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Introduction

There is a diversity of pedagogical approaches and theoretical understanding of young children learning mathematics. [START_REF] Palmér | Different perspectives on possibledesirableplausible mathematics learning in preschool[END_REF] discuss in a recent review of contemporary preschool mathematics research that what children are actually offered to learn in preschool differs to a great extent, even though there is a consensus among the research community that early math matters. Consensus is however not reached when it comes to what and how mathematics should be taught. Some argue that basic understanding, which some children already have acquired, is enough and preschool should offer a space for children to use and master these skills. Others find it necessary to challenge children's knowledge and set goals for learning that the majority of the children in a group have not yet mastered [START_REF] Claesson | Academic content, student learning, and the persistence of preschool effects[END_REF].

Many researchers have made efforts to describe developmental trajectories in mathematics learning and what to expect from children at different ages or in what order skills develop in general. Consequently, there is a large body of research departing from different theoretical approaches (see [START_REF] Baroody | The development of young children's early number and operation sense and its implications for early childhood education[END_REF]Sarama & Clements, 2009 for overviews). A contemporary theory -Variation theory of learning [START_REF] Marton | Necessary conditions of learning[END_REF] proposes a bold conjecture that the understanding of whole numbers originates from experiences of different aspects of number, rather than a predictable development trajectory. Focus is here shifted from descriptions of children's competences and learning trajectories towards the content to be learnt, and particularly what it takes to learn that content. Based on this conjecture, this study directs attention to what aspects of numbers are discerned by toddlers in play and interaction in preschool. The theoretical framework furthermore provides analytical tools for interpreting why children express different ways of experiencing numbers and what is possible to learn in different interaction. The study will therefore have impact on education and further research. There are many aspects of mathematics that could be made object for this study, but in this particular pilot project the interest is demarcated to number concept.

Aspects of number as learning object in the early years

The concept of number is complex and research shows that many competences seem to be necessary for children, to develop their numerical reasoning and arithmetical skills. By the time children turn three years, most of them already know the beginning of the sequence of counting words and are Thematic Working Group 13 Proceedings of CERME10 acquainted with nursery rhymes with number words. To develop an advanced understanding of the different meanings of number in different contexts is however a process that continues until children are about eight years old, according to [START_REF] Fuson | Relationships between counting and cardinality from age 2 to age 8[END_REF]. In the early years, the sequence of counting words is best described as a continuing string of words that lack numerical meaning. During their preschool years, children's understanding of number words includes also a numerical meaning, but how this process happens is an issue raised by Wynn already 25 years ago [START_REF] Wynn | Children's acquisition of the number words and the counting system[END_REF]. There is of today no consensus how this development occurs or what seems critical for learning to handle numbers in arithmetic tasks. Some (c.f. [START_REF] Carpenter | The development of addition and subtraction problemsolving skills[END_REF][START_REF] Fuson | Relationships between counting and cardinality from age 2 to age 8[END_REF] claim that counting is the foundation for arithmetic competence, while others argue for the necessity of perceiving the part-whole relationship of numbers [START_REF] Baroody | Two perspectives on addition development[END_REF]. One way of finding a path to understand the development of number sense and arithmetic skills could be to direct more attention to the features of numbers and how numbers may be perceived in different ways, as proposed by [START_REF] Marton | Necessary conditions of learning[END_REF]. A controlled study by [START_REF] Benoit | Do young children acquire number words through subitizing or counting?[END_REF] has for example shown that the perception of numbers as parts and whole simultaneously, supports children in acquiring the meaning of small numbers. This builds on the ability to perceive numbers as exact sets of items without counting, referred to as "subitizing" [START_REF] Kaufman | The discrimination of visual number[END_REF]. Subitizing is limited to small amounts of three or four, but the ability can be enhanced to larger numbers, so called conceptual subitizing [START_REF] Clements | Subitizing. What is it? Why teach it?[END_REF]. When items are arranged in ways that make them possible to recognize as patterns or collections of sets, it is easier to compare and estimate both exact number and larger magnitude. However, the sequence of counting words and the meaning of numbers as descriptions of sets of objects (a sense of "manyness") probably has to be considered as two necessary aspects of numbers that children presumably learn during their first years.

