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Abstract

The present paper concerns the study of the nonconservative bitem-
perature Euler system with transverse magnetic field. We firstly introduce
an underlying conservative kinetic model coupled to Maxwell equations.
The nonconservative bitemperature Euler system with transverse mag-
netic field is then established from this kinetic model by hydrodynamic
limit. Next we present the derivation of a finite volume method to ap-
proximate weak solutions. It is obtained by solving a relaxation system
of Suliciu type, and is similar to HLLC type solvers. The solver is shown
in particular to preserve positivity of density and internal energies. More-
over we use a local minimum entropy principle to prove discrete entropy
inequalities, ensuring the robustness of the scheme.

Keywords: BGK models, hydrodynamic limit, relaxation method, non-
conservative hyperbolic system, discrete entropy inequalities, discrete entropy
minimum principle

Mathematics Subject Classification: 656M08, 35L60, 656M12

1 Introduction

The present paper is devoted to the formal derivation and the approximation of
the nonconservative bitemperature Euler system with transverse magnetic field.

This fluid model consists of four conservation equations for mass, momen-
tum (two components), magnetic field, and two nonconservative equations for
energies. Physically, this model describes the interaction of a mixture of one
species of ions and one species of electrons in thermal nonequilibrium, subjected
to a transverse variable magnetic field. The pressure of each species is supposed
to satisfy a gamma-law with its own 7 constant. Moreover the system owns a

*Université de Bordeaux, Institut de Mathématiques de Bordeaux, UMR 5251, F-33405
Talence, France. (Stephane.Brull@u-bordeaux.fr)

TUniversité de Bordeaux, Centre de Lasers Intenses et Applications, UMR 5107, F- 33400
Talence, France. (Bruno.Dubroca@u-bordeaux.fr), (Xavier.Lhebrard@u-bordeaux.fr)



dissipative strictly convex entropy, closely related to the classical entropy for
the Euler sytem [28].

Solving nonconservative hyperbolic systems is a delicate problem because the
definition of weak solutions remains unclear. In order to define nonconservative
products, Dal Maso, Lefloch and Murat proposed in [18] a new theory based
on the definition of family of paths. In [22], path-conservative schemes are
defined by using the concepts developed in [18]. However, it is shown, in [1],
that even if the correct path is known, the numerical solution can be far from
the expected solution. Let us mention some works dealing with nonconservative
Euler type system, where the magnetic fields are neglected. In [5], the authors
consider an hyperbolic system having n — p equations in a conservative form,
the remaining p equations being nonconservative. In [23], the authors use a
Roe solver, and an HLLC solver which neglects the nonconservative part of the
system. They validate the approach by comparing their results to theoretical
temperatures/pressures curves ( [26], [25]). In [17], the authors assume that the
electronic entropy is conserved by all weak solutions including shocks and the
system is approached by a system of conservation laws.

Despite these difficulties, the nonconservative formulation is physically rel-
evant. Indeed we show that the bitemperature MHD system admits an un-
derlying conservative kinetic model, which consists of a BGK model coupled
with Maxwell equation in the quasi-neutral regime. This result generalizes the
approach of [2] in the case of a transverse magnetic field. This BGK model
possesses different interspecies collision frequencies in order to take into account
discrepancies in the masses of the particles. This point has been in particular
mentioned in [19], where a conservative formulation is suggested. Hence fol-
lowing this idea we perform an hydrodynamic limit and we formally get the
nonconservative MHD system.

In another way, the present bitemperature MHD system is approached nu-
merically. An important issue in multidimensional simulations is to minimize
the numerical viscosity by using accurate solvers, in particular on contact dis-
continuities; while being robust, see for example [20, 30, 6].

If dependency is only one spatial variable x, the nonconservative two species
Euler equations with transverse magnetic field are given by:

Orp + Oppuy = 0, (1.1)
B(pur) + 8z (pui + pe + pi + B3 /2) = 0, (1.2)
9 (puz) + 0z (puzur) = 0, (1.3)

e+ 0y (ur (Ec +pe+ceB3/2))  —u18y (cipe — Cepi) =  Seis  (1.4)
;i + 0y (ur (& +pi + B3 /2))  +u10s (cipe — cepi) = Sie,  (1.5)
Oy B3 + 0, (u1 B3) = 0, (1.6)

where p = p. + pe is the total density of the plasma, @ = (uj,uz) is the average
velocity of the plasma, Bj is the vertical component of the magnetic field. We
denote by T,, T; the temperatures of electrons and ions, p. = neme, p; = nym;
the densities of the electrons and ions, n., n; the concentrations of the electrons
and ions, m., m;, the masses of the electrons and ions particles. The source
terms for exchanges between electron and ion species S; and S;. are defined by

gei = Zl,ei(Ti _Te)+§2,ei(amB3)27 §ie = _Zl,ei(Ti _Te)+§2,ie(amB3)27 (17)



where 71 ; > 0 is the frequency exchange between temperatures, v i, V2,5c > 0
are frequencies due to the drift velocity us £ 0, B3. These quantities we will be
defined later. The concentrations n. and n; are related by the average ionization
number Z = n./n; > 1 which is considered here constant. This implies that the
mass fractions ¢, = p/p, @ = e,i are also constant and ¢, and ¢; write

ZMme

— g =1—c.
m; + Zme’

Ce =

The electrons and ions pressures and temperatures are related by
pe = nekple, pi=nikpT;,
where kp is the Boltzmann constant. The internal energies are given by

kpTe kBT;

€Ce = —F € = "7
me (e — 1) m; (vi — 1)

where 7., ; are constant numbers belonging to the interval [1,3]. The quantity

Ea = Pata + %pa(u% +ud) + coB3/2
is the total energy associated to each species o = e,i. This model is closely
related to the model derived in [2], the novelty here is to take as an additional
variable the vertical component of the magnetic field Bs.
The homogeneous system associated to (1.1) - (1.6) is endowed with an
entropy inequality:

O (—p (8¢ + 8:)) + O (—pu (se + 5;)) <0, (1.8)

where s,, a = e,i is the classical specific entropy

B Ca (Ya — 1)ea
Sa(p,ea) = o In ( ey ) + C. (1.9)

Here C is a nonnegative constant.
The homogeneous system associated to (1.1) - (1.6) is an hyperbolic system.
The three eigenvalues of the system are u, u — \/(Yyepe +7ipi + BZ) /p and

U+ \/ (Yepe + vipi + B2) /p of multiplicity four, one and one, respectively. The
eigenvalue u is linearly degenerate and the associated contact discontinuities is
called a material contact. The jump relation associated is as follows. Across a
material contact, the quantities u; and p,. + p; + B2/2 are constant. We note
here that unlike the 7-wave full MHD system [11] or the 5-wave shallow water
MHD system [13], the transverse magnetic system has a 3-wave structure and
does not admit Alfven waves.

A finite volume scheme for this homogeneous quasilinear system is classically
built following Godunov’s approach, by considering piecewise constant approx-
imation of

U = (p, pur, puz, Ec + B3 /2, &; + ¢;B3 /2, B3) € R (1.10)

and invoking an approximate Riemann solver at the interface between two cells,
see for example [21] or [9, Section 2.3]. A difficulty is however that the system



is not conservative. In this paper we apply the relaxation approach of [10, 9,
11, 12, 16] to the bitemperature transverse MHD system, in order to get an
approximate Riemann solver that is entropy preserving, ensuring robustness,
while being exact on isolated material contacts. The relaxation system is of
Suliciu type as introduced in [27], and the approximate Riemann solver belongs
to the family of HLLC solvers, as in [21, 9, 4, 24, 7, 20, 6].

Let us emphasize that the discrete entropy inequalities are established by
arguing a suitable extension of technique introduced in [7], also used in the
context of solving the ten moment equations [8]. Put in other words, at the
discrepancy with the previous works [10, 9], an entropy extension is obtained
implicitly and thus the entropy dissipation is not evaluated in the proposed
discrete entropy inequalities.

