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"Two, three and two more equals seven" -Preschoolers' perception and use of structures in sets
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There are numerous studies that confirm the importance of different skills in determining cardinality of sets for coherent mathematical learning. Some of these skills can be supported in kindergarten in a playful way. In this article we will first discuss whether it's possible to distinguish the two processes of perceiving quantities and determining the cardinality of sets and/or when they may coincide with each other. It will also be investigated how the perception of structures in sets develop in children at preschool age and how this is used to determine cardinality in various ways.

Introduction

"Two, three and two more equals seven". This statement of a five year old girl may sound simple but profound mathematical developments underlie this statement. From the age of five to six years, the numerical knowledge increases strongly. This period seems to be a fruitful phase for the development of mathematical abilities (Weinhold Zulauf, Schweiter, & von Aster, 2003, p. 229). One of these developing abilities is the ability to perceive structures in sets and the usage of these in determining the cardinality of the set. The example above shows that the girl perceives a structure in a presentation of seven dots with the sub-structure two-three-two. This perception leads to a specific determination of the cardinality. The background knowledge about these issues is important as it enables professionals to ask adequate questions in order to support children individually or to offer suitable playing and learning areas. In particular, the different possibilities of the (individual) perceiving of structures play an important role, which will be described in detail in the following sections.

Perceiving (sub-) structures in sets

Perception does not just happen incidentally but on the contrary it is a very active process. By focusing the attention and one's own interest on the characteristics of a certain object, information from the surrounding area is actively chosen (Goldstein, 1997, p. 108). In the interviews described below, the attention is drawn to the cardinality of presented objects. Although not all ongoing cognitive processes when seeing and perceiving objects can be illustrated here, it shall be briefly referred to the gestalt psychology, in which the question is central as to why some things are perceived as a unity and others are not (Goldstein, 1997, p. 170). In order to answer the question, several gestalt principles (gestalt laws) were formulated. The six main important laws are the law of good gestalt (pithiness), the law of similarity, the law of closure, the law of proximity, the law of common fate and the law of past experience (ibid. pp. 170-176). The law of proximity indicates that things which are close together appear as belonging together (ibid. p. 173). The arrangement of objects as representations of sets may due to their distance, indicate a possible grouping of the objects. The emerging structured perception based on the grouping can then promote a determination of the set of objects in "a single glance". In psychological and mathematical education research this "perception in a single glance" and the simultaneous determination of the set is described as subitizing. Here, it is assumed that a set with up to four objects can be determined in a glance, without counting the objects (e.g. [START_REF] Mandler | Subitizing: An analysis of its component processes[END_REF]. It has not been clarified whether a quick counting process lies behind subitizing [START_REF] Gelman | The child's understanding of number (2 nd Edition)[END_REF] or whether it's about a non-counting process (cf. [START_REF] Dornheim | Prädiktion von Rechenleistung und Rechenschwäche: Der Beitrag von Zahlen-Vorwissen und allgemein kognitiven Fähigkeiten[END_REF]. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] distinguish between perceptual und conceptual subitizing. Perceptual subitizing is when you just "see" how many objects there are. So it is possible to identify the cardinal number instantaneously. Conceptual subitizing is used when "seeing the parts and putting together the whole" (ibid. p. 9). With conceptual subitizing it is possible to subitize more than four objects. [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF] use the term conceptual subitizing whenever a recognized structure is used for determining the cardinality, as in the case 'counting on', for example (cf. Schöner & Benz, in press). For the following analyzes it is important to use a term which describes the following situation only (for a set with five elements or more): the perception of structures in a set and the immediate naming of the number. In this case, the term "structural subitizing" is used (ibid.). So the term structural subitizing means that the determination of the cardinal number of objects coincides with the process in which the set is perceived in structures. The terms "perceptual" and "conceptual" subitizing are not used in this article. Even children at preschool age "can perceive structures in representations of quantities and use this for the determination of numbers" (Benz, 2013, p. 11). The girl who is quoted at the beginning of the introduction "Two, three and two more equals seven" determines the cardinality of the set by means of structural subitizing when she recognizes the structure and immediately knows that the answer is seven. In this case, she can use the structure for determining the cardinality of the set. [START_REF] Söbbeke | Zur visuellen Strukturierungsfähigkeit von Grundschulkindern: Epistemologische Grundlagen und empirische Fallstudien zu kindlichen Strukturierungsprozessen mathematischer Anschauungsmittel[END_REF] states that children use the "visual structuring ability" as a method in perceiving and using structures in arrays of objects. This also means perceiving sets not as every single item but as (different) groups of items. This ability to change from focusing every single item to perceiving and identifying structures in sets is important for the numerical development [START_REF] Hunting | Part-whole number knowledge in preschool children[END_REF], as well as for the part-whole understanding [START_REF] Krajewski | Vorschulische Förderung mathematischer Kompetenzen[END_REF][START_REF] Benz | Frühe mathematische Bildung: Mathematiklernen der Drei-bis Achtjährigen[END_REF]. In this paper, the emphasis is on the visual level, because each time the cardinality of a presented set is considered. This is the basis for the later more abstract processes with numbers, in which composing and decomposing numbers play an important role. Additionally, to the question whether and how the structured perception of sets develop in five to six year old children, it is illustrated if and how further possibilities to determine the cardinality of sets can be observed due to the perception. t3) to evaluate whether and how they perceive and use structures for determining the quantity of a collection of objects. The first interview (t1) was before the intervention. Then the intervention happened. The second interview (t2) took place shortly after the intervention. The third interview (t3) was conducted as a follow up interview.

