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We present the analysis of a research conducted with first-grade pupils with a focus on their ability to notice and use regularities in three-dimensional geometrical objects by using playing blocks. The results show that children had difficulties in reconstructing the figure and retaining the regularities in the invisible part of it.

Introduction

Discovering regularities is considered one of the most important processes involved in mathematics. Actually, developing an awareness of patterns is a significant step towards generalisation. Children are expected to be able to recognise, describe, duplicate and extend patterns, even at a young age. These assumptions are expressed in the Polish curriculum (Podstawa Programowa, 2011), in which the use of patterns and regularities appear in the first grades of primary schools; for example, the pupils are expected to be able to draw a particular pattern. However, much often the attention of the teacher is focused on the manual abilities of the students and not on mathematical thinking. In the next classes the topics do not play a significant role, according to the Polish curriculum.

In our study we designed a series of lessons for the first grade pupils using playing blocks. By observing constructions presented at pictures the children were asked to construct the same figures. In order to do so, they had to recognize a geometric pattern and/or a repeating pattern [START_REF] Zazkis | Generalization of patterns: The tension between algebraic thinking and algebraic notation[END_REF], and then use their observations to their work. Our analysis was focused on children's ability in noticing regularities and in continuing them in their constructions. In our paper we describe a particular task in which the children had to reconstruct a three-dimensional figure and build an invisible part, which could be done by using the same pattern. We try to investigate to what degree the children subordinated their actions connected to building the invisible part of the construction to regularities of the visible part of the construction. Our theoretical framework is presented in the next section, followed by our methodology, the results and analysis, and finally our conclusions.

Theoretical framework

Discovering regularities in the primary school

In mathematics teaching exploring patterns is closely related to the development of mathematical thinking and reasoning: "Patterns are the heart and soul of mathematics" (Zazkis & Liljedhal, 2001, p. 379). This is underlined in many studies (e.g. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF][START_REF] English | Promoting the development of young children's mathematical and analogical reasoning[END_REF][START_REF] Mcgarvey | What is a pattern? Criteria used by teachers and young children[END_REF][START_REF] Threlfall | Repeating patterns in the early primary years[END_REF]. It is thus very important for every child from a young age to have contact with patterns; it is considered a way "to make connections to the world around them" (McGarvey, 2012, p. 310). As Frobisher and Threlfall (2005) state, in their first years of schooling students should develop abilities to describe, complete and create patterns. Tasks that involve patterns encourage students to verbalize their ideas, thus improve their communicational ability [START_REF] Garrick | Pattern in the nursery[END_REF]. Moreover, searching for a regularity is an extremely effective method during solving Thematic Working Group 13 Proceedings of CERME10 mathematical problems. [START_REF] English | Introducing the variable through pattern exploration[END_REF] suggest a patterning approach as a way to introduce the concept of variable. [START_REF] Mulligan | Early awareness of mathematical pattern and structure[END_REF] introduce the construct "Awareness of Mathematical Pattern and Structure" in order to study the development of structural understanding; moreover, they claim that this development is related to the big mathematical ideas of generality and equal grouping.

Although patterns and regularities are considered vital, in some cases they do not stand on their own in the curricula and teachers see such activities as merely an enrichment to more "traditional" activities. On the contrary, we believe that "algebra, and indeed all of mathematics is about generalizing patterns". (Lee, 1996, p. 103) Therefore, patterns should be observed and studied in many different manifestations in mathematics.

Three-dimensional geometry in the early mathematics classroom

Although small children have many experiences with handling three-dimensional objects within their play, early geometry curricula usually place three-dimensional geometry to higher educational levels [START_REF] Swoboda | Early geometrical thinking in the environment of patterns, mosaics and isometries[END_REF]. In Polish primary schools, space geometry is almost absent in the first three grades. According to the National Curriculum (Podstawa Programowa, 2011), the only relevant topics are recognising and naming basic geometrical two-dimensional figures. Generally, the tasks proposed in the textbooks have a reproductive character and are directed into building the concept of geometrical object. Much often the tasks impose scientific terminology. There is lack of tasks which could be a cognitive challenge connected to geometric problem solving. The tasks in which the pupil has to use some geometrical properties of objects or some observed relations are also missing in the first years of school mathematics. Moreover, there are very few tasks related to three-dimensional geometry. Such tasks have a significant influence on development of thinking and imagination of a child who is surrounded by three-dimensional objects.

Context of the study and methodology

The starting point for our research was a general question concerning the degree that 6-7-year-old children can grasp regularities formed in a three-dimensional environment. The research was conducted by a preservice teacher [START_REF] Falger | and ability of generalising by first grade students in the "Playing blocks" environment[END_REF] a master student supervised by the second author of the paperamong 16 first grade pupils (6-7-year-old). It consisted of a series of four lessons of around 45 minutes and it was realized in the period of February -April 2016 every two weeks. The preservice teacher was known to the pupils. The research tools were series of tasks, which were based on creating a construction by wooden playing blocks of dimensions 3 cm  3 cm  3 cm in three colours: red, blue, and yellow. The classes comprised a sequence of activities which started by building "towers" and "snakes" (considered as one-dimensional figures) then by "walls" of different shapes and regularities (considered as two-dimensional figures) and continued by three-dimensional constructions which were also based on some regularities. During the classes the children were asked to build some constructions presented on a picture; sometimes this was accompanied by building the figure by the teacher. All the lessons were video recorded; additionally, photos were taken. All the phases of pupils' work were reconstructed and analysed by using the video; the process of analysis was supported by the photos and the notes of the preservice teacher.

