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In this paper, as a proxy for their mathematical knowledge for teaching, we examine and Greek (n=12) first-year undergraduate teacher education students' written explanations regarding a linear equations-related scenario. Qualitative analyses identified four broad themes permeating most accounts, irrespective of nationality, which were interpretable as either disciplinary explanations or instructional explanations. The themes concerned (a) definition of unknowns, (b) inverse operations, (c) presentation of objectives, and (d) rote procedure. The analyses indicated the weakness of students' explanation, whether from a disciplinary or an instructional perspective, which was independent of their country of origin.

Introduction

The question regarding what kind of knowledge is needed to teach mathematics has preoccupied a number of scholars, while, at the same time, the association of mathematics teacher knowledge with instructional quality and student learning is considered to be complex [START_REF] Charalambous | Perspectives on priority mathematics Education: Unpacking and understanding a complex relationship linking teacher knowledge, teaching, and learning[END_REF]. Over the last years, several conceptualizations of this kind of knowledge have been proposed. Drawing upon [START_REF] Shulman | Those who understand: Knowledge growth in teaching[END_REF] seven tentative categories for teacher knowledge, [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF], for instance, developed the mathematics knowledge for teaching framework, which divides subject matter knowledge and pedagogical content knowledge into three further sub-categories each. From a different perspective, grounded in data-driven analyses of videotaped lessons by prospective elementary teachers, [START_REF] Rowland | Elementary teachers' mathematics subject knowledge: the Knowledge Quartet and the case of Naomi[END_REF] proposed the knowledge quartet, a framework comprising four units, namely, foundation, transformation, connection, and contingency. These units, the authors claim, can be found in every mathematics lesson and can be used for evaluating teacher knowledge during the course of teaching. More recently, [START_REF] Davis | Profound understanding of emergent mathematics: broadening the construct of teachers' disciplinary knowledge[END_REF] have written on profound understanding of emergent mathematics, arguing that teachers' knowledge could be productively interpreted as a complex evolving form which is tacit and is better understood as a learnable disposition than a domain to be mastered.

Several of scholars (i.e. Copur-Gencturk & Lubienski, 2013;[START_REF] Phelps | Assessing mathematical knowledge for teaching: The role of teaching context[END_REF][START_REF] Hill | Developing measures of teachers' mathematics knowledge for teaching[END_REF] have urged for the development of effective measures of the knowledge required for teaching mathematics. Various approaches to this task have been have been undertaken [START_REF] Charalambous | Perspectives on priority mathematics Education: Unpacking and understanding a complex relationship linking teacher knowledge, teaching, and learning[END_REF], including, paper-and-pencil tests, the use of lesson videos inviting teachers to critique and/or predict, as well as inviting post-instruction reflections on both lesson plans and the actual realization of the plan. Adaptations of such approaches, however, should be carried out with careful sensitivity to the cultural context, as teacher knowledge, of both inservice [START_REF] Andrews | Teaching linear equations: Case studies from Finland, Flanders and Hungary[END_REF] and pre-service teachers [START_REF] Xenofontos | The cultural dimensions of prospective mathematics teachers' beliefs: Insights from Cyprus and England[END_REF], is conditioned by cultural expectations with respect to what mathematics is valued and how it is presented. For example, [START_REF] Andrews | Opportunities to learn in the Budapest mathematics classroom[END_REF] has highlighted how some cultures construe competent mathematics teachers as those who ensure their students complete a large number of tasks every lesson, while others see competence in the completion of a few.

