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ABSTRACT

Classical adjoint-based optimization approach for the optimal control of partial differen-
tial equations is known to require a large amount of CPU time and memory Storage. In
this article, in order to reduce these requirements, a posteriori and a priori model order
reduction techniques such as POD (Proper Orthogonal Decomposition) and PGD (Proper
Generalized Decomposition) are used. As a matter of fact, these techniques allows a fast
access to the temporal dynamics of a solution approximated in a suitable subspace of low
dimension, spanned by a set of basis functions that form a reduced basis. The costly high
fidelity model is then projected onto this basis and results in a system of ordinary differ-
ential equations which can be solved in quasi-real time. A disadvantage of considering a
fixed POD basis in a suboptimal control loop, is basically the dependence of such bases on
a posteriori information coming from high fidelity simulations. Therefore, a non robustness
of the POD basis can be expected for certain perturbations in the original parameter for
which it was built. As a result, update the reduced bases with respect to each variation in
the control parameter using the POD method is still costly. To get over this difficulty, we
equip the usual reduced optimal control algorithm with an intermediate basis adaptation
step. The first proposed approach consists in adapting the reduced basis for a new con-
trol parameter by interpolating over a set of POD bases previously computed for a range
of control parameters. To achieve that, an interpolation technique based on properties of
the tangent subspace of the Grassmann manifold (ITSGM) is considered. The second ap-
proach is the PGD method, which by nature, enrich a space time decomposition trying to
enhance the approximation by learning from its own errors. Relaying on this property, this
method is employed in the control loop as a basis corrector, in such a way the given spa-
tial basis is adapted for the new control parameter by performing just few enrichments.
These two approaches are applied in the sub-control of the two dimensional non-linear
reaction-diffusion equations and Burgers equations.

1. Introduction

Optimal control of partial differential equations (PDE) using the adjoint-based approach requires to solve many times the
state and their associated adjoint equations, which results in very large computational time and important memory storage.
Therefore it is not possible to consider doing real-time or quasi-real time control by using conventional resolution tech-



niques based for example on finite element, finite volume or finite difference methods. In this scope, model order reduction
techniques are attracting increasing interest due to their ability to represent a solution of any dynamical system in a low
dimensional subspace, resulting by consequence in a fast access to the temporal dynamics of the problem. Reducing the
order of a PDE requires first the construction of a representative reduced spatial basis. Then, by the Galerkin projection of
the PDE onto this basis, a system of ordinary differential equations of low order, called through this paper reduced order
model (ROM), is obtained. Finally, the approximation of the PDE solution over the time interval is achieved trough the ROM
equation which is very fast to solve. Among existing model reduction methods, the POD has received much attention over
the past two decades and is still the most widely used. Since the POD method requires a set of snapshots, often obtained
from solving the high fidelity model, the POD basis is not robust when the parameter rolls away the original parameter for
which it was built. This is a blocking aspect, especially inside an optimal control loop where the control parameter vary.

Initial studies in the context of sub-optimal control using the POD method have been carried out, more particularly for
fluid mechanics applications. For instance Bergmann et al. [1] controlled the time angular velocity of a rotating cylinder to
optimize the drag of an incompressible viscous flow past a circular cylinder. Ravindran [2] considered the control problem
of reducing recirculation behind the step of a flow in a backward facing step channel, by acting on the movement of a wall
portion or through blowing on it. In these two studies the POD basis was chosen once and fixed all along the optimization
process. Nevertheless, this hypothesis is strong and assumes that this chosen POD basis is able to approximate quite accu-
rately the solutions associated parameters which will be tracked by the optimization algorithm. The fact that a POD basis
is optimal only for the parameter for which it was built make this hypothesis suspect in general. An ensemble of snapshots
sets obtained form a set of different parameters can be used to generate a basis with a wider region of trust . This approach
was used for instance by Tallet et al. [3] in the control of the anisothermal Navier-Stokes equations in a differential heated
lid driven cavity, by acting on the velocity and temperature on the walls. In the following this approach is named Multiple
Parametrized Snapshots method (MPS).

In this paper, we propose an efficient and fast sub-optimal control algorithm with a basis adaptation step. Two ap-
proaches are considered for adaptation. The first approach consists in generating a set of POD bases for different parame-
ters, and using a special method of interpolation based on properties of the tangent subspace of the Grassmann manifold
(ITSGM) to obtain the basis associated to a given parameter. This approach was firstly introduced by Amsallem and Farhat
[4] in the context of aeroelasticity. It involves notions of a geodesic path between two points, and of the tangent subspace
at a point on the Grassmann manifold. The second approach consists in a correction process of the basis at each itera-
tion of the control algorithm by using the so called PGD method. This method originally based on a space-time separation
of the solution was proposed by Ladevéze et al [5-7] under the name of radial approximation to solve nonlinear struc-
tural mechanics. This space-time representation was also used in [8,9] to solve stochastic problems; in this context, the
method is named Generalized Spectral Decomposition. Ammar et al. extended the PGD to multidimensional decomposition
to solve models of polymeric systems [10,11]. Since these works, the PGD was applied to efficiently solve many problems of
heat transfer [12], fluid mechanics [13-17], quantum chemistry [18], solid mechanics [19]... A review of the method can be
found in [20]. In the context of optimal control and optimization, the PGD had already been investigated in previous works
[21-24]. In these studies the PGD is used to build a general separated form of the solution for a large amount of parame-
ters. This computational vade-mecum is afterwards used in order to perform real-time optimal control. In the present work,
the considered approach is different and does not require any computations beforehand. More specifically, the PGD is used
here to enrich time-space separated functions in order to enhance their accuracy. This process is embedded in the optimal
control loop to operate whenever is needed like a basis corrector.

The paper is organized as follows : The 2nd section introduces the general optimal control problem and highlights the
resolution difficulties faced with the classical adjoint based approach. In the 3rd section, the reduced order model approach
using the Galerkin projection is presented. The 4th and 5th sections provide the details of calculations of POD and MPS-
POD bases. The bases adaptation approaches ITSGM and PGD are exposed in Sections 6 and 7, respectively. The proposed
reduced control approach with the basis adaptation step is afterwards outlined in Section 8. In Sections 9 and 10, the
reduced control approach using ITSGM and PGD is numerically investigated in the examples of two dimensional reaction-
diffusion and Burgers equations. Finally, some conclusions and future works are presented.

