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The aim of this study was to examine Kosovar and Polish pre-service teachers' knowledge of fractions. Thirty-three Kosovar and thirty-five Polish pre-service teachers participated in the study. They were asked to complete a fractions knowledge test, which was adapted from Cramer, Post, and del Mas's (2002) study. The results identified substantial differences between Kosovar and Polish pre-service teachers' knowledge of fractions. The differences between these two groups of preservice teachers' knowledge of fractions appeared to be a consequence of the number of courses related to mathematics, the number of hours of lectures in mathematics during their studies and the structures of the programmes in both universities.

Introduction

Fractions present one of the most important and, at the same time, most complex mathematical concepts of the elementary school curriculum [START_REF] Behr | Rational Numbers: Toward a semantic analysis -Emphasis on the operator construct[END_REF][START_REF] Charalambous | Drawing on a theoretical model to study students' understandings of fractions[END_REF] with applications to many other areas of mathematics. Researchers internationally have shown that in the context of primary school education, fractions are one of the most problematic concepts for both pupils and teachers [START_REF] Cramer | Rational Number Project: Fraction lessons for the middle grades[END_REF][START_REF] Carpenter | Decimals: Results and implications from the second NAEP mathematics assessment[END_REF]. The NCTM (2000) points out that secondary school students should possess an in-depth knowledge of fractions and be able to use them appropriately in the process of problem solving. Misconceptions that students have about fractions, both in terms of fractions (as numbers) and how to operate with fractions, relate particularly to the way fractions are represented and how they are taught [START_REF] Barmby | The array representation and primary children's understanding and reasoning in multiplication[END_REF]. These difficulties begin in elementary school [START_REF] Empson | Extending children's mathematics: Fractions and decimals: Innovations in cognitively guided instruction[END_REF][START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF], continue through secondary school [START_REF] Smith | The development of students' knowledge of fractions and ratios[END_REF] and high school and very often even at the level of higher education [START_REF] Orpwood | College Mathematics Project 2011: Final report[END_REF].

There are few doubts that a deep understanding of fractions, both conceptually and procedurally, and the skills to solve word problems with fractions are necessary for mathematics teachers to teach effectively. They should not only experts from the point of view of mathematical content knowledge but they also need to know how to teach this content, considering their position as experts from a pedagogical content knowledge point of view.

However, many studies have shown that teachers also have difficulties in understanding fractions and operations with them [START_REF] Ball | The mathematical understandings that prospective teachers bring to teacher education[END_REF] and have stressed that teachers' knowledge was not satisfactory [START_REF] Charalambous | Drawing on a theoretical model to study students' understandings of fractions[END_REF][START_REF] Lin | Enhancing pre-service teachers' fraction knowledge through open approach instruction[END_REF]. Therefore, closer attention must be paid to the future teachers, in order to help them improve children's procedural and conceptual knowledge generally and fractions specifically. Such gaps in knowledge directly influence the learning of fractions by students [START_REF] Charalambous | Teacher knowledge, curriculum materials, and quality of instruction: Unpacking a complex relationship[END_REF][START_REF] Hill | Effects of teachers' mathematical knowledge for teaching on student achievement[END_REF]. When working with fractions they encounter difficulties with respect to both teaching and explaining them, which poses a constant challenge for the teaching community of mathematical education. Therefore, it is important to pay closer attention to the subject matter knowledge of preservice teachers [START_REF] Wilson | Knowledge for teaching mathematics in a primary school: Perspectives of pre-service teachers (master's thesis[END_REF], as well as pre-service teachers training concerning the issue. In this study, therefore, we focus on Kosovar and Polish pre-service teachers' knowledge of fractions. We tested their conceptual and procedural knowledge of fractions, and their ability to explain their solution strategies to a variety of tasks, both standard and word problem.