An important element of a teacher's didactical repertoire is the explanation. Explanations, which typically draw on students' prior knowledge [START_REF] Leinhardt | Seeing the complexity of standing to the side: Instructional dialogues[END_REF], are manifestations of teachers' depth of content knowledge [START_REF] Inoue | Rehearsing to teach: Content-specific deconstruction of instructional explanations in preservice teacher training[END_REF]. Of [START_REF] Leinhardt | Instructional explanations: A commonplace for teaching and location for contrast[END_REF] four classifications of explanation, two are particularly relevant here; disciplinary explanations are domain specific and conform to the epistemological expectations of the relevant discourse, and instructional explanations, which are intended to teach some aspect of a particular subject matter to others, are "jointly built through a coherent discourse surrounding a task or text that involves the whole class and the teacher working together" (Leinhardt, 2001, 340). Therefore, in accordance with prior research that explanations may be a useful tool for measuring prospective teachers' knowledge (see, for example, [START_REF] Charalambous | Prospective teachers' learning to provide instructional explanations: How does it look and what might it take[END_REF][START_REF] Inoue | Rehearsing to teach: Content-specific deconstruction of instructional explanations in preservice teacher training[END_REF], we present the results of a pilot study focused on the use of a single task as a means of evaluating Greek and Cypriot beginning teachers' didactically-related mathematical understanding. The extent to which we consider our tool as effective is discussed in another paper of this TWG (see [START_REF] Andrews | Beginning teachers' perspectives on linear equations: A pilot quantitative comparison of Greek and Cypriot students Paper presented to the Tenth Congress of European Research in Mathematics Education[END_REF]. Here, we focus on the identification of similarities and/or differences between the two cohorts' written explanations, which, we believe could offer better insights into the mathematical knowledge beginner teachers bring to teacher education and how we, as teacher educators, could build on or deconstruct this knowledge.

The study

Participants were first-year undergraduate students reading for a degree in elementary education at a private university in Cyprus. With Greek being the language of instruction, the programme includes both Greek-Cypriot and Greek students. Data collection took place before students had experienced any university instruction and involved 21 Greek-Cypriot and 12 Greek students. Students were shown, with no additional text, the solution to the equation presented below, and asked to write a short account indicating how they would explain it to someone who had missed the lesson in which it had been taught. Such a task has the advantage that it allows for both disciplinary and instructional explanations [START_REF] Leinhardt | Instructional explanations: A commonplace for teaching and location for contrast[END_REF].

x + 5 = 4x -1 5 = 3x -1 6 = 3x 2 = x Data were analysed as single set by means of a constant comparison process [START_REF] Fram | The constant comparative analysis method outside of grounded theory[END_REF]. These analyses, as reported in Andrews and Xenofontos (2017, TWG11), yielded seven themes with respect to how participants explained the solution. Of these seven, four themes were present in most accounts and are here considered in depth. In the following, we present the results of this process, discussing each theme in relation to first the Cypriot and then the Greek students. All names are pseudonyms.
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Results

Definition of unknowns

A number of Cypriot students wrote statements interpreted as explicit definitions of the unknown. For example, Ekaterini wrote that the "known numbers are the ones that don't include a letter, as for example, 5 and -1. Unknown numbers are the letters or the numbers that are accompanied by a letter, for example, 4x and x". In similar vein, Carissa wrote, "I separated the known from the unknown numbers: Unknown x + 5 (known) = unknown 4x -1 (known)". Both comments, we argue, are structurally equivalent in their assertions that unknowns are represented by letters and the knowns by numbers. Other students' definitions tended to the implicit. For example, Hermione wrote that "the first thing to do is to separate x from the numbers. In other words, to set apart the known from the unknown so that we can find what x is". Likewise, Alexandra commented that their teacher had given "two expressions, each with an unknown (x) and which are equal to each other. She asked us to find out what the value of x is". While neither student explained explicitly what they meant by the unknown, their comments present a tacit understanding of the unknown as the number represented by the letter x that has to be found.