Between t1 and t2 the treatment group got a box with different materials and games, which were suitable to discover and facilitate the structured perceiving of sets in a playful way. The kindergarten teachers were instructed and used these materials one to three times a week together with the children. At time t2, the kindergarten educators were interviewed with the help of a structured interview in which six questions were formulated. Amongst other questions, it was asked which developments were observed in the children's perception and usage of structures. In many studies concerning the determination of cardinality, a set is presented only for a short instance in order to investigate whether the children perceive the set simultaneously or not (e.g. B. Clarke, D. [START_REF] Clarke | Mathematische Kompetenzen von Vorschulkindern: Ergebnisse eines Ländervergleichs zwischen Australien und Deutschland[END_REF]. As it can't be eliminated that the sets may possible be determined by a quick counting process, despite a short time of presentation, a pre-study with 27 children was conducted. Pictures with dots were presented to the children and also for only a short instance before they were asked to mention the cardinality of the dots. Statements made by the children such as for example "I have counted them again, as they could not be seen anymore" or "I have looked at the dots on a picture in my head" indicate that visual conception may play a role here. (Schönhammer, 2009, p. 178). Because a short duration of presentation does not allow a reliable conclusion whether the children use subitizing or whether they have counted the objects (quickly), the study at hand works without a time restriction. Therefore, there was no time limit for the children to look at the picture in determining the cardinality of the set of dots. To take a closer look into the processes of perceiving sets and determining cardinality, the investigation method eye-tracking was used to record the eye movement of the children. In this paper we will focus only on one part of the interview, the part with arrays of dots. Pictures with different numbers of dots were presented on a monitor. Before the interview, the children were instructed to say how many dots they can see, as soon as they know the answer. When the children said a number the interviewer asked how they came to the result. Interviews of nine children from the treatment group were previously evaluated and in the following section a thereof selected case study is presented.

First results and interpretations

This section analyses how perceiving structures in sets develop in children in preschool age and whether and how they use these structures for determining cardinality of sets. The following results and interpretations will be illustrated by means of a single case study. Liam is a child from the sample described above which took part in the study. His age at the three investigations is illustrated in Table 1. The following Table shows a section of the interview. It is based on one item, which was chosen as an example for a longitudinal analysis on all three time points of investigation. At the first interview t1 (cf. Table 2), Liam perceives the presented set of the five blue dots as single elements and uses to determine the cardinality of the set, the counting strategy of "counting all". He uses this determination strategy for all items, independent from the kind of objects shown to him. He always counts aloud and often uses additionally, his fingers as a counting aid by pointing to each single object. Even in sets of two, three or four, he continuously uses this strategy.