2. General optimal control problem formulation
Let K be a closed convex subset of a Banach space Z and V and W two Hilbert spaces endowed respectively with the inner

products (-, - )y and (-, - )w. The subject of investigation in the present paper is the non-linear variational problems of
the form

min J (u, w) over (u,w) eV x K (1)
subject to
N, ) =0 (2)

where J : V x K — R denotes the cost functional, u e V the state variable and w € K the control parameter. The relationship
between the state and control variables is described by the constraints map N :V x Z — W. This relationship can typically
be governed by a partial differential equation evolving in a time interval ]0, T], T> 0, and defined in a domain space 2 c RY



(d=1,2,3). In the following paper, the spaces Z, V and W of interest are such as Z=RP, V =12(0,T; H'(Q)) and W =
[2(0, T; [2(Q)).

We assume that 7 and A are continuously Fréchet differentiable’. Moreover, for the existence of a (locally) unique
solution u(w) to the state equation N (u, w) =0 in a neighbourhood of (i, @) we assume that N (U, ) € L(V,W) is a
bijection [25]. Let £ ¢ W denotes the adjoint state related to u(®) and solution of the equation

0T (u(@), @) + 9N (u(@), ©)*§ =0 (3)

where @ is a local minimum of (1) and d,N (u(@), ®)* denotes the adjoint operator of d,N (u(®),®). The constrained
optimization problem (1) is then converted to a simple optimization problem by using Lagrange multiplier theory. The
Lagrange functional associated to the constraint (2) is given by

L:VxZxW—R
Uw,§) — LU .§) =T )+ (N )y
By differentiating £(u, w, ) with respect to the state variable u, in the direction §u eV, we obtain
(0uL(u, w,§),8u), = (0,7 (u, w), u), + (&, 0N (u, w)du),,
= (0T (U, @), 8u)y + (0uN (u, )&, 8u),

Consequently, the adjoint (3) can be also obtained from

L(U, @, &)=0.

The optimality system of the Lagrangian for a minimizing pair (i, @) is expressed as follows:
N(u,w)=0 (4)
WL, @, &) =0. (5)
(0-®)'3,L(0,0,6)>0 VYoek (6)

A possibility to numerically solve the problem (1) for the unknowns (u, ) is to use the classical first order gradient descent
algorithm. It consists in constructing a sequence (u", ") that converges towards the solution (i, @) in V x K by moving the
optimization parameter at each iteration in the negative direction of the functional gradient. Let Py denote the orthogonal
projection operator over the set K, it follows from (6) that @ is characterized by the following formula:

w="DP(w-00,L(U,w,&)) Yo>0. (7)
In the case K has the form K = {w e RP;  w; < w < wg}, the projection operator is given by

Py (w) = max (w;, min(w, wg)) (8)
The gradient descent algorithm is then defined by the recurrence relation

™! = max (wp, min(@" — 0,0, L(U", 0", "), wg)), 0p >0 (9)

In summary the different steps of the adjoint based constrained optimization are stated in Algorithm 1.

Algorithm 1: Classical adjoint based constrained optimization.

initialization of " = ™

solve for u" the state equation NV (u", ®") =0,

solve for £" the adjoint state equation dyN (", 0")*€" = -0, 7 (u", "),

evaluate the descent direction d" = —9,L(u", ", &™),

compute the new parameter ™! = max (wy, min(w" + 0,d", wg)), oy > 0,

check convergence : if |7 (u™!, w™1) — 7(u", w")| > €| (U™, w™1)|, with € > 0 is an arbitrary real positive number
chosen by the user, go to step 2.

S AR W N -

The main issue with the classical adjoint based approach, is the huge requirements in CPU and memory storage needed
to evaluate descent directions (step 4). In fact, the descent directions are calculated through the resolution of the two costly
problems : the state and adjoint state problems (steps 2 and 3). Consequently, this approach can not be able to provide
quasi-real time control solutions and alternative approaches must be used. In the next section, in order to overcome this
issue, the alternative approach of reduced order modelling will be presented.

! In the following, we denote by . f the partial derivative of a multivariate function f with respect to x;.



3. Reduced order modeling

Let 7=12(0,T), v=HY(Q) and W =1%(R), such that V =12(0,T; H'(Q)) and W =[2(0,T;[%(RQ)) are respectively
identified to the tensor Hilbert spaces T®V and 7 @ W. The aim of this section, is basically to reduce CPU and mem-
ory storage requirements of the classical adjoint based control approach. The approach of reduced order modelling will then
be used for this purpose. It consists in determining a space time separated representation that lays in the tensor Hilbert
product space V@ 7 and approximates the solution u(t, x, @) as follows:

m
Ut ) ~ un(X.t,w) = Y al(t, w)e! (x. w) (10)

j=1
where uy, is the orthogonal projection of u onto the finite dimensional subspace v spanned by the set of spatial ba-
sis functions ® = {(pl,...,wm} e V™. The equations describing the evolution of the unknown temporal coefficients apm =

{oﬂ, . am} € T™ are obtained in two steps : first the state variable u is replaced by uy, in the state (2), then the Galerkin
projection is performed resulting in the following system of ordinary differential equations

m

N[> dlpl o). ¢ =0, Vi=1,....m (1)
= (@)

Given that the low dimensional subspace V spanned by & is known, the determination of u;,, depends only on temporal

coefficients a,. It follows that the relationship between the control parameter w and the approximated state variable uy,

can be described by the set of ordinary differential (11), called reduced order model. By introducing the reduced constraints
map Ng : T™ x Z — T™, the reduced constraints problem (11) can be reformulated in the following compact form:

Find oy, € 7™ such that

NCD (‘xm» a)) = 0
The construction of a low dimensional subspace spanned by the spatial basis ® can be achieved by different methods. One of
the most popular and robust methods used to build this low dimensional subspace is the proper orthogonal decomposition

(POD). Once the POD basis is known, the temporal dynamics can be recovered by solving the state reduced problem (12). A
brief overview of the POD method is given in the next section.

