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Nowadays it is widely agreed that students should be involved in critical and creative thinking about mathematics concepts and ideas in order to organize and consolidate their thinking, as well as to reflect and construct their own learning. Inquiry-based mathematics education, as a teaching and learning method among many others, seems to be a fundamental way to initiate and support students' effective involvement to the teaching/learning process. In this method, in which the role of students, teachers and activities is changing, the teachers must be also able to design and implement mathematics activities that are open to an inquiry-based process. In this paper, a framework for designing inquiry-based activities (FIBA) for early childhood mathematics is proposed, accompanied with an example, aiming to assist teachers in their instructional design.

Introduction -Theoretical background

In the last decades, it is argued that instructional design should support a critical [START_REF] Skovsmose | Towards a philosophy of critical mathematics education[END_REF] and a creative mathematics education [START_REF] Leikin | Bridging research and theory in mathematics education with research and theory in creativity and giftedness[END_REF]. The teaching that was based on the simple reproduction of given conceptual contents and the transmission of knowledge has yielded space to the teaching based on student's own activities, that contributes to a meaningful learning and stimulation of their own identity as an emerged process (Van Oers, 2010).

In this new context, in which mathematics education is based on inquiry1 , teaching includes exploration, practical action, developmental thinking, connection of mathematical ideas and contents, problem solving and posing, collaborative learning, as well as autonomy to the development of ideas and methods [START_REF] Artigue | Inquiry in mathematics education[END_REF][START_REF] Ulm | IBME in schools: Overview and examples in international contexts[END_REF]. [START_REF] Clarke | Challenging and effective teaching in junior primary mathematics: What does it look like[END_REF] describing the effective mathematics teaching, set as a starting point the use of unusual problems without suggestions for their solution and the use of materials and other resources relevant to the content of the problems but also to the students' interests and needs. Moreover, they propose to address the classroom as a 'community of learning', that develops mathematical discourse and encourages the expression of students' ideas and strategies, focuses on the big ideas of mathematics, uses informal assessment methods to support instructional decisions, as well as facilitates students to act and think. In a "community of inquiry" teachers learn from students and students learn from teachers solving and posing mathematical problems to each other [START_REF] Goodchild | Critical alignment in inquiry-based practice in developing mathematics teaching[END_REF]. In this perspective, qualitative teaching, takes place by encouraging the creative and critical participation of students [START_REF] Radford | Signifying and meaning-making in mathematical thinking, teaching, and learning[END_REF] and adoption of exploratory and expressive ways of learning. As Sierpinska argues, "it makes sense to assume that learningmathematics or mathematics teachingis either inquiry-based learning or it is not learning at all" (2016, p. 55).

In the inquiry-based mathematics education, the roles of students, teachers and activities, as factors that jointly shape the instructional design, are changing. Students are no longer considered as the passive recipients of knowledge but as co-constructors and co-researchers of their knowledge assuming greater responsibility for their actions [START_REF] Lau | Constructing mathematics in an interactive classroom context[END_REF]. They are at the center of the learning process; they actively participate in it and are strongly engaged with mathematics problems. They are actively involved in explorations and discussions, and they pose questions, that were usually posed by teachers, in order to express an opinion, to share and explain their ideas, to make assumptions and generalizations, to present their solutions to a problem, to justify their creations and to support or prevent the ideas of their peers. When students are forced to describe their strategies in detail and justify them, they promote their understanding. Students' creative participation in the teaching and learning process of mathematics is related with producing new ideas, giving meaning to symbols, materials and tools, facts and procedures, understanding math problems, making plans and devising ways to solve them, as well as finding ways to assess the logic of their solution [START_REF] Haylock | A framework for assessing mathematical creativity in schoolchildren[END_REF].

