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In this article, I compare two experimental projects led in the 1960s and 1970s by Tamás Varga in Hungary and by Guy Brousseau in France, concerning the teaching of combinatorics and probabilities. I attempt to show that this comparison can contribute to a better understanding of their theoretical reflection on the teaching of mathematics and the dependence of their didactical conceptions on the particular historical context in which these reflections were realized.

Introduction

In the Hungarian mathematics education community, the "complex mathematics education" reform led by Tamás Varga during the 1960s and 1970s is considered as one of the most important milestones of the history of mathematics education in Hungary. Varga's conception is viewed as a representative of the so called "discovery based" tradition of mathematics education. However, this conception was never developed in a theoretical level: it can be understood from the documents of the reform (as the curriculum, the textbooks, teacher's handbooks etc.) and from some articles of Varga, but most of the time, these texts present his approach on very concrete examples and give only limited, indirect access to the conceptual basis of his didactical conception.

The research presented in this article is part of a more complex work, aiming to analyse Varga's conception with a combined, historical and didactical approach, and in comparison with the French reforms and mathematics educational movements of the same period (Gosztonyi, 2015a). This analysis contains three levels: the study of the historical context, of the epistemological background (the conceptions about the nature of the mathematics in the background of both reforms) and a didactical analysis of the reforms' documents. 1 For this third part, French didactical theories were used, Brousseau's Theory of Didactical Situations (TDS) [START_REF] Brousseau | La théorie des situations didactiques[END_REF] among others. The TDS proved to be an expedient theory to reveal characteristics of Varga's conception; however, some difficulties of the analysis let to think there were also some important differences between Varga's and Brousseau's didactical approach.

These theoretical questions led to consider Brousseau's work not only as a theoretical framework for my research, but also as a research object: actually, Brousseau himself was one of the actors of the French math education scene of the 1960s and 1970s. He led experimentations during this period, and he developed his didactical theory in relationship with these experimentations, in the very particular historical context of the French reform movement. So, a historical analysis of Brousseau's projects 1 [START_REF] Gosztonyi | The 'New Math' reform and pedagogical flows in Hungarian and French mathematics education[END_REF] gives a short summary of this work, showing how the difference of the epistemological background, represented by influent groups of mathematicians in both of these countries, can explain, at least partly, the differences of the two reforms.
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Proceedings of CERME10 of the period could contribute to the comparison of the two countries' reform movements and to the understanding of Varga's project.

One more reason explains my interest for Brousseau's experimentations. One of the main domains of Varga's activity concerns the teaching of combinatorics and probability: so I was interested to do comparative analysis partly on these domains. At the same time, these domains are missing from the French obligatory education of the period which makes the comparison obviously difficult between the two countries. However, during the 1970s, these subjects appear in France in certain experimental projects, and one of the most developed examples is Brousseau's experiment on teaching probabilities, described in a retrospective article [START_REF] Brousseau | An experiment on the teaching of statistics and probability[END_REF].

In the following, I will resume the comparison of Brousseau's experiment with Varga's teaching projects and experiments, and I attempt to show how this comparison helps to understand the authors' didactical conceptions.

Some elements of the historical context

The international discourse on mathematics education during the 1960s and 1970s is dominated by the New Math movement and the debates following the introduction of New Math related reforms in several countries. France is one of the leading countries of the international reform movement, with the "mathématiques modernes" reform introduced in 1969/70. Varga declares also being influenced by the international movement: he starts his experimentations in 1963, inspired by Z. P. Dienes' lectures in Hungary in 1960 and a UNESCO conference organized in Budapest in 1962, and follows the reforms of several countries during the following decades. His experimentations concerning the primary and later also the middle-school are progressively spread in the country, and give the basis of a new official curriculum in 1978.

Although Brousseau is not among the main actors of the French curricular reform movement, his early experiments can also be interpreted in the context of the reform. In France, various experimentations on primary and secondary school mathematics education were encouraged and supported during the 1960s and 1970s. For example the system of the IREMs2 was progressively created from 1968, with the mission to form in-service teachers to the implementation of the reform, but also to continue experimentations. During the 1970s, the IREMs became also centers of critical debates on the reform, and principal sources of the emergence of didactical research in France. Brousseau's early work fits clearly in this context: he led experiences since the 1960s, and his projects led in the Jules Michelet experimental primary school from the beginning of the 1970s became the basis of the development of his later theory. The experimentations on the teaching of probability described in his retrospective article were also led in 1973 and 1974 in this school.3 

