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Abstraction and generalization, lying at the heart of mathematical activity, attract the interest of many researchers who mostly examine generalizing processes in patterns and algebra. Given that earlier approaches questioned the possibility of developing generalizing capabilities in early ages, in our research we attempt to examine if an appropriate teaching intervention could change this initial assumption. For the needs of this work, 23 preschoolers participated in a seven months teaching intervention with relevant tasks in various topics: figures, patterns, measures and numbers. In this paper only for length measurement is presented. The children were pre and post examined in tests designed to examine their knowledge and initial generalizing abilities in this topic. The results indicated that their long-term involvement helped these young children to improve their abilities to (a) reflect on their own activity, (b) express their ideas and (c) reach to some concluding remarks, first related to their own personal experiences and later to more general thoughts.

Introduction

A 6-year-old child saying, "When two distances begin and end together, this does not mean they are equal, we need to measure them...." shows a preschooler able to express in a more detached from his/her experience and general way a relation concerning length comparison. This reveals a generalizing ability that, lying in the heart of mathematical activity, attracts the interest of research in mathematics education.

Current studies related to generalization and generalizing processes concern mainly patterns and approaches in algebra for older students [START_REF] Hitt | Generalization, covariation, functions and calculus[END_REF][START_REF] Warren | Research on the teaching and learning of algebra[END_REF][START_REF] Zazkis | The role of examples in forming and refuting generalizations[END_REF][START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF], while relevant investigations of younger children's generalizing abilities also are connected to patterns and structures [START_REF] Mulligan | Early awareness of mathematical pattern and atructure[END_REF].

In our study we attempted to explore generalizing skills in early ages. More specifically, our research question focused on whether an appropriate teaching intervention could support young students' disposition related to noticing properties, relations and structure and developing a first level of more general conclusions. Our research supports the efforts for a meaningful and effective early mathematics education, by accepting generalizing abilities as an important component of it.

Abstraction and generalization

Humanity starts dealing with ideas related to abstraction and generalization quite early, pursuing answers related to the development of concepts in human's mind. Similarly, psychologists systematically investigated abstraction and generalization, as integral parts of humans' conceptual formation, supporting, thus, many explorations in mathematics education. For mathematics, abstraction is considered as a process during which students directly reorganize former structured mathematics in a new mathematical structure [START_REF] Hershkowitz | Abstraction in context: Epistemic actions[END_REF]. This process (as part of the generalization process) has been studied by many researchers. We could underline the advances of [START_REF] Dubinsky | Reflective abstraction in advanced mathematical thinking[END_REF] and APOS, [START_REF] Sfard | Operational origins of mathematical objects and the quandary of reification-The case of function[END_REF] and the theory of reification, Hershkowith, [START_REF] Hershkowitz | Abstraction in context: Epistemic actions[END_REF] and epistemic actions, as well as a variety of combinations of these approaches [START_REF] Tzur | Distinguishing two stages of mathematics conceptual learning[END_REF].

Generalization could be identified as the level at which students, starting from specific situations, proceed to more general ideas and conclusions identifying patterns, structures, relationships, rules etc. [START_REF] Kaput | Teaching and learning a new algebra[END_REF]. Similarly the idea of generalization, as an integral part of mathematical development, holds an important place in mathematics education. Starting from [START_REF] Harel | The general, the abstract, and the generic in advanced mathematics[END_REF], [START_REF] Tall | Concept image and concept definition in mathematics, with special reference to limits and continuity[END_REF], [START_REF] Fischbein | The theory of figural concepts[END_REF], [START_REF] Bills | Examples, generalisation and proof[END_REF], [START_REF] Radford | Factual, contextual and symbolic generalizations in algebra[END_REF], Becker and Rivera (2003) and [START_REF] Sriraman | Reflective abstraction, uniframes and the formulation of generalizations[END_REF], many researchers have proposed models regarding theoretical approaches for this conceptual elaboration. These models refer to concept formation (as important stage of generalization), reflection and communication (as important reason for generalization), different kinds of generalization (extension, reconstruction, disjunction/ results and process of generalization), elements of generalization (grasping and expressing) and generalization as objectification (factual, contextual, symbolic).

As mentioned earlier, most of this research is related to generalizing processes in patterns and algebraic elements, and certainly examines these processes in older students. Their findings can be organized in the following strands: generalizing abilities, generalizing procedures and strategies, teaching intervention aiming at improving generalizing skills. Related to generalizing abilities, [START_REF] Yeap | Elementary Singapore classrooom school students engaging in making generalisation: A glimpse from a Signapore classroom[END_REF] studied structure and pattern recognition with the use of heuristic tools and technology as well as the development of metacognition and critical thought. Related to teaching intervention, [START_REF] Zazkis | The role of examples in forming and refuting generalizations[END_REF] investigated the use of appropriate examples and tasks.