This work is organized as follows. In the next section we present the kinetic
model involved in this paper. Firstly we consider the Vlasov-BGK model from
which the MHD system is derived. Starting from an ad-hoc scaling the con-
struction of the MHD system is performed. In section 3 we derive a relaxation
scheme. In section 4 we establish the stability of our scheme. Numerical tests
are performed in section 5 to illustrate both accuracy and robustness of the
proposed scheme in 1D.

2 Kinetic model

Kinetic models are described by the distribution function f, of each species
depending on the time variable ¢ € R, on the positions z € R? and on the
velocity v € R3. The macroscopic quantities can be obtained by extracting
moments on these distribution function w.r.t. the velocity variable. Indeed
density, velocity and total energy of the species o can be defined as

1
Ng = fadv, Uy =— v fadv,
R3 Na JR3
3 k‘B 1 2 / |U‘2
8(127 aiTa 5 Pa = a5 ad )
3P Tat gpatia = | Ma5- fady

where m,, is the mass particle, p, = manq, and T, is the temperature of species
«. The current in the plasma j and the total charge p are defined by

.
j= /3 v(gefe + qifi)dv = neqeue + nigiu;. (2.2)
R

2.1 Kinetic model for a transverse magnetic field

In this section, we present the BGK model developed in this paper describing
a plasma interacting with an electric field E = (E;, F2,0) € R? and a magnetic
field B = (0,0, B3) € R3. The model writes

8tfoc + 'Ul@xfa + I:)J,Lia (El =+ B31}2) (3%(: -+ :,Lia (E2 _ B3U1) (Z%Z
1 |
= ? (Ma(fa) - fa) + 7_7 (Ma(fa, f/@) — fa) , (23)
« af



with 7, > 0, 7o > 0. We denote by % the collision frequency for the inter-

action between « particles and the collision frequency for the ion/electron

1
Tap
interaction. The frequencies 7.; and 7;e being of order of the mass ratios, [19]
suggested to take 7.; # 7. The quantity g, is the charge of the species a.

Moreover we define the velocity and the temperature of the mixture by

IS pa(? —u?) + 33 nakpTy

Pele + Pil;
U= ——""-" 3
inkB

pe+pi

(2.4)

)

Let us highlight that one can check that the temperature of the mixture satisfies
T > 0. Here fictitious velocity and temperature u#, T# introduced in [2] are
defined by

Pe Pi

# aue + EUi # %Za %(Ui - (u#)Q) + %kB Za %Ta
u'" = W, T7 = . (25)
e 2o (224 22)
The two Maxwellian distribution functions M, and M, are defined by:
Na (v1 — u1,0)% + (V2 — ug.0)? + 03
Mo (fa) = - ’ ’ . (26
(fa) (2rkpTa/ma)?2 ( 25T /M (26)
and
__ _ 2 #)2 _ 2 2
Na(fo) = e M) e ) 20 )
(2mkpT# /my,)3/2 2kpT# /m,,
The two Maxwellian distributions satisfy the constraints
meq
/ (Mo = fo) | mav | dv=0, / My — fo)dv =0 (2.8)
R3 v2 R3
ma7
and
[ (500 =g | 7% |+ 0= o) | 1 | )dv=0. (29)
R3 Teq ¢ “ ma% e ¢ “ ma% v '

This model is coupled with the Maxwell equations which write in the transverse
magnetic field

(9;5E1 == ﬁ, 8tE1 == _£7
€0 €0
8th + &;Eg = 0, 8tE2 — 0289633 = 72*2, (210)
0

where j = (j1,j2) has been defined in (2.2), ¢ represents the speed of light and
€p is the vacuum permittivity.



2.2 Hydrodynamic limit
2.2.1 Scaling on the one dimensionnal BGK model

In order to use a Chapman-Enskog procedure, we introduce a small parameter
x and the BGK model (2.3) is rescaled as:

o Ofo o Ofe
Otfa + 0105 fo + o (E1 + Bsva) Ofa + do (E2 — Bsvy) Ofa
Ma oy Mg v

= £ Olafo) = )+ 2 (VM f) = ) (211)

Moreover this model is coupled with Maxwell equations (2.10), which are rescaled
as:

P J1
8:EE1 :§7 atEl = - ?7
. .
0, B3 + 0, F» =0, 0By + 0,By =~ 2. (2.12)
S Y

2.2.2 Derivation of Euler equations

In a previous work [2], the nonconservative bitemperature Euler system has
been established as the hydrodynamic limit of a conservative kinetic system. In
particular the authors deal with the case Bs = 0, which implies that the current
j = (41, 72) at equilibrium satisfies j = 0 and enables to express the electric field
as a combination of first order spatial derivatives of the variables p, T¢, T;.

The novelty in our case is that we have j; = 0 and jo = —0,, B3 # 0. Thus we
have a slightly different approach and we proceed in two steps.

e First we perform an hydrodynamic limit of (2.11) -(2.12). The first com-
ponent E; will behave as in [2] and will be expressed as a combination
of first order spatial derivatives of the variables p, uqs, T,, T;, Bs. However,
the evolution of Es will be given by the second order PDE (2.21).

e Second we use the smallness of the mass ratio m./m; which enables to
simplify the equation satisfied by Fs.
After those two steps we recover the bitemperature Euler system with transverse
magnetic field (1.1)-(1.6).

Proposition 2.1. The kinetic conservative system (2.11) - (2.7) converges for-
mally to the following system

Dep + Ogpuy =0, (2.13)
O (pur) + O (pui + pe + pi + B3 /2) = 0, (2.14)

Oy (e + ceB3/2) + 0y (u1 (Ec + pe) + ceF2B3) — u10y; (cipe — Cepi)
— (F2 — u1Bs) (geneus + (ce — ¢;)0:B3) = Sei, (2.16)

9y (& + ¢iB3/2) + 0, (ur (& + pi) + ciE2Bs) + u10y (¢ipe — cepi)
+ (By — u1B3) (geneus + (ce — ¢;)0,B3) = —Sei,  (2.17)
0,Bs + 0, Es — 0, (2.18)



where .
Ea = Pafa + §pa(u% + ug’a), a=ejl (2.19)

with us o defined by (2.33). Moreover the first component of electric field Ey is
explicitly given by the Ohm’s law

Ciazpe - Ceampi + (Ci - 69)61(83/2) = (eNe (El + U2B3) 5 (220)

and the second component of electric field Fo satisfies the following equation:

0z B3
0,(02Bs) + 0y (u10, B one)2—L—(By — Byuy) = ——=2% (221
(0 Bs) + 0 3) + (gere) Peﬂi( 2 3u1) TieCe 1 TeiCi (2:21)
In addition the source term Se; is defined by
Sei = v1,6i(Ti — To) + v2,6(0:B3)? + 13 ¢ju20, B, (2.22)

with the coefficients V1 ci, V2,¢i, V3,ei given by

3 kpnen:
Viei =3 bl (2.23)

)
TieNe + Teill;

P c~p(ce —¢) (nwﬂ; + neceq-fe) — 2¢e¢i (N — Ne)TeiTie (2.24)
ei — Celyg s .
(Tiene + Teini) (qene)2 (Tiece + Teici)2

and
CeCip

geMe) (CeTie + CiTei)

V3ei = ( (2.25)

Note that with Proposition 2.1, we do not recover yet (1.1) - (1.6). Using
the following approximation we are able to simplify the previous system and
recover the bitemperature Euler system with transverse magnetic field.

