp., [[y(T, ) — yallg-1(0,1m2) <€)

2. We say that system (resp., system (2)) is null controllable at time
T if for every yo € L%(0,1;R?)) (resp., yo € H~1(0,1;R?),) there exists
u € L*(Qr) (resp., v € L*(0,T)) such that

y(T,-) = 0 in L*(0,1;R?) (vesp., y(T,-) = 0 in H1(0,1;R?)).
Systems and are a particular class of general n x n parabolic systems

Oy — DAy + A(t,z)y = 1,Bu  in Qp :=(0,T) x L,
y = Culp, on (0,7) x 99, (3)
y(0,-) = yo in Q,

where w and T’y are respectively open subsets of a smooth bounded domain
Q Cc RY, N > 1, and of its boundary 92, D = diag(dy, ...,d,) € L(R"), with
n>1, Alt,z) = (a;;(t,2))i<ij<n € LOO(QT)”2 is the coupling matrix and
E, C e L(R™;R™), with m < n, are the control matrices.

Concerning the scalar case (n = 1), H.O. Fattorini and D.L. Russell prove in
[9] and [10] the null controllability in the one-dimentional case (N = 1), using
the moment method. The N-dimentional case has been established simultane-
ously by G. Lebeau and L. Robbiano in [I5] and by A. Fursikov and O. Yu.
Imanuvilov in [I2] using Carleman inequalities. The case where A is a constant
matrix, has been considered in [2], where the authors prove a necessary and suf-
ficient condition for the approximate and null controllability. In [13], a cascade
structure of the matrix A(¢,x) has been considered and the null controllability
for n x n systems has been established by Carleman inequalities, under the fol-
lowing assumptions on the coupling terms: there exists a nonempty open set
wo € w and a positive constant ¢y such that

Qji—1 > Co > 0 in (O,T) Xwp Or —a;;—1 > Co > 0 in (O,T) X wo, Vi € {2, ,TL}

(4)
This condition implies in particular that Suppa;;—1 Nw # 0 for all 2 < i < n.
The null controllability in the general case Supp a; ;—1 Nw = () remains an open
problem. One of the recent steps in this direction has been established for two
parabolic equations (n = 2) in [5], where the authors analyze the distributed
and boundary controllability of system under the following assumption on
the structure:

D= I Alz) = (8 Q(Ox) ),é::é;: ( (1)) and Q:= (0, 1).

Under the assumptions

+

SuppgqNw =0, #0,

1
/ q(z)|sin(kmz)|? dz
0

/a q(z)|sin(kmz)|? dx
0




for distributed control (C'= 0 in ([3)) and assumption
1
/ q(z)|sin(krz)|* dex # 0, Vk > 1,
0

for boundary control (E =0 1in ), they prove the existence of a minimal time
To(q) € [0, oo] for the distributed controllability problem (resp., 71(q) € [0, +o0]
for the boundary controllability problem), i.e., system with € = 0 (resp.,
with B = 0) is null controllable if T > Ty(q) (resp., if T > T1(q)), and not null
controllable if T < Ty(q) (resp., T' < T1(q)). Moreover, for every 79 € [0, o], the
authors prove that there exists a function ¢ € L°°(0,1) and w C (0, 1) satisfying
Supp ¢ Nw = 0 in the case of distributed controls, such that To(q) = 79 or
Tl(q) =T0. _
To our knowledge, there are few results on boundary control systems (B =
0 in (3))). Most of them concern the one-dimensional case (N = 1). In [I1], the
authors consider the case where D = Id and A is a constant matrix and prove
a necessary and sufficient condition for the boundary controllability using the
moment method. The case D # I; and n = 2 has been considered in [4] with

D= diag(1,d), d> 0 and d £ 1, A = (8 é),é;: ( (1)) and Q := (0,1).

The authors prove the existence of a minimal time of null controllability, given
by the index of condensation (see Definition below) of the sequence of eigen-
values A = {k*7?, d kn?}x>0 of the system.

Systems and are particular cases of system with N = 1, n =
2, m=1,

D :=1,, A(t,z) := H q(z), with H € £(R?) and Q = (0,1).

In this paper we consider the case when H is a diagonalizable matrix with two
distinct real eigenvalues 1, po € R. System and have been studied in [5]
when the matrix H has A = 0 as a unique eigenvalue. The approach followed
in this paper is close to that developed in [5]. However, due to the structure of
the matrix H, new and interesting mathematical difficulties arise.

Remark 1.1. In the case when ¢(x) = ¢ is constant, it is shown in [2] that system
(1) is null controllable if and only if the Kalman rank condition

det [E, Hﬁ} 40, (5)

holds. For system , this condition is necessary for both approximate and
null controllability (see [6, Remark 25]).
In the case when ¢ € L?(0, 1) is a given function, observe that conditions ¢ # 0
and are necessary for both approximate controllability and null controllabil-
ity for systems and .

After an appropriate change of variables, observe that the controllability of
systems and is equivalent to the controllability of the following systems:

O+ Ly =1,Bu in Qr := (0,7) x (0,1),
y(,0)=0, y(-1)=0  on (0,7), (6)
y(oa ) =1%o in <0a 1);



and

Bty + Ly =0 in QT)
y(70) = Bv(t)v y(7 1) =0 on (OaT)v (7)
y(0,-) = o in (0,1),
where the operator (L, D(L)) and the vector B € R? are respectively given by:
—“A+pmg 0 2 2 1 2
L:= D(L)=H 1;R*) N H ;R 8
( 0 _A+#2q ’ ( ) (07 ) ) 0(0, ) )7 ( )

and B = (by,b)T # (0,0), with by, by a real coefficients.

Remark 1.2. Note that in this case, the Kalman rank condition and condition
q #Z 0 read as

q#0 and biba(p1 — p2) # 0, 9)

for @ when L is given by . Following Remark @ is necessary for the
null controllability of system at time 7" > 0. In fact, the algebraic Kalman
condition (5)) and condition ({4)), i.e., there exists a nonempty open subset wy C w
and a positive constant ¢y > 0, such that

q(z) > co or q(z) < —cp in wy,

imply the approximate and null controllability of system at time 7' > 0. On
the other hand, if Supp ¢ N w = (, the distributed controllability of system
has been studied in [5] when H has a unique eigenvalue, A = 0, with geometric
multiplicity 1.
We can also deduce that conditions @D are necessary for the controllability of
@ when L is given by . Again, the controllability of has been studied in
[5] when H has A = 0 as a unique eigenvalue with geometric multiplicity 1.

