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This paper reports on a study about word fraction problems. These kind of problems have been transmitted by the school tradition. Nowadays, they have disappeared because the education model has changed. A classification of the problems is given and the historical resolution methods are presented here because they may be useful in creating knowledge for teaching.

Introduction

In textbooks, there are a variety of descriptive word problems. [START_REF] Swetz | Mathematical expeditions: Exploring word problems across the ages[END_REF] mints descriptive and it refers a story or pseudorealistic situation that is not meant to address any practical real situation (some of them are known as recreation or puzzle problems).

Until recently, these problems were used as an essential part of the teaching of mathematics. However, the educational model and the design of mathematics textbooks began to change. Then, many problems disappeared from the current books, because the confidence in the educational power of these problems had declined.

Nowadays, descriptive problems have emerged with renewed interest because the curriculum proposals consider problem solving as a core competency in the development of arithmetical and algebraic thinking. In this context, they become relevant because the historical record of the development of mathematical ideas and methods is useful to produced knowledge valuable for teaching. Particularly, to support an alternative pedagogical approach different to those that use problems as sub-product of other specific content learnings (as an exercise and practice).

When we have reviewed descriptive problems that appear in textbooks, we have found them under different headings which are related with Methods and Rules or with Context, Actions and Agents. For example, -Methods and Rules: Rule of Three, Compound Proportion (or Double Rule of Three), Conjoined Proportion, Fellowship, Allocation, Interest, False Position (single and double), proportional distribution, etc.

-Contexts: Fountains or Pipes filling or Holes Emptying the Cistern, Inheritance, Clock Problems, God Greet You or Heap problems, Passing Through Tax passes, Water in wine, Division of Casks, etc.

-Agents: Ass and Mule, Hound and Hare, Hundred Fowls, Couriers or Mobiles, The Epitaph of Diophantus, Animals eating a Sheep, Men Buy a Horse, Men Find a Purse, Lazy Workers, Posthumous Twins, Dishonest Butler, Apple-sellers', Snail Climbing out of Well, Broken Bamboo, Monkey and Coconuts, A travelling Merchant, Lotus, etc.

-Actions: Overtaking and Meeting, Giving and Taking problems, Selling Different Amounts at the Same Prices (to yield the same amount), Co-operative work, etc. This way of showing problems is the result of historical motivation and it does not allow an overall vision of the problems. For example, there is usually not a single resolution method for the same problem. Also, problems with different appearance may have the same characteristics or structure. This is the reason why the problems can be not organized according to the context, the actions or the agents, or even method of resolution.

Our goal in this research is to build the classification of descriptive fractions problems, with a criterion that contributes clarity and generality, for an overall view of them. At the same time, we want to recover the different resolution methods, as authors have been reflected in textbooks.

The remainder of the paper is organized as follows. First, sample problems are presented and their classification is explained. Also, the relation between quantities is shown with a generic statement. Second, different resolution methods are shown. Finally, the conclusion of the research and some suggestions for future research are proposed.

The problems

The problems, which are studied in this research, seem similar because they are multi-step fraction problems.

Dying man. A dying man gave 6000 escudos to distribute in this way: the half will be given to the monastery of the Jacobites; the third part will be given to the convent of San Agustin; the fourth of the escudos to the monastery of the Friars Minor; and the fifth will be given to the order of the Carmelites". Question: if the whole is 6000 escudos, how many escudos will each monastery have? (Silíceo, 1996, p. 266) The Cloth. A certain man buys 4 pieces of cloth for 80 bezants. He buys the first for a certain Price, and he buys another for the price of the third. It is sought how much each piece is worth. (Sigler, 2002, pp. 274-275) Lotuses. From a bunch of lotuses, th to the goddess. The remaining 6 were ofered to the guru. Find quickly the number of lotuses in the bunch (Bhāskarācārya, 2001, pp. 57-58, ex. 3) The Eggs. A country woman carrying eggs to a garrison, where she had three guards to pass, sold at the first, half the number she had and half an egg more; at the second, the half of what remained and half an egg more; and the third, the half of the remainder and half an egg more when she arrived at the market place, she had three dozen still to sell. How was this possible without breaking any of the eggs? (Ozanam, 1884, pp. 207-208) Nevertheless, they presented two main differences. First, the whole may be known or not. The whole is the amount that will be split up in parts. Second, the different parts of the whole are interrelated or not.