In ways similar to their Cypriot colleagues, Greek students offered either explicit or implicit definitions of the unknown. With respect to the former, Nina wrote that "we separate the known from the unknown numbers: known: 5, -1 and unknown: x, 4x", while, in a slightly more fluid manner, Paraskevi commented that "I separate the known from the unknown. The known numbers are all numbers, unknown is whatever is a letter, for example, x, y, z, w". Students explicitly distinguished between x, as a representation of the missing number, and numerical values separated from the unknowns. With respect to the latter, Callisto, having written of the need to separate knowns from unknowns, wrote that "all the 'x' are taken to the right and whenever 'x' is on the left part of the equation, you change the sign. On the left part, the known numbers enter while the unknown enter the right". Similarly, Daphne commented that "the first unknown x is moved to the second part of the equation but instead of a plus we make it a minus". In both cases, students offer instructions in which the x terms are afforded a treatment that distinguishes them from numerical terms in ways that indicate their understanding of the nature of the unknown and its significance in the equation solving process.

Presentation of objectives

The accounts of almost all Cypriot students included some statement regarding the objectives of equation solving. In most cases this was implicit and typically represented in statements concerning the separation of knowns from unknowns. The briefest such statements were as in Carissa's "I separated the known from the unknown numbers" and Ioanna's "we set apart the known and unknown numbers". In such statements can be seen an understanding that the identification of the unknown was the objective. Even when such students wrote longer statements, the message was the same, as in Chloe's "we separated known and unknown numbers, that is, 5 and 1 and 4x and x".

Here, the distinction between Chloe's and the other two students' statements is that she incorporated an implicit definition of the unknown, but offered no more than them with respect to her objectives. Other Cypriot students offered accounts with a slightly less implicit objective in that they also discussed the separating of the knowns from the unknowns but in so doing explicitly mentioned the role of x, which Chloe did not. For example, Medea wrote that the "first step is to set apart the known and the unknown numbers, that is, to bring 'x' to one side and the numbers to the other", while Stamatia commented that "we separated the known from the unknown numbers, that is, the 'x' and the 'simple' numbers.

Four students wrote statements indicative of an explicit objective. Two of these were brief, as in Stefania's "the aim is to find which number equals x" and Irene's "the question in this equation is to find 'x' and what value it has". The other two students wrote longer statements, as with Hermione's "the first thing to do is to separate x from the numbers. In other words, to set apart the known from the unknown so that we can find what x is". In all three statements, albeit expressed differently, can be seen an expression concerning the identification of the unknown, x. Finally, of the four students who offered an explicit objective, Alexandra's statement also offered the only evidence of a relational understanding of the equals sign. She wrote that "the teacher gave us two expressions, each with an unknown (x) and which are equal to each other. She asked us to find out what the value of x is".

For the Greek students, the same three categories of response were identified. For example, with respect to implicit goals embedded in statements about separating the knowns from the unknowns, Pantelis wrote that "we part the known from unknown numbers", while Moira wrote that "I would tell the student that we separate the known from the unknown numbers and then make the calculations". As far as the second category is concerned, whereby students offered implicit objectives alongside an explicit mention of the role of x, Callisto commented that "we separate the known from the unknown numbers. For assistance, you can underline the 'x' from the numbers", while Paraskevi wrote that "I separate the known from the unknown. The known numbers are all numbers, unknown is whatever is a letter, for example, x, y, x, w". Finally, one Greek student offered an explicit objective. In this respect Panorea wrote that she "would explain to the student that it's an equation whereby we are trying to find the unknown x. The data we have are the numbers. After, I would explain how to find x".