The elements or actions and elaborations that consist the integral parts of generalization cannot be defined so easily. However, elements such as reflection of action and expression of more generalized properties, rules, relationships and structures deriving from specific tasks, problems and practical experience could be identified as being essential in this conceptual elaboration and are placed in the center of students' mathematical development. Therefore, mathematical education needs to cultivate these skills from early ages and progressively improve them in the course of mathematics education.

Starting from this basic question, our research aimed at examining (a) the possibility of developing generalizing capabilities in early childhood, and (b) teaching interventions that could improve these skills in young children. Our wider research concerns teaching and findings related to four topics of mathematics curriculum: geometric figures, patterns, geometric measurement and numbers. In previous communication [START_REF] Tzekaki | Generalization in early childhood[END_REF] we presented results concerning geometric figures and numbers, while in this paper we are limited to data related to geometric length measurement. We believe that the most interesting part of this presentation is not exactly the specific topic but the development of generalization capabilities in 5 years old children.

Measurement and generalization

Measurement is an important every day activity, that mathematically connects geometry and numbers, but its approach is not so evident in early years or even later [START_REF] Bragg | A measure of rulers -the importance of units in a measure[END_REF].

Length measurement can be identified as a procedure that divides a continuous magnitude of an object to a number of specific parts (units) and connects it to the number of iteration of these parts. Thus, the conceptualization of length measurement could be analyzed in several steps that demand understanding and generalization [START_REF] Battista | Levels of sophistication in elementary students'. reasoning about length[END_REF]:

1. Identification of length as a special (unchangeable) attribute of an object.

2. Transfer of this attribute to another object (intermediate).

Comparison of lengths by means of intermediate (arbitrary or conventional).

4. Covering with different equal units (arbitrary and conventional) and quantify this covering.

5. Connecting unit iteration (and thus measurement) to a number [START_REF] Sarama | Early childhood mathematics education research. learning trajectories for young children[END_REF].

Our research related to length measurements examines whether young children succeed to understand and express different generalized ideas for three of these steps: transfer, comparison and covering. More specifically, generalizing levels of each of these measurement steps was expressed and examined, both as procedure and relation, as following:

-Generalization related to the transfer of a length to an intermediate (2) means that children could identify the equality of the lengths of objects and intermediates.

-Generalization related to the comparison of lengths (or distances) by means of intermediate (3) means that children could identify the starting and ending points of objects and intermediates and the equality of their lengths.

-Generalization related to covering with different units for the needs of a measurement means that children could understand the role of equal units, the different quantification when the units are different and the role of numbers in the procedure of measurement.

Children's explanations both in tests and in classroom interchanges during the teaching intervention were classified according to this analysis.

Methodology

For the needs of this research related to length measurement, 23 preschoolers participated in a three weeks teaching intervention with relevant measurement tasks. There were also pro-and post examined in tests specially designed to examine their knowledge about measurement and their generalization level, before and after the intervention.

Pre and Post tests

The tests items in length measurement included four (4) items in accordance to the aforementioned analysis:

1. For the transfer of a length, a real object (for example a frame) hung on a specific height on the wall had to be transposed to another place.

2. For the comparison of lengths, cards of different width and height had to be ordered (their dimension were changing inversely, the thinner was the taller, and the thicker was the shorter).

3. For covering with different units and comparison there were two items: the children had to compare unequal distances in zigzags with common starting and ending points drawn on worksheets and covered with equal units, as well as equal distances in zigzags with common starting and ending points, but covered with different (non equal) units.

Two of the items concerned lengths, while the other two distances. Also, two of them were real situations with material while the other two were representations of comparison situations. The children were individually interviewed on these tasks and were questioned about their reflections and conclusions. Their answers were organized in the following stages.

1 st Stage: The child does not express any procedure or relation related to measurement.

2 nd Stage: The child starts with a holistic measurement approach of procedure or relations that can explain his/her doing, e.g. transferring an object a child says "I thought to put it in the same height.." showing an imaginary line with his hand.

3 The children explain all the relations that are needed for the measurement, e.g. comparing also equal distances in zigzags by means of matches, a child explains "they start together and end together and have the same number of matches".

Teaching intervention

After the pre-test the children were involved in "generalizing experiences" concerning length measurement. They first worked with relevant measurement tasks in groups and then presented their results in the whole class. The teaching intervention consisted of five (5) lessons with eight (8) tasks.

The tasks concerned all five steps of length measurement (length/distance -widthheight, presented earlier) with -Length transfer, direct and indirect comparisons and estimations.

-Indirect comparisons by means of arbitrary of conventional units (unit covering and number assignment).

-Indirect comparison by means of conventional units with iteration and number assignment.

-Length and height measurement by means of meter.

Tasks with length transfer proposed the use of batons or strings to measure, for example, the height of the position of a frame that has to be hung on a different wall. Indirect comparisons suggested covering with meters or other convectional units to measure and compare, for example, itineraries in stories or dimensions of furniture. Similarly, other comparisons presupposed the iteration of units for these measurements or comparisons.

The most important part of this intervention was the closure of activities, when children were systematically encouraged (a) to identify common characteristics, relationships and properties in the different encountered situations, (b) to express more general ideas and (c) to formulate conclusions or other overall rules about length measurement.