Theoretical background of the study

The concept of fractions has been examined and discussed by many authors. Many of them have identified and discussed different ways of presenting the fractions [START_REF] Behr | Rational Numbers: Toward a semantic analysis -Emphasis on the operator construct[END_REF][START_REF] Kieren | On the mathematical, cognitive and instructional foundations of rational numbers[END_REF]. Different theoretical models have been proposed for understanding of fractions [START_REF] Behr | Rational Numbers: Toward a semantic analysis -Emphasis on the operator construct[END_REF][START_REF] Charalambous | Drawing on a theoretical model to study students' understandings of fractions[END_REF]. [START_REF] Kieren | On the mathematical, cognitive and instructional foundations of rational numbers[END_REF] was the first to propose that fractions should not appear only as a single concept model, recommending that they should be conceptualized as a set of interrelated sub-constructs: part-whole, ratio, operator, quotient, and measure. The presentation of fractions as part of a whole refers to division of an amount or a group of discrete objects into equal parts and comparing these pieces with the total value of quantity [START_REF] Vula | A comparative analysis of mathematics textbooks from Kosova and Albania based on the topics of fractions[END_REF]. The ratio sub-construct represents the interconnection between two quantities and usually appears as a:b or a/b. This way of presenting the fractions expresses a relationship between the two quantities. The operator is a function that transforms segments, figures or numbers [START_REF] Behr | Rational Numbers: Toward a semantic analysis -Emphasis on the operator construct[END_REF]. Fractions as a quotient appear as a result of division of two integers and measure construct identifies fractions as numbers or associating fractions with the measure assigned to some interval [START_REF] Kieren | On the mathematical, cognitive and instructional foundations of rational numbers[END_REF]. To be able to teach fractions successfully, teachers require a comprehensive understanding of these different conceptualizations, the interconnection between them and a battery of teaching approaches [START_REF] Behr | Rational Numbers: Toward a semantic analysis -Emphasis on the operator construct[END_REF].

Purpose and research questions

The main purpose of the research was to compare Kosovar and Polish pre-service elementary teacher's knowledge of fractions. In so doing the study aimed to (a) assess and compare pre-service teacher's knowledge of the different fractions' concepts and their didactical representations and (b) analyze the ways in which pre-service teachers from both countries explain their rationale for a procedure.

1. What are the main differences between Kosovar and Polish pre-service teacher's knowledge of fractions?

2. Are there differences in strategies used by Kosovar and Polish pre-service teachers?

Method Participants

The data were collected from 68 pre-service elementary teachers from the University of Pristina in Kosovo (N=33) and the Pedagogical University of Cracow in Poland (N=35). In Kosovo, elementary school teachers for grades 1-5 are generalist teachers. Consequently, all pre-service elementary teachers are trained in all school subjects, including mathematics. The elementary Bachelor's degree program is a 4-year qualification. Three courses of elementary mathematics are taught in the first and second year of study (in total 514 hours) and the course on teaching mathematics (in total 178 hour) is taught in the last year of the study program.

Teachers in Poland are generalist only for grades 1-3 of elementary school, and to teach for the next three grades they must specialize in a chosen subject. In order to teach mathematics from grades 4 through 6 they should achieve Bachelor's degree in mathematics with a teaching specialization (3 years). They attend many theoretical courses in pure mathematics (in total 1239 hours) as well as courses designed for the teaching specialization (in total 893 hours) and others. Although, there is no subject like elementary mathematics, its main themes are discussed and practiced within the course named Didactics of Mathematics.

Procedure

Participants were asked to complete the fractions' knowledge test, developed and administrated to measure their performance of fractions' knowledge. The items of the test were used in previous studies [START_REF] Cramer | Initial fraction learning by fourth and fifthgrade students: A comparison of the effects of using commercial curricula with the effects of using the Rational Number Project curriculum[END_REF][START_REF] Charalambous | Drawing on a theoretical model to study students' understandings of fractions[END_REF][START_REF] Lin | Enhancing pre-service teachers' fraction knowledge through open approach instruction[END_REF]. The test was divided in three subsets of tasks and time for its completion was not limited.

Methodology

The first subset of tasks, drawing on [START_REF] Kieren | On the mathematical, cognitive and instructional foundations of rational numbers[END_REF] model, includes fraction-related problems focused on pre-service teachers understanding of fractions as parts of a part-whole (tasks 1-2), ratio (task 3), quotient (task 4), operator (task 5) and measure (tasks 6-7). The second subset addresses how pre-service teachers explain the process of solving fractions problems. The third subset focused on fractions-related word problems and analyzed according to [START_REF] Vula | Math problem solving and their assessment[END_REF] model.

Results

First research question: What are the main differences between Kosovar and Polish pre-service teacher's knowledge of fractions?

Figure 1 shows the success rates, as percentages, of the two groups of pre-service teachers on each of task, with the Kosovar results being shown in the left-hand column and the Polish results in the right-hand column for each task. It can be seen, for example, that 100% of the Polish participants solved task 5 correctly (all with justification), while only 60.61% of the Kosovo participants solved this task correctly (although only 14 gave the justification). We also found notable differences on tasks 11, 13, 14. More than 60% of the Kosovar pre-service teachers failed to solve task 11, while 66% of the Polish participants solved it correctly. Similar differences were identified on tasks 13 and 14. In particular, the most significant differences were found with respect to tasks 7 (measure)

and 15 (solving word problem with 3 steps). While more than half of all Polish students solved them correctly, 65.70% and 54.30% respectively, not one Kosovar students solved either. Second research question: Are there differences in strategies used by Kosovar and Polish pre-service teachers?

