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This article describes a proposal for teaching kinematics using mathematics history; recognizing that history, mathematics, physics and language share similar knowledge structures that must be articulated to achieve teaching-learning processes. To account for this, we discuss how mathematics and physics has historically contributed to describe motion representations. A learning unit is described based on the experimental technique that probably Galileo used to measure times and distances and is not well known by textbooks' authors. This experimentation with intervention tries to interrogate students' alternative ideas. We intended to provoke a conceptual change using several mathematical and physical representations that have been constructed throughout history and have allowed describing the nature in a better way. A qualitative study of the experience in a physics class was carried out. Forty students aged about 13years-old from a public secondary school in Mexico City participated in the study. The learning unit described in this article was the first stage of a broader study constituted by five stages. It was important to work with students to establish the relationship between the variables involved in the description of uniformly accelerated motion, so as the ratio between the distances travelled and the time elapsed.

Introduction

The role of the history of mathematics in teaching and learning mathematics has been discussed in several workshops [START_REF] Fauvel | The role of the history of mathematics in the teaching and learning of mathematics: Discussion document for an ICMI study (1997-2000)[END_REF]. However, [START_REF] Fried | Didactics and history of mathematics: Knowledge and self-knowledge[END_REF] has pointed out a major problem: Where do teachers find time to teach the history of mathematics? It isn't easy to answer this question, but given that both history of mathematics and mathematics themselves embrace genuine ways of knowing, it may be possible to make a didactic design that combines mathematics with valuable elements of history of mathematics without investing too much time.

It is important to recognize that mathematics, history and language are ways of knowing related to semiotic systems that are used to understand or interpret any kind of knowledge. Therefore, we consider the problem presented above as our own, that's why we propose an approach that has been tested with 13-year-old high school students, to give an example with the intention to contributing to answer the previous question. Acceleration concept is an example of the relationship between our ways to understand nature and to interpret it. It is well known, since ancient times, that interpretations had been made to explain acceleration as a physical phenomenon without being able to describe it fully. Unfortunately, the nature interpretations that human beings do are determined by common sense, this situation causes obstacles to describe it correctly in Bachelard and Viennot's sense (cited respectively in [START_REF] Jankvist | A categorization of the "whys" and "hows" of using history in mathematics education[END_REF][START_REF] Montoya | Obstáculos en la resolución de problemas en alumnos de bajo rendimiento[END_REF][START_REF] Montoya | Obstáculos en la resolución de problemas en alumnos de bajo rendimiento[END_REF]. Obstacles to understand sciences have been called in several ways associated with different epistemological origins, however, authors of this paper agree with [START_REF] Halloun | The initial knowledge state of college physics students[END_REF], [START_REF] Hierrezuelo Moreno | La ciencia de los alumnos, su utilización en la didáctica de la física y la química[END_REF][START_REF] Hierrezuelo Moreno | La ciencia de los alumnos, su utilización en la didáctica de la física y la química[END_REF], [START_REF] Laburú | Investigación del desarrollo y aprendizaje de la noción de aceleración en adolescentes[END_REF], [START_REF] Duit | Learning in science -From behaviourism towards social constructivism and beyond[END_REF], and others who have contributed to define obstacles as alternative conceptions. Ideas that are related to common sense, which are persistent, shared by many persons and can be adapted and modified in such a way that one can believe that those ideas are adequate to explain the reality of the physical world. Some ideas in science history have been considered satisfactory because they explained, at least in part, a field of reality, but others, much more powerful, creative and audacious, have emerged to break paradigms and challenge common sense. Such are the ideas of those who have not been satisfied with the accepted description of reality at a certain historical moment.

The so-called scientific revolutions allowed the advance of science and a changing in our understanding of the universe. An analogy of these scientific revolutions is found in the processes of teaching and learning, as well as alternative conceptions that are compared, but if those ideas cannot be used to explain reality, they lose their validity. Anomalies then arise, which will open the way to new explanations, often more complex, but those ideas could be used to explain a situation apparently in a better way. This process has been called conceptual change [START_REF] Posner | Acomodation of a scientific conception: Toward a theory of conceptual change[END_REF].

