Elizabeth De Freitas 
email: l.de-freitas@mmu.ac.uk
  
A course in the philosophy of mathematics for future high school mathematics teachers

Keywords: Philosophy of mathematics, ontology, epistemology, teacher education

In this paper, I discuss a course in the philosophy of mathematics designed to help future high school mathematics teachers develop an understanding of philosophical questions about mathematics. Throughout the course, our discussions link core philosophical questions to particular theories of mathematics teaching and learning. Thus the course mixes traditional philosophy of mathematics with the study of everyday embodied mathematical habits, offering a kind of descriptive and synthetic approach more often associated with continental traditions of philosophy. This paper describes some of the key theoretical themes and issues, and argues that such courses offer future teachers important insights into the nature of mathematics.

Introduction

Philosophical questions about mathematics open up discussions about why we have the mathematics we have, inviting consideration of how mathematics is embodied in particular material practices. This paper discusses a course designed for pre-service mathematics teachers with the aim of diversifying their image of mathematics, and enhancing their skills at philosophically analyzing mathematical behavior. Throughout the course, our discussions link core philosophical questions to historical developments in mathematics (and philosophy) and to particular pedagogical approaches to mathematics education. Thus the course mixes historical perspectives with traditional philosophy of mathematics and with the study of everyday embodied mathematical habits. The focus on embodied material practices in mathematicspast and presentis more often associated with phenomenology and other continental traditions of philosophy, rather than the analytic tradition one typically finds in the philosophy of mathematics. Such a mixture of analytic and continental philosophy is extremely challenging, in part because analytic approaches have been typically concerned with foundational questions that do not always translate into studies of everyday mathematical practice. The course is modeled on what [START_REF] Corfield | Towards a philosophy of real mathematics[END_REF] calls descriptive epistemology insofar as it entails interpreting mathematical activity for how it reflects certain philosophical assumptions about the nature of mathematics, following earlier efforts by authors such as Lakatos and Kitcher to remake the philosophy of mathematics into the study of mathematical practice, while incorporating and expanding approaches to the foundational concerns.

Students enroll in the course often not knowing anything about philosophy, let alone the philosophy of mathematics. They are usually in their fifth year of a combined bachelor degree in mathematics and master's degree in education, and are just beginning to visit high school mathematics classrooms and practice-teach. I open the course with a set of statements that [START_REF] Brown | Philosophy of mathematics: A contemporary introduction to the world of proofs and pictures[END_REF] calls the common "image" of mathematics. Students are then exposed to the following set of core questions. These core questions drive many of the discussions and course assignments.

Can a diagram function as a mathematical proof?

Thematic Working Group 12 2. What is the nature of proof? How has mathematical proof changed over history? 3. Is there such a thing as mathematical intuition? Where is it? Is it innate? 4. Is mathematics indispensable to science? Could science work without math? 5. What should be the relationship between logic and mathematics? 6. What is the status of axioms? Are they grounded in reality? 7. Are mathematical propositions necessarily true (or false) (rather than culturally or contingently true/false)? 8. Is mathematics a language (a system of symbolic signs that are immaterial and not part of the physical world)? 9. Can we speak about actual infinity (or just potential infinity)? How has the concept of infinity influenced the development of mathematics? 10. What is the role of the body in doing mathematics? How is mathematical knowledge embodied? 11. Is mathematics discovered or invented? What are the ontological implications of your answer? 12. Is mathematics objective and certain (rather than subjective and open to revision)?

It's absolutely essential that before tackling these questions, we unpack the difference between epistemological and ontological concerns (knowing versus being). Of course the two concerns are always entangled, but students need to identify the distinctive contribution of each. The need to keep these two concerns separate while understanding their relationship helps considerably as they go on to formulate arguments to support their positions on the core questions. Perhaps because these are education students, they seem more at home with epistemological questions (How do we come to know the concept of number?) and are initially baffled by ontological questions (What is number?). I have learned to motivate the latter by suggesting that such questions will be of huge interest to their future students. I suggest they treat the typical student query "how is this relevant?" as a philosophical question, and that they consider these queries akin to the very questions posed by philosophers of mathematics. Indeed, these bored students are asking, in their own way, the philosophical question: "Why mathematics?". Rather than offer the usual unconvincing answer, such as "because you can use it to do …." teachers might explore with their students the various schools of thought that developed as a means of answering this very question. They could, I suggest, introduce one of the core questions into their lessons, as a motivator for all those astute students who have raised this central concern about the relevance of mathematics. In other words, rather than dwelling on the pragmatic nature of mathematics, I suggest we direct attention to the more speculative aspect of mathematical activity.