The main novelty of this paper is to consider H with different eigenvalues
and

Suppgq C [0,a] or Suppq C [b, 1], (10)

for system @ We are going to see that, under assumption , it appears a
minimal time Ty(q) € [0, +00].

Let us denote by o(L;) = {Aix}tr>1, with ¢ = 1,2, the set of eigenvalues
corresponding to the operators (L;, D(L;)) for i = 1,2, defined by

The main result of this paper is the following one:

Theorem 1.1. Let us consider (L, D(L)) given by (8), B € R? and q € L?(0,1),
a given function. Let us assume that conditions (9)) hold. In addition, let us
suppose that 1s satisfied for system @ Then, one has:

1. Systems @ and @ are approximately controllable at time T if and only
if

o(Ly)No(Lg) = 0. (12)
2. Assume that condition holds and define
In|A1n— Aanp
To(q) :=limsup — n|1—2| (13)
n—-+oo >\1,n

Then,



(a) If T > Ty(q) systems (6) and (7)) are null controllable at time T.
(b) If T < To(q) systems @ and are not null controllable at time T'.

Remark 1.3. The controllability result of system has been already proved
in [, Th 2.5, p. 12] by means of condensation grouping. In fact, we will prove
that Ty(¢) may take any value of [0,+0c] (see Remark 6). For the sake of
completeness we will provide a proof of the controllability result of system (7).

Remark 1.4. To prove the approximate controllability result, we carry out an
analysis of the properties of the eigenfunctions of (L, D(L)) (see section [2.1]) for
system ([7)) and, under the geometrical condition on the function ¢ € L?(0,1)
for system @ We establish a necessary and sufficient condition that
characterizes the approximate controllability property for systems @ and .
Thus, is a necessary condition for the null controllability of these systems
at time T' > 0. Observe that this condition does not depend on the final time
T.

Remark 1.5. From the expressions of eigenvalues Aj i, A2y of (L, D(L)) (see
(118)), we can deduce that, under assumption

1
[ ateraz 2o, (14)
0
there exists k' € N* such that
Mg # Aoy, Ve I>FE,

In particular, condition holds (apart from a finite number of Fourier modes)
and we can deduce that Ty(¢) = 0. As a consequence, under condition , we
deduce the existence of a finite-dimensional space X C L?(0,1;R?) such that
one has the null controllability of @ and @ at any time T > 0 if yo € X+.

Remark 1.6. In the case of boundary controllability, we will see in section 6,
that there exists a function ¢ € L?(0,1), such that Ty(q) > 0. In fact, Ty(q)
may take any value in [0, +00].

This paper is organized as follows: In Section 2, we recall some preliminary
results related to the spectrum of the operator (L, D(L)), some characterizations
of the controllability and a result on the existence of biorthogonal families to real
exponentials. Section 3 is devoted to studying the approximate controllability
of systems @ and (7). In Section 4, we prove the existence of a time Ty(q)
such that systems (6) and (7) are null controllable for any T > Tpy(g). Finally,
in Section 5, we prove that systems @ and are not null controllable when
T < To(q)-

2 Preliminary results

In this paper, we denote by (-, '>H—1,H3 the usual duality pairing between H~1(0, 1; R?)
and H}(0,1;R?) and by (-,-)z2 the scalar product of either L?(0,1;R?) or
L?(0,1;R), with norm denoted by | - || 2.

In this section, we give some spectral properties of the operator (L, D(L))
which will be used later. We also recall some controllability properties of systems
@ and @ and we finish by recalling a known result on the existence and bounds
of biorthogonal families to real exponentials.



2.1 Spectral properties

Theorem 2.1. Let ¢ € L?(0,1), A € C and consider the following initial value

problem:

—p" +qp=Apin (0,1),

P +aqp / pin (0,1) (15)
p(0) =0, p'(0) = 1.

Then, problem admits a unique solution p € H?(0,1) which is the solution

of the Volterra equation:

B sin(vAz) T sin(vA(z —t))
o) = S [

We denote by p(-, A, ¢) the solution of , corresponding to A € C and the
function ¢ € L?(0,1). We now recall some well-known properties concerning the
spectrum of the Sturm-Liouville problem.

Proposition 2.1. The operators (L;, D(L;)), given by , with i = 1,2, are
selfadjoint and admit an increasing sequence of eigenvalues o(L;) = { Xk }i>1 C
R, i = 1,2, with the following properties:

q(t)p(t)dt, Vz € (0,1). (16)

)\1'71 < )\»L',Q < ... < Aiyk < )\i,k+1 < .. with lim Aiyk = 400, (17)
k——+oo
and
1 1 1
i =12k + ,ui/ q(z) dx — ,ui/ cos(2kx) q(z) dz + O <k) , (18)
0 0

for k — oo. Furthermore, if ;1 1s the normalized eigenfunction associated to
ik with i=1,2, then, the sequence {@; 1 }k>1 s an orthonormal basis of L? (0,1).
Moreover

A Jes i L
in(n) = PEN Dy 00) withi= 1,2, (19)

lpCy Nk 15q) [ 22

with the following asymptotic behavior:

sin(4 /i k)
p(x7)\i,k>HiQ) = T;w +0 (?12) ’

(20)
[p(s Aiks i@l 22 = \/ﬁ 1+0(3),
and
{ pik(z) = V2sin(krz) + O (%) , (1)
inl@) = V2rk cos(krx) + O(1),

as k — oo uniformly for x € [0, 1].

For a proof of the previous results, we refer to ([I4, Th 4.4, p.125, Th 4.10,
p.134 and Th 4.11, p.135 |, [I6, Th 4, p. 35]).

We deduce that the spectrum of (L, D(L)) is {A1,x, Aox; k € N*}, and the
corresponding eigenfunctions are given by:

Ok = ( " ) and ¢ . = ( @O ) vk > 1. (22)

2.k

Moreover the sequence {1 k, ¢2 x, k € N*} is an orthonormal basis of L2(0, 1; R?).



2.2 Controllability properties
Let us introduce the adjoint problem associated to systems @ and :

—8t¢ + L¢ = 0 in QT7
¥(-,1) =0, ¢¥(-,00=0 on (0,T), (23)
¢(T7') = w() in (071)7

where v € L?(0,1;R?) or 19 € H(0,1,R?) is a given initial datum. Let us
first see that system is well posed, in the following sense:

Proposition 2.2. For all v € L*(0,1;R?) system admits a unique solu-
tion ¢ € L2(0,T; H}(0,1,R?)) N C°([0,T7]; L*(0, 1;R?)), given by
Y(t,-) = Ze_/\l’k(T_t) (Yo, d1k) 21k + € 2T (g o k) 22 e
k>1
Moreover, if 1o € H}(0,1;R?), then the solution satisfies
Y € L*(0,T; H*(0,1;R?) N HE(0,1;R?)) N CO([0, T]; Hy (0, 1; R?)).