Proposition 2.2. We consider the previous system (2.13)-(2.25). Using the
approximation of a small mass ratio between electron and ion species m./m; =
Kk << 1, the equation (2.21) formally converges to

E2 = Bgul. (226)

Thus in this setting the conservative kinetic system (2.11) - (2.7) formally con-
verges to the nonconservative bitemperature MHD system (1.1) - (1.6). The
electric field E = (E1,Es) is given by the Ohm’s laws (2.20) and (2.26). The
exchange coefficient 11 ¢; = 11,¢; 15 defined by (2.23). The magnetic coefficients
U2 i, Va,ie are defined by

/172 ¢ cAp(Tzene + Teznz) (Tzece + Teici) + (Cine - Ce”i) TeiTie (2 27)
,ei — Celg s .
(qene) (Tzene + Teini) (Tiece + Teici>2

- (TieNe + TeiMi) (TicCe + TeiCi) — (CiNe — CeMi) TeiTie
Vg CeCi (2.28)
se — Lelyg . .
(Qene) (Tzene + Teini) (Tiece + Teici)2

Remark 2.3. In the case By = 0 we recover all the results of [2]. Con-
cerning the Ohms law, compared to [2], in (2.20) we have additional terms
(ce — ¢;)05(B3/2) + geneus Bs.



Proof of Proposition 2.1. For this proof, for any g belonging in L} = {g €
LY/(1 +v?)f € L'}, we use the notation

)= | oo,

the equilibrium states of (2.11) write

fa:Mom aze,i, :5:03 j1:0,
8,533 =+ 8»LE2 = 0, j2 = —6LB3
This system implies that
NeQe + NiQ; = 0; Nedelll e + niqiui,; = Oa
0iB3 4+ 0,3 =0, negeta e + nigitia; = —0, B,
which is equivalent to
Nege + i = 0,
Ule = Uls = U,

Nede (UZ,e - u2,i) = 783:B37
0¢B3 + 0, F2 = 0,

with u defined by (2.4). Moreover combining (2.4) and (2.31) we compute

Ci

Uge = Uz — 0. B3,

qgee (2.33)
U244 = U2 — 8133

qin;

Next we establish the hydrodynamic limit associated to the previous equilibrium.
Hence f, writes
fo = Ma + Kga, (2.34)

1 U1
N 0 =0, N o = 0. 2.35
Lo (ivi?)g [ ()g (2.35)

Plugging (2.34) into (2.11), we compute g, as follows

with

Mo + 119, M, + :T“ (E1 + Byvs) 9y, Mo + an@ (Es — Bsv1) 9o, Ma

1 (2.36)
= —ga+ — Ma —Ms) + O(k).
Tap
From here we will take the moments of the previous equation. The procedure
we use here is very similar to the one detailed in [2]. So we skip some details of
computation.

Our goal is to obtain the system (2.13)- (2.18) with Fy, E5 defined by (2.20),
(2.21), respectively.

a) Firstly we proceed similarly to [2]. Multiplying (2.36) by m,, integrating
w.r.t. v and by summing the two equations for electrons and ions gives
(2.13).



b)

Then multiplying (2.36) by m,v; and integrating w.r.t. v leads to
O(pattr) + Ou(patty + Pa) — qane (E1 + Baug,a) = 0. (2.37)

By summing for electrons and ions (2.37) and using (2.29), (2.30) we get
(2.14). Next considering as in [2] the nonconservative form of (2.37) with
the additional term q“;?“ Bsug o, we get the generalized Ohm’s law (2.20) for
FEs.

Then we multiply by m,vs and we integrate w.r.t. v:

Ot(patiz,q) + Ox(patiz,at1) — gana (B2 — Baug) = 7'_0—0; (u%‘7£ — uQ7a> . (2.38)
Using (2.29) and the definition of u# in (2.4), we sum for electrons and ions
(2.38) and we get (2.15).

Next we compute a generalized Ohm’s law for E. First we use (2.31) and
the definition of u# in (2.5) in order to obtain that

1 (ugﬁ _ um) _ cs (al'B?’) . (2.39)

Tap CaTBa + CTap GaNa

Then we multiply (2.38) by go/ma and we use (2.39) to get

alla 2 c 8xB
at(qanauZa) + 5x(QaﬂaU2,aU1) - M (EZ - B3’LL1) = A
Pa CaTBa T CATaB
(2.40)
Finally using (2.29) and geneug e + giniuz; = —0;Bs, we sum for electrons

and ions (2.40) and we obtain (2.21).

2
Then we multiply by ma‘% and we integrate w.r.t. v:

Or€a + 0z (u1(Ea + Par)) — GaNa (E1 + B3uga) ur
— GaNg (B2 — Baui) ug,q = S, (2.41)

whith &€, defined by (2.19) and

s— L <ma|”|2 (M, — Ma)> . (2.42)

Tap

Using (2.20) and (2.33) we get

O€q + ax(ul(goz +pa)) + uy (Caazpﬁ - Cﬁampa) + ulcaB3amBS
— (Eg — Bgul) (qanau2 — %83533) = S (243)

Moreover, we multiply (2.32) by ¢, Bs and we get
O(caB3/2) + 0s(caB3Bs) — coE20, By = 0. (2.44)

Adding (2.43) and (2.44) we get, for o #

875 (Ea + CaB32,/2) + 81(”1(804 +pa) + CaE2BB) + up (Caaxp,@ - C,Bazpa)
— (E2 — B3’LL1) (qanau2 + (Ca — c5)8mB3) =85. (245)



At this point we deal with S defined by (2.42). Using (2.6) and (2.7) we
write

- 3 ana

S (T# - T,) + %p—“ ((u;ﬂ2 — u;a) . (2.46)

o 2 Tap Tap
Next by using the definition of T# (2.5) in (2.46), we get

3 kpnagn
— ,%(TB_TO‘)
2 TBaNa + TagNg

1 NaNg
+ 2 T8aNa + Tapns <m°‘ ((uf)z B u%a) M ((ué’t)2 - u%ﬁ)) - (247)

Now we deal with (uff)2 — u3 . First using (2.33) in the definition of u# in
(2.5) we write

€302 B3 (Tap — T8a)

(gama) (caTpo + coTap)

Moreover using (2.33) we can compute uf — U, and uf + ug o and after

some simple computations we get that

u§£=U2+

) N Qma05Ta5
Gama (CaTpa + C8Tap)
mac%Tag ((ca — €8)Tap — 2¢aTBa)

(QO/na)Q (CaTBa + 657—&5)2

Me ((u2#)2 - ug,a Ugang

(8,B5)* .

At this point we sum last equality for electron and ion species and we get

1 NeNy
§m (me ((UZ#)? - Uge) —my ((U;#)z - u%z))
= 1,¢i(u20,B3) + VS,ei(azB3)27 (2.48)

with vg ¢ , V3¢ defined by (2.24), (2.25).
Plugging (2.48) into (2.47) we get the RHS of (2.16) with v ¢, V2, and
Vs .; defined by (2.23), (2.24) and (2.25), which concludes the proof.

O

Proof of Proposition 2.2. We use Proposition 2.1 and we deal with the system
(2.13) - (2.21). In addition we use the small mass ratio assumption x = me/m,.
We also use the constant ionization number Z = n./n; and we get

p o neme+nim;  (kZ+1) o(l)

K

= = 2.49
PePi NeMeN; 1M, (min;)kZ ( )

Retaining terms of order 0 in (2.21), it leads to (2.26). Moreover using (2.26)
in (2.16) - (2.18), we get

Or (Ec +ceB3/2) + 0y (w1 (Ec + ceB3/2 + pe + ¢ B3/2))

— 10y (Cipe — CePi) = Sei (2.50)

Oy (81- + ciBg/Z) + 0y (u1 (& +¢iB3/2 +pi + ciB§/2))
+ 10 (Cipe — Cepi) = —Seis (2.51)
0¢B3 + 0, (u1B3) = 0, (2.52)

10



with Se; defined by (2.22)-(2.25). To complete the proof we have to recover
(1.4)- (1.5) with 71 ¢; = 11 ¢4, V1,e; defined by (2.23), and s i, V2 4. defined by
(2.27), (2.28). In the following we focus on the electron energy equation (1.4),
the ion energy equation (1.5) is obtained in a similar way. First we notice the
following equality:

2

2
— U u e
66:86—1—0633/2—1—/)672—% ;’ .