The course uses historical case studies to help students diversify their image of mathematics. Pairs of students research and present a 10-minute slideshow on a discussion topic each week, focusing on what are deemed controversies. Sample topics are: Zeno's paradoxes and the parallel postulate. As the instructor, I introduce links between the topics and the core philosophical questions that structure the course. For instance, a presentation about the parallel postulate might simply recount attempts to prove it and mention developments of non-Euclidean geometry without linking these developments to our readings about Kant and his claims about the a priori synthetic nature of geometry. Further links need to be raised that help the students grasp how this topic is related to questions about the certainty and objectivity of mathematics, and its relation to science. With little to no training in history or philosophy, these students tend to present their topics without consideration of social context or cultural ramifications. These brief presentations feed into their later more substantial assignment to compose a philosophical paper, arguing in support of a position on one of the key questions listed above. It has always intrigued me that these students, despite being immersed in mathematics, a field known for its careful deductive methods, struggle so much in composing a formal philosophical argument. Many of these students confess to having selected mathematics because they don't enjoy reading and writing. However, I feel strongly that, as future teachers, they need to become excellent communicators, and I treat the course as an opportunity to build that skill as well. I have designed guidelines to help them structure their assignments, and I work with various draft versions of their papers to help them improve this skill.

General philosophical themes

The distinction between ontology and epistemology helps us narrow in on students' assumptions about mathematical activity, as we discuss how Platonism and other schools of thought consist of an ontological claim and an epistemological claim. In this we follow Bostock ( 2009) who effectively differentiates these kinds of claims for different schools of thought. The ontological questions are the most difficult for the students to comprehend. We ask: In what sense can universals (redness or beauty or triangles or numbers) be said to "exist"? This, as Bostock reminds us, is a question about the ontological status of universals. Most students don't quite know how to engage with this question, although they are more than ready to grant universality (generality) to geometric figures or arithmetic entities like numbers. They tend to think of this generality as cross-cultural, and confuse it with the question of truth value. My task is to tease out questions about truth from metaphysical questions about being. I offer them some choices: If universals do exist, do they exist outside the mind, or simply as mental entities? If they exist outside the mind, are they corporeal or incorporeal? If they exist outside the mind, do they exist in the things that are perceptible by the senses or are they separate (or independent) from them? To further support and scaffold their exploration of these questions, I offer three schools of thought, each with a different answer to these questions, and I ask the students to decide who they most identify with. I am really forcing their hand in this, in that I hope to show them that these three responses do not actually exhaust the possible answers to the ontological question. In the next section, I discuss how new directions in the philosophy of mathematics offer different choices. But the choices first given, drawn from those used by Bostock (2009), are simplifications so that they can begin to engage in debate. As in all such sorting and labeling, we can query whether a particular mathematician or philosopher is a good example of a particular philosophical paradigm (for instance Hilbert is egregiously characterized as a nominalist in this list), and I am careful to tell the students that they will debate these issues later, after reading more primary texts:

•The realist (Plato, Frege, Godel) claims that universals exist outside the mind and are independent of all human thought.

•The conceptualist (Descartes, Kant) claims that they exist in the mind and that they are created by the mind. Some claim that we create these universals based on sense perception and some say they are innate and do not require perceptual stimulation.

•The nominalist (Hilbert, Field) claims that they do not exist outside of language. Some claim that the words and symbols we use are mere shorthand for longer ways of expressing the same idea and some claim that statements with such terms are simply untrue in the sense that they refer to nothing.