The next proposition, provides a general characterizations of the controlla-
bility properties related to systems @ and .

Proposition 2.3. 1. System @ is approximately controllable at time T > 0
if and only if, the following unique continuation property holds:

“If + is the solution of the adjoint problem associated to Py €
L?%(0,1;R?) and

B*¢ =0n (0,T) X w, then, one has ¥y =0 in (0,1).” (24)

2. System @ is null controllable at time T > 0, if and only if there exists
C > 0 such that the observability inequality

ool <c [[ Bl de (29
(0, T)xw
holds for every v € L*(0,1;R?), where 9 is the corresponding solution of

(23).

3. System is approzimately controllable at time T > 0, if and only if, the
following unique continuation property holds:

“If 1 1is the solution of the adjoint problem associated to Py €
H(0,1;R?)and

B* 0,9(t,0) =0 on (0,T), then, one has g =0 in (0,1).” (26)

4. System is null controllable at time T > 0, if and only if, there exists
C > 0 C such that the observability inequality

T
1000 By oy < C [ 1B0.0(.0) i (27)

holds for every 1o € HE(0,1;R?), where v is the associated solution of
23).

For a proof of the previous results see for instance [8], [I8] or [19].



2.3 Biorthogonal family and condensation index

In this subsection, we study the existence of a biorthogonal family to the real
exponentials in L?(0,7T).
Let us consider a sequence A = {A\y}x>1 C RY satisying

A < A1, VE>1,
Z— < +o00. ’ (28)

k>1

Definition 2.1. The index of condensation of the sequence A = {A;}g>1 is
defined by:

1 1
A) =1
¢(A) = lm sup - In 777305

e =] <1 - ig) (30)

k>1

€ [0, +o0], (29)

where

is called the interpolation function.

This definition was introduced by V. Bernstein in [7] to study the overcon-
vergence of Dirichlet series (see [7] and [I7]).

Proposition 2.4. Let us consider a sequence A = {A\;}i>1 € RY satisfying
[28). Then, there exists a biorthogonal family {qx }x>1 in L?(0,T) to {e Mt }i>1,
i.e.,

/OT qr(t) e Mt dt = Okj, Vk,jeN.
Moreover, for any € > 0, there exists a constant Cc > 0 such that
lapllze < Co @O HN g > 1 (31)
where c(A) is given by .

For a proof of this result, we refer to [4].

3 Approximate controllability

This section is devoted to the proof of the first item of Theorem To study
the approximate controllability of systems @ and , we use the properties of
the spectrum of the operator (L, D(L)) (see (8)) given by Proposition

3.1 Approximate controllability for system @

We recall that ¢; j is given by with p(-, Ai g, :q) given by (see and
(16))

sin(y/Aikt) i /Ox ol oesla — ) q(s) p(s) ds,

p(ma/\i,ka,uiq) = m m



for any x € (0,1), £k > 1 and ¢ = 1,2. In particular

/!

—p ('7 )‘i,kv /szq) + i q() p(7 )\i,ka /qu) = )\i,k p(7 )‘i,kv qu) in (07 1)7

and p(1, Aj g, piq) = p(0, \i &, :q) = 0. Using an integration by parts in

Lsiny/Aig(z—s) ‘ N Lsin /A k(z — 5) o) ds
J T ) e o ds = A [T )

one gets
Lsin /N (z —s sin(y/A; g x) sin(y/ A x(x — 1
m/ VAik( )q(s)p(s) gs = VX, (D) (VA ))’
0 i & ik Ak

s s

where p; ;. (1) = p'(1, Ai k, ptiq). Then we can write for all x € (0,1) and & € N*
that

sin(y/ i k(x — 1)) T sin(y/ ik (z — 9))
p(@, Ak, i) = pj (1 ’ + i/ ’
( ks M ) ,k( ) \/m H L \/m

Using (19), we deduce that if Supp ¢ C (0, a) then the eigenfunctions of (L;, D(L;)),
with i=1,2, satisfy

P Dsin(y/Ar(e 1)

q(s)p(s)ds.

sin(y/ A k(x — 1))

@i k() = = ¢ x(1) , Vo €w, (32)
\V4 'Lk:||p zku,u/z HL2 - >\7L,k
and if Suppgq C (b, 1) then
sin(Vhik®) e, (33)

pik(T) =
\/ ||p zka,uzq HLz

In this subsection, we assume that Supp g C (b,1), the case Suppq C (0,a) can
be treated in the same way.

Necessary condition Let us fix T > 0 and assume that condition does
not hold, i.e., there exist ko, jo € N such that Ay, = A2, = A. Thus

1p(+, N2jo» 19) || 22
Hp(7 )‘1,’607 .u“2Q)||L2

©1 ko () = Qg ko P2,50 (%), Yo € w, with gk, =

Let us consider
Yo = 021 ke — Qg ko D102 4o »

with {¢;r}e>1,1 = 1,2, given by (22). Then, the associated solution of
the adjoint problem is given by

b(t,x) = T by g g, (@) =T by ok, D240 (@), V(E,7) € (0,T) xw
In particular, if (¢,2) € (0,T) X w, this function satisfies
B p(t, ) = e T (b1 b 1,1 () — b1 ba iy 1y 92,5 () = 0,

but ¥y # 0. We deduce by Proposition that the system @ is not
approximately controllable at time 7" > 0.



Sufficient condition Let us now assume that holds and consider ¢y €
L?(0,1;R?), such that the corresponding solution to the adjoint problem

satisfies
B*y)(t,z) =0, in(0,T) x w.

Using Proposition [2.2] ¢ € L?(0,T, H{(0,1,R?)) N C°([0,T]; L*(0, 1, R?))
and

Z (5167’\”@4) (Yo, P1,k) 201,k

E>1

e 2 T (4 g 1) 2 902,k) =0 in(0,7) X w.

Without loss of generality, let us assume that A; ; > 0, for all £ > 1 and
1 = 1,2. Under the assumption , the sequence A = {1k, A2k }x>1 can
be ordered increasingly and then satisfies condition . Using Proposition

there exists a family {q1 x(t), g2 x(t) }x>1 biorthogonal to {e At e=A2kt}, o)
i L2(0,1).