(12)

4. Proper orthogonal decomposition

Given its optimality, the Proper Orthogonal Decomposition (POD) is the most widely used method for the generation of
spatial basis functions. Compared to other existing model reduction methods, the POD is optimal and allows to represent
the solution u in the least number of modes. These modes, forming a basis by construction, are built from the information
contained in a set of realizations called snapshots [26]. Let X = {ul, - uNS} be an ensemble of snapshots, solutions at dif-
ferent time instants (ty, ..., ty,) of the considered system of evolution (2). The steps to calculate the POD basis are reported
in Algorithm 2.

Algorithm 2: POD algorithm.

1 build the correlation matrix C whose elements are given as

I i i
Cy= (U}, o T<ij<Ns
2 compute eigenvalues y; > ... > yy, and eigenvectors yl . LyNof C,

Ns

3 set ¢ =) yiul for 1 <i <N,
j=0
4 normalize ¢; = % for 1 <i<N;.
||¢II|L2(Q)

In order to obtain a low dimensional basis, the modes corresponding to small eigenvalues are neglected. Only the m most
energetic first modes are considered (m < <N;). As already mentioned in the introduction, the major issue of the POD in
the sub-optimal control approach lays in the fact that the constructed basis is valid only for the parameter for which it was
built. This aspect is particularly an obstruction point within an optimal control loop, where the control parameters change.

5. Multiple parametrized snapshots method

A more convenient choice of a POD basis to be used in the sub-optimal control, can be made by using the Multiple
Parametrized Snapshots method (MPS). Let @ € {w;. ..., wy, | be a control parameter and ¥ (w) = {u! (w). ..., uM (w)} a set



Fig. 1. Visual illustration of the link between the Grassmann manifold G(m, Ny) and its tangent space 73109("1~Nx) at the reference point S, € G(m, Ny).
The subspaces S, € G(m, Ny) are spanned by full rank column matrices and can typically be represented by orthonormal POD bases. The geodesics between
the reference point S;, and the points Sy are characterized by initial velocities y; € Ts, G(m. Ny) which can be obtained using the logarithmic map. The

point ¥ represents the interpolation on the tangent space of the set of initial velocities ;. x2....; and & € G(m, N) is its image by the exponential map.
It’s worth noting that a linear interpolation of the two points S, and S3 may result in S ¢ G(m, Ny).

of parametrized snapshots, solutions at different time instants (tj,...,ty,), of the system of evolution (2). The MPS method

consists in using Algorithm 2 in order to generate a global POD basis, based on the set of snapshots Ugi 1 X(@p). In fact,
using such sets of multiple parametrized snapshots in the POD algorithm, enables to produce POD bases which are more
rich in terms of information compared to the single parameter POD bases. More specifically, the MPS-POD basis will be
optimal for the set of parameters ey, ..., wy,, and can predict quit well the dynamics of other neighbour parameters.

6. POD Bases adaptation using ITSGM

In order to overcome the main disadvantage of the POD approach within control loops, it is possible to construct a bunch
of POD bases corresponding to different control parameters and then to interpolate them to obtain a good representing basis
for the parameter imposed by the control algorithm. In this context, standard interpolation methods such as Lagrange inter-
polation or Radial Basis Function (RBF) interpolation of a set of POD bases do not make sense since they do not necessarily
produce a basis (see Fig. 1 for illustration).

On the other hand the ITSGM method (Interpolation On a Tangent Subspace of the Grassmann Manifold) based on calcu-
lation of geodesics in the Grassmann manifold, is a suitable interpolation method which by nature ensures this property. The
aim of the following, is to give a brief description of the mathematical framework from differential geometry that enables
to define this interpolation approach on POD bases. For details and proofs we refer the interested reader to [4,27,28].

6.1. Grassmann manifold

Let ® e RN*m denote the full-rank column matrix, whose columns provide a basis in RN of the subspace S of dimen-
sion’ m. The set of all these m dimensional subspaces S form what we call the Grassmann manifold G(m, Ny). The matrices
® € RM*M spanning these subspaces belong to the so called non-compact Stiefel manifold S7(m, Ny). For the sack of sim-
plicity, we consider the compact Stiefel manifold which is a subset of ST(m, Nx) that contains only orthonormal matrices.
To be able to define a suitable interpolation based on notions of differential geometry, we need to define the tangent space
at a point of the Grassmann manifold and the concept of geodesic path between two points on a differential manifold.

6.2. Tangent subspace at a point of the Grassmann manifold
An important result about the Grassmann manifold G(m, Ny) states that at each of its points S there exists a tangent

space T7sG(m, Ny) of the same dimension with origin the point of tangency. Each point of this tangent space 7sG(m, Ny) can
be as well represented by a matrix I' € RN«xm,

6.3. Geodesic path

In a differential manifold such as the Grassmann manifold, the shortest path between two points S;; and S is called a
geodesic [28]. This path can uniquely be represented with a twice differentiable function Y (t) (with 0 <t<1) solution of a

2 The columns of these matrices might be the modes of a POD basis, in this case N, denotes the number of degrees of freedom of the full order model,
and m the size of the reduced order basis.



Ts:,G(m, Nz)

Fig. 2. Visual illustration of the geodesic path Y(t) between the two points S, S € G(m, N).

second order ordinary differential equation, for which Y(0) = §;; and Y(0) = x represent respectively the initial and initial
derivative conditions, while the ending point at t = 1 of this parametrisation is (1) = S (see Fig. 2). The fact that the initial
derivative x belongs to the tangent space at S;;, allows to establish a link between the concept of a geodesic and that of the
exponential mapping which maps a tangent space to the manifold itself [27]. The exponential of y , denoted by ExpSi0 00

is given by
Exps, (X) = (13)

In the case of the Grassmann manifold, an explicit formula that enables a parametrization of the geodesic path is given by
the following mathematical result [27]:

Proposition 1. Let S;; € G(m, Ny) be a point on the Grassmann manifold and 7jgiog(m, Ny) the associated tangent subspace. If

®;, is an orthogonal column matrix representing S;) and I' =UX VT is the thin SVD of the matrix representing x e 7jgiog(m, Ny).
Then the parametric representation of the geodesic path on G(m, Ny) with initial conditions Y(0) = S;; and Y(0) = x is given by

Y(t) = span{®;Vcos(tX) +Usin(tX)} 0<t<1 (14)
6.4. Link between the Grassmann manifold and its tangent subspace