Even though young children seem to have the ability to perceive exact number, there is no guarantee that all children make use of this ability. Studies [START_REF] Hannula | Does social interaction influence 3-year-old children's tendency to focus on numerosity? A quasi-experimental study in day care[END_REF] show that far from all three-year-olds take initiatives to focus on numerical features of their surroundings or use number words in routine situations and play. Spontaneous attention to number among young children has nevertheless shown to predict later mathematical achievements [START_REF] Hannula-Sormunen | Preschool children's spontaneous focusing on numerosity, subitizing, and counting skills as predictors of their mathematical performance seven years later at school[END_REF] and this can be enhanced by social interaction and directed attention towards number relations, with long-lasting effects.

From earlier research we have reasons to believe that certain aspects of number are necessary to discern in order to develop number sense and arithmetic skills. [START_REF] Neuman | The origin of arithmetic skills[END_REF] argued, based on a study of 6-7-yearolds that children who suffer from math difficulties cannot experience the first ten natural numbers as magnitudes nor the relations between them. This lack hinders them in perceiving that 7 may be a part of 9 and the difference between them is 2. Most children develop strategies to deal with numbers and arithmetic tasks, but those who cannot discern the part-whole relationship have to turn to cumbersome strategies of counting up and down and even double-counting. Neuman further described how children's strategies for problem solving are related to their conception of numbers and what aspects of numbers that the children can differentiate. The following aspects are known from the vast literature in the field, confirmed as aspects necessary for arithmetic computation in Neuman's study: a) numbers can be represented in different ways, b) numbers constitute a part-part-whole relationship, c) number words refer to cardinality (or manyness), and d) number words refer to ordinality (or sequence).

In an on-going project [START_REF] Björklund | Learning to subitize the first ten numbers as a necessary condition for the development of arithmetic skills[END_REF] we found these aspects present in some, but not all, 5-yearolds conceptions of number. It is thereby of interest to further investigate how younger children perceive numbers. Thus, the question raised in this pilot project is: What aspects of number are discerned by the youngest preschoolers and how are their conceptions of number challenged?

Theoretical framework

The theoretical framework used in this study is Variation theory of learning [START_REF] Marton | Necessary conditions of learning[END_REF]. The theory states that variation is central for learning and patterns of variation constitute necessary conditions for learning (Marton & Tsui, 2004). When learning new concepts, there is in particular one pattern of variation that is essentialcontrast. By contrast means that what is to be learnt is held constant but some critical aspect of the learning object has to be contrasted to enable discernment. In other words, to learn the meaning of "five", sets of five (items constituting the sets) may vary (five flowers, five dogs, five children) but the "fiveness" will appear only when five in a set is contrasted with for example four in another set. Only then, can the numerical meaning of five be discovered and thereafter generalized to the different sets of five. Generalization, differentiation of aspects that are potentially necessary to discern in order to better understand the concept, and simultaneous attention to several aspects are the other patterns of variation that the framework holds as necessary for learning [START_REF] Marton | Necessary conditions of learning[END_REF]. This theoretical framework provides tools for analyzing empirical data to describe the process of learning by focusing on how necessary aspects of the learning object are presented to the learner. For example, the child needs to differentiate that numbers have both ordinal and cardinal meaning to be able to operate with numbers in arithmetic tasks, but if the child has not discerned numbers' cardinality they cannot make use of numbers as a representation for sets of objects.

Children's conceptions of a phenomenon constitute, according to this theoretical framework, of those aspects that the child can discern in a particular situation (either due to earlier experiences of similar phenomena or due to what the situation offers the child to experience). Conceptions can thereby be interpreted as the way a child encounters a phenomenon. Lack of discerned aspects is thereby also expressed in children's use of numbers in problem solving [START_REF] Neuman | Att ändra arbetssätt och kultur inom den inledande aritmetikundervisningen[END_REF] and in particular when they are encouraged to communicate their understanding of numbers to peer or adults.

Methods

The aim of this study was to get an overview of toddlers' conception of number and in what ways their conceptions of number are challenged. This is done through an analysis using Variation theory of learning as analytical tool, which directs attention to the content of learning and in particular how a phenomenon (number in this case) is perceived by the children in a specific situation. The unit of analysis is interaction that provides opportunities to discern necessary aspects of number.

The participating children attend two randomly selected preschools in Finland, where they take part of a pedagogical practice with their peers in both planned activities and self-initiated play. 23 toddlers altogether (aged 13 months -3 years 9 months) are observed in their common activities in these preschools. The data consists of 45 hours of video-documentations originally collected for a larger study with a broader mathematics focus (see Björklund, 2007). Of these, episodes where number concepts are focused on are analyzed more thoroughly in this particular study. Written consent for children's participation in video-recorded documentations is given by the children's parents. Children's and teachers' names are anonymized in all public presentations.

