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Introduction and objective

Obstacles to learning can be [START_REF] Brousseau | Les obstacles épistémologiques et les problèmes en mathématiques[END_REF] of different types according to their origin. They can be ontogenetic, didactical, epistemological or cultural. An obstacle is epistemological if it is independent from the teaching practice. Brousseau suggested [START_REF] Chorlay | History of science, epistemology and mathematics education research[END_REF]) that a distinctive characteristic of epistemological obstacles is their appearance in mathematics "from the past". It might be true that in ancient texts we barely find traces of the errors, difficulties and failures associated to mathematical creation [START_REF] Cid | Obstáculos epistemológicos en la enseñanza de los números negativos[END_REF]. However, in some kind of texts, devoted to teaching or to the introduction and dissemination of knowledge it is sometime possible to find nontrivial errors1 .

The use of symbolic language and the resolution of equations are of great curricular importance and often cause difficulties to our students (Socas, 2010). Consequently, it can be of interest analyze ancient algebraic texts searching for possible mistakes or misconceptions.

The first algebraic texts written in Spanish appeared during the second half of XVI century. The first one was the Libro primero, de Arithmetica Algebratica [START_REF] Aurel | Libro primero, de arithmetica algebraica[END_REF] written by a German living in Valencia [START_REF] Puig | La arithmetica algebratica de Marco Aurel, primer álgebra impresa escrita en español. Preliminares para su estudio[END_REF]. The first text with algebraic content written by a Spanish author was [START_REF] Meavilla | Historia de la educación matemática en España: El contenido algebraico de la arithmetica practica, y specvlatiua de Juan Pérez de Moya (ca. 1512-1596)[END_REF] the Arithmetica practica, y specvlatiua (Pérez de Moya, 1562).

In this work will identify some mistakes in Pérez de Moya book. For some of them we will try to give plausible explanations and furthermore, we will see how present 10th grade students face the type of equations where those errors arise.

1. The "canonically correct" procedure. Transform the equation into 2x = 0 subtracting 2x from both sides of the equation and then divide by 2 to obtain the unique solution x = 0. 2. A procedure which is "syntactically correct" but "semantically incorrect". Divide both sides by x to obtain that 4 = 2 and conclude that there is no solution to the original equation. 3. A "materialistic procedure". Four objects of some kind cannot be equal to two objects of the same kind. Hence, the equation has no solutions.

Of course, at that time it was natural not to consider zero as a number so it is reasonable that a XVI century algebraist thought that this equation has no solution at all. Hence, from this point of view, the answer given by Pérez de Moya would not be a mistake at all.

Anyhow, it can be of interest to identify which of the three previous possibilities, if any, was chosen by XVI century algebraists.

In principle, point 1 above was well-known at that time. In fact, this was the procedure used by Pérez de Moya throughout his work as soon as the considered equation had a constant term. On the other hand, Pérez de Moya also used point 2 in his work. For instance (see Figure 1) we can read (pp. 546-547): "if you were given an equation like 6x 3 = 4x 2 , divide x 3 and x 2 by x […] and the equation 6x 3 = 4x 2 will be the same as 6x 2 = 4x. And thus you will continue until you can no more". But, in spite of his constant use of point 1 and 2 above throughout his algebraic work, Pérez de Moya did not use any of those arguments when facing equations described in case 2. Instead, he appeals to that "materialistic procedure". In particular, we read (p. 544): "if 3x were equated to 4x or 5x 5 to 2x 5 , in such case, those equations will be impossible and they cannot be done because two reals cannot be the same as three, provided they have the same value". Moreover, this exact same idea, with nearly the same example can be found in Marco Aurel's work (fol. 78 v): "three ducats are not worth the same as four ducats since ducat have one only value" (Figure 2). As we already pointed out, the first possibility led to the solution x = 0. It is very likely that these authors conceived '0' just like a figure and not like quantity. Since '0' is not a quantity, it cannot be the solution of the equation. Hence, a reasoning like the described in the point 1 above was flawed and could not be used.

Regarding the second possibility, we have seen that Pérez de Moya in fact used this technique. Nevertheless, he is quite imprecise saying that it must be used "until you can no more". It is possible that, since in this case this technique leads to non-sense expressions, was also considered flawed and abandoned.