The role of the teachers, since they are not the key persons of the teaching/learning process, is also changing and instead of being the sole sources of mathematical knowledge, who only focused on practicing the mathematical operations and procedures, they become supporters of children' mathematics constructions [START_REF] Lau | Constructing mathematics in an interactive classroom context[END_REF]. They work cooperatively with students to create the appropriate conditions and organize the process and the ongoing opportunities for them, to explore, to make connections, to build mental representations and to develop mathematics concepts based on their prior or/and informal knowledge through the interactions with others. They cultivate to students the need to communicate their actions, their creations, their solutions with the use of materials or other auxiliary means, to discuss their mathematical ideas, to share their thoughts, to cooperate [START_REF] Shriki | Working like real mathematicians: Developing prospective teacher's awareness of mathematical creativity through generating new concepts[END_REF]. They help students to look for multiple solution methods and multiple outcomes for a situation [START_REF] Tsamir | Multiple solution methods and multiple outcomes -is it a task for kindergarten children?[END_REF], to identify relationships and common characteristics in different cases, to reflect and justify their thoughts and actions. Teachers transfer the problem-solving responsibility to students without, at least initially, intervening and suggesting ways of thinking. They encourage children to think and present their solutions to the rest of the class. The discourse, which includes the presentation of students' results, solutions, strategies and methods, highlights students' own considerations and encourages the exchange of their ideas [START_REF] Ryan | Children's mathematics 4-15. Learning from errors and misconceptions[END_REF]. Teachers pose questions related to students' ideas in such a way, as to explain their thinking and imagining, as well as giving meaning to their actions and developing their own understanding. It is important that the posed questions are linked with the task and its solving. The questions are not supposed to fulfill teachers' desire to teach mathematics, but have to encourage the emergence of multiple strategies, to make clear the relationships between these strategies, as well as to give opportunities to students to integrate the pieces of their knowledge.

Activities' type, in the new cooperative, critical and creative classroom context, is changing. Activities arise from tasks that are problem-based with sufficient openness for inquiry-based learning [START_REF] Ulm | IBME in schools: Overview and examples in international contexts[END_REF]. The context of these tasks can be authentic or not, known or unknown to students and can be associated with everyday activities, stories, games, workshops etc. Complex and creative situations allow various solutions and reasoning. They enable the use of students' informal knowledge and empirical reality. They are 'realistic' experiences, supported by a variety of materials and other means (Varol & Farran, 2006). Materials that are related to the task are used and aim to help students to investigate the situation, to find answers to the questions posed, as well as to pose their own questions. The main aim of the activities is not just to be carried out by the students, because it is the lesson of mathematics and they should do so, but the challenge to deal with the situation presented to them. They challenge students to connect mathematics with their daily life (Van den [START_REF] Van Den Heuvel-Panhuizen | The role of contexts in assessment problems in mathematics[END_REF] and encourage them to describe the different ways in which they perceive things. Activities that are realized in many ways require students to conjecture, to interpret, as well as to justify their thoughts (NCTM, 2007). They encourage reflection and communication for students, to construct mathematical meaning using skills and knowledge they already hold [START_REF] Varol | Early mathematical growth: How to support young children's mathematical development[END_REF]. Moreover, they have to be interesting, effective and developmentally appropriate inducing the active participation of students [START_REF] Tzur | Fine grain assessment of students' mathematical understanding: participatory and anticipatory stages in learning a new mathematical conception[END_REF] to mathematics discourse. The solution of the problem is not readily apparent. To solve the problem, students have to use something more than a routine solution or an algorithmic process. The solution of the problem may be proposed by a student or a group of students. It may occur during the discourse or be suggested by the teacher. The mathematical discussion is completed when the whole class agrees to a mutually acceptable solution/s for the task, which can consist of many answers. In each case, children "earn" if the discussion, that took place, has set the basis for them to understand that the proposed solution is reasonable for this reflection. Then, when possible, the solution is modified and generalized. The generalization begins when reasoning gets independent, when it does not refer to the specific context in which it was created, and continues when the common characteristics of the different ideas are combined. Tasks can be either structured or unstructured but are open to an inquiry-based implementation.

The design of creative and critical activities that can be realized within an inquiry-based process that encourages students to decide for themselves when and how to use a method, a process or a strategy, can lead to meaningful learning. Such activities allow the creation and communication of students' reasoning cultivating skills such as prediction, fast perception of information, systematic reasoning, critical and creative thinking, problem solving and posing, assessment, comparison and correlation, as well as generalization, skills that are necessary for the future citizens [START_REF] Sarama | Early childhood mathematics education research: Learning trajectories for young children[END_REF]. This type of activities is not usual in the mathematics classrooms because its design and implementation is difficult [START_REF] Sierpinska | Inquiry-based learning approaches and the development of theoretical thinking in the mathematics education of future elementary school teachers[END_REF]. It is easier for teachers to teach facts, procedures and problem solving processes through structured situations even if these situations are often not understood by the students and do not influence their thinking. Children, often, because they have to deal with routine and structured mathematical tasks, that require the implementation of specific strategies, do not sense when and how to use a mathematical procedure to solve a problem. Research results pinpoint that it is essential for the mathematics education to include also inquirybased activities [START_REF] Artigue | Inquiry in mathematics education[END_REF]. Thus, a framework for designing inquiry-based activities for early childhood mathematics (FIBA) is proposed, accompanied with an example, to assist teachers in their instructional design.