The analysis concerns the opportunities children are given to develop their conceptions and learn to use numbers and is conducted in two steps: 1) the children's conceptions of number is characterized, 2) the analysis focuses what aspects that are emphasized when children express a certain conception including if and how this conception is challenged. The theoretical framework provides analytical tools to study such situations where the number concepts are challenged and what constitutes the development opportunity. We are in accordance with the theoretical framework looking for situations where children or adults "open up dimensions of variations" [START_REF] Marton | Necessary conditions of learning[END_REF], meaning that a certain aspect of the learning object is emphasized and thereby made possible to explore and learn the meaning of. It is in particular contrast that we look for and how it enables different dimensions of variations to be opened up.

Results -Acts that challenge toddlers' number concepts

We know from studies with older children that some critical features of number are necessary to discern to use numbers successfully in arithmetic problem solving. In this study we see the same aspects' importance and can describe how the lack in discerning necessary aspects results in different conceptions of numbers. The sequence of counting words is quite common in different activities, but the sequence is mostly used for naming items or as any nursery rhyme. The number concept is then limited to an ordered string of words without relation to numerosity. It is more seldom found that the children use the sequence of counting words to find out how many objects there are in a set (in a cardinal sense). However, there are examples of children using number words to describe sets and quantities and thereby expressing a conception of number as quantitative relations. The following presentation will discuss how toddlers' conceptions of number are challenged in their interaction with peer and adults, with analytical focus on which aspects that are made possible to explore for the further development of number concept.

Describing objects or sets

Number words are by many toddlers used as a rhyme that is fun to recite. Some relate the reciting to groups of objects, one-to-one, and a few children use number words to describe sets of objects. The difference between these ways of using number words is in the conception of numbers as ordered names (emphasizing an ordinal aspect) or numbers as describing a set (a cardinal aspect brought to the fore). To challenge number concepts' meaning it is then necessary to open up these dimensions of variation to the child: Harry (2:0): (looking in a picture book) Wow, horses.

Nancy (3:9): Yes. It's two horses.

Harry (2:0): (browsing through the book) There they are. There are also two.

The short but clear comment from the peer opens up for numbers' "manyness" and numerical relationships to be explored. Harry shifts his attention from "horses" to numbers, "two". However, numbers are not further challenged, such as by comparing two horses with more or less or generalizing to other sets of two.

Expressions of numbers as names of items are common in the literature and frequently observed in this study. This conception of number (or rather the number words) is characterized as a way to enumerate by giving each counted item a number name, attaching the name to the physical object. This means that number words do not refer to quantity -they are rather an ordered list of names applied to some items. In the short excerpt below the child Lou is counting stars in a book, over and over again, pointing her finger at one star at a time while saying the number words: Lou (2:7):

One, two, three, four, five, six, seven, eight, nine.

Arthur (3:1): That one is not nine! Lou points at the stars while counting out loud. The second time she points at different stars than before, making Arthur react to the break in the pattern of named stars. Arthur acts as the counting rather is about "naming" the stars with number words, not differentiating any cardinal meaning. The order of naming them is then closely related to the physical objects, emphasizing ordinality.

Extending the setting

Mathematics is useful due to the transferability of notions and the abstract relationships that mathematics concepts describe. It is in this sense natural to think that generalization is a key to learning the meaning of abstract numbers. This is not uncommon in teacher-child interaction:

Elsa and Ann (adult) are sitting at the breakfast table.

Elsa (2:6):

There's two (pointing at two plates on top of the other).

Ann (adult):

There's another two (pointing at two other plates) and there's two pieces of bread, and there's also two (pointing at two spoons on a plate).

The teacher makes efforts to pick up the child's initiatives and generalizes the idea of sets of two. However, the observation does not reveal whether the child discerns the cardinal meaning of "two" applied to other settings as well or if the directed attention to other kind of objects takes away attention from the number's meaning of "twoness".

Comparing more-less

When numbers are used to describe sets, a possibility to explore number words' cardinal meaning opens up if sets of different quantities are made possible to compare. Subitizing enables children to compare and estimate small number of items, but this builds on the above mentioned condition, that focus is already directed towards numerosity.

Lou (2:7):

(brings three different cat toys to a table) Here's two kitty cats.

Arthur (3:1): No, it's not like that, it's this many (showing three raised fingers on one hand). One, two, three (raising one finger for each said counting word).