Therefore, from this point of view, the third possibility was the only hope to give an answer to this type of equations and so they used it. As we will see, this idea is still present among our students and it has an interesting explanation [START_REF] Booth | Algebra: Children's strategies and errors. A report of the strategies and errors in secondary mathematics project[END_REF]. The use of this argument implies that the unknown is conceived as an object itself and not as the representation of a number. Clearly Pérez de Moya and Marco Aurel have this in mind when they talk about "two reals" or "four ducats" when referring to 2x and 4x, respectively.

Back to case 1

After the previous analysis, we have a more or less clear idea of why XVI century authors could not manage correctly equations of the form ax m = bx m with a ≠ b. Moreover, we understand why they said that they had no solution. Then, we might want to apply a similar reasoning to equations of the form ax m = ax m ; i.e., to case 1 above.

These equations, from a modern point of view, havetriviallyinfinite solutions. They are, in fact, what some people call identities. Pérez de Moya, Marco Aurel and other authors provide x = 1 as the only solution and, unlike in the previous case, they provide no argument supporting this claim.

If we try to apply the three aforementioned possibilities to the case of, say, 2x = 2x we would get:

1. 0 = 0. 2. 2 = 2.
3. 2 euros are always equal to 2 euros.

All three cases lead to some kind of tautology. To some kind of essential identity of an object with itself as opposed to an accidental identity of the form 2x = 3x 2 . When dealing with aspects regarding these topics we can turn to Aristotle's Metaphysics which suggests a genealogy or rational grounding for this answer. In particular, in the chapter IX from Book V we read (Taylor, 1801, p. 122): "But some things are said to be the same essentially, in the same manner as things which are essentially one. For things of which the matter is one, either in species or number, are said to be the same". Thus, when facing an essential identity "the matter is one" and the answer is the unity as our XVI century authors claim. In any case, as to the historical question of the impact of Aristotle's Metaphysics on our XVI century algebraists, this paper is no place to discuss it.

Dealing with cases 1 and 2 today

We worked with 57 students of 10th grade during a 50 minutes class session. By 10th grade, Spanish students should be completely familiar with algebraic language and notation (introduced in 7 th grade). They have not systematically solved polynomial equations of degree higher that two, but they know how to use techniques such as taking common factor, etc. We designed a questionnaire (Table 1) that included the four cases treated by Pérez de Moya in his work. In particular, items (1) and ( 2) corresponded to the cases 1 and 2 discussed above.

Solve the following equations:

(1)

x + 1 = 1 + x (2) x = 2x
(3) 4x 7 = 4x 5 (4) 8x 2 = x 5

Table 1: Questionnaire
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Among other aspects, we wanted to analyze how the students faced identities like the one presented in item (1) and equations like item (2) that lead to the materialistic procedure described above.

Item 1

For this equation, Pérez de Moya proposed x = 1 as the only solution. The answers given by the students can be classified according to the following categories (Table 2):

 NS: The student says that there is no solution.

 US: The student says that there is a unique solution.

 IS: The student says that there are infinite solutions. It is clear that answers from the categories NS and US are incorrect. Moreover, 15 answers from the category IS are also incorrect. Thus, only four (7%) students gave a correct answer to this item. From these correct answers, two are worth mentioning:

1. "Infinite solutions. Because the order of the factors does not change the result and if you sum one to a number is the same as if sum the same number to one". 2. "It has infinite solutions, because any value that you give to the x is the same. For instance, x = 5, 5 + 1 = 1 + 5, 6 = 6".

The first answer shows that the student has observed the structure [START_REF] Linchevski | Structure sense: The relationship between algebraic and numerical contexts[END_REF] of the algebraic expression and has identified it with the commutative property of addition.

In the second answer, we see that the student has the idea that the solution of an equation is a number that leads to an identity when x is substituted by this number.

Among the students in the category US, only one gave x = 1 as the unique solution to the proposed equation. His answer was the following:

x + 1 = 1 + x  x -x = 1 -1  x = 1
The most plausible interpretation for this answer is that the student compared both sides of the second equality and assigned to the symbol on the left hand side (x), the corresponding symbol on the right hand side (1). Of course, we could not expect any XVI century-like reasoning.