The link between the tangent space 731,09 (m, Nx) at a point §;; of the Grassmann manifold and the manifold itself is es-

tablished by the exponential mapping, which can be explicitly determined using (13) and (14). The inverse mapping between
a neighbourhood of S and 7sG(m, Ny) is defined by the logarithmic map. This mapping is denoted by Logs and defined in a
neighbourhood of S € G(m, Ny) [28]. The following result enables the practical computation of the logarithmic map:

Proposition 2. Let S;) € G(m, Nx) be a subspace spanned by the full rank column matrix ®; , and S € G(m, Ny) a neighbour sub-
space spanned by the full rank column matrix ®. The image of S by the logarithmic map Logs, . x =Logs, S) € 731,09’ (m, Ny),
0 I

is represented by the matrix I" given by
I' =Uarctan(X)V’
where U, V and X are the matrices of the thin singular value decomposition

(I- @, @)@ (@ D) =UEVT

0

6.5. Interpolation of POD Bases by the ITSGM method

Let wy,..., wy, be a set of training parameters and Ay, ..., Ay, the corresponding set of snapshots matrices obtained
by solving a parametrized partial differential equation (by using for instance a finite element solver). For each parame-
ter w;, a POD basis W; can be calculated as W; = v’ such that v solves the eigenvalue problem XTMxv' = viA! (M
is the mass matrix). In order to exploit the explicit formulas of the exponential and logarithmic maps on POD bases, we
consider the set of modified bases &, ..., ®y, obtained by applying the Gram-Shmidt orthonormalization process to each
matrix Wy, ..., Wy,, with respect to the euclidean norm (norm-2). Obviously, ®; belongs to the Stiefel manifold ST (m, Nx)
and can be interpreted as a representing basis of the subspace S; € G(m, Nx). Let iy be an arbitrary fixed reference index,
and J;(t) the geodesic linking the reference point S;; to the point S;, i€ {1,...,Np}. These geodesics are characterized by
initial velocities x1,..., xn, for which the representative matrices I'y,...,T'y, can be calculated via the logarithmic map

(Logsia (Si,) = 0). The aim now is to define a good strategy allowing to approximate the new basis ® for a new untrained

parameter o ¢ {a)1, ) ..,wNp}. In order to derive the basis interpolation method (ITSGM), the following observation is ex-



ploited : all the geodesics J;(t) sharing the same initial condition );(0) = §;, can be distinguished from each others by

only their corresponding initial velocities ;(0) = x;. Given that these initial velocities belong to the tangent vector subspace
7:gi0g (m, Ny) [27], standard interpolations such as RBF, Lagrange, Spline ... etc can be performed as usual. More precisely, the

RBF method [29] with the Gaussian radial function is chosen to be used for the numerical applications in this paper. Once
the representative matrix [ of the initial velocity X is calculated by interpolation for the new untrained parameter @, the
approximated basis d spanning the subspace S can be calculated via the exponential map S = Exps (x) as follows

® =, Vcos(L)+Usin(T) where T'=UZV’

To summarize, the practical interpolation algorithm for POD bases given in [4], is described in Algorithm 3.

Algorithm 3: ITSGM algorithm.

1 choose a reference point S;; = span(®;,) to be the origin point of interpolation,
2 using the logarithmic map, map each §; = span(®;) to a matrix ['; representing the initial velocity x; € Tgl.og(m, Ny)

[; = U arctan(Z;)V with (- ®; dDT)CD (CDTd)) T=uzV! (15)

3 interpolate the initial velocities to obtain I" for the new untrained parameter &,
4 using the exponential map ExpS, , map the matrix I to the subspace S, and find the spanning matrix ® as follows:

~ A~~~

® = ®; V cos(X) + Usin(T) where I' = UTV’ (16)

7. Proper generalized decomposition

Now, we will present the second method of basis adaptation called the PGD. Suppose we have a time-space decomposi-
tion uy, such that

E0) = (€. = 3 0000 (17)

k=1

The PGD method aims to define uy,, 1 = uy + @¢ such that the approximation (17) is enhanced. The definition of a new
optimal couple (&, $) € T x V lays in satisfying the following double Galerkin orthogonality criterion:

(N (U + G, 60" +°P)y =0, V(@' @) T xV (18)

Let suppose now that the temporal function & € T is known, and define the map fx(m) : T — V which to & associates a
spatial function ¢ as follows:

(N(um+a@),ap*)y, =0, Yo eV (19)

Similarly, for a known spatial function ¢ € V, we define the map ft(m) :V — T which to ¢ associates a temporal function
@ as follows:

WN@Uun+ap),a*@), =0, Ya*eT (20)

A natural definition of the new couple (&, $) € T x V can be formulated as the solution of the following fixed point prob-
lem:

d
m o £ (@) Y g (@) = (21)

The one step PGD algorithm is given in Algorithm 4.

Algorithm 4: PGD enrichment step.

1 k=0 and a* given arbitrary;

2 while |cX — 0X1| > €|0X| or k < kygx do
3 | solve gM1 = £ (aky;

4 SOIVC O[k+] f m) (¢k+] )

5 | setk<«—k+1and ok =@
6 end

k||




At the end of the algorithm, a correlation of the new temporal function & with the temporal functions {o/} j=0,...m can
be achieved by solving the reduced order model (12). After several iterations of the Algorithm 4, the size of the separated
form (17) increases and may contain correlated basis functions. If necessary, in order to reduce the size of the separated
form, one can perform a POD on the approximated solution in order to keep only g modes associated to the g first higher
eigenvalues satisfying Aq > nAmax, where 1> 0 is set by the user.