The Dying Man is a problem in which the known whole is split up in unrelated parts, i.e., we know the whole (T) and for example we have two parts: 𝑝 1 = 𝛼 1 𝑇 and 𝑝 2 = 𝛼 2 𝑇, where 𝛼 1 + 𝛼 2 ≥ 1 and 𝛼 𝑖 𝜖 ℚ 𝑤𝑖𝑡ℎ 𝑖 𝜖 (1,2). We want to know each part.

The Cloth, is a problem in which a known whole is split up in related parts, i.e., the known whole (T) is divided in, for example, three parts, 𝑝 1 = a 1 + 𝛼 1 𝑝 1 and 𝑝 2 = a 2 + 𝛼 2 𝑝 2 , where 𝑎 𝑖 𝑎𝑛𝑑 𝛼 𝑖 𝜖 ℚ 𝑤𝑖𝑡ℎ 𝑖 𝜖 (1,2). We want to know each part.

Lotuses are problems in which the unknown whole is split up in unrelated parts, i.e., we do not know the whole (T) and it is divided in three parts: 𝑝 1 = 𝛼 1 𝑇, 𝑝 2 = 𝛼 2 𝑇 and 𝑝 3 = 𝐴 where 𝛼 𝑖 𝜖 ℚ 𝑤𝑖𝑡ℎ 𝑖 𝜖 (1,2) and A is a known quantity. We want to know the total amount.

The Eggs, are problems in which the unknown whole is split up in related parts, i.e., we do not know the whole (T) and we want divided it in, for example, three parts: 𝑝 1 = 𝑎 1 + 𝛼 1 𝑇, and 𝑝 2 is 𝑎 2 and 𝛼 2 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔, the third part is known A, where 𝑎 𝑖 , 𝛼 𝑖 , 𝐴 𝜖 ℚ 𝑤𝑖𝑡ℎ 𝑖 𝜖 (1,2). We want to know the total amount. These differences permitted us to classify the problems and show a global vision about descriptive word fraction problems (Figure 1).

Figure 1: The classification of the problems

Note that it is possible to which the draft of the classification according to the relations between the parts: additive (one part is the sum of another or others), multiplicative (one part is a multiple or a fraction of another or others), combinations of both, …but the research focuses on a classification without subcategories because of the allowed extension.

Resolution methods

Different Textbooks, from different periods or historical moments, has been reviewed to select problems. The resolution methods observed are the following.

Method of inversion

The method of inversion method is explained by Colebrooke (1817, p. 21) in these words, "To investigate a quantity, one being given, make the divisor a multiplicator; and the multiplier, a divisor; the square, a root; and the root, a square; turn the negative into positive; and the positive into negative."

In this method, the problems are solved by the inverse operations, i.e., if the problem name the product, the division is used to solve, or in the case of addition, the subtraction is used. Note that, the resolution process begins with the last operation, and continues up to the first operation indicated in the problem definition.

The next problem of "unknown whole and related parts" shows the method:

The Eggs solution. It would appear, on the first view, that this problem is impossible, for how can half an egg be sold without breaking any? The possibility of it however will be evident when it is considered, that by taking the greater half of an odd number, we take the exact the half + 1 2 . It will be found therefore that the woman, before she passed the last guard, had 73 eggs remaining, for by selling 37 of them at that guard, which is the half + 1 2 , she would have 36 remaining. In like manner, before she came to the second guard she had 147; and before she came to the first, 195 (Ozanam, 1884, pp. 207-208).

False position

False position is related with the algorithmic process where an assumed value is chosen. The operations are done with this number so the result is not correct because the value is not the real value. Then, a rule of three or a proportion is done to obtain the correct result 2 .