Therefore, for all z € w = (a,b) and k > 1, one has :
T
0= / B*(t, @) q1,x(t) dt = b1 (o, ¢1.k) L201,k(T),
0

T
0= [ B 0(t.2) ga.(0) dt = balio, b2) o2 (o).
0
Since the eigenfunctions {¢1,k}x>1, {¥2.kte>1 has exactly k + 1 roots in
[0,1] (see and (33)), one has necessarily
<w07¢i,k>L2 = 07 vk Z 17 1= 1a2

By completeness of the eigenfunctions (see (22])), we deduce that ¥y = 0
on (0,1). Thus by Proposition we deduce that the system @ is
approximately controllable at any time 7" > 0.

Remark 3.1. The operator L may contain negative eigenvalues, but by
there exists k' € N such that for all k > &k, A; , > 0, taking m large
enough and A, = A;  +m > 0, we obtain a strictly positive increasing
sequence.

3.2 Approximate controllability for the system

Let us fix T' > 0 and consider the system @ (without assumption , on the
support of the function g).

Necessary condition Let us assume that condition does not hold, i.e.,
that there are ko, jo € N such that Ay, = A2 j, = A. Let us take

¢0(I) = a¢1,ko (:17) + b¢27j0 (I), Vr € (07 1)v (CL7 b) € RQ'
Thus the solution of the adjoint problem associated to g is given by

Y(t,x) =ae T ¢y (@) +be T D gy (2), Y(t,z) € Q.

10



Then
B*9,0(t,0) = aby e T o L (0) +bbye M0 gl L (0), Yt (0,T).
Taking

a=bypy i, (0) and b= —by ¢ 4, (0),

we obtain B*9,%(t,0) = 0 on (0,7). On the other hand, from @D, (15)
and , we deduce 90;7,@(0) #0, for all £ > 1, and ¢ # 0. So, system ([7))
is not approximately controllable at time 7" > 0.

Sufficient condition Let us now suppose that condition holds. Let us

4

take 109 € Hg(0,1;R?) and assume that the solution of the adjoint problem
(23) associated to 1y satisfies

B*9,0(,0) =0, Vte (0,T),

which implies that

Z (ble_’\lv’“(T_t) (1o, d1.%) L2 @1 £(0)

k>1

+bae 2T 4y, ¢ 1) 12 sOlz,k(O)) =0, in(0,7).
The same arguments of the previous subsection lead to
1
0= [ B"0.0(00) 14(t) dt = bigh 1 (0) (s p1a)in, Vh € N
0
1
0= / B*8m¢(t>0> q2,k:<t) dt = bz‘Plz,k(O)Wo» 302,k>L2a vk € N7
0

where {q1k, g2,k }k>1 is the biorthogonal family to {e=*1kt e~ rznt}, o
in L?(0,7). As before, ¢} ,(0) # 0, for all k¥ > 1. By completeness
of eigenfunctions (see (22)), we deduce that 199 = 0 on (0,1). Then the
continuation property holds. So, the system is approximately
controllable. This ends the proof of the first item of Theorem [I.1

Positive null controllability result

Let us now prove the second part of Theorem To this end, we divide the
proof into several steps. We first prove the existence of Ty(g), such that systems
() and (7) are null controllable, when T' > Ty(q), using the moment method
(see [9],]10]).

4.1 The positive null controllability result for the system

©)

Let us take 9o = @ik, with i=1,2 (see (22])) as the initial datum of the adjoint
system 7 then the associated solutions are given by

Yik(t,x) = ¢i k() efAi‘k(Tft), (t,x)eQr, k>1,i=1,2. (34)

11



Direct computations give that, for all k > 1 and i = 1,2
// u(t, ) 1y, B ¢y p(x) e M+ T dt do = (y(T, ), dip) 2 — (o, dik(-) e+ ) e,
T

where y € L2(0,T; H}(0,1;R?))NCO([0, T); L?(0, 1;R?)) is the solution of system
@ associated to yq.

Observe that by completeness of eigenfunctions, given yo € L%(0,T;R?), the
control u € L*(Q7) is such that the solution y of system (6) satisfies y(T',-) =0
if and only if

// w(T —t,x) 1, b1 @1 () e MK dt dr = (Yo, $1,6(+) e_Al’kT>L2, vk > 1,

// w(T —t,x) 1, bo o i (2) e 2kt dt do = (Yo, P2,5() 67)\2”“T>L2, Vk > 1.
T

(35)
Assumption and Proposition ensure the existence of a biorthogonal
family {q1.k, g2.x}e>1 to {e Mkt e=A2xt}, o1 in L2(0,T), which satisfies the
following estimate

Ve > 0, 3C. such that ||g; x| z20.1) < Ce e CM TNk WE > 15 =1,2, (36)

where ¢(A) is the condensation index of the sequence A = {A1 k, Aok }i>1 (see
(29)). Following the approach of [I], we restrict the control to the following
form:

a(t,z) =u(T —t,z) = Z(m,k(t)%,k(x)ml,k + g2,k (D) p2,k(T)mak),  (37)
k>1

where m; j, are coeflicients to be determined. We replace u by in , one
gets, formally:

M bi/ gpik(a:) dr = <’y0,¢i,k(l')67)\i‘kT>L2, Vk>1andi=1,2.

Since the eigenfunctions {1k tx>1, {2,k te>1 have exactly k + 1 roots in [0, 1],
then

/tpf,kd:c>0, Vk>1,i=1,2,

Moreover
/ sin(knz)® dz — b—a > 0.

k—+oo

Using , we deduce that there exists C' > 0 such that

int b [ el > € >0 (33)
Let us define:
. =ik T
g o= W02 Pk (@20 L VE>1,i=1,2.
bi fw Soi,k dx

12



Let us now prove that @ € L?(Qr), that is to say, the convergence of the series

in L?(Qr). Estimate of ||¢ikllz2(0,7) and (B8), lead to :

||17'HL2(QT) < CE”?(J;?”Lz Z (6*)\1,k(T*C(A)*5) + e*)\’z,k(T*C(A)*E)) .

k>1

Let T > ¢(A). Taking e = Tﬁ;(A), one has

2
il < Sellvollz e (P < o 39
L2(Qr) C

k>1i=1

This inequality shows that if T > ¢(A), then u € L?(Qr). We deduce that
system (6] is null controllable at time 7" > ¢(A). To conclude with Item (a) of
Theorem (1.1} it remains to show that ¢(A) = Ty(q), where Ty(q) is given by

(L3).