8. Reduced optimal control problem

We recall that 7=12(0,T) and KcZ is a closed convex subset of Z=RP. The aim of this section is to take advantage
of the earlier discussed ROM adaptation methods, in order to formulate a robust suboptimal control methodology. Let us
assume that the state variable u = u(w) is approximated in the following space time separated form:

m
u(t,x, ) ~ un(t.x, 0) = Y ak(t, 0)p*(x, ) (22)
k=1
where the set of temporal coefficients o, = {oel, I am} can be determined from solving the reduced order model (12) ob-

tained through the Galerkin projection of the original equation onto the spatial basis ¢ = {(pl, I~ (pm}. For weK fixed, we
define the map

Fo,: K—TM

O — 0y
such that &, is the solution to N, (@m,®) = 0. The special case @ = w coincides with the reduced order model defined by
(12). In other words, for any neighbour parameter @ in the neighbourhood of w €K, the map Fgy , defines the solution of
the ROM obtained from the Galerkin projection of the original equations onto ®,, and solved for the parameter @. Let now

®,, be a reduced basis associated to a parameter w €K to be fixed. By substitution of the expression (22) in (1) and (2), we
derive the following reduced constrained optimization problem:

min Jp, (@m, @) over (@pn,@)eT" xK (23)
such that
Oy = Fo, (@) 1e. N, (0n, @) =0 (24)

We note that the constraint (24) is a low order system of ordinary differential equations which is very fast to solve compared
to the full constraints (2). In the same fashion as in Section 2, we define the reduced Lagrange functional associated to the
reduced constraint (24) by

Lo, :T"xZxT" —R
(. @, &) —> L(Gim. . &) = To, (@, &) + (. N, (6im. @),

For a minimizing pair (&mn, @), by vanishing the differential of L4, with respect to the reduced state variable &,

3&m/3c1>w (@, @,&,)=0
we can find the expression of the reduced adjoint equation

05, No, (@n. ) &y + 05 o, (@n. @) =0 (25)
Moreover, by differentiating £, with respect to @ we have

8L, (@, @. &y) = 95T, (@m. @) + d5Na, (@n, @)'E, (26)
and the following optimality condition is deduced

(0 - ) (doTa, @n, &) + 05N, (@n, @)'E,) =0 Vo ek,

The usual suboptimal control methodology assumes the reduced basis to be fixed all along the optimization process. This
assumption may have some drawbacks namely when a bad choice of the reduced basis is made. The proposed technique on
the other hand can handle that choice, by defining the reduced control as a sequence of optimization sub-problems inter-
mediated with a basis adaptation step. That is, for a candidate control parameter ™, the reduced basis & »m 15 adapted
using for instance ITSGM or PGD, and the reduced optimization problem (23) (24) is formulated and solved. This process is
iterated until a convergence criteria is achieved. The suboptimal control optimization is resumed in Algorithm 5.

When the PGD method is used in the sub-optimal control algorithm, it is worth noting that one PGD enrichment at
each time of the adaptation step is sufficient to allow good predictions of the new descent directions. When the stagnation
of control parameters is achieved, the sub optimal control algorithm (Algorithm 4), will act exactly like the classical PGD
algorithm [17].



Algorithm 5: Sub-optimal control algorithm.

1 set k =0, and chose w® arbitrary'

3 | setl= O a)(’) —a)("

4 | while |j<bw(k) (Otm ,w()) _j¢w(k) (&m(l—l)’ D)) > g |j® & (l) ,o1)| do
5 l<1+1;

6 For & = @, solve the state ROM (26) —> &n";

7 For m = ém? and @ = @~ solve the adjoint ROM (28) — ,(1? :

8 Compute the descent direction d¥) = —9; Lo, (@n", ", £0) (29);

9 Compute the new control @1 = B (@~1 + 6;d ")) such that o > 0 can be determined using the Armijo rule;
10 | end

n | k<k+1;

2 | set 0® «— & and oy ® — @, V;

13 | adapt ®® to the new parameter w® using ITSGM or PGD method;

14 end

Remark 1. Contrary to the a posteriori methods ITSGM and MPS, the PGD is an a priori method which can operate on
a given time-space separated approximation uy, by enriching it with a new couple {o™*1, ™1} such that uy,q = tp +
a™ 1™+ js 3 better approximation. This process can be repeated many times, until the maximal accuracy of the method
is attained. Basically, the accuracy of solutions obtained using ITSGM or MPS is determined by the initial choice of the
training parameters distribution, where the sets of snapshots used to build POD bases are calculated. In the sub-optimal
control loop, the MPS and ITSGM methods will achieve there maximal accuracy after a certain number of iterations. Beyond
these iterations, the cost functional as well as the control parameters will stagnate, meaning that a suboptimal control is
achieved. A possible way to enhance the achieved sub-optimal control results can be by keeping up the optimization process
using the PGD method. In the following, these combinations of methods are referred to as ITSGM/PGD and MPS/PGD.

9. Application to the control of non-linear reaction-diffusion equation

In this section, the control of 2D non-linear reaction-diffusion equation is numerically investigated in order to test the
pertinence of the ROMs adaptation methods ITSGM and PGD in the proposed sub-optimal control strategy. Let Q c R% a
bounded domain of boundaries I' = I'p UT'y and T> 0. The non-stationary reaction-diffusion equation with initial condition
Uug € [2(Q) submitted to a body force f,, € [2(]0, T], L%(R)) is defined by

%—vAqu —u?=f(w) in Qx]0,T]
u=g on I'px]0,T] (27)
u
7 = 0 9n ['yx]0,T]
u(0) =ug in Q.
The body force is defined by the following elliptical two-dimensional Gaussian function centred at (wy, wy):
21 x-—w)? (- wy)z
t, X, A COS < ) exp| — - 28
f(e.xy) = heos (7 ) exp ( T (28)
and the boundary condition g is given by
g(t,x) =1(t) cos(x* +y*) (29)

The objective functional .7 is chosen to be the following tracking functional:
] T A 2 1 A 2 K 2
JU,w)== lu—d|°dxdt + = [ |u-1|"dx+ = |o| (30)
2 )y Jo, 2 Jo, 2

where « >0 is a regularization parameter, ii is a given solution which corresponds to the target solution, Q.CQ and w is
the set of control parameters. The expression of the associated reduced functional is given in Appendix A.

16
For this numerical case, as shown in Fig. 3 the control region is defined by the union of a set of sub-domains _Ul{SZ,-}
i=
uniformly distributed in Q = {x eR?/ 0<xy< 1}. wyx, Wy, 0x, 0y and v are the control parameters. A, Ty, and 7 are

arbitrary chosen. The expression of the adjoint equations, the reduced state equations, and the reduced adjoint equations
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Table 1
Percentage of error between solutions obtained by the full model and solutions ob-
tained with the interpolated ROMs for (&, @y) = (0.55,0.53).

Method POD/ROM Lagrange RBF ITSGM

% error 0.006% 37.71% 40.85% 3.39%

are given in Appendix B. The high fidelity model is solved by the first order finite element method on an unstructured mesh
with 5511 DOFs.