For the purpose of this paper we will focus on the last lesson which consisted of two different activities. The first task was to build a construction which was presented to the children on a picture (Figure 1, shape on the left) and then the pupils were asked to continue the figure. The second task was to build the construction presented on a picture (Figure 1, shape on the right) and built by the preservice teacher by using the blocks. For a short time the pupils could observe it in order to familiarize with it (still a part remained invisible to the pupils) and after that the building was destroyed. The children were expected to rebuild it. At the end of the activity the teacher asked them individually: "Which blocks did you use where it was not visible? Why?". In this paper we will analyse the second activity. Both constructions were classified as visual geometric patterns [START_REF] Zazkis | Generalization of patterns: The tension between algebraic thinking and algebraic notation[END_REF] in which we can observe two types of regularities: the colour repetition ("repeating [START_REF] Zazkis | Generalization of patterns: The tension between algebraic thinking and algebraic notation[END_REF] and the heights of the "towers" which increase by one block ("geometric growth pattern that can be quantified", [START_REF] Mcgarvey | What is a pattern? Criteria used by teachers and young children[END_REF]. The first figure can be considered a twodimensional one and the second figure three-dimensional. In the second construction there is an "invisible" part which has to be built by the children.

Our analysis was mainly based on the videotaped process of building the constructions of every child; additionally, we collected data from a discussion with the pupil at the end of the task. All aspects of pupils' works emerged during the process of analysis, according to a grounded theory approach [START_REF] Strauss | Basics of qualitative research: Grounded theory procedures and techniques[END_REF]. We focused on answering the following research question: To what degree children will subordinate their actions for building the invisible part of the construction to regularities existing in its visible part? In particular, we have formulated the following research questions: a) Were the pupils able to reproduce regularities in the visible part of the construction? b) Did the invisible part of the construction retain any regularities during the students' work?

Which student activities led to the retain of the regularities?

Results and analysis

In this section we will present the results of the second activity during the fourth lesson. Firstly, we present a detailed analysis of the works of three pupils as characteristic cases. All pupils' names are pseudonyms.

Ania's work (Figure 2)

The girl started her work from constructing a "tower" which contained four red blocks. Then she created a blue "tower" of three blocks and located it next to the initial one. The next step was one red two-blocks "tower" which she put next to the blue one. The wing was finalised by one blue block.

After that, she started building another "tower" from four blue blocks. Next to it she located a red two-blocks "tower" and one blue block. She had left one blue block which she put at the top of the construction, half at the red and half at the blue "tower". Ania used a different regularity of colours than in the picture; her "towers" were the same colour and occurred by turns. She consequently kept that rule. She built her "towers" decreasingly, the first part of her work retained the regularity of heights but in the second "wing" she made a mistake. Her work started from the invisible part and that somehow determined the rest of the construction. The only visible element of the highest "tower" was red, which could cause the decision of the colour choice for the whole "tower". Ania built the whole "tower" in one colour and that influenced the fact that the rest of "towers" were also one-colour. The process of creating one "wing" with her own ad hoc rule could pull her back from analysis of the regularity at the picture. During building of the second part of the construction she repeated her own rule and she changed only the first colour into a blue one. She also forgot that the four-blocks "tower" appeared only once in the construction. By putting the last block she probably tried to keep the regularity of the heights of the "towers" and to balance the two contradictions of the right and left "wings".

Kuba's work (Figure 3)

He firstly built the "right wing" and then the "left wing" of the construction, according to the template. Then he connected the two separated "wings" with the edges of the cubes. He completed the construction by a "tower" of four blocks: blue, red, blue, and red. He continued the regularity created by the second "left wing". Kuba worked very precisely and systematically; all his movements were intentional. He created the construction correctly. He recognised and used the regularity of colours and heights. The last part of the figure -the invisible "tower"was an effect of continuation of the regularities previously created and connected to the construction of the "left wing".

Julia's work (Figure 4)

The girl started the construction from the invisible "tower" in the order: blue, red, blue and red block.

Then she continued the "left wing" by constructing the "towers" of three blocks: red, blue and red, then two blocks: blue and red. She finalised the "left wing" by a red block. In that way she created a regular wall, concerning the colours and heights. Then she constructed the "right wing" by a "tower" of three blocks, then two-blocks "tower" and the last blue block. Julia was the only one who fully succeeded in the task by starting her construction from the invisible part. That part was a result of her imagining the continuation of one of the walls (the left wing). She applied the observed pattern without testing it on the visible parts of the figure. Thus, she started from realising the imagined part and then she reproduced the pattern in the opposite order. Her building of the "wing" was done by lower "towers" of alternate colours, thus we can conclude that the base of her first decision was determined by firstly ascertainment of the height (four blocks) and calculation back: redbluered -blue. Even the contradiction between the left and the right "wings" did not affect her self-confidence.