In addition to this answer, some other mistakes were found that are worth mentioning:

1. 0x = 0 ; x = 0/0. "It has no solution. Dividing by zero gives an irreal [sic] number". 2.

xx = 1 -1 ; 0x = 0. "It has no solution because it gives 0x = 0, that is, there is no". 3. xx = 1 -1 ; 0x = 0 ; x = 0. "No solution". 4.

xx = 1 -1 ; x = 0. "Infinitely many solutions". 5. 1 -1 = xx 0 = 0 x = 0. 6. x + 1 = 1 + x xx = 1 -1. "No solution, that is, infinite solutions, because if we find zero, it means that there can be many solutions".
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The first mistake comes from the use of the "canonical" procedure to solve linear equations. As we pointed out before, this procedure lead to "non-standard" situations, the student cannot manage. The second mistake arises when the student tries to give a meaning to the expression 0x. The student understands this expression as "there is no [x]". Since there are no x, there is no value to assign to it. Finally, the last four mistakes show different ways to face the expression 0 = 0. Some are wrong, some are arbitrary and the last one shows hay the student fails in remembering what he is supposed to say when he gets 0 = 0.

Item 2

Pérez de Moya states that this equation has no solution. The answers given by the students can be classified according to the following categories (Table 3):

 CS: The student correctly solves the equation.

 WS: The student gives a wrong answer but with a unique solution.

 NS: The student is unable to give solution (either correct or incorrect).

 N: the students gives the wright answer without any explanation. In this case, we mainly focus on the categories NS and CS, especially on the last one. Students belonging to the category WS usually make mistakes when operating and manipulating algebraic expressions. The following steps give a rather paradigmatic example:

x = 2x ; x / x = 2 ; x = 2.

Regarding those students not providing a numerical solution, it is noteworthy that one of them gave an answer that essentially reproduces the XVI century reasoning: "No solution. x cannot be equal to 2x". The most interesting other mistakes that we have found in this item are:

1. x -2x = 0 ;x = 0. "It has no solution because x cannot be negative".

2. 0 = 2x -x ; 0 = x. "No solution". 3. 2 = x / x ; 2 = 1.
The first two answers show a good knowledge of the algorithmic procedure used to solve a linear equation but both students fail in the last step, which involves some kind of interpretation. The third answer again involves dividing by the unknown.

In this case, 18 students provided a correct answer. One of these answers, in some sense, completes and corrects the original XVI century mistake: "x = 0. Because x cannot be equal to 2x unless the solution is 0".

Some final comments

Leaving apart problems regarding algebraic manipulation and notation, we find a main difference between the student who correctly face the analyzed situations and those who do not. In the case of item 1, for instance, we see that most of the correct answers involve a clear idea of the notion of solution to an equation, while wrong answers always involve the mechanical and algorithmical search of the solution using the steps of some kind of canonical procedure. This thoughtless application of a procedure implies that the student is not usually able to manage non-standard situations like 0 = 0 or 0/0. Then they sometimes try to use some memoristic knowledge or just do not know how to give an answer. This algorithmical conception also leads very often to divide by the unknown, even if this assumes that x is not 0. Most of the students work at a syntactical level and they simply do not care about the meaning of the symbols and the operations among them.

Consequently, we think that the mechanical manipulations and rules to solve equations, if presented, should never be the starting point of our teaching. Rather, the solution of equations should be introduced starting from particular problematic situations. After all, algebra was initially a method to solve some arithmetical problems involving unknown quantities. It might be possible that such an introduction implied what we have called "materialistic procedures", which can also lead to mistakes as we have seen, but at least statements like "x cannot be equal to 2x" can be the basis for interesting discussions in the classroom.

Finally, in the light of our results, it seems clear that we should devote plenty of time to work with equations leading to identities and to expressions of the form 0 = 0 and 0/0. They will consistently appear throughout the mathematical life of our students and a good understanding of the meaning and implications of these expressions will be a great benefit for them.
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