The figures of Table 1 show the number of participants who answered the different tasks correctly with justification, without justification or incorrectly. The majority of participants from both countries provided the correct answer to task 1, although 8 students from Kosovo (Figure 2) and 4 from Poland (Figure 3) provided incorrect answers when asked to present a fraction as a part of an 'irregular' unit, assuming that the 'whole' would be a circle (the examples presented are chosen randomly). For solving task 4 (quotient), different strategies were used by Kosovar and Polish pre-service teachers. Almost all Kosovar participants who completed the task correctly, converted fractions to decimal numbers or used "butterfly method" (cross multiplication) and explained which fraction is bigger. The Figure 4 provides an example how 1 student used two strategies for solving the task. In the first part it is shown the cross multiplication strategy and then explained why the second fraction is bigger. The second strategy used by this student is by converting fractions to decimal numbers. The majority of Polish participants, 27 people, found a correct solution using the strategy of transferring given fractions into a common counter (3 people, common counter: 30) or common denominator (24 people), which was 126 (12 people) or 63 (11 people) and one person only described the method (without calculation). The second strategy used by 6 people was comparing the given fractions to ½ and noticing that the first is smaller and the second bigger than ½. Only two people used the method of solving the task by converting fractions to decimal numbers, and one of them only described the method but did not apply this (getting 0 points for that task). For solving task 5 three strategies were used from participants: strategy of common denominator, estimation strategy in the form of decimals and strategy of the comparison to half. Two participants from Kosovo and the great majority of 33 participants from Poland solved the task using a common denominator strategy, while 24 participants from Kosovo and 3 participants from Poland used an estimation strategy in the form of decimals. Table 2 shows the distribution of the strategies used by both groups. Two Polish participants used two strategies, providing apart from common denominator the estimation strategy -one in decimal form and the other comparing to ½.

While in Poland only 2 students did not answer task 7, all of Kosovo students failed to solve given task (Figure 5). 23 Polish students calculated the distance between adjacent points marked on the number line (Figure 6). 

Discussion

The purpose of this study was to (a) assess and compare Kosovar and Polish pre-service teacher's knowledge of fractions and their representations and (b) analyze how they explain the process of solving fractions. To answer these questions, we analyzed test tasks completed by pre-service teachers from the two countries. In so doing, we identified substantial differences between Kosovar and Polish pre-service teachers' knowledge of fractions, with Polish students being more procedurally successful on every task and typically able to offer better explanations. These differences were found across all fraction conceptualizations as discussed by [START_REF] Kieren | On the mathematical, cognitive and instructional foundations of rational numbers[END_REF].

There may to be several reasons for these differences. For example, the number of hours that students receive in mathematics courses and teaching methods in mathematics are much higher in Poland than in Kosovo. Also, because pre-service teachers in Kosovo are being trained to be generalist teachers from grade 1 to 5, they may not receive sufficient hours dedicated to mathematics and didactics in order to fulfill their needs for mathematics knowledge of pre-service teachers [START_REF] Wilson | Knowledge for teaching mathematics in a primary school: Perspectives of pre-service teachers (master's thesis[END_REF]. In addition, differences in the curricula and the ways in which fractions are represented in elementary mathematics textbooks [START_REF] Vula | A comparative analysis of mathematics textbooks from Kosova and Albania based on the topics of fractions[END_REF], both sources on which preservice teachers draw during teaching practice, and their own previous learning as school students may also explain why Kosovar students performed less satisfactorily than their Polish colleagues. Therefore, the findings of this study should act as a springboard for further research into and discussion of how elementary teachers are prepared for their professional responsibilities. In this respect we argue that it is important for the instructors of pre-service teachers' mathematics courses to provide adequate opportunities for their students to develop a knowledge of fractions that better prepares them for their future roles as teachers of children.

In light of the above, our future aims are to investigate further not only Kosovar and Polish preservice teachers' knowledge of fractions but also those of pre-service elementary teachers in other European countries.
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	Strategies in	Common	Estimation	Estimation
	group	denominator	(decimals)	(comparing to ½)
	Kosovo	2	24	0
	Poland	33	3	1
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