9.1. Test 1 : control of (wyx, wy)

In a first experiment, the control parameters are the coordinates (wy, wy) laying in the space of admissible solutions
Kc Q and representing the point where the Gaussian force fis applied. Let I'n =Ty Ul UT'3UTy, Iy =6, n(t) = % A=
V2, Ty =25, 0, =0.15, oy =0.15, T =10, 6t = 0.005, and v = 0.01.

Before starting tests using the proposed sub-optimal control algorithm, the lack of robustness of a ROM obtained by
usual interpolation methods (RBF and Lagrange) is highlighted. For this purpose, four precomputed POD bases of dimen-
sion 10 at four operating points (wy, wy) = (0.4,0.4), (wx, wy) = (0.6,0.6), (wy, wy) = (0.6,0.4) and (wy, wy) = (0.4,0.6)
are considered. These sampling bases will be used to approximate a representative basis for the new training point
(@, @y) = (0.55,0.53). Naturally, the ITSGM interpolation is expected to be more accurate and robust compared to RBF
or Lagrange interpolations. This is assessed by the percentage of error listed in Table 1 defined by

%error = 100 x

10— ull 20,112 ) (31)
Il 20,72 (2))

where i is the full solution associated to couple (&x, ®y) and u the solution obtained by the ROM for the same couple of
parameters. The results are not particularly surprising given the fact that the ITSGM guarantees by nature that the result is
a basis of the same dimension, a property that is not necessarily ensured by usual interpolation methods.

Let now the target i be the solution for (&x, ®y) = (0.35,0.65) of the problem (27), such that il is represented in a
POD basis of dimension 10. Starting from an initial couple of parameters (™, i) = (0.7,0.3) we seek to recover the
target i by the sub-optimal control methodology (Algorithm 5). The initial and target solutions are drawn in Fig. 4 for
instants t =T/3, t =2T/3 and t =T. One can see that for a given (wx, wy)e 2, the influence of the force applied by the
Gaussian function at this point can be clearly noticed on the solution. The POD sampling bases are constructed with respect
a distribution of 16 training parameters in the form of a grid obtained by considering the values 0.2, 0.4, 0.6, 0.8 for wy and
the same for wy. To build each POD basis, 400 snapshots equally distributed in the time interval [0, T] are considered. The
union of all these sets which forms a set of 6400 snapshots, will be afterwards used to generate the MPS-POD basis.

It is worth reminding that ITSGM is based on local notions, thus the set of POD bases used for the interpolation must be
carefully chosen in a sufficiently small neighbourhood. Here only four POD bases, associated to the four nearest parameters
to the parameter where the interpolation is done, are considered. The evolution of control parameters (wy, wy) and the cost
functional for the various considered methods is reported in Figs. 5 and 6.

The PGD reduced cost functional has the best convergence behaviour. At iteration 9, the PGD-sub-optimal control gives
already a sufficient approximation of the desired parameters (&, @y). In the next iterations, the control parameters stagnate
and the PGD keeps minimizing the error of the achieved solution. From iteration 18, the functional start to stabilize, indicat-
ing that the PGD method has attained its maximal accuracy. For ITSGM and MPS methods, the maximal accuracy is achieved
at iteration 8 and 10, respectively. This can be seen from the stagnation of the functional along with control parameters.
In order to improve the accuracy of the solution produced by MPS or ITSGM methods, a coupling with the PGD can be
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Fig. 4. Representation of the target solution i associated to (& @y) = (0.35,0.65), and of the control initial guess solution u™" associated to (w{"™, wi*) =
(0.7,0.3).
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performed. It is worth noting that at the convergence of the reduced optimal control algorithms using PGD, ITSGM/PGD and
MPS/PGD, the differences between the final values of the functional are only due to the initial error of the ROM provided
to start the PGD method. Finally, it can be reported that usual interpolation methods RBF and Lagrange behaved as was
expected and inevitably result in a non convergence of the sub-optimal control algorithm.

In order to compare simulation time for each method, we have considered the ratio between the CPU time 7/“! for the
full adjoint based optimal control and the CPU time? 7;’,'1113;’;0‘1 needed for the sub-optimal control algorithm. These ratios are
reported in Table 2. All the reduced order approaches allow an important CPU time gain compared to the full approach. At
iteration 12, the simulation time is respectively divided by 94 ,98 and 134 for PGD , ITSGM and MPS. At this iteration the
percentage of error between the target solution and the converged solutions obtained by PGD, ITSGM and MPS sub-optimal
control methods is respectively* of order 0.39%, 5.47% and 6.61%. By coupling the MPS and ITSGM methods with the PGD

3 It corresponds to the on-line time.
4 The percentage error is defined by (31).
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Table 2
Time ratio between the time of full control and the time of reduced control, control parameters values (wy
wy), functional values and percentage errors between the obtained solution and the target solution.

Method|iteration il ymethod (wx, wy) Functional % Error
full (iter.12) 1 (0.350,0.650) 7.6 x 1010 0.003%
ITSGM (iter.12) 98 (0.352,0.649) 5.9 x 104 5.47%
MPS (iter.12) 134 (0.350,0.651) 8.9 x 10-4 6.61%
PGD (iter.12) 94 (0.350,0.649) 29x10°6 0.39%
ITSGM/PGD (iter.16) 72 (0.350,0.650) 33 %107 0.13%
MPS/PGD (iter.16) 87 (0.350,0.650) 29x1077 0.12%

method, it can be noticed that the accuracy of the achieved solution is considerably improved and attain 0.12% and 0.13%,
respectively (see Table 2).