Lemma 4.1. Assume that condition holds. Let A = {\1 k, A2k, k € N},
then:

A . — A
c(A) = Tp(q) = limsup — M

40
f——+o00 ALk (40)

Proof. Observe that from the expressions of A\, and Az i (see (18))), we deduce:
lim |)\1,k+1 — )\2,k| = lim |)\2,k+1 — )\1,k| = —+o00.
k—o0 k—o0

and

1
im A1 g — Ao k| = ‘(Nl - Mz)/ q(x) dx
k—4oc0 0

We deduce by the previous properties that there exists an integer k¢ such that
for all k£ > kg, one has

max Aige < Ill%nZ N, VI>k, (k)€ N2

=1,

Therefore the sequence A can be rearranged into an increasing sequence { A }r>1
defined by

{ M hi<k<oro—2 = {Mkti<k<ko—1 U { A2k t1<k<io—1,

such that
>\k<>\k+17 V1<k<2ky—3

and, from the (2kg — 1)-th term, by
A2ko+2k—1 = Zrilinz Nikotk, VE=>0,

A2kot2k = max Aikotks VEkZ>0.

Without loss of generality, we can assume that ky = 1, that is to say
A= {Xg, k> 1}, with
A2k—1 = min A; ; and Aoy, = max A;p, VE> 1.

i=1,2 i=1,2

13



Observe that we can write Aop_1 = k272 + oy, and Aog, = k272 + B, with
1 1

lim o = Hi/ q(z)dz, and lim B = ,uj/ q(x) dx,

0 k—o0 0

k—o0

for some 4,5 € {1,2}. Then there exists M > 0 such that oy, 8 € [-M, M].
Let A\x € A. Using the expression , one has

/\2
1— k.
( A?)‘

In ‘Cl()\k” _ In |/\k71 - )\kl + ln|)\k+1 - )\k|
Ak Ak Ak

ol =+ 1]

itk

From the previous expression, we deduce:

41)
1 2(A\ Ae)(Ag—1 + A (
L (k+1+2k)(§1+ k) e
Ak AeAL_1 A1
where
1 A7 1 YA
Jj<k—1 J j>k+1 J
From the definition of Ak, one gets
2 _
N T );k)()\;c L)Y g
k—00 Ak A1 A o4
On the other hand, assume that one has:

k—+oo n—-+00

Coming back to we deduce

In|C"(\
limsup — M = limsup — (ar + bg),
—+oo Ak f— o0
where In|A A In |\ A
ak:7n| k1= Al and bk:7n| Rl k|
)\k )\k

Since lim by, = lim aop_1 = 0, one has
k—o0 k—o0

In|A g —A
limsup — (agy + bog) = limsup — M

k—+oo k—+oo A2k
. . In | A1 e — Ao
limsup — (agg—1 + bog—1) = limsup — Q
k—+o00 k——+o0 A2k—1

This implies the identity and would finalyze the proof of Lemma Ther-
fore, our next task will be to prove (42]).

14



1. Study of F}j.: Notice that

22 1 A2
|Fk|§ Z )\71 P_l + Z Ykln )\2 )\2 ’
j<k—1 J
A > V2N A <V2A
The first term in the right-hand side of the previous inequality, is estimated by

1 A2 1 A2 k—1 )\2 In g/
T2k o) < 2k )= In (2 _ 1) < o(h—1)2k/ A0
2 A n</\? >_ jz A n<)‘2 ) Ak n</\2 >_ ==

j<k—1 K
A >V2Aj A >V2A

and the second term is estimated by

A2 1 A2 kE—1 A2
— ln J < —In J < In < k ) .
Z ( A?) - Z Ak ()\i — )\i2> D VS )\i — Aifz

j<k—1 j<k—1
A <V2X; A <V2A;
Therefore,

k—4o00

2. Study of Gj: Notice that

AR DI FI | S SRty e e B i Y R
= —In — — —In = —In .
g N X = Moo\ N7 N NN

J>k+1 J>k+1 J>k+1

Using the inequality In(1 + z) < z, when z > 0, one has

1 A
|Gk|§ Zrkln 1+ﬁ <

J>k+1

py? 1
< P e—
j>zk;r1(/\j = ARy +A) T jz (Aj =)
(43)
Let us analyse the series in the right-hand side of inequality . This series
can be written as

1 1
RS D S
j>k+1(>\j = Ak j=2n—1>k+2 (/\2" 1= ) j=2n Shro (A2 — Ak

Thus, from the assumptions on the sequences {A1 x}r>1 and {Aax}x>1, we can
write:

1 1
Gor_1| <
|Ga—1] < Z (R272 + oy — k272 — o) + Z (n272 + B, — k212 — ay,)

n>k+1 n>k+1
and
1 1
|G2k‘ < +
n;_Q (n272 + oy, — k272 — By) n;l (n27w2 + B, — k2m2 — By’

It is not difficult to see that if k > 4M ’T , then

1 2
T n2n2 4o —k2n? —y T n2n2 — k2q2’

Vn>k+1, Vz,ye|[-M,M].

15



Taking into account that a,, 8, € [-M, M] for any n > 1, from the previous
inequality, one has:

1 1 4 1

Gop_11 < 4 E —_ = 42 =32 _ 5 155

| 2k 1| = n2mw2 — k2712 . (k + i)27T2 — k272 7T2ZZ'2 + 2ki
n>k+1 i>1 i>1

<4 ! +/+Oo ! dt 1 ! +11(1+2k)
— | —_— = — —In .
— w2 | 1+42k . 242kt w2 |1+2k 2k

A similar inequality can be obtained for |Gag|. In particular, we can infer

lim ‘ng_1| = lim |G2k‘ =0.
k—o0 k—o0
This ends the proof. O

4.2 Positive null controllability result for system

Let us now analyze the null controllability of system (7). To this end, assume
that Tp(q) < 400 ( To(g) is given in and satisﬁes) and fix T > Ty(q).
Our objective is, again, to formulate the null controllability for system @ as a
moment problem for the control v € L2(0,T).