(2.53)

From (1.4) we have a PDE on Ee + ceB3 /2, thus in order to use the previous

relation we need PDEs on p. 2 and pe— Thus on the one hand, we use (2.26)
and (2.38) in order to get

at(peu2,e) + ax(peUQ,eul) = VS,eiaxB37 (254)

with v ¢; defined by (2.25). Next we multiply by uz . (2.54) and we use (2.13)
in order to get that

p) u%,e 8 %,e _ C;
L 2 N 2 T Gelle
On the other hand, we combine (2.13), (2.15) and we obtain

2 2
o, (pﬁ?) 10, (pe“;ul) —0. (2.56)

Next following (2.53), we add (2.50), (2.56) and we substract (2.55), it leads to
(1.4). Moreover we obtain the following formulas for Uy ¢i, U2 e, V2 ie:

Vg’ei(ang)Q + V3$eiu23ng. (2.55)

- - Ci - Ce
Vlei = Vleis, V2ei=V2ei Tt 721/3,&‘7 V2 e = —V2.ei + 79”3,@2’-
elle Gelle
Finally using (2.24), (2.25) one recovers (2.27). O

3 Numerical approximation

The numerical approximation we use has two steps:

e First step. We use an approximate Riemann solver for the homogeneous
—n+1/2
system. Let ur / be the obtained solution.

e Second step. We take the temperatures interaction into account implic-
itly: the approximate solution of system at time ¢"*! is defined by

_ _ sn+1/2
pn+1 — pn+1/2, u?-&-l _ u1n+1/2 u;t-i—l — u2n+1/27 B;H_l — Bng /
and 112
= "N
gntl = ¢, + At S
—n+1/2
el g L Ap gt
where

ST = 5y (TP = T HY) + Ty (02 B3)™ 1)

This system is linear and owns an explicit solution.

11



From here we will focus on the first step of the numerical approximation. We
will explain how to derive an efficient approximate Riemann solvers for the
homogeneous part of the system (1.1) - (1.6).

In order to get those approximate Riemann solvers, we use a standard relax-
ation approach, introduced in [9] for the gas dynamic equations. This approach
has been developed in [11] for the MHD equations, in [3] for shallow elastic flu-
ids, in [13] for shallow water MHD equations, in [2] for the bitemperature Euler
system. An abstract general description can be found in [16], and related works
are [14, 15]. This technique enables to naturally handle the entropy inequality
(1.8), and also preserves the positivity of density and internal energies.

3.1 Relaxation approach
3.1.1 Approximate Riemann solver

We introduce new variables 7,m;, the relaxed pressures, and a intended to
parametrize the speed. The form of the relaxation system is as follows,

dep + O puy =0, (3.1)
Or(puy) + 0y (pu? + e +m; + B2/2) =0, (3.2
Or(puz) + Oz (puguq) =0, (3.3)

0i€e + 0y (u1 (a + e + 6633/2)) — w10y (¢iTre — Cemy) =0, (3.4)
0.8 + 0, (u1 (87 + 7+ ciBg/Q)) + w10y (¢;e — o) =0, (3.5)
0¢B3 + 0, (u1 B3) =0, (3.6)
Or(pme) + Ox(purme) + ce (a2 - pBg) Oz U1 =0, (3.7)
O (pm) + Ox(purm;) + ¢ (a2 - pBg) Oz U1 =0, (3.8)
Bu(pa) + s (paun) —0. (39

The approximate Riemann solver can be defined as follows, starting from left
and right values U, U, at an interface.

e Solve the Riemann problem of the system (3.1)-(3.9) with initial data
obtained by completing U;, U, by the equilibrium relations

Te,, = PelL = (P)/e - 1)pL£e L

Ti,L = DiL = ( )PL& L (3 10)
Te,R = PeR = (% 1)prée,r, '
Tir = Pir = (v — 1)préir,

and with suitable positive values of a;, a, that will be discussed further
on, essentially in Section 3.2.1.

e Retain in the solution only the variables p, pui, pug, &, &;, Bs. The
result is a vector called R(z/t,U;,U,).

Intuitively, the solver is consistent because of the equations (3.1)-(3.6), that are
consistent with the equations (1.1)-(1.6). The specific values used for a do not
play any role in this consistency.

The accuracy of the solver on isolated contacts is described by the following
lemma.

12



Lemma 3.1. The approzimate Riemann solver R(x/t,U;,U,.) solves exactly the
material contact discontinuities.

Proof. Material contacts are solutions to the bitemperature MHD system (1.1)
- (1.6) with uq, p. +p; + B3 /2 constant. These solutions are obviously solutions
to the relaxation system (3.1) - (3.8) with 7, = p., m; = p;. Thus for these data,
R coincides with the exact solver, which concludes the proof. O

3.1.2 Godunov scheme

Following the Godunov approach, the numerical scheme can be defined by the
approximate Riemann solver as follows. We consider a mesh of cells (x;_1 2, Zi11/2),
i € Z, of length Azx; = 41/ — x;_1/2, discrete times ¢, with ¢,11 —t, = At,
and cell values U" approximating the average of U over the cell ¢ at time t,.
We can then define an approximate solution Uy, (¢,z) for ¢, < ¢ < ¢,41 and

x € R by

T~ Tit1/2 Un

Uappr (t2) = R( PR i

i) for o <@ < @iy, (3.11)

where x; = (2;_1/2 + ®;11/2)/2. This definition is coherent under a half CFL
condition, formulated as

2At (.’E/t UZ7U1+1) U
(3.12)

/t>A
“ AL

The new values at time ¢,,41 are defined by

= R(I’/t Uz,Uz+1) Ui+1.

1 it1/2

Uszrl Ny / Uappr( nt1 — 0,2)dz.
tJxi1/2

Notice that it is only in this averaging procedure that the choice of the par-

ticular pseudo-conservative variable U as (1.10) is involved. We can follow the

computations of [9, Section 2.3], the only difference being that the system is not

conservative. We obtain the update formula

At
A.’Ei

Ut = U = (U], Ufyy) = 5 (U, U), (3.13)

where

0
FUULU,) = F(UL) — /_ (R(E, UL, U,) — U1)de,

- (3.14)
F(ULU,) = F(U,) +/ (R(E.ULU,) — Uy) d.
0
The variable £ stands for /¢, and the pseudo-conservative flux is chosen as
FU) = (pur, pui +pe+pi+B3/2, puius,
(751 (g+pe +CeB§/2) 5 Uq (Z-H% —|—CZB§/2) 5 UlBg) . (315)

n (3.15), the fourth and fifth components could be chosen differently since the
two energy equations in our system are not conservative. We can remark that
the choice of F has no influence on the update formula (3.13).

13



3.1.3 Subcharacteristic condition

We are interested on necessary stability conditions for smooth solutions. In
order to address such an issue, we consider (3.7), (3.8) in which we add right-
hand-sides:

(pe - 77'6) > (3'16)

(pi — i) - (3.17)

O (pme) + O (puime) + ce (a2 - pBg) Opuy =

3\@;\@

O (pm;) + O (purm;) + ¢ (a2 — pBg) Opuy =

On the other hand one can check with straightforward computations that the
smooth solutions to (1.1) - (1.6) verify

di(ppe) + Oz (ppeur) + Yeppeduur = 0, (3.18)
9(ppi) + Oz (ppiur) + YippiOzur = 0. (3.19)

Next when the relaxation parameter x tends to zero one has
Mo = Pa + 0K+ O(K?), a=e,i. (3.20)

Pluggin (3.20) into (3.16) or (3.17) then substracting (3.18)-(3.19) we get
that :
§ = ca (pPB3 + Yappa — a*) Opur + O(k).

Hence the stability condition needed by the parameter a is
a® > pB2 + Yeppe + Vippi- (3.21)

3.1.4 Intermediate states

By using the variable V' = (p,u1,us,Bs3, e, €, Te, Ti, @), one can easily compute
the eigenvalues of the system (3.1) - (3.9). They read as {u — a/p,u,u + a/p},
where u is an eigenvalue of order 7. All the fields are linearly degenerated. As a
consequence, Rankine-Hugoniot conditions are well-defined (the weak Riemann
invariants do not jump through the associated discontinuity), and are equivalent
to any conservative formulation.