If ideas are images and representations of reality, then in so far as representations are tested, the validity of the ideas is proved. Mathematics makes possible the testing of diverse representations of distinct levels of complexity, so concept formation can be achieved in an increasingly structured way [START_REF] Pozo | Cambio Conceptual y representacional en la enseñanza de la ciencia. España. A[END_REF].

Considering that it is necessary to challenge the ideas of the common sense, Galileo made experiments on the acceleration leaving aside the causes of its origins. Galileo in his Discorsi e Dimostrazioni Matematiche [START_REF] Hawking | A hombros de gigantes[END_REF] explained some experiments and his description about uniformly accelerated motion, but he did not explain his efforts and trials to obtain satisfactory results or how he accurately measured time or displacement. [START_REF] Drake | The role of music in Galileo's Experiments[END_REF] researched these problems by reviewing Galileo's notes and pen strokes to discover clues as to how he did his research.

This article deals with the description of a didactic intervention using a teaching experiment in which Galileo's technique is used to describe uniformly accelerated motion. The didactic activities allow the students to interrogate some alternative conceptions, such as the idea that, in a uniformly accelerated motion equal distances are travelled in equal times [START_REF] Laburú | Investigación del desarrollo y aprendizaje de la noción de aceleración en adolescentes[END_REF]. Relationships between experiments have also been established, data organized in tables and qualitative diagrams to propose a mathematical expression that allows to relate distances and times; with the intention to promote a conceptual change.

Historical development of the kinematical concept

The first ideas about motion came from Aristotle who in his dialogue On Philosophy uses the term proton kinoun as the first motor, the cause of every motion in the Universe (Düring, 1990, p.188). According to Aristotle, the velocity of a moving object is directly proportional to the thrust force and inversely proportional to the media resistance (Düring, 1990, p.477).

It was not until the 14th century, when mathematicians from Oxford (most of whom came from Merton College), took up again the study of motion of bodies. This was mostly done in the decade between 1330 and 1340, as explained by [START_REF] Farmaki | Integrating the history of mathematics in educational praxis. An Euclidean geometry approach to the solution of motion problems[END_REF].

William Heytesbury (1313-1400), Richard Swineshead (1340-1354), and John Dumbleton (1310-1349), mathematicians and logicians of Merton College at Oxford, known as "Calculators", introduced the idea of functional relationships in attempt to describe magnitudes with quantitative measurable features. They defined several kinds of motion, proposed theorems concerning motion and proved them mathematically, using Euclidean geometry. Swineshead defined uniform motion, and Heytesbury the uniformly accelerated motion (Farmaki, et al., 2004, p. 506).

Nicole Oresme in 1362, in the Configurationibus qualitatum represented the variations of qualities (see Figure 1), such as velocity and time, by means of geometrical figures, in which the line AB represents the time and the perpendicular lines the speed or its increasing value (Farmaki et al., 2004, p. 507). There were many efforts to solve the problem of the unequal velocities that appear in a uniformly accelerated motion, however they were not concretized. It was not until Galileo's deduction presented in the Discorsi, where he artfully simplifies the free fall of a ball rolling down along a plane with a few degrees of inclination. In Theorem I, Proposition I, Third Day of the Discorsi, Galileo states the relationship between velocity and time, using schemes such as those used by Oresme, but replacing uniform motion with uniformly accelerated motion [START_REF] Hawking | A hombros de gigantes[END_REF]. In Figure 2, time is represented as a quality by the line AB and velocities are represented as intensities by perpendicular lines.