Rote procedure

Few Cypriot students did not offer a rote rule for solving the equation and of those that did all alluded, either explicitly or implicitly, to the redistributive 'change the side and change the sign'. With respect to those who discussed the rule explicitly, one of the more detailed accounts was offered by Irene, who wrote that Whatever moves to the other side changes 'sign'. The 'sign' is (+) or (-). We have x + 5 = 4x -1 and want to separate 'x' from the numbers, so we have to say 5 = 3x -1. Why? 1x went to the right part and changed signs becoming -1x (since x is now 1x) therefore 4x -1x = 3x (4 -1 = 3). 'x' in common. Now we have to justify 6 = 3x. We have 5 = 3x -1. Since (-1) is a number, it must shift to the left part of the equation and become plus, that is 5+1= 6. (It was -1 and since crossing over the = it becomes plus). So 6 = 3x. These, and other, students seemed both confident and clear as to the process involved in solving the equation. They offered rules whereby objects were moved from one side of the equals sign to the other along with a change of sign. Of course, the direction of such movement was determined by the solution presented to them but in no case did students offer any justification for the changing of the sign. Interestingly, and unique among students, Elina offered a no less unwarranted but general account. She wrote that At first we get an equation with letters and numbers. The first thing to do is to move all numbers to one side and all letters on the other. If a number has a minus (-) sign or plus (+) once they are moved to the other side their sign changes; in other words, from minus (-) it becomes plus (+). That's how we deal with similar calculations.

Several Cypriot students offered accounts, typically short, in which the movement and the changing of signs were implicit. For example, Hermione wrote that "[a]s you can see x and 4x have been joined and the same is true of 5 and 1. Therefore, x has become 3x and then 5 + 1 is 6". In these, and other, cases neither the movement across the equals sign nor the changing of the sign were made explicit. Our interpretation is that students were familiar with the process and saw such properties as givens rather than something in need of either explanation or warrant.

As with their Cypriot colleagues, Greek students typically offered a 'change the side change the sign' rule. Also, as before, the extent to which this was presented explicitly varied. For example, with respect to an explicit account, Daphne wrote that Since we have two unknowns on both parts of the equation, the first unknown x is moved to the second part of the equation but instead of a plus we make it a minus. Then we subtract it from 4x to get 3x. After getting -5 in the second part, we move it to the first, therefore 1 is not a minus but plus. Then we add 5 and 1 to get 6.

In their accounts can be seen an understanding of the 'change the side change the sign' rule for solving equations. In neither case, however, can be seen evidence of a relational understanding of the equals sign as would be represented in statements justifying the described actions. There was no sense, for example, that students saw these actions as a consequence of adding or subtracting equivalent amounts from each side. In addition, as with the Cypriot students, one student offered a generalised account of the same process. In this respect, Callisto wrote that "[a]ll the 'x' are taken to the right and whenever 'x' is on the left part of the equation, you change the sign. On the left part, the known numbers enter while the unknown enter the right. Afterwards, we add the known to the known and the unknown with the unknown".

However, the majority of Greek students offered implicit summaries of the solution with which they had been presented. Typical of others, Panorea wrote that she would "shift the given numbers to one side and the unknown, x (or 3x) on the other side (e.g., 3x) and that way I would find the unknown x". Similarly, Paraskevi wrote that "[a]t this stage, we carefully observe when to change (+) or (-). When they move from the 1 st part to the 2 nd , the sign changes from let's say (+) to (-) and vice versa. Once we reach this point 6=3x". In such statements can be seen different but equally incomplete accounts of the rote rule. For example, Panoreas's account highlighted the bringing together of the knowns and unknowns respectively, leaving the reader to infer the changing of the sign, while Paraskevi's emphasised the changing of the signs at the expense of her detailing the changing of the sides of like objects. In other words, both left significant elements for their readers to infer.

The inverse operation

In almost all cases, having articulated some sense of a rote rule, students from both countries invoked an operation reversal to explain the final line of the solution, whereby 6 = 3x became 2 = x. In this respect, eleven of the 21 Cypriot students offered, albeit implicitly, an understanding of the inverse operation necessary to transform the line 6 = 3x to 2 = x. Typical of these were the comments of Chloe, who wrote that "after reaching 6 = 3x, we divided 6 by 3 so that x will be by itself. I found x to be 2" and Hermione, who wrote "then I divide 6 by 3 and x is equal to 2". Of these eleven students, two students offered more extended but no less implicit suggestions, as in Stamatia's comment that "we take number 6 and equate it '=' with 3x. Then we divide 6 by 3, i.e. 6/3 equal to x1, "6/3 = x. 6/3 makes 2 and so x1 is equal to 2, 'x = 2' ". In these cases, students' comments about dividing by three seemed to us to reflect, at least implicitly, a recognition of the structural significance of the unknown's coefficient that necessitated division.