Let us take o9 = ¢;r,k € N*, with ¢ = 1,2. Then the corresponding
solutions of the adjoint system are given by . Thus, given yg €
H=1(0,1;R?), v € L*(0,T) drives the solution y of system to zero at time
T if and only if v € L?(0,T) satisfies

T
/ v(T —t) b; ¢} 1 (0) e Mkt dt = —(yo, ¢i7k(x)e_/\i’kT>H—1,Héa (44)
0

for any k > 1, and ¢ = 1,2. As in the previous subsection (under condition
(112), we will solve the moment problem using the biorthogonal family
{q1 ks @2k be>1 to {em Mkt e A2ty oy in L2(0,T) provided by Proposition
We seek a solution of under the form

o(t) =v(T —t) = Z q1,k(t) di g + q2,1(t) da e, (45)

k>1

where d; ;, is obtained formally by replacing in :

Ai’kT

(Yo, @i,k () -1 mre”
di,k = 7 3
bi ‘Pi,k(())

It remains to prove that o € L2(0,T). Using one has

i ornllmy
18] 2201y < 9ol Y (O e M gkl 0.1

VE>1, i=1,2.

biley 1. (0)]
|2, - | o
¢2 k H(} Mo 1. T
e 2 gkl Lz |
ba| 5, (0)] 1)
Using the asymptotic behavior of eigenfunctions (see (21))), one has
/ .
@ (0) =V2rk +0O(1), i=1,2,
+(0) (1) (47)

1 .
|6}kl = (2k* + O(1))2, i=1,2,
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as k — oo uniformly for z € [0,1] and ¢ € L?(0,1). Moreover, from the estimate
of {gik, k € N} (see (31)), inequality implies that for all ¢ > 0, there exists
C. > 0, such that

[|é1,!| 12 ‘
19]| 20,1 < Cellyol -1 LRI =X k(T —c(A) —e)
1) ,; b1y 1 (0)]

|12,k r13 o~ A2k (T—c(A)—e)
b2y 1.(0)]

Since T > Tp(q) = ¢(A), taking e = T%(A), we deduce that o € L?(0,T)
and system is then null controllable at time 7. This ends the positive null
controllability result for system .

5 Negative null controllability result for system

@and

In this section, we prove Item (b) of Theorem[I.1] Let us assume that Ty(g) > 0.
Arguing by contradiction, we prove the negative null controllability result of the
systems @ and when T' < Ty(q).

5.1 Negative null controllability result for system @

By Proposition system (6]) is null controllable at time 7 if and only if any
solution 1) of the adjoint system satisfies the observability inequality .
Let us consider

Yok i=adik+bdak, Vk=1,
with a,b € R. So, the corresponding solution 1 of the adjoint system is

Ur(t,x) = ae T g (@) Fbe 2T g (2), V(t,z) € Qp.  (48)

From , if system @ is null controllable at time 7T, there exists C' > 0 such
that for all k > 1 and (a,b) € R? one has:

T 2
a2 672)\1,kT+b2 672)\2,kT < C// ’bl a1 g efAlyk(Tft) + bg bCPQ,k 6*)\2,1‘:(T7t) da dt.
0Jw
In terms of quadratic forms, the previous inequality is equivalent to

e 20T <O Qpr, VE>1, (49)

where

T
Ly = ( gl’k ())\ ) and Qg1 ::/ e” LT=0pre= LeT= gt v > 1,
2,k 0

with

. b1 |le1kll7e0) b1 b2 (@1, P2,k) 12 (w)
Bj = , 5 Wk >
b1 b2(01,k5 P2.k) 12(w) b3 |12,k 720

17



Consider the function n defined by

n(s) = L ws>o. (50)

Then, inequality can be equivalently written as

1
~I<Cy, VE>1, (51)
C
where
o ikl 2 wyn(2A1k) b1b2(@1,k 92,5 L2 ()AL + A2,k)
k=
bba {1k, P2,k) L2 ()M ALk + A2k) B3l 02kl 2 0y 1(2A2,8)

The following computations are closely related to [3, Sec.2.2]. Inequality

is equivalent to

inf o, := inf inf 7(016%96)

>C >0,
k>1 k>122£0 ||z||?

where C is a positive constant. Clearly oy is the smallest eigenvalue of Cj. As
Cy € L(R?), in particular,

detCk < < 2detCk

, VkE>1,
TrC, — Tk = TrCy, -

where Tr(C},) denotes the trace of matrix Cj. The objective is to prove that if
T < To(q) and for a suitable sequence {k(n)}nen, one has

det Ciy(n
lim co k)

=0 52

in order to contradict and then deduce that the system @ is not null

controllable at time T". To this end, we will study the asymptotic behavior of

E‘fﬁg: which depends on the spectrum of (L, D(L)) (see Proposition. We
ave

det Cre = b1 bo? ([l@r 2oy lo2 320021 002N )
(53)
—(P1ks P2.8) F2(y (A k + )\27k)2) )

and
TrCy, = b1? (@1 kl|72(0)1(2A1 %) + b2 02,8172 0y 1(2A2.8)- (54)

Recall that, under assumption @7 one has b1by # 0 and p; # po. Let us consider

the function
esT —1
9(s) = n(n(s) = In .

Appliying a Taylor-formula for any s1,s2 > 0, with s; < so, one gets

2
S1 — S2 -
CE R
2
S1— 8§
( ! 9 2) g//(§2),

9(251) = g(s1+ s2) + (51 — 52)¢" (51 + 82) +

9(252) = g(s1 + 52) — (51 — 82)g" (51 + 82) +

18



where 31, 39 € [2s1,252]. So,

§1— S 2 "= e
G152 (n(s1) + " (52)),

9(251) + 9(252) = 29(s1 + s2) +

but

" (= (=
inf  g"(s) < 9"(1) +4"(52) < sup ¢'(s)
SE€[251,252] 2 SE€[251,252]

Since ¢” is continuous, there exists § € [2s1,2s2], such that M =

g"(5). We deduce that
N(251)0(282) = ns1 + 52)%e1 72 MEEDD vy 55 >0, 5 € [281, 28],

Let us denote by ((s) = In(n(s))” for all s > 0. Then

1 T2 T2 1
= — — < p—
¢(s) $2 (e5T/2 — g=sT/2)2 and 1 T4 = = ((s) < 52 (55)
Indeed, observe that
T3s3  TO T3s3 Ts
Ts/2 _ o=Ts/2 >T 24 + 125>
€ € ST Tam T2 Tst g =y AT,
then
C(s) > 1 242 T4s + 48 T2 52 N T4st + 24 T2 52
S —_— =
T 82 s2(24+T7%s%)2 s2(24+T2s%)2 T s2(24 4 T2s2)?
T2
= Y 0.
T2y 07

In particular,

77(2)‘1,k) 77(2)\27k> = n()\l,k + A2,k:)2 €(>\1‘k_)\2’k)2§(>\;9)’ vk > 1, (56)

with
2
)\2;6[)\17]“A2,k} and W_C( ) )\%k \V/k'>1 1f)\1k<A2k,
T2
)\:7C S [)\27k,A1)k] and W S C()\;c) S E, Vk Z 1, lf )\Q,k < )\17k.