The schemas used by Oresme and Galileo suggests that the relation between time and velocity could be drawn in a Cartesian coordinate system, but in Galileo's scheme there is also a line representing an external magnitude, the distance. In the Proposition II, third day of Discorsi, Galileo explains the proportional relationship between time and distance travelled in a uniformly accelerated motion, including the relation between time and velocity. But the method reported by him to measure time was not considered practical, in accordance with Drake, who estimated that Galileo achieved more accuracy with another method than would have been possible with the clepsydra. So, there is a controversy about how Galileo found these results. Galileo just wrote:

For the measurement of time, we employed a large vessel of water placed in an elevated position; to the bottom of this vessel was soldered a pipe of small diameter giving a thin jet of water, which we collected in a small glass during the time of each descent, whether for the whole length of the channel or for a part of its length; the water thus collected was weighed, after each descent, on a very accurate balance; the differences and ratios of these weights gave us the differences and ratios of the times, and this with such accuracy that although the operation was repeated many, many times, there was no appreciable discrepancy in the results (Galileo [START_REF] Galilei | Dialogues concerning two new sciences by Galileo Galilei [with an Introduction by Antonio Favaro[END_REF]Galilei, /1914, p.179), p.179).

Stillman Drake's proposal

In "The Role of Music in Galileo's Experiments", Drake (1975) described an experiment that probably took place in 1604. The experiment was part of a series of investigations that led Galileo to obtain finally the correct rule of times-squared being proportional to the distance an object falls from rest during the time elapsed. Ben Rose reconstructed the experiment according to specifications supplied by Drake (see Figure 3). The objective of this modernized test was to measure as precisely as possible the distances travelled from rest by a ball rolling down on an inclined plane taken at the end of eight equal time intervals. The grooved inclined plane used in the reconstruction was 6 ½ feet long (198.2 cm) and was set at an angle of 1.7 degrees. The time intervals were established at a tempo almost two notes per second. At one note the ball was released, and the positions of the ball at subsequent notes were marked with a chalk; for comparison the exact 0.55 second positions were also captured by multiple-flash photographs. A rubber band was then put around the plane at each chalk mark. The positions of the rubber bands were adjusted so that the audible bump made by the ball in passing each band would always coincide exactly with a note; the bumps were visualized by leaving the camera shutter open during an entire run. Finally, the distances between pairs of adjacent bands were measured. The ratios of the successive intervals were found to agree closely with a set of figures logged by Galileo [START_REF] Drake | The role of music in Galileo's Experiments[END_REF].

Methodology

In Mexico as in other countries, the role of textbooks is very important for the teaching-learning process from primary school to the first university-level courses. The first Physics course is offered in secondary education to 13-year-old students, where conceptual approach prevails. We decided to work with a group of forty students who attend a high school physics class in Mexico City to make a qualitative study of their reactions to a teaching sequence proposal. This group had no teacher, so the learning unit did not conflict with the daily activities related to the ongoing study of curriculum contents.

After having done an analysis of a Mexican textbook (Gutiérrez, Pérez & Medel, 2012) of the secondary school on the proposed activities to study the topic of acceleration, it was decided to make a design of a learning unit complemented by a physical experimentation. First, the students had to perceive with their senses how the ball falls that is rolling down on an inclined plane and, as it rolls, rings bells placed at equal distances.

Students were asked how distances were covered by the rolling ball between successive rings of the bells, how time between each ringing of the bell varied, and to make a personal description of the rhythm they had heard. They modified the height of the inclined plane and the distances between bells to find out if they perceive changes in the phenomenon.

At the end of this experiment, students wrote their observations in a notebook. The following student's activity was designed with had the purpose of recalling the meaning of proportionality in a context of a recipe to make a three-layered cake. They had to find the proportion of the ingredients with respect to the amount of cake that had to be prepared. Students were asked how they found the proportion and what the proportionality constant for each quantity was. The amounts of ingredients provided were given in kilograms.

Finally, students were asked to carry out a different measuring process to find the times and distances travelled by a ball that rolls down on an inclined plane. The instructions for assembling the device in the laboratory were given to the students. The teacher previously tested the assembly to control the time in which distances were covered by the rolling ball. The material used consisted of an aluminium rail, a steel ball, a universal holder, burette clamps, bells and clips.

The learning unit took place in a week. All sessions were video recorded. Students wrote their answers in a booklet guide prepared by the researcher, those answers were later analysed.

Description of physical experimentation

The material was placed on working tables in the laboratory for each team. The teacher had a digital metronome on the computer connected to an amplifier so that all students could hear loudly the rate of 60 beats per second.