A further seven students offered accounts indicative of a better developed understanding of the role of the coefficient and its function with respect to inverse operations. For some this could be seen in the ways they reiterated earlier comments about isolating the unknown. This was seen in, for example, the writing of Perikles, who added that "arriving at 6 = 3x I divided 3x by 3 to get x alone, and 6 on the other side with the 3 before the unknown. So the answer is x = 2. Others in this group were more explicitly aware of the coefficient and its significance, as in Medea's comments that "once the basic calculation was made, we divide both parts by the unknown's coefficient and then get the result" or Vassiliki's "I take the number in front of the x and divide both sides of the equation by it". In such comments, focused on the coefficient of the unknown, can be seen.

The Greek students' comments could be categorised similarly, although a smaller proportion, three of the eleven, offered entirely implicit statements. Of these, typical was Crino's "we have reached 6 = 3x and consequently, we divide 6 by 3 to get the result". Seven students, also a higher proportion than with the Cypriot cohort, presented accounts with an explicit reference to the coefficient, as with Ivy's comment that he (the invisible teacher) "divided by the coefficient of the unknown 3 to get 2 = x" and Paraskevi's note that "once we reach this point 6 = 3x, I must divide by the coefficient of the unknown to see what the value of x is, that is to say, to divide both the 1 st part and the 2 nd by 3". Interestingly, two of these seven students offered accounts, albeit whose intentions were clear, that employed an incorrect vocabulary, as with Daphne's "finally, we divide 3 by the fraction" or Nikoleta's "we divide it by the denominator of x, namely, 3 and we arrive at the final result that 2 = x". In such cases students' intended meaning was clear.

Discussion

Our analyses provide substantial insights, both encouraging and discouraging, into the conceptualisation of mathematics these beginning teachers bring to their teacher education programme. In this respect, both sets of students appeared procedurally competent, recognising the equation for what it is and typically understanding how it had been solved. However, from a disciplinary perspective [START_REF] Leinhardt | Instructional explanations: A commonplace for teaching and location for contrast[END_REF], students' explanations showed very little awareness of the epistemological underpinning of mathematical knowledge, almost without exception warranting their chosen procedures on the basis of their personal authority as teachers. Moreover, from the perspective of research on the solving of equations, students indicated no relational understanding of the equals sign, a prerequisite for learners confident solving of equations of the form above with the unknown on both sides [START_REF] Alibali | A longitudinal examination of middle school students' understanding of the equal sign and equivalent equations[END_REF][START_REF] Filloy | Solving equations: The transition from arithmetic to algebra[END_REF]. From an instructional perspective [START_REF] Leinhardt | Instructional explanations: A commonplace for teaching and location for contrast[END_REF], students' explanations typically alluded to a presentation of objectives and the importance of the unknown and its role in equation solving. However, the presentation of such a rule would typically allow little opportunity for learners to understand the reasoning behind it. Interestingly, although their rote rules never alluded to operations performed on both sides, many students were aware of inverse operations in relation to the unknown's coefficient. In sum, and drawing on Skemps's (1976) distinctions, our data showed that both Cypriot and Greek students were locked into an instrumental rather than relational understanding of mathematics, perspectives which their respective curricular traditions would not have encouraged. Finally, when framed against the mathematical knowledge for teaching literature, it seems that at this stage of their careers both sets of students showed evidence of Rowland et al.'s (2005) foundation knowledge, albeit problematic, but, as yet, none of transformation, connection or contingency. Moreover, if the goal of teacher education is to facilitate beginning teachers' profound understanding of emergent mathematics [START_REF] Davis | Profound understanding of emergent mathematics: broadening the construct of teachers' disciplinary knowledge[END_REF] then much is still to be done.
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