The assignment of the names to the schools is imperfect, but it works as a starting point. One of the difficulties in starting with the main schools of thought, and then trying to tease out the subtle differences and ways in which these philosophers' claims are not perfectly aligned with the school, is that the students are not yet ready to delve deeply into these historical subtleties. For instance, it might seem a travesty to put Descartes and Kant together, since Kant pushed past Descartes' claim that mathematical truths are innate, clear, and distinct ideas, so that he might attend to the synthetic nature of mathematical judgment. According to Kant, space and time are the mind's contribution to experience. Space and time are the "form" of experience, a form imposed by us on the raw data of experience. Historians of philosophy usually oppose Descartes (the rationalist) against Locke and Hume (empiricists), and posit Kant as the reconciler. Bostock (2009), however, claims that Locke, Hume and Descartes, despite their differences, share the same beliefs about the ontological status of mathematical objects (they are ideas or mental entities), and differ in how they think we acquire these mathematical ideas. One might then associate Kant with this approach as well, since, as [START_REF] Brown | Philosophy of mathematics: A contemporary introduction to the world of proofs and pictures[END_REF] suggests, according to Kant, "Our a priori knowledge of geometric truths stems from the fact that space is our own creation."(p.119) Similarly, arithmetic for Kant is connected to time and the fact that time is also a form we impose on the world. This conceptualist approach seems to have saturated many of the later treatments of the philosophy of mathematics, seeping into the realist and nominalist camps as well. Brown indicates that Frege (a Platonist) embraced Kant's view on geometry, Hilbert (the formalist or nominalist) embraced Kant's view on arithmetic, and even Russell (the logicist) can be characterized as Kantian. One might also argue that the conceptualist approach has saturated theories of learning, and has become full-fledged in cognitive psychology and its dominant image of learning. This image assumes that learning entails an acquiring of a set of cognitive 'schemas' and assumes that brains are the seat of reason. Pre-service teachers need to be aware of this history so that they might become empowered to identify and critique the theories of learning that structure the curriculum policy they are meant to adopt in their classrooms.

Diagrams and the body

Questions about the status of diagrams in proofs are easy for students to connect with, and link directly to the opening readings by and about Plato. Students are drawn to the compelling distinction that Plato draws between the physical world and the realm of mathematics. We discuss the theory of ideal forms, and how Plato was motivated by the gap between the ideas we can conceive and the physical world around us. Some students see in the proposal of an ideal realm a way of reconciling their belief in the universality of mathematics with the messiness of learning, but more often than not they are drawn to a conceptualist approach, perhaps Kantian, whereby mathematics is considered a cognitive invention that aligns with the physical universe. Thus they tend to ascribe to the human mind a consciousness or intuition or faculty that is capable of bringing together the ideal forms (triangles, numbers, etc) that are unchanging and eternal (the realm of being or essence) with the physical realm (the realm of becoming or change). We discuss how there is a strong dualism (between mind and body) at work in this approach, and how this dualism plays out in different pedagogies. The vast majority of pre-service teachers split mind from body, arguing that we grasp the ideal forms only through mental reflection, while we understand the physical world through the senses, just as Plato might say. Most of the contemporary philosophy of mathematics we read in the course questions the validity of this dualism, and we discuss the main criticisms of Platonism that were formulated centuries ago.

Diagrams figure prominently in this discussion, as they have, since Plato, if not before, bridged the dualism in ways that trouble its claim to a clean distinction (de Freitas, 2012). In small groups, the students are given a set of visual proofs, and asked "What does this diagram prove?" I use this question to provoke debate, as it gets to the heart of concerns about what constitutes a legitimate proof in mathematics. We discuss to what extent the diagram might function as a proof of an arithmetic statement.