The discussion and the generalizing questions aimed at the understanding of measurement procedure and its principles and, more specifically, of the equal partitioning of the continuous attribute of objects, the unit iteration and the equality relations (with starting and ending points).

Results

The results coming from the comparison of the pre and post tests indicated that, after a series of tasks and systematic discussions, young children were able to improve their abilities to reflect on their own activity, to express their ideas and reach to some kind of conclusions, initially 'locally' related to their own personal experiences or the specific task (e.g. way of doing it) and later to a more general level regarding mathematical ideas (e.g. whether are equal or nor) or even formulating a rule or proposition (e.g. to measure two distances we have to…).

Findings related to measurement: Pre and post tests

The pre-test findings indicated that children initially didn't recognize the procedure of measurement, but approached comparisons globally and estimated lengths and distances based on their own experiences. For example, comparing distances covered with batons they didn't count the number of batons but based their responses on personal judgments of closeness. Their justifications were idiosyncratic, practical or kinesthetic, e.g. "because I think so…", or "This line is bigger because in this place there is only one animal, so the thunderbolt killed more…". They ordered objects based on their figure, while they covered them with units that were overlapping or had gaps. They understood that there was an equality or inequality of dimensions, but explained it based on morphological elements, e.g. "it is more pointy…"..

The analysis of children's responses after the intervention indicated a significant improvement regarding the identification of the procedure of measurement, as they did successful measurements and explained their actions based on measurement principles. They identified the iteration of units (with no overlapping and gaps) explain e.g. "we don't put the sticks as we like, but one after the other, watching that they are not overlapping…". They were able to order objects based on metrical characteristics (length and height) and explained the measurement they have done. The children's improvement is illustrated in the following table (Tab. 1). 

Issues of Tests

Students' conclusions related to measurement

Examining the children's answers to the interviews and the records from their work in the classroom, we can support that the preschoolers are able to conceptualize length measurement and its principals and moreover describe it, as procedure and relations at a more general level. The following examples present the ideas developed by the young children and the level of generalization achieved after involving in generalizing exchanges. At the end, the teacher gathered the children's conclusion about measurement in drawings and utterances.

The children's utterances expressing their concluding remarks about the transfer of heights:

-We must measure one distance before doing the other -The two distances must start form the same point

The children's utterances expressing their concluding remarks about covering with units:

-It shouldn't be one over the other and crooked -We don't leave gaps, we put start to start and back to back -We put them in a line

The children's utterances expressing their concluding remarks about the measurement of distances:

-When two distances are straight and start together and end together, then they are equal -When two distances are zigzag and start and end together, it doesn't mean that they are equal, we have to measure to see which one is longer and which one is shorter -When two distances are zigzag and don't start and end together, it doesn't mean that they are not equal, we have to measure them.

Discussion

In general, this study shows that the development of generalizing capabilities in early childhood is possible on the basis of appropriate teaching approaches that encourage reflection, activity justification and concluding communication. The development of these abilities depends generally on a modification of young children's focus from personal to 'impersonal' ideas, and, thus, from 'local' to more general as a way of functioning in the mathematical class. This development was observed and recorded in all topics: figures, patterns, measurement and numbers [START_REF] Tzekaki | Generalization in early childhood[END_REF].

The development of children's ideas and generalizing remarks reaffirmed the importance of teaching approaches that orient the class to generalizing experiences [START_REF] Sriraman | Reflective abstraction, uniframes and the formulation of generalizations[END_REF]. More specifically in the identification of the measurement procedure and relations by the children, their utterances showed that they succeeded to overcame the specific content of the tasks and proceeded to the conceptualization of measurement principles and invariants [START_REF] Bills | Examples, generalisation and proof[END_REF]. The children passed gradually from local generalizations related to every one of their actions and tasks to more general related to all their activity and finally to general principles of the measurement that recorded in the specific for their age way. The choice and the sequence of tasks, the group work in the classroom and the exchange between groups aiming at arriving systematically to more general remarks are the main factors that led to this result.

The findings gathered from this topic, as well as from all other topics, justify why it is possible but also of imperative to exercise children from early age, with appropriate activities and elaborations with respect to their age and their way of thinking, to generalizing skills as significant part of their mathematical development [START_REF] Tzekaki | Mathematical activity in early childhood: is it so simple?[END_REF].

  rd Stage: The child starts conceptualizing length measurement and can explain the procedure presenting some relations, e.g. comparing distances in zigzags by means of batons, a child

says "for this side (showing the starting point) they are the same, but from the other side (showing the end) this one (showing) looks longer…" 4 th Stage: The child starts conceptualizing the measurement as iteration of units and can explain almost the whole procedure and relations, e.g. comparing distances in zigzags by means of matches, a child explains "this one is longer because it has 1,2,3,…,6 matches and the other has 1,2,3,4 matches…" 5 th Stage:

Table 1 : Results before and after the teaching intervention

 1 

	Success pre, % Success post, %
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