Brousseau's and Varga's teaching projects and experimentations

The reasons to teach combinatorics and probability

In France and Hungary, combinatorics and probability are not present in primary and middle-school curricula before the New Math period. So, the experiments concerning these domains attempt to introduce new elements of curricula or introduce them much earlier than in precedent cases. Varga explains in several papers why he found important to introduce these domains very early during mathematics education. According to him, these domains contribute to the diversity of mathematical subjects treated in school and help to implement dialectic relationships between mathematical domains -which is one of the main principles of his reform curriculum's structure. He says combinatorics and probabilities can be studied on the basis of very concrete, material experiences and so can give a good example of the process of mathematical abstraction very early, using a diversity of representational tools, and without the need of complex theoretical background. These domains can also give occasion to many playful activities. More particularly the teaching of probabilities represents a "different kind" of mathematics: the mathematics of uncertain things, which is especially important to describe real world phenomena. Furthermore, in the frame of tasks related to probabilities, and especially through estimations, student's autonomous thinking and the expression of students' various opinion can be easily encouraged. The quotation below shows also that this last question is closely related to more general pedagogical considerations concerning the teacher's and student's role in the learning process or students' education to democracy.

My own view is that estimating, guessing, predicting, mentally representing, the future and expressing our opinion about it is a human ability which should play a greater role in education than it does now. All these activities [...] get kids personally involved in learning. […] Reasons must be strong, maybe not unrelated to sentences from "a child should not have an opinion" to "a child should have not will." If this is a correct conjecture, then the issue is a more general one about education, not necessarily school education or school math in particular. (Varga, 1982, p. 30) All the arguments resumed above are important characteristics of Varga's conception on mathematics and its teaching (Gosztonyi, 2016a, b). Thus, one can understand that the emphasis made on the teaching of combinatorics and probabilities is closely related to the general educational goals of Varga's reform, and these domains' curricula and tasks can serve as efficient examples to understand the realization of these goals in Varga's reform. In Brousseau's examined experiment, there is no question of a general curricular reform: probabilities are not included in the official curriculum of primary school, and Brousseau's experimentation is realized in the frame of general activities ("activités d'éveil") and not during the mathematics lessons. However, Brousseau underlines also some general arguments to explain the interest of teaching probabilities. The idea of "another kind of mathematics" appears also in his work (Brousseau, Brousseau & Warfield, 2002, p. 397). Beyond that, students' autonomous work and the repartition of responsibilities between the teacher and the students is in the center of his theoretical thinking, and as he admit in the quoted paper (e.g. p. 384, p. 411), the experiments on teaching probabilities played a crucial role in the development of his didactical theory.

Some tasks of Varga on probabilities

In his articles, Varga describes several probabilistic tasks developed in the frame of his experimentations (see e.g. [START_REF] Varga | Probability through games. A sample of three games[END_REF][START_REF] Varga | New topics for the elementary school math curriculum[END_REF]. In the case of the subtraction game, Each kid draws boxes for the digits [of two two-digit numbers] the way they are used in writing subtractions. The goal is to make the difference as great as possible. They can fill the boxes in any order, but only with random numbers produced by rolling dice. (Varga, 1982, p. 28) In another game, the "game with three disks" (Varga, 1970, p. 424), three discs are in a box, one of them has a cross in each side, one has a cross on one side only and one is blank in both sides. The teacher draws a disk at random and shows one of its faces at random to the students. They have to guess the other face.

In each of these situations, there is a competition between students, which motivates the development of a strategy. The comparison of these strategies, their test during further experiments contributes to the development of probabilistic thinking. According to Varga's description, frequentist approach, based on repeated experiments and the observation of relative frequencies is alternated with a classical approach to probabilities, based on logical arguments concerning models with equally probable events. However, the frequentist approach is rarely developed in deep details: it seems more to serve as an experimental basis to develop classical models which are then confirmed by logical and combinatorial arguments.

In the situations described by Varga, teacher and students are in permanent dialogue: Varga gives several examples how to guide these dialogues in order to help the development of mathematical notions, but to give also important autonomy to the students in this process.

Beyond the description of tasks and problem situations, Varga describes also the conception of longterm teaching processes. Even if some texts help to understand the long-term conception of probability-teaching, the clearest descriptions on the construction of long-term teaching processes concern the domain of combinatorics. We study this in the next section.