We situate the question historically, by discussing readings by Plato (Meno, Theatetus, Rupublic). Although the students tend to find Socrates overbearing in the Meno, they begin to grasp how the Socratic method emerges from a particular set of philosophical assumptions about the nature of mathematical diagrams and concepts. We compare this method to the kind of questioning sequences they see in their observations in classrooms. For Plato, geometrical knowledge is obtained by pure thought and divorced from sensory observation, which seems to go against what many of the students experience in mathematics classrooms. This is when they become somewhat unhappy with their Platonism. As [START_REF] Brown | Philosophy of mathematics: A contemporary introduction to the world of proofs and pictures[END_REF] explains, Plato considered the diagram as merely a heuristic to help us "access" the pure forms of mathematics. Plato is critical of the geometers who work with diagrams and are led astray by the visual images of mathematical ideals. Plato is rather disparaging of all this talk of diagrams and gestures and activity, chiding the geometers for using material verbs to talk about mathematical actions: Don't you also know that they use visible forms besides and make their arguments about them, not thinking about them but about those others that they are like? They make the arguments for the sake of the square itself and the diagonal itself, not for the sake of the diagonal they draw, and likewise with the rest. These things themselves that they mold and draw, of which there are shadows and images in water, they now use as images, seeking to see those things themselves, that one can see in no other way that with thought. (Plato,Book VI,510d,p. 191) Here, true apperception is achieved only through rational discernment ("thought"), rather than empirical investigation or what Kant will call synthetic reason. For Plato, geometers use diagrams and visual forms to speak about ideal forms, "seeking to see those things themselves" when only "thought" in its pure disembodied capacity can access such ideal forms. In the course, we discuss the consequences of Platonist and conceptualist approaches that deny or demote the significance of the material activity of doing mathematics and prize instead only the mental or cognitive reasoning faculty. We begin to read contemporary theories of embodied cognition that attack this approach philosophically [START_REF] Lakoff | Where mathematics comes from: How the embodied mind brings mathematics into being[END_REF][START_REF] Nemirovsky | Mathematical imagination and embodied cognition[END_REF][START_REF] Roth | Incarnation: Radicalizing embodiment of mathematics[END_REF]. The students begin to grasp how diagramming (and other embodied activities) are not merely heuristic but rather necessary for thinking mathematically. We discuss what it might mean for thinking to occur in and through this activity rather than independent of it.

The readings in this section of the course range across phenomenology, focusing on the role of the body in learning mathematics. We begin to consider how recent work in embodied mathematics might engender a new philosophy of mathematics. Although the work of Lakoff and Núñez is still 'conceptualist' in how it treats the body as the container of the mind (a dualism inherent to their approach), there are other scholars who attempt to move even further into a monist philosophy of mathematics [START_REF] Nemirovsky | Mathematical imagination and embodied cognition[END_REF][START_REF] Roth | Incarnation: Radicalizing embodiment of mathematics[END_REF][START_REF] Stevens | The missing bodies of mathematical thinking and learning have been found[END_REF]. For instance, de Freitas and Sinclair (2014) push past the phenomenology framework, seeking a more post-humanist approach that attends more generally to the diverse material forces at work, and less exclusively on the human body's individuated capacities.

The ontological turn

The pre-service teachers are shown how much of the philosophy of mathematics since the nineteenth century has been contending with the Kantian assertion that mathematical truths are a priori and synthetic. Kant claimed that if a proposition is thought as (1) necessary and (2) universal then it is an a priori truth; and if a judgment of truth requires one to engage with the phenomenal world in some fashion, it is a synthetic judgment rather than an analytic one. Mathematical truth, according to Kant, is both synthetic and a priori. How can such knowledge be possible? This is a perennial question in the philosophy of mathematics, the question as to how pure mathematics is possible as an activity in this messy world [START_REF] Hacking | Why is there philosophy of mathematics at all?[END_REF]. In other words, how can we grasp universal and necessary truths by using our material bodies to determine whether they are true? Hacking claims that one has to look closely at applications of mathematics if one is to addressor contestthis question of purity. [START_REF] Corfield | Towards a philosophy of real mathematics[END_REF] argues that the philosophy of mathematics has spent far too much time on the foundational ideas of the 1880-1930 period, and neglected the thinking and doing of "real" mathematicians both before and after that period. Corfield believes that a philosophy of mathematics should "concern itself with what leading mathematicians of their day have achieved, how their styles of reasoning evolve, how they justify the course along which they steer their programmes, what constitute obstacles to these programmes, how they come to view a domain as worthy of study and how their ideas shape and are shaped by the concerns of physicists and other scientists."(p.10) He names this approach descriptive epistemology and defines it as the "philosophical analysis of the workings of a knowledge-acquiring practice." (p. 233) Imre [START_REF] Lakatos | Proofs and refutations[END_REF] is often taken as inspiration in this kind of approach to the philosophy of mathematics. He examined the process of meaning-making in mathematics, by studying the historical evolution of concepts and procedures, and offering insight into the form of deliberation that characterized creativity in the work of mathematicians. He was interested less in the so-called foundational issues in mathematics, and more in the empirical and material making of mathematics, an approach he called "critical fallibilism": It will take more than the paradoxes and Gödel's results to prompt philosophers to take the empirical aspects of mathematics seriously, and to elaborate a philosophy of critical fallibilism, which takes inspiration not from the so-called foundations but from the growth of mathematical knowledge. (Lakatos, 1978, p. 42) Hersh (1997) characterizes Lakatos as a philosopher of mathematics who was committed to studying the social and "humanist" aspects of doing mathematics. For Hersh, Lakatos was a humanist because he celebrated the specificity of informal reasoning found in the work of mathematicians, rather than or in addition to the generality of its truth claims. For Lakatos, these examples of informal reasoning are not simply unfinished formal proofs, in which the pertinent axioms and logical rules of inference are suppressed, but rather a significantly different mode of inquiry, a non-axiomatic argument that has its own trajectory and its own becoming.