In the solution to the Riemann problem, the speeds corresponding to the pre-
vious eigenvalues will be denoted by

Y < Yo < Xs. (322)

Thus we get a 3-wave solver with two intermediate states. The variables take
the values “L” for z/t < X1, “L* for &1 < x/t < Xy, “R*” for ¥y < x/t < X3,
“R” for ¥3 < x/t, see Figure 1. There are 7 strong Riemann invariants for the
central wave (i.e. quantities that lie in the kernel of d; + u19,,), which are

Bs
uz, a, , Wie, Wiy, W2e, W24, (323)

with wq e, w1 4, W e, we,; defined by

aie B} (ma+tc 32/2)2
o = To + coaB2/2 1% P S Mt R Nt LA A
Wie =Tt CBaf24 S, waa=eat g, 2(ca a1)?
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Figure 1: Intermediate states in the Riemann solution

These quantities are thus weak Riemann invariants for the other waves

. Two
weak Riemann invariants for the central wave are

Uy, T, (324)
with 7 = m¢ + m; + B§/2. We shall denote u] the common value of u; on the
left and on the right of the central wave.

Computations using the Riemann invariants (3.23), (3.24) give the following
intermediate states:

11 +aR(u17R—U1,L)+7TL_7TR
P PL ar(ar + ag) '
i: +aL(U1,R—U1,L)+7TR—7TL
PR PR ar(ar + ar) ’
AR apu —
wl = RU1,R tapuyr + 7L 7TR7 (3.25)
ar, +apr

. PI " Pr
Bi,="tBsy, Bjp="EBsp,
PL PR

for a = e,i we have

caB3 1 AN 11
T = Ta,L + : 1—( L) —|—a20a<—*>,
o+ 2 ( pL Ee\or py
2
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* * * 2 2
- B3, (1 B ,r,)L) (7L +caB3/2)
ok “T T 2pp PL 2(caar)?
(Taz +caB3 1 /2)°
B 2(cqar)? ’
) (3.26)
e n = EanRr+ Bng (1 - PE) (WS"R + CO“B;,R2/2)
o R “ 2pr PR 2(cqar)?
(Ta,r + CaBg,R/2)2
2(cqar)?
Finally, using previous formulas one can compute the speeds
a a
21:U17L,7L7 EQZUT7 EgZULR‘FfR. (327)
PL PR

Remark 3.2. Let us notice that c;me — cem; is equal to ciwi e — cowr . As a
consequence, ¢;T, — C.m; is a Riemann invariant for both extreme eigenvalues.
This means that this quantity remains constant through the related contact dis-
continuities, so that udy(c;me — cem;) = 0 there. For the central discontinuity,
u is constant so that uOy,(c;me — cem;) = Oy (u (¢iTe — cem;)) this product is also
well defined in the usual weak sense.

3.2 Numerical fluxes

All components of the system except &, and &; are conservative, thus classical
computations give the associated numerical fluxes,

Fr = (30, Fom, gous, Foe gL g,
Frp = (Fr, Fru, Frue Fo G4 GPs),

(3.28)

where the conservative part involves the Riemann solution evaluated at x/t=0,

F° = (pu%z/t:m )
Fri = (pul + e +m; + 33/2):1:/15:07

3.29
grez = (puruz)g/i=o, (3:29)
FPs = (u1B3)pi—0-

More explicitly (3.29) yields that the quantities between parentheses are evalu-
ated at “L” if ¥ >0, at “L*” if ¥ <0 < Xy, at “R*7if ¥g <0 < X3, at “R” if
335 < 0 (see Figure 1). As usual there is no ambiguity when equality occurs in
these conditions.

We complete these formulas by computing the left/right numerical fluxes
from (3.14) for the variables &, with a = e,i |

FE = (un (o + ma + caB3/2)) , + min(0,51) (20— Ear)

—*

+ min(0,5,) (5Q,R - E;L) +min(0,55) (Ear — En ), (3:30)

3"%‘ = (U1 (@ + o + 00B§/2))R — max(0,%) (EZvL N Ea’L)

3

— max(0,%2) (ga)R - E;L) —max(0,%3)(Ea,r — gz)R). (3.31)
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3.2.1 Positivity of density and internal energies

We must now provide some sufficient conditions on ay, and ag in order to satisfy
(3.21) and the realisability of the intermediate states, that is the positivity of
Pl Py €ers €11y €o.p and €] p. First, using (3.25), (3.26), (3.27), we obtain
that

ar(ar +ar) > pr (ar(wi,r —u1,R) + 7R — TL),

ar(ar +ar) > pr(ar(u1,L —uir) + 7L — TR),
are sufficient conditions to obtain (3.22) and thus are sufficient conditions to
preserve the positivity of p7 and pj.
Second, from a straightforward calculation using (3.26), €7 1, €7 1, €f p and €]
are positive if '

e, + ceB3 /2| |miL +ciB3 /2|
2cev/E, ’ 2ciV/E; L 7

|Te.r + ceB3 1/2| |mi.r + ciB3 /2|
2e\Een 26iVe, g '

aLZmaX<

aR>max<

4 Entropy minimum principle

The present section is devoted to prove that the scheme (3.13) - (3.15) satisfies
the following discrete entropy inequality

(U = (U + ﬁ—; (G(U;,Uiy1) — G(Ui—1,Us)) <0, (4.1)

where
n(U) = —p(se(U) + s:(U)), (4.2)

is the entropy from (1.8). The numerical entropy flux G(U;,U,.) satisfies the
consistency condition G(U,U) = —pu (se(U) + s;(U)).

The state vector U is defined by (1.10) and belongs to the admissible state
space (2 defined as follows

Q={U€eR% p>0, e >0, & >0}.

First we recall the classical and most general condition from Harten-Lax-van
Leer [21] concerning discrete entropy inequalities. Let n(U) be the entropy
defined by (4.2). Let R(&, UL, Ug) be the approximate Riemann solver defined
in Section 3.1.1. Under CFL condition (3.12), assume the following entropy
consistency condition:

1 Az /2
1 / 0 (R(z/AL UL, Un)) dz <
Ax —Az/2

At
((UL) +1Ur)) = - (Ur)ur +1(Ur)ur). (4.3)
Then the scheme (3.13) - (3.15) satisfies the discrete entropy inequality (4.1).
We skip the proof of this well-know result (for instance, see [21]).

N
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The previous result states a criterion which is too weak to be applied on our
scheme. Instead we use a stronger condition, based on a local minimum entropy
principle. This idea was introduced in [9] for the gas dynamic sytem. A suitable
extension of this technique has been derived for the MHD system in [11] and in
[8] for the ten-moments system.

The first step consists in stating a sufficient condition on the intermediate
states of the approximate Riemann solver to enforce the required discrete en-
tropy inequality.

Theorem 4.1. Assume the intermediate states U} and U;, defined by belong €
for all Ur r € Q) and satisfy the following entropy estimates for oo = e,i

SQ(UE) Z So, L Sa(U]*%) Z So,R» (44)

where

SQ)L = SQ(UL), Sa,R = Sa(UR>7
and $o(U) is given by (1.9). In addition assume the CFL condition (3.12)
holds. Let U™ € Q for all i € Z. Then U™ defined by (3.13)-(3.14) satisfies
the discrete entropy inequality (4.1).

Remark 4.2. The result remains valid when Bs = 0 and proves that the scheme
developed by a Suliciu relazation approach in [2] also satisfies a discrete entropy
inequality.