Varga's series of problems to teach combinatorics

In Varga's conception, ordered series of problems play a crucial role in the construction of long-term teaching processes [START_REF] Gosztonyi | Séries de problèmes dans une tradition d'enseignement des mathématiques en Hongrie au 20e siècle[END_REF]). A particularly interesting example concerning combinatorics is described in the first grade teacher's handbook associated to Varga's reform (C. Neményi et al., 1978, pp. 243-258). It is interesting not only because it is particularly clearly structured (compared to other parts of the handbook), but also because it gives quite explicit explanation about the principles of ordering problems. This ordering is not completely given in advance: teachers have to conceive (and reconceive) it depending on the particularities of the class, and on the reactions of the students.

The series contains activities with different materials: the students build towers with coloured cubes; thread beads, draw flags or build houses with three parts of different colour; write 'words' (letter series) with a given number of characters or play music with a given number of notes. One organizing principle is the variety of experiences, apparently fare from each-other, and stimulating a diversity of senses. But there is also certain progressiveness in their order, namely in the level of abstraction: starting from the manipulation of physical objects, through drawing and until the manipulation of symbols.

The activities with one material follow also a progressiveness, which is explained in detail on the example of building towers: after a free game with the material (elements with, for example three different colours), students are asked to build towers with a given height; then different towers with the same height; and then come the question of the number of possibilities. The handbook suggests variations of the mathematically important variables as the number of levels or colours, but also the mathematically neutral elements as the type of the material or the colours of the elements. It suggest also some additional restrictions (as for example two neighbouring levels cannot have the same colour; or a given colour can have on the top level, etc.). A similar process is described for different materials. The handbook indicates the analogies between the corresponding phases of these different activities, and explains also their differences which make them problems of different nature in the eyes of students: for example, in the case of building houses, the order of the elements is not immediately given, contrarily to the building of towers or the colouring of (three-stripe) flags. Students have to recognize progressively the links and the analogies between these different problems: that is what will lead to a progressive generalization of methods and solutions.

The process is planned for several years: the object at the first grade is mostly the collection of experiences in structuring possible cases and in looking for the number of all possibilities, in concrete situations. The systematic variation of conditions and the formulation of rules for calculating the number of cases come some years later. In a later article, [START_REF] Varga | New topics for the elementary school math curriculum[END_REF] describes in detail a process on the long-term, based on the example of building coloured towers: there he also explains how the progressive construction of representation tools (as tables and trees) leads in his conception to creating proofs and general formulas in combinatorics.

Brousseau's experimentation

In his experimentation on the teaching of probabilities, Brousseau also conceives a long and coherent teaching process, although the structure of this process is quite different from those of Varga, as we will see below. The whole process emerges from one situation: the teacher fills three opaque sacks with black and white balls, five in each sacks but the proportion of blacks and withes is unknown. The students have to find out the exact composition of each sack by drawing balls one by one from the sacks. The process goes through several phases that the authors describe as follows:

i.

"An introduction to hypothesis testing" (5 sessions) ii.

"Modelling and experimenting" (3 sessions) iii.

"Graphic representation of long series" (8 sessions) iv.

"Convergence and statistical decision" (4 sessions) v.

"Decision intervals" (5 sessions) vi.

"Events and their probabilities" (7 sessions)

After a number of drawings and hypotheses made on the compositions, they decide to model the sacks with transparent bottles where they put five balls in different compositions, in order to compare the outcomes of these bottles with those of the sacks. Students work almost autonomously during the first two phases, only with some "regulative" interventions of the teacher: that's what Brousseau calls later an adidactic situation. The teacher intervenes more directly during the third phase, in order to stabilise the method of students' experimentation. A difficulty emerge in this phase, as even after long series of drawings, students are still not able to prove a decision between the possible compositions and they start to loose motivation. The teacher refuses to open the sacks but suggest proving the compositions by elaborating a methodology which allows students to do predictions. That is what happens during the fourth and fifth phases using computers for simulations and different tools and methods of representation (as tables and graphics).

The described process represents a typically frequentist type of approach to probabilities, with the use of complex statistical methods and tools, and with a long process of repeated experimentations. The first five phases emerge from one initial problem. The classical approach as well as other problem situations appear in the sixth phase but, considered more conventional as the precedent ones, this phase is not developed in the article (p. 405)

A comparison of Brousseau's and Varga's projects

Comparing Brousseau's and Varga's teaching projects briefly described above, one can observe some common points but also several interesting differences.