9.2. Test 2 : control of (v, 0, wy, wy)

The application of the sub-optimal control algorithm using the interpolation method ITSGM or the MPS method de-
pends on precomputed data. When the control is performed on more than two parameters this off-line phase can be
very expansive and these approaches can not be used. The goal of this paragraph is to assert applicability and power
of the PGD-sub-optimal control method to deal with this situation. In the following test case, four parameters v, wy
and wy and o = oy =0y are considered to control the non-linear reaction-diffusion problem (27). We set n(t) = cos(t),
A=2v2, Ty=2, T=5 I'p=Tul3 and 'y =T, UTy,. Now, the target solution i corresponds the solution of (27) for
(0,6, @x, @y) = (0.001,0.35,0.3,0.7). Starting from an arbitrary first guess (V™™ g™t init, wj,"if) = (0.005,0.1,0.6,0.3) we
aim to test the ability of the PGD-sub-optimal control method to recover the target solution i with significant gains in
CPU-time. The difference between the dynamics of the initial guess and target states is depicted in Fig. 7. The reader can
obviously see that a variation in the four directions of the control parameter, leads to a remarkable variation in the rich
dynamics of the solution. The high fidelity model considered on an unstructured triangular mesh of 33025 DOFs (P; finite
element) is solved using the implicit Euler scheme such that 8t = 10~3. 400 snapshots are afterwards considered in order
to construct a POD basis of size 10 for the initial guess and target solutions. The space of admissible solutions is given by

={(v,0, 0 0) eR xR / 10 <v<1; 0<0, 00 <1} (32)

Fig. 8 reports the evolution of the functional according to control iterations. A good convergence behaviour of the PGD-
sub-optimal control approach was observed. This result is approved by Fig. 9 which shows that the looked after parameters
were perfectly recovered after 20 iterations. At this stage, the percentage of relative error of the achieved solution is 2.8%. In
the next iterations, the parameters are stagnated and only the accuracy of the solution is improved (the percentage of error
attains 1.1% after 25 iterations). The full control approach on the other hand attains convergence at iteration 25. As shown
in Table 3, important gain in CPU-time using the PGD approach is achieved. More precisely, about 98% of CPU-time needed
for the full approach was saved.
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10. Application to the control of Burgers equations

In this section, the problem of control of the 2D Burgers equations is numerically investigated. Let T>0 and Q c R2
a square domain of side d and boundaries T. The two dimensional Burgers equations with initial condition ug € [L2(£2)]?

submitted to a body force f(w)e?(]0, T], [L2(2)]?) are

%—UAuﬁ-u-Vu:f(a)) in 2x]0,T]
u=0 on I'x]0, T] (33)
u(0) =uy in Q.

Initial condition and body forces are respectively given as follows:

ug(x.y) = ((y)'g 9f§) (34
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Table 3
Time ratio between the time of full control and the time of reduced control, functional
values and percentage errors between the obtained solution and the target solution.

Method/iteration 7l method Functional % Error
full (iter. 25) 1 1.05 x 10-5 034%
PGD (iter. 20) 94 5.69 x 10~* 2.8%
PGD (iter. 25) 73 9.53 x 10> 11%

and
k-0’ + (V- wy)

f(t,x,y,w) = A(?y__w{)e 202 (35)

The expression of the objective functional 7 is the same as in the previous section and is defined by (30). Here we assume

V2

Q=Q,d=1, 1= - T =6 and v = 103, The control is performed on the couple of parameters (w, wy) varying in the
space of admissible solutions K c 2 defined as

K={(0nwy) eR* / 025 <w, <075 025<w, <085} (36)

Starting from (i, wilit) = (0.45,0.75) the goal is to recover the target parameters (. &y) = (0.63,0.52) associated to
the solution i of (33). Streamlines associated to the initial and target solutions are drawn in Fig. 10 for t = T/3, t = 2T/3
and T. This figure describes the rich dynamics between the initial and target state solutions. The initial condition ug is a
divergence free field, which rotate in reverse with respect to the applied body force localized by the Gausssian function. It
can be observed that the recirculation zone initially centered at (wx, wy) = (0.5,0.5) is reversed and transported over time
to the point where the body force is applied. The expression of the adjoint equations, the reduced state equations, and the
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Fig. 10. Streamlines at T/3, 2T/3 and T of the target solution associated to (&y. @y) = (0.63, 0.52) (bottom), and of the control initial guess solution associ-
ated to (", wi"™) = (0.45,0.75) (top).
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Fig. 11. Evolution of the cost functional.

reduced adjoint state equations, are given in Appendix C. The high fidelity model is discretized in time using an implicit
Euler scheme (with the time step 8t = 0.002) and in space using a second order finite element method on an unstructured
mesh of 4705 DOFs. 500 snapshots for each parameter in the grid constructed by considering the values 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8 for wy and the same for wy. This distribution of training parameters will be used to construct the POD bases
sampling.

For the MPS method the union of these snapshot sets is considered to build the associated POD basis. During the con-
trol algorithm, for every suggested parameter (wx, wy), only the four nearest POD bases are considered to perform ITSGM.
Fig. 11 and Fig. 12 show for each method, the evolution of the functional and control parameters with respect to control
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Table 4
Time ratio between the time of full control and the time of reduced control, control parameters values (wy
wy), functional values and percentage errors between the obtained solution and the target solution

Method|iteration 7 full ymethod (wx, ®y) Functional % Error
Full (iter. 11) 1 (0.630,0.520) 1.98 x 10~ 10-4%
ITSGM (iter. 10) 351 (0.638,0.526) 33x10* 517%
MPS (iter. 6) 754 (0.633,0.524) 41x 10 5.45%
PGD (iter. 15) 93 (0.635,0.517) 32x1074 5.22%
ITSGM-PGD (iter. 15) 90 (0.631,0.521) 33x107 1.53%
MPS-PGD(iter. 15) 89 (0.629,0.522) 1.8 x10* 3.90%

iterations. Table 4 reports the percentage of relative errors between the target solution and solutions obtained at the end of
control algorithm.

These results indicate that all methods behave the same way as the case of non-linear reaction-diffusion equation. Usual
methods of interpolation (RBF and Lagrange) are inefficient and fail in sub-optimal control. While MPS, ITSGM and PGD
sub-optimal control approaches succeed to converge. The maximal accuracy of MPS, ITSGM and PGD sub-optimal control
approach is attained respectively at iteration 6, 10 and 15. MPS method is the fastest, followed by ITSGM and PGD meth-
ods. For MPS (resp. ITSGM and PGD) the sub-optimal control CPU time represents 0.13% (resp. 0.28% and 1%) of the CPU
time required to solve the full control problem with a relative error of 5.45% (resp. 5.17% and 5.22%). In order to improve
the accuracy of MPS and ITSGM methods it is possible to couple these approaches with PGD. The PGD is used when the
functional stagnates (from iteration 6 for MPS and 10 for ITSGM). A better accuracy for MPS and ITSGM methods is then
achieved when a coupling with the PGD method is performed. The improvement of the solution obtained either by MPS or
ITSGM after switching to PGD can be observed from results of Fig. 11. A different behaviour of the functional using the PGD,
ITSGM/PGD and MPS/PGD can be noticed at the convergence. We believe that this behaviour is due to the initial ROM error
inherited over control iterations, which eventually can have a slight effect on the accuracy of the converged solution.