Proof. Arguing similarly to the proof of the Theorem 6.1 in [8], the scheme
will be proved to satisfy a discrete entropy inequality as soon as we have the
following entropy estimates

n(Uz) 2 n(U), n(Ug) = n(Ur),

and the following relations are satisfied
prui — prurr = Y1 (p1, — pr),

PRUT — PRULR = X3 (PR — PR) -
Using (4.2), we sum (4.4) for a = e,i and we obtain the entropy estimate.
Moreover, these previous relations are Rankine-Hugoniot relations which are
satisfied because the solver resolves exactly the equation on density (3.1). O

Our goal is now to obtain the sufficient condition (4.4). In the sequel, we de-
note ¥ = (A, €4, B3, m)T € R xRT xRxR and we set 29 = (X, €4, B3, pa(N, 4))7.
Moreover we introduce three functions ¥ — ¢(X), ¥ — ¢(X), ¥ — ¢(X) in
C?(RT x Rt x R x R) associated to the Riemann invariants already exhibited
in (3.23), as follows

H(X) = T+ ca B3 /2 + caa’ ),

+ caB2/2)”
o) = 0+ AB2 — T CaB5/2) (45)
2 (cea)
¥(X) = ABs,
where we have set A the specific volume as follows
1
A=—.
p

We now give our central technical statement.
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Proposition 4.3. Let U defined by (1.10). Assume that (3.21) holds for all
U € Q. Then there exist a function ¥ — 84 (4(2), 0(2), ¥ (X)) so that

max Sa (9(X), ¢(%), (%)) = 8a (#(2), p(£), ¥(X)) lr=pa(rea) = sa(Aa)-
(4.6)

Before we give the proof of this result, let us illustrate the interest of this
technical proposition, by proving Theorem 4.1.

Proof of Theorem 4.1. Here we focus on the first inequality of (4.4) since the
establishment of the second inequality is similarly obtained. First we apply
Proposition 4.3. Thus there exists a function ¥ — §,(X) such that relation
(4.6) holds. As a consequence, if we denote

SZ(W) = S:; ((b()\}:’ EZ,L? B§,L7 7T), (ID<>\*L’ Ez,La B;L? ﬂ-)’ w()‘z? E;,[n B;;[n 7T))
then we have

Sa(ALsEn ) = maé(SZ(w) > 8 (m), VmeR.
’ mTE

We fix m = 7, ; to write
sa(AL.a,L) = 8a(mL)- (4.7)

Next the functions ¢, ¢, ¢ defined by (4.5) are Riemann invariants shared
by the eigenvalues u; £ a/p. Thus they are invariant across the wave speeds
uir, —ar/pr and ui g + ar/pr. So we have

4 (Aza EZ,L7 B;,L’ 7r;';,L) = ()‘In €a,L, BS,L? 7Ta,L) ’
¢ (/\*Lv EZ7L’ B;,L’ 7-‘-;'):,L) = ¢ (/\L7 €a,Ls B37La 7T01,L) ) (48)
’(/} ()‘27 527[‘7 B:;La 7T:‘,L) = ’l/} ()‘Lv €a,L B3,L7 7Toc,L) .

Last three equations imply that

8 (L)

= S(x (()b()‘l:n €a,L> B3,L7pL)a QD(ALv Ea,L, B3,LapL)7 w()‘lm €a,L> B3,LapL)) .
Using last equality in (4.7) we get

Sa(ALEa.L)

> 8a (#(ALs€a,n, B3,L,pL), (AL €a,L, B3, L), ¥(AL,€a,1, B3.1,PL)) -
In addition, using second equation in (4.6), we have

S(X()\Laea,L)

=8a (¢(AL,€a,Ls B3,1,pL), P(AL; €01, B3,1,PL); (AL, €a,1, B3,L,PL)) -

Thus the expected left minimum principle is reached and the proof is complete.
O

To complete this section, we now establish Proposition 4.3. To address such
an issue, we need the following lemma whose helpfulness is just technical. In
the sequel we set 0 = (\,¢)7.
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Lemma 4.4. Let U defined by (1.10) and (%), o(2), ¥(X) by (4.5). Assume
that (3.21) holds for all U € Q. Then there exists three functions, denoted by
MNX)Y.Z), £.(X,Y,Z), B3(X,Y,Z) such that

AP(E), p(B), p(E)) = A, Ea(d(E), p(E9), ¥(X)) = €
and  B3(¢(3°), p(2),9(2)) = B3,  (4.9)

and the following derivatives are satisfied:

1)) 1 T | - B2
87(X,KZ) = D(&) ()\ Caa2 (pa(Auga) + Ca2>) s (410)
1)) B —co(y—1)
0, 1 B2 pa(N\Es) +caB2 - B2
87X(X’Y’Z) - D(5) (/\2 a (caa)? a(A €a) + “S ) )
(4.12)
%o xv.2) = L (3~ pa(hia) - caB2) (4.13)
8Y L] D(a_) « " at’3 ) s .
OB yp o Bs (1 11 () e o B
ax Y2 =55 (1 Nena? \Para) Feamn ) (4.14)
833 Caly — 1)B3
— (XY, Z) = = 4.1
oy (XV7) = “Ipe, (415)
where we have set
5= (NX)Y,Z),6.(X,Y,Z), Bs(X,Y,Z))T
and
D(\ew,B3) = cara® — Yapa(N, €a) — caBa. (4.16)

In the second statement, we exhibit a suitable function derived from X and
€ and we consider its local extremum.

Lemma 4.5. Let U defined by (1.10) and ¢(2), p(X), ¥(X) by (4.5). Assume
that (3.21) holds for all U € Q. We introduce S(¥) : Rt x Rt x Rx R — R

defined by:
S(B) = sa (M (0(2), 0(2), (X)) ,Ea ((2), ¢(2), (X)) , (4.17)

where 5a(A,€qa) denotes the specific entropy. For sake of clarity we denote X, Ea

Then we have

a8
or

pa(MEa) + B3/2) — (v + B3/2)

4.18
, (18)

=

with the functions \, &, and Bs defined in Lemma 4.4.

The last result concerns the study of the extrema of the function S defined
by (4.17).
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Lemma 4.6. Let U defined by (1.10) and S(X) defined by (4.17). Assume
that (3.21) holds for all U € Q. Then the function 7 — S(X) admits a unique
mazimum given by ™ = pa (N, €q).

Equipped with these results, we can establish Proposition 4.3

Proof of Proposition 4.3. From assumption (3.21), we can apply Lemmas 4.4
and 4.5 to define a function 8 as follows:

8(6(2),¢(X),¥(%)) = 8(%),
=5 (M (8(2),0(2)1 (%)) ,€a (6(2),0(2), (%)) ,

where the function s is nothing but the specific entropy. Now, by definition of
A and &,, we have

A (QS(E)v(p(E)vw(E)) |7r=p(>\,ea) = X and &, ((;5(2),@(2),’1/)(2)) |7r=p(/\,aa) = Ea;,

which immediately implies

8 (#(%),0(%); V(X)) lr=p(r.ca) = $(Ma)-

Next, we study the extrema of the function = — S(X). By Lemma 4.6, the
unique maximum of the function S is 7 = p, (A, €4), which completes the proof.
O

We conclude this section by giving successively the proof of the three inter-
mediate lemmas.

Proof of Lemma 4.4. Let us consider the function

¢(A,€a7BS,pQ(A’6a))
O: ()\,Ea,Bg) = (P()‘vgmBSvpa()‘vga)) . (4'19)

’(/}()‘7 Eas BSJM()\, Ea))

We remark that the function D(\,e4,Bs), defined by (4.16) is nothing but the
Jacobian function of ©. Since for all (\,e,,B3) under consideration (3.21) holds,
D(\eq,Bs) does not vanish. Thus we can apply the inverse function theorem
to deduce the existence of a reciprocal function

XY, Z)
0 XY, Z2)=| .(X)Y,Z) |,
Bg(X,Y,Z)

defined for (X,Y,Z) in the range of © and such that D(\,cq,B3) # 0.

By definition of the functions A, &, and Bs, the relation (4.9) is obviously
obtained.