Although both frequentist and classical approach appears in both of the authors' projects, Brousseau puts more emphasis on the first one while Varga emphasize more the second one. This difference can be explained by different things, as by the coherence with other parts of the curricula (links with statistics on one hand, with logic and combinatorics, privileged domains of Varga on the other; the use of decimal numbers, privileged by the French curriculum of the period, or the use of fractions, emphasized in Varga's curriculum), but also by some pedagogical questions.

One of the common motivations to introduce probabilities into the primary school mathematics education is, in both of the cases, the opportunity offered by this domain to work with students guessing and estimations, and develop mathematical thinking with an important responsibility provided to students during the learning process. However, the repartition of responsibilities between teacher and students does not happen in the same way by the two authors. For Brousseau, this repartition has to be provided by the alternation of adidactic phases, where students work fundamentally autonomously and teacher does not intervene on the level of mathematical knowledge, and phases of institutionalization, where teacher intervenes essentially in order to transform students' context-dependent discoveries into stable, decontextualized and institutionally accepted knowledge. As Brousseau underlines, the experiments on teaching probabilities contributed essentially to develop these key-notions of his later theory. In Varga's case, although students' responsibility in the learning process plays also a key role, the teaching situations are more based on a permanent dialogue between the teacher and the class: the teacher acts as an experimented guide to develop progressively collective knowledge.

In both cases, we can see sophistically constructed long-term teaching processes. But the structure of these processes is quite different. Brousseau's experiment is developed starting from one problem situation. This is something that he calls later fundamental situation: a problem situation which is rich enough to lead to the emergence of a whole theme. The process goes through the alternation of adidactic situations and institutional phases. According to him, the transmission of knowledge constructed by students in the context of a particular situation is not possible without the decontextualisation realized during the institutionalization (Brousseau, Brousseau, & Warfield, 2002, p. 407). Indeed, in the examined experiment, other problem situations appear only in the last sixth phase. Varga's approach is quite different to the construction of long-term teaching processes. He suggests starting from a diversity of problem-situations, with a big variety of contexts. The construction of series of problems offer occasions to recognize similitudes, analogies between these different problems, and leads to a progressive generalization of the solutions.

Behind this difference of the two authors' conception on long-term teaching processes we can recognize a fundamental difference concerning their conception on the mathematical abstraction. As for Brousseau, abstraction is decontextualisation, for Varga, the abstraction process does not mean the elimination of the context, more a progressive generalization on the basis of a diversity of contexts.

Conclusion and discussion

The comparison of Brousseau's and Varga's experimentations led in the 1970s showed several common points and also some important differences. This comparison can help to understand better the conceptions of the two authors on mathematics and its teaching, and also the relationship of these conceptions to their special context. Both of the two authors' projects inscribe clearly in the context of the international New Math movement, with the reforms of the content of the curricula, the debates on the nature of the mathematics and on the psychology of mathematics education. For both of them, Piaget's constructivist theory represents an important reference, but they are both critical with it: the alternation of the adidactical situations with institutionalization in Brousseau's case, and the dialogic relationship between the teacher and the student in Varga's case can be interpreted as two different answers to the limits of constructivism considered by these authors. Moreover, Brousseau's notion of adidactical situation seems to be related to the discourses about the French reform, more precisely to the notion of situation and its role in pedagogical practices and students' learning processes [START_REF] Artigue | Problem solving in France: Research and curricular perspectives[END_REF]). Varga's choices seem also to respond to several elements of local discourses in mathematics education as well as in pedagogy and psychology (Gosztonyi 2015a).

An interesting relationship can also be observed with the dominant epistemological background of each countries reform movement, concerning the author's conception on mathematical abstraction: Brousseau's decontextualisation approach seems to be related to the "bourbakian" conception on abstract mathematical notions, as Varga's ideas on the progressive generalization can be find in the writings of several Hungarian mathematicians supporting his reform (Gosztonyi, 2015a, part II).

This case study reveals how a didactical theory, like Brousseau's one, may depend on the particular context in which it emerges. Thus, further studies on the history of didactical theories are susceptible to contribute to their understanding, and enrich also projects connecting and comparing didactical theories as the "Networking Theories" project (Bikner-Ahsbahs & Prediger, 2014).

The comparative analysis presented above contributed importantly to the original objectives of my research, namely to a reconstitution of Varga's missing didactical theory. But it can also contribute to recent didactical discourse in several further ways, as to the research on the teaching of probabilities or to the recent reflections on the notion of mathematical abstraction.
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