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Introduction and research problem

Progressing from the study of rational numbers to irrational and real numbers can prove challenging for students. The way irrationals and reals are introduced in secondary school textbooks does not seem to promote the development of ideas that allow students to adequately grasp convergence or density in their tertiary studies [START_REF] González-Martín | The introduction of real numbers in secondary education: an institutional analysis of textbooks[END_REF]. Difficulties with irrational numbers also have been reported in university students [START_REF] Kidron | Understanding irrational numbers by means of their representation as non-repeating decimals[END_REF]. However, we believe that certain activities, such as studying the approximation of irrational numbers by sequences of rationals, could help students grasp, informally, the ideas behind the formal 𝜀 -𝑁 definition of convergence at university. We have not found works in the literature that address the connections between the teaching of these two notions. For this reason, we seek to investigate how they are presented in textbooks and study the connections that are made (or the lack thereof). Our research is guided by the following questions: 1) how do pre-university textbooks organise and present the notions of limit and of approximation of a real number by a sequence of rationals?; and 2) how do textbook tasks help students develop connections between the two notions?

Theoretical framework

Our research uses tools from [START_REF] Chevallard | L'analyse des pratiques enseignantes en théorie anthropologique de la didactique[END_REF] anthropological theory of the didactic (ATD). ATD acknowledges that every human activity generates a praxeology or praxeological organisation identified by the quadruplet [T/𝜏/θ/], where T is a type of task, 𝜏 is a technique used to complete this task, θ is a discourse (technology) that justifies and explains the technique, and  is a theory that includes and justifies the given discourse. The couple [T/ 𝜏] is the practical block (or praxis) and [θ/] is the theoretical block (or logos). We focus on the institutional relationship with the notions of real number (and activities of approximation) and limit, as reflected by the textbooks.

Methodology

Our study uses the tools provided by ATD to analyse the textbooks and recommendations of the Tunisian Ministry of Education's official programme. Teachers in Tunisia use a different textbook for each school level; all are published by the Ministry. We chose two textbooks for our analysis: the first is used in the ninth level of the basic cycle (14-15 year-old students) and the second is used in the third level of secondary school (17-18 year-old students), which is the penultimate year before university. In examining the first textbook, we analysed the content related to real numbers, paying special attention to tasks concerning the approximation of an irrational by a sequence of decimals. We focused on whether such tasks implicitly use a theoretical block based on the notion of limit. For the second textbook, we looked at two chapters, "Sequences of Real Numbers" and "Limits of Sequences of Real Numbers", to determine whether those chapters develop praxeologies that use (implicitly or explicitly) any of the elements present in the first textbook.

Main results and discussion

We identified three types of tasks in the first textbook (geometrical, algebraic and numerical). These are: Tpr (prove that a given figure is a square and calculate its area), Tcl (calculate the square of rational numbers using a calculator) and Tbn (determine lower and upper bounds of a square root). All these tasks seek to introduce routine techniques, such as the algorithm for bounding √2 between two decimals. The institutional relationship with this notion is characterised by an institutional void with regard to the theoretical block, which includes two technologies: θpr (the diagonals of a square are perpendicular and isometric, and they intersect at the same midpoint) and θcl (0 < a < b < c ⇒ √𝑎 < √𝑏 < √𝑐), both of which are derived from Euclidian Geometry and elementary algebra.

This institutional void may have an impact later on in the third level of secondary school, during the introduction of limits and convergence. Concerning the second textbook, it proposes three types of tasks (calculus, geometrical and numerical) focusing on bounding square roots and 𝜋. With respect to calculus, the textbook presents an activity related to the Fixed Point theorem and, essentially, the application of the algorithm of Newton's method. This task, "determine upper and lower bounds for √37," proposes a technique that breaks the exercise down into three sub-tasks: Tres (solving of an equation), Trep (representation of a sequence), and Tbnd (bounding of √37). The technology is implicit in this activity because the students have not yet studied the Fixed Point theorem. The two geometrical activities concern the approximation of 𝜋 using Archimedes' polygonal approach. Finally, the numerical activity asks students to determine the rank 𝑛 of a recurrent sequence (𝑥 𝑛 ) that verifies |√𝑎 -𝑥 𝑛 | ≤ 10 -𝑝 . Our results indicate that all tasks presented in the two textbooks are routine. Both textbooks insist on the approximation of square roots and 𝜋. This could affect students' learning of real numbers when the latter are formally introduced in university. We also found that both textbooks contain praxeological organisations that insist on the practical block and that implicitly present the theoretical block. Furthermore, the activities are presented using algorithms, without discussing the useful application of the knowledge gained.
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