Now, we evaluate the derivatives of those reciprocal functions. Once again by
definition of A, &, and Bs, we have

(S‘(XYZ) B (va,Z),pa(j‘aga)) =X,
QS(;‘(XYZ) Ea(X,Y,Z),B3(X,Y,Z),pa(;\,§a)) =Y,
P (X(X YZ) B (X,Y,Z)) =Z.
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By differentiating in X these two relations and using (4.5), we obtain:

2 Pa(MEa)) 0N | caly—1)02 5 OBs _
(C“a A >8X N oox Dy =5

B}  pa(Néa) (5 B2\\ OX
(2 * (caa)?X rahéa) teann ) ) 5%

— _2 —
+ (1 - M pa(j‘vga) +Ca33>> 660(

(ca)?&q 2 axX
_ 1 - Bg 833 .
+B3 ()\_ caa2 pa(A;EQ)"_CaZ)) 37 _Oa
_ O\  -0Bs

With D(Meq,B3) # 0, this above 3 x 3 system is solvable in the variables
(%, %5;‘(‘ , %’fg ). Then we get the expected definition of the derivatives g—)’\((X,Y,Z),

%52 (X,Y,Z) and 9B2(X,Y,Z) given by (4.10), (4.12), and (4.14). O

Proof of Lemma 4.5. Here, we have to compute the derivative of S with respect
to m where the function S is defined by (4.17). Using the definition of ¢ in (4.5)
we notice that g—f(E) = 0, which enables us to write

2m = 5o (5300, u@)
+$<w(2>,¢<z>,w<2>)gf(z)) (4.20)
D5 [ 0c. dp .
+ 320) (S e® oD@ )

where we have set

7= (AMp(E), $(2), V(%)) 0 (9(5), (%), 4(2))) .

In the sequel, we will denote \, € and Bj instead of A (p(X), (%), (X)),
Ea (p(2), (), (X)) and Bs (¢(X), ¢(2),1(X)). Moreover we will use the no-

tation 6 = (X, &, B3). Next using (4.10)-(4.13), we compute

%(@(2)70#(2),1#(2))2%(2) + g—i@(z), #(2), ¢(z))%(z) =
D(lﬁ) (X+ (Vca—aj) KWJFCQB;%) - <pa(/_\,€_) +CO‘BQ§>D . (4.21)
and
O (). (20, 6(2) 22 () + Lo () 02, w2 22 () =
o (5 & (e )+ O

[<W+ca32§> — ( a()\,s)+calz§)]>. (4.22)



Then we plug into (4.20) the two previous relations together with

0sa ,_,  (v—1) .
Loy =D, amd (o)=L,

to obtain the following equation:

Zfi@) = D(lé) <A+ B Kw +caB2§) - (p(,(X,s‘) + CQB;%)D . (4.23)

with

B2 B2 (v =12 pa(NE) +coB?
A= 1 a73 o aig B = ) a A, a3
=D+ Cafa (C 9 T ) ’ Cat?\ * (caa)?e,
We now write
A < B? B? YPa(MEa) + caB2
A= (e )\7 « a5 T T aig 5 B = o a3
Cafa ( (Aa) +e 9 ~ T ) (ca@)?Ea A
Finally we plug these equalities into (4.23) which gives (4.18). O

Proof of Lemma 4.6. We apply Lemma 4.4 and Lemma 4.5, which enables us
to introduce the function

9(%) = (pa(A &a) + B3 /2) 0 (6(%), (%), (%)) — (7 + Bi/2),

where ¥ = (), &4, B3, m)T.

In order to prove the lemma, we are going to study the roots of the function g.
First we notice that, thanks to relations in (4.9), 7° = p, (A, e4) is a root of g.
Then we will show that for every 7° root of g, we have g—fr(ﬁ'o) < 0.

Let 7° be a root of g. We denote by ¢’ the partial derivative of g with respect
to 7, and we compute it as follows:

g = %(6) (g)}\((w(E),gb(E),w(z))gi(g)
o ”
g (P60 E) T
+%(5) (Zi?(cp@)yqb(z),@p(z))gf(z)
0&q ¢
+5Y(¢(2)7¢(E)7w(2))%(2)>
By (o(2),0(9),8(D) G2 (5(2), 6(2), v(2) S (%)
+ 226 6D wE) () ) - 1.
(4.24)
where

5= (AMp(E), 6(2), (%)) ,a (9(2), (), ()" -

In the sequel, we use the notation X° = (\, e, B3, 7°) and we are interested in
computing ¢'(X°). For sake of clarity we will denote ), &, and Bs instead of

A (#(29), ¢(2°),1(29)), & (0(2°), 9(2°), (7)) and Bs (9(°), (%), 9(27)).
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Moreover we will denote & = (X, &a, B3))T .
First we use the previous computations (4.21), (4.22) and the fact that g(%%) = 0
to get

o\ dp

o (P (). (=) o) ;
and
T (P2, (), U () SE () o

Moreover combining g(X°) = 0 and relations (4.5), (4.14), (4.15) we get that

(o). 0, N 220 _

Then we plug in (4.24) last three previous relations together with

apa (5_) — —DPa

054 ,_ Do
3N and = —

X 92, 0 =

in order to get - ~
_ Vpa()‘v Ea) + CaBS + D(&)

g'(x°) = D5)

Thus ¢'(X°) < 0 for all roots g. The function g being continuous, 7 + g(X) has
a unique root, which is 7 = po (A, €4).

To complete the proof we will show that 7 = po (A, €4) is @ maximum of the
function S in Lemma 4.5. Indeed we can rewrite (4.18) as

as 9(%)

e e e I REIRT )R

Since m = pa (A, €q) is a unique root of g, g(X?) = 0 and from the previous
relation we deduce that g—f(ZW) = 0. Moreover we have

L g5
o\ T 2, (5, (59, p(2e))
and we have previously shown that ¢’ is negative for all roots of g. So we finally

get that 22(X°) = 0 and gjﬁ(Eeq) < 0. Thus ™ = pa (A, &4) is the maximum
of the function .S, which concludes the proof. O
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5 Numerical tests

In this section we perform numerical approximations in order to evaluate both
accuracy and robustness of the scheme. First order in time and space are eval-
uated. The CFL number is 1/2 in all tests. The computations are performed
over interval [0,1]. Boundary conditions are transmissive. For all test case we
use the following values for the parameters

)
kp=1, Ye=vi==, Z=1, me=10"" m;=1, uy=0.

3 )

The numerical test are organized as follows. The subsection 5.1 is dedicated
to the approximation of a smooth analytical solution for the full system (the
source term is a non-zero function). The subsection 5.2 is dedicated to the ap-
proximation of discontinuous solutions of the homogeneous system (parameters
are taken such that the source term is the identically zero function).

5.1 Source term approximation: an analytical solution

We take initial data such that
Vz €R, p(x,0)=1, wui(x,0)=10, T;(x,0)+Te(z,0)=T = 2.
An exact solution of the system (1.1)-(1.6) is available,
V(z,t) ER xR, plx,t) =1, wui(z,t) =10,

T.(z,t) = T.(x — uyt,0)e 2
+a(z,t) (L—e ) + b(x,t) (2ut — 1+ e ), (5.1)

where = (74 — 1)v1,08/(nekp) and

T U 2
a(z,t) = 3 + 2l (0:Bs(x — u1t,0))”,

Ua.ei + V2ie 2
b(x,t) = ———=< ” — (0, Bs(x — u1t,0))".

Here we choose T = 2 and for all z € [0,1],

T.(x,0) = = + exp(—200(z — 1/2)?), and Bs(z,0) = exp(—50(z — 1/2)?).

vo| S

Moreover we set vy = 1 and Vg e; = V2. The results for vp ., = 2 and
Uy i = 4 are displayed in figure 2. They show a good agreement with analytical
solution (5.1).

5.2 Resolution of the Riemann Problem

In this section, we consider seven test cases that are inspired from the book of
Toro ([29]) in order to highlight the robustness of the numerical method and take
into account the magnetic field. In all chosen tests, data consists of two constant
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Figure 2: Solution for analytic test case for the temperatures T, T; computed
with 200 and 500 cells. On the left 75 .; = 2 and on the right 7 o; = 4.

states Wy = (pLaul,L7Te,LaTi,L,BB,L)T and Wgr = (pR7u1,R7Te,R,E,R,B3,R)T
separated by a discontinuity at a position x = xy. The states W and Wg are
given in Table 1. These test cases are Riemann problems in the space domain
[0,1]. For each test problem we select a convenient position xo of the initial
discontinuity and the output time. These are stated in the legend of each figure

displaying computational results.