Cardinality is undoubted critical for operating with numbers. It seems that comparison of different quantities, contrasting numbers as sets, makes this possible. Merely counting will promote ordinality as the primary aspect in focus, shorter or further on the sequence of counting words, but does not necessarily emphasize the "manyness" of the numbers.

Attention to the cardinal and ordinal meaning of number words

Observations show that many children, and teachers, express a rather strong focus on the aspect of ordinality, while the cardinal meaning of numbers is an aspect that is rarely opened up for exploration. The following excerpt is thereby an exception but important in our investigation of learning opportunities in preschool mathematics:

Alan (3:5):

(has been asked to check how many children there are in the cloakroom) There is one and one and one and one and one and one and one and one and one and one and one and one and one there.

Gloria (adult): That's quite a lot. Or was there only one?

Even though the child is not using number words to express himself, he expresses number as an addition of ones. The teacher picks up the word he uses and opens up both the aspect of ordinality by referring to the number word "only one" and in the same occurrence also the aspect of cardinality when confirming that the boy had described a large number of objects.

The idea of directing attention to ordinality, as in the following excerpt, is however not always critical for a task and may thereby not be taken into consideration by the child:

Alice (2:4): (sits with a jig-saw puzzle with pieces shaped as fish and a number of dots on the board and corresponding number of dots on the fish) Just one dot and then just two (tries to fit a piece in the board).

Mary (adult): No, you have to look at the dots, here's three, then you have to see how many dots there are there [on the board]. Where should it go?

Alice (2:4): There! (pointing at the board where there are three dots) Mary (adult): (pointing at each dot on the fish) There's one, two, three, where?

Alice (2:4): (pointing again at the board and the three dots)

Mary (adult): There's one, two, three.

Alice (2:4): It will go there (putting the rest of the pieces with 1-3 dots on their right places on the board). Here's only one dot (pointing at the last empty place on the board).

Alice's attention is directed towards the features of the fish that will not fit on the board. This conflict directs her attention to find clues or strategies to ease the task of finding right pieces. She discovers the dots and describes their difference in number "just one dot and then just two". The teacher supports her discovery but offers a counting strategy to make sure she finds sets of dots that are equally large. However, the attention to different aspects does not seem to meet, nor are they simultaneously considered as aspects of numbers. Alice did not count the previous two dots, she also seems to perceive equal number of dots if they are three, since she does not make any attempts to count in the same way as the teacher instructs her to do. It is thereby uncertain if the aspect of ordinality is necessary to emphasize since the child masters the task by focusing on the "manyness" of the sets. The number of dots is within the subitizing range, which has to be considered as a reason for not needing another strategy to compare the number of dots on the fish and on the board.

Discussion

This pilot project brings to the fore that children's conceptions of number seem to be characterized by partly numbers as names and sequence, parallel to using numbers to describe a set of objects. In some rare occasions these conceptions are emphasized simultaneously, enabling the fusion of ordinal and cardinal meaning, which is presumably an important condition for number concept development. An advanced use of number words includes both of these aspects and enables a child to solve arithmetic problems. [START_REF] Wynn | Children's acquisition of the number words and the counting system[END_REF] raised this issue when presenting findings of 2-3-year olds' sense of numerosity in contrast to their emerging understanding of the counting system. The current study confirms that toddlers experience number in different ways, but provides insight to the activities and interactions where ordinality, cardinality and the fusion of them are put to the fore and thereby enable children to develop number concepts. According to Variation theory [START_REF] Marton | Necessary conditions of learning[END_REF] such analyses are essential for understanding what constitutes the learning object (numbers in this case) and consequently how to support concept development by offering necessary aspect to be discerned by the child. Forthcoming studies will thereby shed more light on how the conception of numbers as names and rhyme can be challenged and related to numbers' "manyness". Critical is what role the different aspects play in number concept development; is cardinality superior to ordinality (c.f. [START_REF] Benoit | Do young children acquire number words through subitizing or counting?[END_REF], and perhaps more important, how are the aspects related in toddlers' number concept development?

It is of high pedagogical value to consider what activities toddlers encounter in preschool and what opportunities to explore ordinality and cardinality there arethe examples presented here show that it occurs in both planned and spontaneous situations. Further studies will also direct attention to teachers' acts to engage toddlers in such stimulating activities and how it can be made possible for children to extend their conceptions of numbers, as this pilot study indicates is possible.
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