11. Discussion and conclusion

The aim of this paper was to illustrate the reliability and potential gains that can be offered using ITSGM (Interpolation
on a Tangent Subspace of the Grassmann Manifold), MPS (Multiple Parametrized Snapshots method), RBF interpolation (Ra-
dial Basis Functions), Lagrange interpolation and PGD (Proper Generalized Decomposition) methods within the sub-optimal
control methodology. Numerical investigations on the non linear reaction-diffusion and Burgers equations, have demon-
strated that the lack of robustness of the classical interpolation techniques (RBF and Lagrange methods) to adapt a ROM for
a new configuration makes them not applicable in the proposed sub-optimal control methodology. On the other hand, the
good results obtained using MPS and the proposed approaches (PGD and ITSGM) in ROMs adaptation qualified them to be
applicable efficiently in sub-optimal control. The convergence behaviour (percentage of error of the obtained solutions be-
tween 0.2% and 6%) along with the important gains in CPU-time (time divided by 50 to 750 compared with the full control
approach) shows that the proposed reduced control strategy represents a valuable alternative to the classical adjoint based
control approach. The MPS method appears to be the fastest and the PGD the most accurate. ITSGM on the other hand
gives a good compromise between CPU-time and accuracy. For MPS and ITSGM methods, the selection of operating points
for which the POD bases must be constructed can be a limitation, more particularly when the dimension of the control
parameter exceeds 2. We aware also that the generation of a MPS-POD basis might be very costly due the huge eigenvalue



problem of size N? x N% to be constructed and solved (Ns is the number of snapshots and N, the number of control param-
eters). Contrary to MPS and ITSGM the PGD method does not require any precomputed data. As a matter of fact, it has the
ability to perform as a ROM corrector based on its current errors and independently of any external information. However,
this method in sub-optimal control present some challenges to perform faster and in an optimal way. In fact, the spatial
problems that arise from the fixed point process of the PGD method are often ill-conditioned. This issue forces us to use
costly direct solvers to solve these problems. So a suitable preconditioner has to be developed for this kind of problems in
order to efficiently embed iterative solvers and consequently increase the speed of the PGD. Finally, since the results ob-
tained with the proposed methods ITSGM and PGD in the sub-optimal control approach are promising, the next step of our
work will be to extend this study for mixed problems such as Stokes and Navier-Stokes equations.
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Appendix A. Expression of the reduced functional

Let I be given in the following separated form:

m

i ) ~ Y@ (OF ) (A1)
j=1

Al

For a given basis ® = { 0] }i Lo’ associated to a parameter @, the reduced cost functional, obtained by embedding (10) and

(A1) in the functional expr_es7§.f6n (30), writes

m m T )
T (@, ) :%ZZAK j ( /0 agetjdt + oy (T)ar! (T)) (A.2)

k=1 j=1

m m R T
+ %ZZA“I </0 &l&th +661(T)&q(T)> (AB)

I=1¢g=1

m T
=22 G (/0 axadt +051<(T)551(T)> + §|w|2. (A4)

k=11=1

where
ko oj A Al A [N
A = (W’ (pj)LZ(QC) Ay = <<p ’¢q>L2(QC) Ca = <<p ¢ )LZ(QC)
Appendix B. Expression of equations for the control of reaction diffusion problem
(a) Adjoint equations of the full problem

0 . .

mf-l—vAE—uS:(u—u)xgc in 2x]0,T]

E=0 on I'x]0, T]

E(T) = (4(T) - u(T)) xe, in Q.

where xgq, stands for the mask function, which is equal to 1 in ¢ and 0 in Q\£2.
(b) State reduced order model
The state equation in a reduced form is given Yie 1,...,m by

d . 1 ‘
Z?; M,'j &O{] +vV Z?; R,‘jOl] + i Z:lk:] Nijka]ak = Fl
m . .
Zj:1 Mjje’ (0) = <”°’ ¢1>L2(Q)
with
M,‘j = <§01, (pi>L2(Q) Nijk = <§0jg0k7 (pi>L2(Q)
Rij = (V(pl, V¢I>L2(Q) + vle<90j’ ¢I>L2(FD) fi= <f’ g01)9(9) + %<g (’01>L2(FD)



The essential boundary condition is enforced in a weak integral form using the penalty method [30]. It consists in writing
u in the boundary as

u = —GVau
=8 I

where € is a small parameter. So that we can replace the essential boundary condition by the alternative natural boundary
condition
ou ur,—g
Y— = ———
on €
This remark explains the presence of the elements B; and G; in the ROM equations. As € — 0 the domain boundary will
converge to the original boundary condition.
(c) Adjoint reduced order model
The adjoint equation in a reduced form is given Vge 1,...,m by

ZMlq dt %‘1 v Zqugz Z qukak";:z ZAQIal Zcql(xz

i,k=1

Z Mig§(T) = Zqu&i(T) - ZAinli(T)

i=1 i=1 i=1
Appendix C. Expression of equations for the control of Burgers problem

(a) Adjoint equations of the full problem

D g4 vAf+ (V-w— (VU E+u-VE=u—i in Qx[0.T
§=0 on I'x]0, T]
£T) = (1) —u(T) no.

(b) State reduced order model
The state equation in a reduced form is given Vie 1,...,m by

ZM,- —a +vZRUa +Z Nyt = F
ZMiiaj(O) = <u0, (pi)LZ(SZ)
=

where the tensor N is defined by N,qk Jo 99 - Vekgldx.
(c) Adjoint reduced order model
The adjoint equation in a reduced form is given Vge 1,...,m by

m m m

d 0o )
> Miqagi_v > Rigki— ooy (Nig + Nigg )& = > " Agitti — Y Cu;
i=1 i=1 o

i=1 i=1
m il m l l
Y Migkg(T) =Y Cui(T) = ) Agieti(T)
i=1 i=1 i=1
The expressions of M, C, A and R are the same as in Appendix B.
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