)

Test p U Bs T. T;

Test 1 left 1 0.75 0.8164966 | 0.3336667 | 0.3336667
Test 1 right | 0.125 0 0.2581989 | 0.2669333 | 0.2669333
Test 2 left 1 -2 0.5163978 | 0.1334667 | 0.1334667
Test 2 right | 1 2 0.5163978 | 0.1334667 | 0.1334667
Test 3 left 1 0 14.142136 | 100.10000 | 100.1
Test 3 right | 1 0 0.2581989 | 0.0333667 | 0.0333667

Test 4 left 5.9999924 | 19.5975 | 17.528909 | 25.630859 | 25.630860
Test 4 right | 5.9999242 | -6.19633 | 5.5434646 | 2.5634264 | 2.5634266

Test 5 left 1 -19.5975 | 8.1649658 | 33.366665 | 33.366667
Test 5 right | 1 -19.5975 | 0.2581989 | 0.0333667 | 0.0333667
Test 6 left 1.4 0 0.8164966 | 0.2383333 | 0.2383333
Test 6 right | 1 0 0.8164966 | 0.3336667 | 0.3336667
Test 7 left 1.4 0.1 0.8164966 | 0.2383333 | 0.2383333
Test 7 right | 1 0.1 0.8164966 | 0.3336667 | 0.3336667

Table 1: Data for seven test problems.

Test 1 is a modified Sod test case. The solution is constituted by a right shock
wave, a right travelling contact and a left sonic rarefaction wave. Test case
2 consists of two symmetric rarefaction waves travelling in opposite direction
and a trivial contact wave. The solution of Test 3 consists of a strong wave of
shock, a contact surface and a left rarefaction wave. The solution of Test 4 is
composed of three strong discontinuities travelling to the right. The solution
of Test 5 corresponds to a left rarefaction rarefaction wave, a right-travelling
shock wave and a stationary contact discontinuity. The solution of Test 6 is an
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isolated stationary contact wave. The solution of Test 7 is an isolated contact
moving slowly to the right.

We compare our Suliciu method with a nonconservative version of the clas-
sical HLL method. Like the Sulicu method, it is a nonconservative finite volume
type of scheme, with update formula (3.13). In the following we explain how
we define the numerical fluxes F}(U;,U,) and F,.(U;,U,.). First we use HLL nu-
merical fluxes (denoted by the subscript HLL in the following) to discretize the
conservative part of our system. It leads to conservative fluxes (F; = F,. = F))
for the conserved quantities p, puy, pus, Bs:

Fr(ULU,) = FﬁLL(UhUr) (5.2)
Fre(ULUy) = FﬁlﬁL(Ul,U,.) (5.3)
Fre(ULUr) = Fpp (ULUr) (5.4)
FP(U,U,) = Fifi 1 (ULU;). (5.5)

In addition we use a centered discretisation of the nonconservative terms. In
this subsection we will use the notation ¢ = ¢;pe — c.p; so that the noncon-
servative terms now write —u19,¢ in (1.4) and u19,¢ in (1.5) .This leads to
nonconservative fluxes (I} # F.) for the components €. and &;:

FE(ULU) = Fify 1 (00U = w (6, — 1) (5.6)
FE(ULU,) = Fify 1 (ULU) = up (6, — 1) (5.7)
FE(ULU) = By 1 (ULU) + w (6, — 1) (5.8)
FE(ULU,) = Fig (U0 + i (6 — 61) - (5.9)

The nonservative HLL method is thus defined by (3.13), (5.2)-(5.9) with ¢ =
CiPe — CePi-

5.2.1 Numerical results

The results are presented as follows. Figure 3 to Figure 7 show results for
Suliciu method. Figure 8 to Figure 10 show results for the nonconservative
HLL method. Figure 11 show results aimed at comparing the performance of
the nonconservative HLL and the Suliciu methods for isolated, stationnary and
slowly moving contact discontinuities.

For Test 1 to Test 5, in presence of magnetic field no exact solutions are
available. Thus we compute numerical solutions for 300, 2000, 10000 cells. The
quantities shown are density p, speed u1, electronic and ionic temperatures T,
and T;, and magnetic field Bs. The goal is to investigate qualitative behavior
of numerical methods. Figure 3 to Figure 7 show three good properties of
the Suliciu method. First, the Suliciu method is able to produce solutions for
all tests. Second it converges when the number of cell increases. Third all
densities and temperatures computed remain positives. Figure 8 to Figure 10
show that the previous good properties of the Sulicu method are not met when
not dealing properly with nonconservative products. First, the nonconservative
HLL fails to produce solutions for Test 2 and Test 5. On the other tests, the
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density remains positive but the ionic temperatures do not on Figure 8 and
10. Moreover, the convergence does not occur. More precisely, on Figure 8,
for ionic temperature and magnetic field, a spike grows when the number of
cell is increasing. For electronic temperature, unphysical oscillations occur. On
Figure 9, a spike grows for density and magnetic field, unphysical oscillations
grow on ionic temperature. On Figure 10 or a spike appears and grows for
density, magnetic field and ionic temperature.

For Test 6 and Test 7, exact solutions are available. We compare numerical
solution for 300 cells and the exact solution. Figure 11 shows a good prop-
erty that the Suliciu method has and the nonconservative HLL has not. The
Sulicu method is exact on isolated stationnary contact discontinuity, and very
sharp on isolated slowly moving contact discontinuity. On the other hand, the
nonconservative HLL spreads too much those discontinuities.

6 Conclusion

In this paper we have investigated at the modelling and numerical point of view
the bitemperature Euler system with transverse magnetic field.

At the modelling point of view, we introduced a multicomponent BGK ki-
netic system coupled with Mawell equations. Next by perfoming an hydrody-
namic limit, the bitemperature Euler equations with transverse magnetic field
has been established.

At the numerical level, we designed a Suliciu relaxation approximation and
we showed that the associated scheme is entropic. We compared our method
with an a priori not positive nor entropic scheme, a nonconservative version
of the classical HLL method. The results highlight the fundamental role of
designing positive and entropic schemes to obtain their convergence.

We shall address to forthcoming papers the following different points. Firstly,
we are currently working on taking into account transverse electric (TE) fields.
Then, we plan to use this work dealing with transverse magnetic field and future
work on TE field in order to propose novel high order and multi-dimensional
schemes. Moreover, the case of Navier-Stokes asymptotics has also to be con-
sidered.
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Figure 3: Suliciu method applied to Test 1 with xy = 0.3. Numerical solutions
are compared at computational time ¢ = 0.2.
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Figure 4: Suliciu method applied to Test 2 with x¢y = 0.5. Numerical solutions
are compared at computational time ¢ = 0.15.
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Figure 5: Suliciu method applied to Test 3 with xy = 0.5. Numerical solutions
are compared at computational time ¢ = 0.012.
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Figure 6: Suliciu method applied to Test 4 with xy = 0.4. Numerical solutions
are compared at computational time ¢ = 0.035.
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Figure 7: Suliciu method applied to Test 5 with xy = 0.8. Numerical solutions
are compared at computational time ¢ = 0.012.
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Figure 8: Nonconservative HLL method applied to Test 1 with zo = 0.3. Nu-
merical solutions are compared at computational time ¢ = 0.2.
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Figure 9: Nonconservative HLL method applied to Test 3 with xy = 0.5. Nu-
merical solutions are compared at computational time ¢ = 0.012.
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Figure 10: Nonconservative HLL method applied to Test 4 with xy = 0.4.
Numerical solutions are compared at computational time ¢ = 0.035.
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Figure 11: Noncervative HLL method (left) and Suliciu method (right) applied
to Test 6 with zg = 0.5, and Test 7 with ¢ = 0.3. Numerical and exact solutions
are compared at time ¢ = 2.0 for both Test 6 and Test 7.
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