Despite the significance of this more humanist perspective on the philosophy of mathematics, which values the study of informal and unfinished mathematical activity by experts, we still lack philosophical insight into the experiences of those who, for the most part, do mathematics from an outsider or fringe position, like most students. Although recent moves in the philosophy of mathematicslike Corfieldhave insisted that we look more closely at the practice of contemporary mathematics to build a philosophy of mathematics, these scholars are still entirely focused on extremely accomplished mathematicians, and remain focused on the epistemological dimension of that activity. In other words, they are still concerned with how mathematicians determine the truth of their mathematical propositions. But this is not the only issue! Despite the more expansive study of mathematical activity, Corfield's approach of "descriptive epistemology" is, as the name suggests, directed at mathematician's epistemology or theory of knowledge production.

A focus on knowledge production confines one to attend to particular aspects of activityindeed, this focus explains why scholars like Corfield look exclusively at accomplished mathematics. In order to grapple philosophically with mathematical activity more broadly -be it expert or novice, animal or human, revolutionary or controlling, conceptual or algorithmicone needs to consider mathematics not merely as a knowledge production activity. Contemporary philosophers like [START_REF] Zalamea | Synthetic philosophy of contemporary mathematics[END_REF] and [START_REF] Châtelet | Figuring space: Philosophy, mathematics and physics[END_REF] and [START_REF] Deleuze | Difference and repetition (P. Patton, Trans.)[END_REF] lend support in this venture, as they grant mathematics more ontological import, although continuing the focus on high-stakes achievement. These scholars track how mathematics operates in the world as both an expression of human cultures (perhaps as knowledge), but also as a kind of worlding in itself. In other words, mathematics is an activity both pragmatic and speculative that makes and mutates possible worlds. As part of what many have called the "ontological turn" in the humanities, this speculative work ("worlding") informs a contemporary shift in the philosophy of mathematics, towards an emphasis on "mathematics as ontology", the latter refrain capturing Alain Badiou's attempt to position mathematics within philosophy, but not merely as logic in drag.

The ontological turn and related developments in philosophy are reshaping the way we think about all material-cultural practices, let alone mathematics. The course aims to move students through conventional idealism (best formulated in Plato) through conceptualism (best formulated in Kant) through phenomenology (best formulated in Merleau-Ponty) to a more post-humanist perspective that dethrones the human subject as the central orchestrator of his/her mathematical participation. It is near impossible to move students through these radical shifts in one course, but one can begin to problematize the landscape and trouble assumptions about mathematics.

Conclusion

This course aims to help pre-service teachers develop a nuanced appreciation for the philosophy of mathematics, so that they might begin to critique the intellectualist and conceptualist model of mathematics teaching and learning. , D. (2009). The philosophy of mathematics: An introduction. Chischester: Wiley Blackwell.
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