Coming back to and using the previous expressions, obtain that

det Cic = B Bn(2A6) (2 (

_<@1)k’<p27k>2L2(w)e—(Al,k—Az,k)zg(A;C)) _
Since lim (A1x = A2.k)?C(N}) = 0 (see (I8) and (B3)), let us write

/ 1
e—(>\1,k—)\2,k)2C(>\k) _ 1_<)‘1,k_)\2,k)2<()\;q)_5()\1,k_)\2,k)20 (()\l,k o )\2,143)24-()\;{;)) )
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Thus from the expression of det Cy, and TrC), (see (54))), we deduce

‘;‘f:g: — Ny My, VE>1, (57)
where 0 o
Ni= : b1"bs 7](2>\21,k) . ’ (58)
U101kl 72 0y 1(2A1,8) + 027 192,k 1172 () 1 (2A2,k)
and
M, = n(2\a) (det G+ Atk = A2k)® < @1 P2 > a0y CAL) |1
(59)

+%o (O = A2”“)2<(M“))} )

In the previous expression G}, is the Gram matrix of (1,B*¢1 k, 1wB*d2 ) in
L?(0,1;R?), i.e.,

l1kllZ (P1,692,k) L2 (w
Gp = L2(w) SPEE) >
@1,k P2.5) L2(w) \|<P2,k||L2(w)

Let us now study the behavior of det G, for k large enough. We assume that
Supp g C (b, 1), the case Suppg C (0,a) can be treated in the same way. Then

(see , (132) and (33))
Cik(x) = g psiny/A px, Y2 € w,

with

ok ==L = VE+ 0D, =12,

1+ 0i(3)
Let us denote by Ry := /A1, — 4/A2,x. Then, for any x € w, one has

01,6(x) = a1 sin((y/Ae,x + Ri)x) = a1,k sin (/ A2,x) + Ry fr(2)

(07
LE ook(x) + Rifr(z), VE>1, z€w,
2k

where fy is given by

sin((y/ A2,k + Ri)x) —siny/Ag @

Ry,

fr(x) = aq , Vexew, VE>1.

Observe that fi can be written as
fe(x) = a1k cos(Oppx) Ve w,
for © » € R. In particular, for a positive constant C, one gets

|fu(x)| <O, Vrecw, Vk>1.
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Therefore
2

a7 g
)T o2 p2,kllz2(w) + Billoz il 221 frll 720
2.k

aq L 2
2——R, 2(w
+ o r k(S 2,6 L2 (@) 192,672 w)

and
2 O‘% k 4 2 2
(P PrE)L2w) = 2 llzkll™ + B (fies P20 L2
2.k

Qaq
+ QERk o2,k * (fr, D2.1) L2 (w)-

)

We can conclude
det Gy = R? I, (60)
where
Iy = |2kl 2 ) 16l 2 ) = (frs 02,60 T2 ()
satisfies |I| < C for any k > 1, with C a positive constant. In particular, we
deduce

Ak — A2)?
Mk + /A2 k)2

detGr = O(R) =0 ( > , as k — oo. (61)

Coming back to the expressions of N and My given by (58]) and (59)), we
observe that
i n(2X1,k)
im AZALk)

k—r o0 77(2/\2 k)
(n given in (50)). We deduce that

=1, (62)

lim N, = lim by b3 12\ 1)
oo F ko0 0171191, kHLg(w)ﬂ(”\l )+ 2, kl7 2, 1(2A2,k)
b2 b2
= T

(63)

On the other hand, by 7 one has

My, =n(2X26) Ak — Ao g)?

1
Mk + /A2k)?

(1. P2,6) L2 () CAR) (L + 0 (A ke — A2,k)*C(AL))) } :

Observe that
1 _ 672)\2y)€T

2)\2,k

ln\k11k7>\2’k|)

222 1 (T+ 3

n(2A2.1) ALk — Ao k)?

Recall we have assumed that T € (0,Ty(q)). In particular Ty(g) > 0. From the
definition of ¢(A) and Lemmal[4.1] there exists a subsequence {k, }nen such that

In|A -\
To(q) = ¢(A) = lim ~ Ak, = Aok

dm . € [0, +oc].
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We are going to assume Tp(g) < +oo. The case ¢(A) = 400 is obvious and we
also get a contradiction. Then, for any ¢ > 0, there exists k1 such that

In[A1 g, — A2k,

T+ <e+T-To(q), Yn>k. (64)

A2k,
Choosing ¢ = %"(q), we deduce that

In | A —x
62>‘2‘kn(T+ Ak =22,k

I _
X2 ko, ) < e2>\2,kn(¥o<q)).

Finally, since T' < Ty(q), one has

lim Mkn =0.

n—oo

This limit together with prove (52)). Thus, system (6]) is not null controllable
at time 7. This proves the negative result in item 2 of Theorem [I.1] for system

().

5.2 Negative null controllability result for system

Let us now prove the negative null controllability result for the system .
Assume that Tp(g) > 0 and let 0 < T' < Tp(q). By contradiction, we will prove
that system (7)) is not null controllable at time 7.

Using Proposition again, system is null controllable at time T if and
only if there exists C' > 0 such that the observability inequality holds
for any solution % of the adjoint system . Let us work with intial data
Yok = adr i + bk, with k& € N* and (a,b) € R?. Then, the associated
solution of the adjoint system is given by and we deduce that the
observability inequality becomes

Ay <CAyy, Vk>1, V(a,b) € R?
with
Ay g = |]¥(0, ')H%I(%(O,l,R?) = g2 C1p e 2 a(T) 4 p2 Co 672)\2,k(T)’
where (see (22))

Cik ::1+H<p;,k||%27 Vk>1, 1=1,2

and
T
Asj = / | B*0,4(t,0)|? dt
0
3 2
= / ‘bl a <»0/1,k(0) e_kl’k(T_t) + by b(pllk([)) e—kz,k(T—t) dt.
0
In terms of quadratic forms, the previous inequality is equivalent to

T
2T < O / e TR e~ LT gy ye>1, Vk>1,  (65)
0
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where Ly, = diag(A1 i, A2,k) and

b2 2 b b
T ot (0)2h,,(0)
k= b2

> 1.
b 0)¢h,(0) e, (0 e
Verrcan PLE\V) Pk o P2k

Computing the integral at the right-hand side of , we deduce that it can be
written in the following form:

I<CH, Vk>1, (66)
where
Pt 1 (0)*0(2A0 k) ube ot (0)h k(0 k + Aog)
Hy, = err PLE N{aALE CInCa R 801 L \V)@s 1 (V)T 2,k
. b 2
—e— 1k (0) L (0L k + Azi) e b (0)"n(2A2,k)

with 7 defined by . Let 6 be the smallest eigenvalue of Hy, then

2det Hy,

>
TrH, —

Qv
e

Let us analyse the behavior of det H L One has

b3b3
det Hy = —= %1 1(0) 6,1 (0)” ((2A0)n(2A2.k) = 11k + A2)%),

b? b2
TrHy = ¢t 10 n2Ak) + 6 1 (0) 1(202.0).