Framework for designing and implementing inquiry-based activities (FIBA)

Taking into consideration the above main points of inquiry-based mathematics education, a framework for designing and implementing activities is proposed. The framework consists of seven stages (figure 1): through a context, resulting from children's interests, experiences, knowledge, queries (emergent from a previous free talk and sharing experiences with the students in the class which is based on the curriculum and is in accordance with a mathematical purpose). The task, which may have one or more solutions, is designed in such a way that it problematizes and incites children, in order to engage them in a problem solving and posing process. The problem to be solved could be a nonstandard, unfamiliar, a bit complex and novel situation in order not to be solved just by applying existing knowledge and already-known strategies, but through exploration.

2. Exploration (key person: students): Children (individually or in groups) use their own (informal) problem-solving strategies to explore the problem introduced by the scenario, to choose/use materials and other auxiliary means, to make conjectures, to pose questions to each other and to the teacher for understanding/grasping the situation and to suggest solutions, in order to 'solve' the problem. In that stage, students have the opportunity to reflect and think about the problem on their own, before sharing their thoughts with their peers. They are also free to discuss their ideas about the problem with their peers before presenting them to the whole class.

3. Presentation (key person: students): Children share their explorations with the whole class by presenting/describing their ideas, constructions, solutions, experiences etc. Teacher, in that stage, is an observer and organizer of each team's presentation, orchestrating students' contributions, posing questions to help children describe, explain and open out their explorations. He/She also encourages students to pose questions to their peers, from other groups, in order to ensure that they understand all the presentations.

4. Connection (key person: teacher): Teacher, in cooperation with students, summarizes the results, poses questions and encourages students to ask questions that connect the presented ideas with each other, with the task that was explored and with the mathematical aims, in order to construct the common meaning that the classroom would share. Teacher's questions have to encourage mathematical thinking and reasoning and can be of several types [START_REF] Carlsen | Orchestration of mathematical activities in the kindergarten: The role of questions[END_REF]. At that stage, it will become apparent if cooperative grouping strategies are effective in promoting classroom discourse.

5. Generalization (key person: teacher): Teacher is generalizing (and mathematizing when and if possible) students' actions, shaping the mathematical concept, connecting it with students' previous knowledge and giving feedback to them.

6. Translation (key person: students): At that stage, students are asked to communicate to others (students from another class, family etc.), their solutions, creations, understandings etc. through different modes-verbalizing, gesturally and schematizing (Skoumpourdi, 2016a).

7. Expansion: Students are asked to pose/solve related/changed/expanded problems.

In all the above stages, teachers are also responsible to take students' questions and comments into consideration, turn them into learning opportunities incorporating them to their instructional design, creating a new problem-based task.

The Pattern King: An example of an inquiry-based activity

Given that, the importance of patterning is increasingly highlighted in recent years and that, to further improve the performance of children on patterning, teaching interventions are necessary from the early years of schooling [START_REF] Skoumpourdi | Patterns for kindergartners: A developmental framework[END_REF], in this chapter, an example of a pattern task 2 is presented, through the seven stages of the FIBA, supporting an inquiry-based teaching/learning process of mathematics.

Task: "The Pattern King forgot the password of his secret room and thus he cannot enter.

Fortunately, he has photographs of the passwords he used to use and he asks your help to construct them". The students, (individually or) in groups, pick a drawing with chain schematization/password 3 .

Exploration: Each (student or) group explores its schematization. They pose questions to the teacher to understand the situation. They observe how it is made and suggest ways for creating it. After the discussion, they choose the associated materials (connected shapes 4 ) in order to construct the pattern/password and they create a/the chain.

Presentation: Each (student or) group presents the structure of its creation to the whole class, 2 This is just an example of an inquiry based pattern activity. Taking into consideration the pattern's four functional characteristics [START_REF] Skoumpourdi | Patterns for kindergartners: A developmental framework[END_REF], as well as students' pattern abilities and their type of performance [START_REF] Skoumpourdi | Kindergartners' performance levels on patterning[END_REF] a wide range of critical and creative pattern tasks can be designed which can engage children in challenging patterning experiences. A different combination of these characteristics leads to different pattern tasks with a varying degree of difficulty.