Time of investigation

At the second interview t2 (cf. Table 2), after the implementation for four months, his perception of sets changed. Liam is now capable to perceive sets in structures. In order to determine the cardinality, he still uses his familiar strategy of "counting all". It is noticeable that he first explains the structures no matter how the objects are arranged. Then in order to determine the cardinality of the set he starts to count the objects one after another each time. By means of the eye-tracking data it can be confirmed that he really perceives structures and does not look on every single item separately. With several items he only mentions the two partial sets and only when asked again by the interviewer, how many these make up together, he answers by counting each time all the objects separately. At sets of two, three or four, he now uses nearly every time subitizing in order to determine the cardinality. This hypothesis can be confirmed by means of the eye-tracking data and thus the possibility of an eventual quick counting process can be excluded (Schöner & Benz, in press).

At the follow-up-interview at time t3, he increasingly succeeds to use his structured perception of sets in determining the cardinality, as described in the example above (cf. Table 2). He uses structural subitizing in order to determine the cardinality of the set by perceiving the partial sets, knowing then directly how many objects there are. At some items he goes back to his familiar determination strategy of "counting all".

In the example of Liam, a clear development especially concerning the structured perception of sets is visible. A very interesting aspect is the fact that the identification of the cardinality of a set is not one process, but seems to consist of two processes. There is on the one hand the process of perceiving a set, which in turn can be distinguished in three kinds of perceptions and the process of determining cardinality which can also be distinguished into three sub-groups. The following Figure (cf. Figure 1) illustrates these two processes and their possible relationship. The model is the result of a first evaluation and is developed by an inductive approach (cf. [START_REF] Benz | Identifying quantities of representations -Children's constructions to compose collections from parts or decompose collections into parts[END_REF]Benz et al., 2015, p. 134). The two processes of perceiving the structure of sets and determining the cardinality can run one after the other or coincide with each other. There are different possibilities of perceiving a set of objects (cf. Figure 1, blue boxes). Each of these three cases offers (partially different) strategies in order to determine the cardinality of the presented objects (cf. Figure 1). These processes that have been described can run successively. This is shown in Table 2 in the example of Liam at the second interview t2. He recognizes and names the structures that he perceives but he is not able to make a statement about the cardinality of the dots. This phenomenon can also be observed with many other children who were interviewed in the study at hand. In the example of Liam, the two processes coincide at time point t3. He perceives the set in structures and then knows immediately that there are five dots altogether (structural subitizing). The perception of a set in structures offers not only the possibility of subitizing by knowing figural patterns (cf. [START_REF] Von Glasersfeld | Subitizing: The role of figural patterns in the development of numerical concepts[END_REF]1987, p. 261) or by the usage of counting strategies for the determination of the cardinality of sets, but is also a necessary prerequisite in order to use non-counting derived facts strategies.

After the implementation of the tasks concerning the structured perceiving of sets at time point t2, a clear development can be observed in Liam's realization of structures. The detailed evaluations are not yet finished, but it is already conceivable that this development can also be observed in the interviews of many other children. The tendency of the follow-up study t3 is that this newly learned knowledge about the structuring of sets does increasingly stabilize itself and becomes more independent. In no case of the already evaluated interviews it is visible that the ability to perceive structures in sets is lost again. On the contrary, this newly acquired knowledge seems to be integrated as a familiar strategy in dealing with the cardinality of sets.

The kindergarten teachers from the participating kindergarten told that they could observe how children did use and explain structures in playing situations between t2 and t3, after the four months of implementation. "It [the structuring of sets] did become really independent". It was also significant that there were discussions among the children about it and arguments like: "One can put the five like this [four and one] or like that [two and three] or like that dice pattern. And it can well be seen like this [structure] and it cannot be seen very well like that, because it is mixed up." The preschoolers passed their newly discovered knowledge on to the younger children and explained to them their structured representation of a set. A mother told of a situation at home where her son arranged objects also in structures [four and five], explaining "look mum, this adds up in nine". The kindergarten teachers gave no purposeful suggestions to the materials at this time point, but still this higher attention of the teachers as well as of the children became independent and turned into an independent discovering and exploring.