Same computations as in the previous subsection (see (56)) give
b2 2

b
det Hy = ; jkm(oﬂog,k<o>2n<2xl,k>n<2xz,k>m = A2)*C(N)

1+ 0((/\1k —A2k) C(/\;c)):| ;

where \; € [A g, Aox] if Ak < Aag, or M, € Ao, A g] if Ao g < Ay g Then,

det Hy D103 (0)"h,1 (0)*n(2A0 i )m(2A2.k)
TrHy o b1 2 2\ b3 2 2\
cl,kCg,k(CMchk(O) N2Ak) + 55000 02020) (g7

X (A1 k — A2e)*C(AL) [1 + 1o (A = A20)%C(AL))

2

By , one has

" (0)?

k—oo  Cj
and this limit together with gives

lim D303 £ (0)° ) 1 (0)*n(2A1.1) N

b2 5 j2-
hreo 01,k02,k(ﬁk<ﬂ1,k( ) 0(2A1) + 220, (0)"0(2X2)) bi+ b3

1=1,2

3 )
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Observe that

In A g—Ag gl
2o (T+ 1,k — 2,k

2k ¢

1 _ 6_2/\2’kT

N(2X2k) ALk — A2k)’C(AL) = €
2X9

From the definition of Tj(q), there exists a subsequence {k,, } nen+ which satisfies
(64). If we take e = %‘)(4) and T < Ty(q) in (67)), we obtain

i det Hkn
1m
n—00 Tern

:07

which gives a contradiction with . This ends the proof of Theorem

6 A complementary result

This section is devoted to giving a complementary result on the minimal time
To(q) € [0, 40c] associated to the null controllability of the system (7). Let us fix
p1 =0, uz = 1 and consider the application ¢ € L?(0,1) — Ty(q) € [0, +0oc].
We are going to prove that this application is onto, that is to say that one
can expect any minimal time. We first recall a result related to the inverse
Sturm-Liouville problem.

It is well known that, for all ¢ € L?(0,1) the Dirichlet problem

—u”" 4+ qu=ru in (0,1),
u(0) = 0, u(0) =0

has a sequence ki = ki (gq) of simple eigenvalues, with k > 1, such that

K1 < Ko < ... < K < ..., with lim kK = +o0.
k—o0

We denote by gi(x) = gr(z, ki, q), the corresponding normalized eigenfunc-
tions in L2(0,1). Given q € L?(0,1), the direct Dirichlet problem is to determine
the eigenvalues {x}ren and the corresponding eigenfunction u # 0 of .
Observe that the corresponding inverse problem is the following one: Given the
sequence {ay}x>1 C (0,+00), we want to determine g € L?(0,1) such that the
sequence of eigenvalues of is

Kr = ag, Vk>1.

The following result, due to P. Trubowitz (see [I6]), provides a positive
answer to the previous inverse problem with a particular class of eigenvalues:

Theorem 6.1. The increasing sequence {ky}r>1, is the Dirichlet spectrum of
problem for some q € L?(0,1) if and only if, for a constant C, one has

kp = 12k? + C + 1y, with Zr,% < 4o00. (69)
k>1

The following result is related to the minimal time of boundary null control-
lability Ty(q) of the system . One has:
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Theorem 6.2. For any T € [0, +00], there exists u1,pua € R and q € L*(0,1),
such that the minimal time To(q) associated to the system is To(q) = 7.

Proof. Let us fix 7 € [0, +00] and take p3 = 0 and pg = 1 in @ Let us consider
v = {7 }ren- C €2, given by

e F ifr= 0,
w=3e K ifre (0, +00),
e ifr = 400,
for all K € N*. Clearly the sequence Ao = m2k? + i, k € N, satisfies
for C = 0. Applying Theorem we deduce the existence of ¢(y) € L?(0,1)
associated to the Dirichlet problem with ki = Ao, for any £ > 1. On the
other hand, let us introduce the following boundary control problem

Oy1 — Ay =0 in Qr == (0,7) x (0,1),
Oy — Aya + q(7)y2 =10 in Qr,

y1(+,0) = bro(t), y2(+,0) = bov(t), on (0,T),

yi(1) = 92(-, 1) =0, on (0,7),

yi(T,-) = y1,0, y2(T,-) = y2,0 in (0,1),

where v € L?(0,T) is the control force. In this case, A\ = 72k? Aoy =
w2k + v, k> 1, and

ln|7r2k‘2 —)\2 k| In |’yk|
To(q) = li e - =
ola) =fmenp k2 botee | TR

This ends the proof.

7 Comments, further result and open problems

1. In this work, we proved a necessary and sufficient condition of approximate
and null controllability for system @ with distributed controls under the
geometrical assumption . It would be interesting to prove an analogous
result to Theorem [I[.T] without this geometrical assumption for the function
q, i.e., when

Suppq C [0,a] U [b,1].

2. The null controllability results obtained here for systems (6] and (7)) re-
main valid for ¢ € L>(0,1). Assumption ¢ € L?(0,1) is used in section
6, when, for a given 7 € [0, +00] we provide a potential ¢ € L?(0,1), for
which the minimal time of null controllability of system is equal to
7. This result is obtained using the inverse spectral theory (see Theorem
6.1)). We can also apply the inverse spectral theory for the distributed
system, but Theorem [6.1] does not give information on the localization of
the support of ¢ € L?(0,1).
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3. The methods used here for studying the controllability of the system ,
either for the positive result or negative one, require a careful study of
the spectrum of the Strum-Liouville operator (see [14], [16]). Thanks
to Proposition the null controllability result of system can be
generalized if we consider the following problem:

Oy+Ly=0 in  Qr,
y(-,0) = Bu(t), y(,1)=0 on (0,7),
y(07 ) = Yo in (Ov 1)5

where the operator (L, D(L)) and B € R? are respectively given by:

—( At a 0 _ 72 2 1 2
L_< 0 _A+q2 >7D(L)_H(Oa]—aR)mH0(Oal7R )v

with q1,q2 € LQ(O, ].) and B = (bl,bg)T.
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