3 Examples of chain schematizations/passwords bringing side to side the construction with the schematic representation. The teacher is posing questions to ensure effective and understandable presentations. Also, students are encouraged to pose questions to their peers. Generalization: Teacher is shaping the pattern concept, connecting it with students' previous knowledge to generalize it. Questions are more general and are related to the pattern construct. For example: "Are these patterns the same"? "What is repeated in this pattern?" etc.

Translation: "Can you draw your creation to show it to the students of the other class?" In this stage students 'translate' their constructs and understandings for patterns and shapes to the paper.

Expansion: "A magician invited the King to play a game. He was sure that he would win him, to get his palace. The magician has two dice, one with numbers and one with shapes. Each of them-the king and the magician-would throw the dice and would take as many shapes as the dice indicate.

The one that would create the longest chain with patterns will be the winner. Come to play the game to help the King make a very long pattern chain." In that stage students expand their understanding by creating their own patterns.

At the end of the inquiry process, students would have used the connected shapes to copy the patterns or to construct their own ones. They would have translated their constructions to schematic representations, using paper and pencil, as well as verbalized them describing the pattern construct. They would also have discussed about the shapes' names (circle, triangle and rectangle) and their orientations, as well as about length comparison.

Conclusions

Teachers, in their educational practice, are asked to invent mathematical tasks for their students, to design activities relied on them and implement them, as well as to reflect on the outcomes of the implementation. Yet it is not easy for teachers to design inquiry-based activities and implement them in classroom. They prefer to stay within the comfort of the usual school tasks which are routine and structured and they design teacher-centered activities that reproduce the given conceptual contents and are solved by memorizing facts and processes.

But if we take into consideration the argumentations of the last decades for the inquiry-based mathematics education, the design and implementation of inquiry-based mathematics activities, which are beyond the usual school tasks, will help students to develop their curiosity and creativity, their ability for critical exploration, reflection and reasoning and their autonomy as learners leading them to mathematical understanding [START_REF] Artigue | Inquiry in mathematics education[END_REF].

Using the proposed framework one can design and implement activities, for early childhood, supporting an inquiry-based teaching/learning process of mathematics. Through the seven stages of the framework which include: 1. the formulation of the task, 2. the exploration of the problem posed by the task, 3. the presentation of the explorations, 4. the connection of the presentations with mathematical aims, 5. the generalization of the connections and mathematical concepts and ideas, 6. the translation of the understandings on other modes and 7. the expansion of the initial task to a modified one, students' and teachers' roles alternate. During their cooperation they are both the key persons, the co-constructors and co-researchers of the teaching/learning process.

We do not support that all of mathematics activities should be designed and implemented in an inquiry-based process but we do believe that such activities should be adopted to develop different skills in students and to actively involve them in their own learning.
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 1 Figure 1: The seven stages of the FIBA 1. Τask (key person: teacher): A problem-based task is invented and presented, by the teacher,through a context, resulting from children's interests, experiences, knowledge, queries (emergent from a previous free talk and sharing experiences with the students in the class which is based on the curriculum and is in accordance with a mathematical purpose). The task, which may have one or more solutions, is designed in such a way that it problematizes and incites children, in order to engage them in a problem solving and posing process. The problem to be solved could be a nonstandard, unfamiliar, a bit complex and novel situation in order not to be solved just by applying existing knowledge and already-known strategies, but through exploration.

  The questions can be: "Can you describe us what did you construct? Which shapes did you use? Which shapes are similar? How many shapes did you use? Why did you put the triangle in this place? Which shapes are repeated? Do you observe any pattern?" etc. Connection: Teacher, in cooperation with students, orchestrates a mathematical discourse trying to connect presentations/creations with each other, with the Pattern King's problem, as well as with the pattern concept in order for a shared meaning to emerge. Questions can be: "What do you observe to this construct? In what, these constructs differ? To what are these constructs similar?" etc.

The IBME (Inquiry Based Mathematics Education) perspectives are based on approaches that have been developed in the field of mathematics education, such as the problem-solving tradition, among others, which tend to shape it in a particular way. But, in the problem-solving tradition the focus was on 'teaching problem solving' by developing problem solving skills and associated metacognitive competences, whereas in the IBME the focus is on 'teaching via problem solving'.Thematic Working Group 13Proceedings of CERME10

Proceedings of CERME10