Summary and conclusion

The following section is an attempt to answer the research questions and draw conclusions. In Figure 1 on the left side it is illustrated which possibilities might occur when perceiving sets. How to perceive sets, can thus be completely different. Initially, children seem to perceive a set predominantly as an arrangement of single objects. To answer the first research question it is helpful to look again to the case study with Liam. At time t1, he perceives several sets as single elements. After four months, he perceives the set by means of its structure. This kind of perception is still present at the last investigation t3. Here, the visual structuring ability becomes visible, as Elke Söbbeke describes [START_REF] Söbbeke | Zur visuellen Strukturierungsfähigkeit von Grundschulkindern: Epistemologische Grundlagen und empirische Fallstudien zu kindlichen Strukturierungsprozessen mathematischer Anschauungsmittel[END_REF]. This could also be observed in other children, who took part in this study. To perceive a set as a whole or in structures seems to be a natural step of development. The second research question investigates how children at preschool age use structures for determining the cardinality of sets. We examine again the example of Liam. At the first interview he uses his familiar counting strategy "counting all", in order to determine the presented set. Also, at the second point of investigation, he uses this counting strategy in order to determine the cardinality although he is now able to perceive the structures. It is obvious here that the process of perceiving sets must not coincide with the process of determining the cardinality of sets, but that these two processes may happen independently of each other. Within the following months, Liam learns to use the perceived structures in order to determine the cardinality of sets. At the third point of investigation, it is obvious that through his structured perception of sets, he is now able to use non-counting strategies to determine cardinalities. In the described item, he uses the strategy "structural subitizing." To perceive a set in structures is therefore an important precondition for the usage of non-counting strategies and for replacing counting strategies through calculating strategies in primary school [START_REF] Gaidoschik | Die Entwicklung von Lösungsstrategien zu den additiven Grundaufgaben im Laufe des ersten Schuljahres[END_REF].

It is possible to support the structured perception of sets in a playful way already in kindergarten.

Designing mathematical playing and learning environments which are mathematically substantial and which will enable the children to act in a discovering and exploring way through adequate games and materials, is a precondition for supporting the perception of structures in sets. In addition to providing such materials, kindergarten teachers should act inspiringly and supportively within this learning environment, in order to support this development in children. On the one hand they must be competent concerning mathematical contents but on the other hand they must be able to connect situational observations and perceptions with pedagogical-didactical activities. The knowledge about the processes of perceiving sets and determining the cardinality of sets, as it is illustrated in this paper, may serve as a basis for a differentiated, constructive and individual support in a playful learning environment.

  2016 5 years, 11 months (5;11 years) 

  t1 Liam: One, two, three, four, five. (He counts the dots aloud.) Interpretation: Perception: Set as individual elements Determining cardinality: Counting all t2 Liam: Four and one are one, two, three, four, five. (When counting he points the finger at each dot.) I:Where is the one? Liam: (He points to the leftmost dot.) find out that there are five? Liam: Here are two und again two and here is one. That results in five.Interpretation: Perception: Set in structures Determining cardinality: Structural subitizing
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 1 Figure 1: Two processes: Perception of sets and determining cardinality (cf. Schöner & Benz, in press)
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Research questions

The following two research questions are investigated in this paper:

(1) How does structured perceiving of sets develop in children at the age five to six?

(2) How do children at preschool age use structures for determining the cardinality of sets?

Design

In this paper, a case study will show how structured perceiving of sets develops in children aged five to six years. In the case study it is also examined how children of this age use structures to determine the cardinality of sets. The case study is part of a larger study. In order to understand the framework of the case study, the structure of the entire study is described first. The whole study is an efficacy study with a treatment group and a control group with more than 100 children aged between five and six years (cf. Table 1). It's a panel design so the same children were interviewed three times (t1, t2,