The analysis of the process of building the second construction (Figure 1) of all 16 pupils, led us to the following aspects. We have to note that one work may contain more than one aspects:

1. Regularity of coloura pupil puts red and blue block in a staggered manner; 2. Grouping coloura pupil is grouping the colours by building short series of same colour blocks; 3. Regularity of shapethe figure's shape is reconstructed correctly; 4. Partial regularity of shape -a pupil reconstructs only one part of the figure (one "wing"); s/he has difficulties in building the second "wing". 5. Student's own shapea pupil builds a construction which is not related to the template. 6. The invisible part built first -a pupil starts the work from the invisible "tower"; 7. The invisible part built as lasta pupil starts from the visible parts and at the end of work s/he competes the invisible "tower"; 8. Colour regularity of the invisible parta pupil uses the same rule of the colours which was observed in one of the "wings" of the construction; 9. Lack of colour regularity of the invisible parta pupil does not use the rule of the colours. 10. Proper height of the invisible parta pupil builds a "tower" by using 4 blocks; 11. Improper height of the invisible parta pupil uses less or more than 4 blocks.

Table 1 presents the pupils' ways of work in relation to the aforementioned aspects. We may notice that 15 works contain more than four aspects; each aspect present in a particular work is marked by x. Only Bartek's work does not contain any aspect: this boy did not build anything during that activity; he was just repositioning the blocks. He justified this in the following way: "I don't want to build anything. I have already built something before (referring to the previous task)".

No. Only four children managed to build the correct construction by using the observed patterns: Kuba, Zosia, Julia and Dawid. They all used the regularity of colour (aspect no.1) and preserved the regularity of the heights of the "towers" (aspects no.3 and 10). They created the "invisible tower" which retained the colour regularity of one "wing" (aspect no.8). In Kuba, Zosia and Dawid's constructions the highest "tower" was a consequence of their work on the "wings" and was created as the final element. Julia started her construction from the "invisible" element. The remaining eleven children (without Bartek) tried hardly to complete the task. They used the experience from previous lessons by putting the red and blue blocks in a staggered manner (aspect no.1) or grouping them according to the colours (one "tower" red, then blue or bases of the "towers" are blue and the next level of the "towers" are red, etc.aspect no.2). Five of the mentioned children used the regularity of colour (aspect no.1) and three of them transferred their observation into the invisible part, where they applied that regularity (aspect no.8). Two pupils out of eleven were able to reconstruct the shape by using the shape regularity together with space imagination (aspect no.3) but failed to keep the colour regularity (aspects no.1 and 9). Five children did not notice that the invisible "tower" is the highest one and contains 4 blocks (aspect no.11; usually the "tower" was built from three blocks, in one case it was five blocks). During reconstructing the processes of the pupils' works it can be noticed that the buildings were changed when the children reached the invisible "tower" and then they usually lost their regularity. It seems that the invisible part of the figure dominated the pupils' trials of constructions and most of their difficulties were caused by the fact that it was hard to imagine what is behind of the figure. Four examples of the constructions are shown in Figure 5. Although almost all children did not have any problem in building the first construction (Figure 1) in which they used the observed visual geometric patterns: the repetition of the colours and increasing the heights of the "towers", building the second construction seemed to be very difficult. While in the first task all children were able to use their experience from the previous lessons, in the second task the experience was not enough for some of them. We may claim that working with geometrical patterns in a three-dimensional environment is much more difficult that than in a two-dimensional one and that patterning skills obtained in a two-dimensional environment are not easily transferred.

Pupil's name

Characteristic aspects of the pupils

Conclusions

In early years mathematics it is expected that children will easily recognise patterns, particularly they should impose regularities on visual images and describe the rules that help to extend or predict those regularities [START_REF] Mcgarvey | What is a pattern? Criteria used by teachers and young children[END_REF]. Many researchers express the opinion that recognising patterns is one of the most important skills which are necessary for algebraic thinking (e.g. [START_REF] Lee | An initiation into algebraic culture through generalization activities[END_REF]. On the one hand, research has shown that "perceiving a pattern is not difficult. Students successfully recognize patterns by imposing structural regularities onto visual and symbolic phenomenon" (McGarvey, 2012, p. 313). On the other hand, our study has shown that many children failed to construct the presented pattern. Only four out of sixteen pupils performed the task correctly and, additionally, retained the regularities in the invisible part. Although the teacher did not mention that the hidden "tower" should follow the rule of the whole figure, they felt the need to continue it. The task turned out to be difficult; however, many children presented their trials in keeping the regularities they observed. They demonstrated their good intuitions and imagination. In most works we could find a rule which was dominant and influenced the final performance.

Our data shows that even if the children had difficulties in reconstructing the figure, they were motivated and their work was intentional. The combination of two regularities and the threedimensional geometrical object was challenging and such activities brought new experiences to the pupils. The tasks using three-dimensional geometric patterns unveiled that the children in early years need such stimulations. Such activities engage pupils in discovering regularities but also in experiencing and "touching" geometrical objects.
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