The experiment started when the teacher activated the metronome; then the students had to synchronize the beat of the metronome with their mental count. A student in each team then had to drop the iron ball from the top of the aluminium rail upon hearing a beat (of the metronome) and stop it upon hearing the next beat. The first distance should be considered as a unit. This action is repeated several times to determine the distance travelled in a second, which has to be marked each time with a permanent marker pen. The process continued in basically the same manner; students must drop the iron ball from the beginning of the rail, just when hearing a beat and stop it after having heard two beats making a mark on the rail. The same has to be done with three, four and more beats.

Once the distances travelled per second by the rolling ball were determined, students had to put a bell in each marked position. To verify that the travelled distances were correct, they dropped the iron ball while the metronome marked the time, so that at each beat of the metronome a corresponding bell rang.

Results

With the help of the written guide, students took notes on what they had observed. In the first activity, 17 out of 40 students answered that the distances travelled between successive bells were equal while the time intervals were getting shorter and also described that the ringing of the bells during the journey of the ball were getting faster and faster. In the activity to review the proportionality issue only three out of 40 students could find the factor to determine the correct amount of ingredients for each cake.

A small exercise was included, which consisted in completing some arithmetic progressions, specifically a succession of integers, odd, even, and finally squares. The purpose of this exercise was to serve as a heuristic to conjecture that in a uniformly accelerated motion the distance travelled increases as the square of the time intervals do.

This means that for a unit of time corresponds a unit of distance, for two units of time corresponds four units of distance, for . . .

For three units of time correspond to 9 units of distance. For four units of time correspond to 16 units of distance For five units of time correspond 25 units of distance

In what proportion does the distance increase with respect to time? To discuss in plenary with the wholegroup. The distance is in proportion to square time d= t 2 The teacher introduced for the first time the algebraic symbol () to denote the correspondence rule which is used in physics when the proportionality constant is not fully determined. Finally, it was found that 16 out of 40 students gave incomplete arguments about time measurement and distance travelled, but 24 of 40 answered that the rhythm of time was constant while distance increased faster and faster as square of the time intervals (see Figure 4).

Conclusions

The learning unit described in this paper was important as a starting point of a larger study involving several phases of experimentation, because it allows a perceptual approach to uniformly accelerated motion.

The activity provides a simple way to engage students with the task of describing uniformly accelerated motion. They associated the problem with Galileo's experiments and were able to identify how nature is scrutinized in order to describe and understand it.

Experimentation allowed students to be challenged by the alternative conception which assumes that in a uniformly accelerated motion the velocity is constant. This procedure avoids the problem of synchronization with several timers placed simultaneously at equal distances, an impractical measure option that is often suggested in textbooks. Another advantage is that students can listen to a metronome carefully and measure time mentally, as is done in music.

The students realised some difficulties Galileo may have faced in order to measure time and determine their relationship with the distances travelled, providing both experimentation and the learning unit design, a learning context that is much more meaningful than any anecdotal knowledge.

Finding the proportionality relationship between elapsed time and distance travelled may be enough as a first approach to describe a uniformly accelerated motion for being used when necessary to determine more precisely the proportionality constant of a uniformly accelerated motion.

The results shown in this research give an account of how the obstacles attested by history for the understanding of scientific concepts help overcome the obstacles that students face.

Our didactic proposal was enriched with the development of ideas in the history of mathematics and physics by adapting them to provide a different way of accessing to physics and mathematics knowledge. In this didactic design, we consider the genesis of the concept of uniformly accelerated motion throughout history as an example of the inductive thinking that human being does in the construction of their own knowledge, so it has been tested with students, getting encouraging results.
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 1 Figure 1: Oresme representation of a qualitative magnitude (Adapted from Farmaki et al, 2004)
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 2 Figure 2: Theorem I, Proposition I, Third journey in Discorsi e dimostrazioni matematiche (Hawking, 2013, p. 468)
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 3 Figure 3: Reconstruction of Drake's experiment[START_REF] Drake | The role of music in Galileo's Experiments[END_REF] 
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 4 Figure 4: Relationship between distances and time: a student's conclusion
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