We can see this method in a lot of fraction descriptive problems, for example in this known whole and related parts problem, 2 The conditions of the statement can be modeled with a first-degree equation with one unknown: b = ax. The rule commands that the equation be solved by giving an assumed value to the unknown x = x1, which gives rise to the error b1, b1 = ax1. From these two equalities: b = ax and b1 = ax1, we obtain the ratio = 𝑏 1 𝑥 1

, from which the value of x is followed.
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The Cloth solution. Put the first piece worth 60 bezants (False position), because 60 is the least common multiple of 5 and 4 and 3. Therefore, if the first is worth 60 bezants, then the second is worth 2 3 of it, 40 bezants and the third worth 30 bezants, that is 3 4 of the price of the second. The fourth worth 24 bezants, that is 4 5 of 30. Then you add 60, 40, 30 and 24, i.e., sales prices of the four pieces; They are 154 and should be 80; says, got 60 for the price of the first piece and 154 bezants result that the sum of the four pieces; How much will I put to the sum of the parts it is 80 bezants? Multiply 60 by 80; and there will be 4,800 which is divided with the rule by 154, i.e., 1/2 0/7 0/11; the ratio is 6/7 1/1131 bezants. And this is the value of the first piece. Also in order to obtain the price of the second, multiply 40 by 80, then divide again by 1/2 0/7 0/11; the ratio is 20 4/7 8/11 the price of the second piece. Also, to know the price of the third, it multiplies 30 by 80, and divide by 1/2 0/7 0/11; the ratio is 3/7 6/11 15 bezants; in the end, the price of the fourth, multiply 24 by 80, and divide by 1/2 0/7 0/11; the ratio is 1/7 5/11 12 bezants, and you realize that in each of the four products is canceled 1/2. (Sigler, 2002, pp. 274-275) Or in these other two problems of "unknown whole and unrelated parts":

The Tree solution. Because the least common denominator of 1 4 and 1 3 is 12, you see that the tree is divisible into 12 equal parts; three plus four parts are 7 parts, and 21 palms; therefore as the 7 is to the 21, so proportionally the 12 is to the length of the tree. And because the four numbers are proportional, the product of the first times the fourth is equal to the second by the third; therefore if you multiply the second 21 by times the third 12, and you divide by the first number, namely by the 7, then the quotient will be 36 for the fourth unknown number, namely for the length of the tree; or because the 21 is triple the 7, you take triple the 12, and you will have similarly 36 (Sigler, 2002, p. 269).

Lotus solution. Suppose the total number of lotuses is 1. Then the number of lotuses left is = 120 (Bhāskarācārya, 2001, pp. 57-58, ex. 3).

In both examples, the value of one part is known and the other parts are fractions of the whole unknown. If T is the unknown whole and A is the known part, in these problems 𝑇 = 𝑝 1 + 𝑝 2 + 𝑝 3 , where, 𝑝 1 = 𝛼 1 𝑇; 𝑝 2 = 𝛼 2 𝑇, where 𝛼 𝑖 𝜖 ℚ 𝑤𝑖𝑡ℎ 𝑖 𝜖 (1,2). Consequently, we add the fractions 𝛼 1 + 𝛼 2 , and an equation is drawn between the difference of this sum with T and the known value . To solve this equation is arithmetically run as in the false position. For this, one can proceed by avoiding the fractions, by taking an assumed value for T that is a multiple of the denominators of the fractions (The Tree); Or, taking as value the whole unit (Lotuses), and then with a rule of three.

Direct method

In this resolution method, the arithmetic operations with fractions are performed as the statement says. We present a "known whole and unrelated parts" problems to show this method: Dying Man Solution. For Jacobite the half of 6000 escudos; for St. Augustine a third of the 6000 escudos, i.e., 2000; for Friars Minor the fourth part 6000 escudos that is 1500; and for Carmelites the fifth of the 6000 escudos, i.e., 1200. All of these parts add up 7700, but it is not possible because the man only has 6000 escudos. The divisor is considered 7700, and the multiplier is the money that would must be distributed, i.e., 6000. Then, each part is multiplied by this ratio. Therefore, if the part of the Jacobites is multiplied by the multiplier and is divided by the divisor, they get 2337 escudo 23 duodenos and 2 turonos and 1400/7700 parts of turon. Then, this is the amount that corresponds to the Monastery of the Jacobites. In other cases, we proceed similar and get the amount corresponding to each of them. Note that 1escudo = 35duodenos; 1duodeno = 12turonos. (Silíceo, 1996, p. 266) In Dying Man, once the arithmetic operations with fractions are performed directly as the statement says, is needed an unequal distribution. T is distributed according to the rates 𝛼 1 : 𝛼 2 : 𝛼 3 . Then the required distribution of T is:

𝑝 1 = 𝑇 𝛼 1 +𝛼 2 +𝛼 3 𝛼 1 ; 𝑝 2 = 𝑇 𝛼 1 +𝛼 2 +𝛼 3 𝛼 2 ; 𝑝 3 = 𝑇 𝛼 1 +𝛼 2 +𝛼 3 𝛼 3 .
The direct method appears in the "known whole and related parts" problems too. In this kind of problems, the parts of the whole are considered in different ways. The next examples illustrate it, A walker. A certain man walking in the street saw other men coming towards him, and he said to them: "O that there were so many [more] of you as you are [now]; and then half of half of this [were added]; and then half of this number [were added], and again, a half of [this] half. Then, along with me, you would number 100 [men]." How many men were first seen by the man? [START_REF] Hadley | Problems to sharpen the young: An annotated translation of Propositiones ad acuendos juvenes, the oldest mathematical problem collection in Latin, attributed to Alcuin of York[END_REF] Solution. We can suppose that the half of half is a part; then the half would be two parts; The group of men would be four parts and the others are four parts. Therefore, if you divide 99 into eleven parts, the result will be half of the half, then the solution is 36 men in the group. Testing: 36+36+18+9+10100. (Sánchez Pérez, 1949, p. 58) Day laborers. Three laborers charged for one hour 610 pesetas. The oldest earned 1/8 more than the median and this 1/5 more than the youngest. How many pesetas are each? Solution. Supposing that the youngest earned 1, the median would earn 1 + The hours. You know the hours, could you say me how many hour have passed since this morning? There remain twice the two thirds of the hours that have already passed. (Jacobs, 1863, p. 42) Solution. You must divide the length of the day in 12 parts, the question is divided this number in two parts, such that the . (Ozanam, 1844, p. 192) The work. In one work, 25 men, 12 women and 30 children are employed. A woman's salary is 

Algebraic method

This method is where the problem is reduced a list of quantities and the relation between them gives rise to an equation [START_REF] Puig | Historia de las ideas algebraicas: Componentes y preguntas de investigación desde el punto de vista de la matemática educativa[END_REF]. The equation is obtained as a result of matching two algebraic expressions that represent the same amount.

The next example of "known whole and related parts" illustrated this resolution method (Aurel used the cossic sign, not x) Three men want to share 100 ducats. Three men want to share 100 ducats. The first person has ducats, respectively (Aurel, 1552, fol. 102v, ex 88; Aurel used the cossic sign, not x).

Conclusion

With this research, we try to use the historic descriptive problems to produce useful information to the mathematics education.

Firstly, the descriptive word fraction problems, which are in the ancient textbooks, have been studied. Secondly, a classification of them is built and is focused in the whole and the parts. With this, four different types of problems have been obtained and a generic statement of each problem is proposed. Thirdly, some resolution methods have been explained and analyzed: method of inversion, false position, direct method and algebraic method. Note that this is a classification that supports subcategories, and they are been studying in this moment.

This research allows us to offer students a range of methods to choose the most appropriate method in each problem to solve it correctly.

In a future, we will design a questionnaire to carry out a cognitive analysis to obtain the students achievement in this kind of problems. That is, an empirical analysis that will try to find out the difficulties faced by students in each of the determined types. The difficulties will be related with the essential elements studied in this research.

  2 + 0.15 = 1.35. If we divide 610 in proportional parts 1:1.2:1.35, the youngest earn 640 3.55 = 171.83 pesetas… (Solís y Miguel, 1893, p. 52)

  salary's. The work has cost 403.20 pesetas. What is the salary of each? Solution. The 12 women earn as much as 12 's salary. The 30 children earn 30 • 1 2 = 15 men. The 403.20 pesetas are Thematic Working Group 12 Proceedings of CERME10the salary of 25 + 8 + 15 = 48 men. Each man earns 20 pesetas.(Aritmética razonada, 1940, pp. 151 & 660) 

  person; and if the ducats of third person are divided by the ducats of the first person, the number is4 5 6 . So, how many ducats are there? Solution. Three men want to share 100 ducats. The first person has 2 5 of the second person; and if the ducats of third person are divided by the ducats of the first person, the number is 4 5 6 . So, how many ducats are there? Solution. I suppose the second person have 1x ducats so the first person have 2 5x; and the third will have the remainder, The ducats of the third person are divided by the ducats of the first person and the result is Calculating, 1𝑥 is equal to 30, then the first and third person have 12 and 58
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