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COMPACTNESS OF CONFORMALLY COMPACT EINSTEIN
4-MANIFOLDS II

SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

ABSTRACT. In this paper, we establish a number of compactness results for some class
of conformally compact Einstein 4-manifolds. In the first part of the paper, we improve
the earlier compactness results obtained by Chang-Ge [16]. In the second part of the
paper, as applications, we derive some further compactness results under the perturba-
tion condition when the L? norm of the Weyl curvature is small. We also derive the
global uniqueness of conformally compact Einstein metrics on the 4-Ball constructed in
the earlier work of Graham-Lee [32].

1. INTRODUCTION

1.1. Statement of Improved results. Let X* be a smooth 4-manifold with boundary
0X. A smooth conformally compact metric g* on X is a Riemannian metric such that
g = r2g* extends smoothly to the closure X for some defining function r of the boundary
0X in X. A defining function r is a smooth nonnegative function on the closure X such
that 0X = {r =0} and dr # 0 on 9X. A conformally compact metric g* on X is said to
be conformally compact Einstein (CCE) if, in addition,

RlC[ng] = _ng+7

where Ric[-] denotes the Ricci tensor of the Riemannian metric (sometimes we use also
indice to indicate the dependence on the metric). The most significant feature of CCE
manifolds (X, ¢T) is that the metric g% is “canonically” associated with the conformal
structure [¢] on the boundary at infinity 0X, where ¢ = g|rox. (0X, [g]) is called the
conformal infinity of a conformally compact manifold (X, ¢T). Tt is of great interest
in both mathematics and theoretic physics to understand the correspondences between
conformally compact Einstein manifolds (X, ¢g*) and their conformal infinities (0X, [g]),
especially due to the AdS/CFT correspondence in theoretic physics (cf. Maldacena [39],
[40] and Witten [46]).

The project we work on is to address the compactness issue of given a sequence of CCE
4-manifolds (X*, M3 {g}) with M = 90X and {g;} = {r?g;'} a sequence of compactified
metrics, denote §; = g;|as, assume {g;} forms a compact family of metrics in M, when is it
true that some representatives g; € [¢;] with {g;|x} = {g:} also forms a compact family of
metrics in X7 We remark that, for a CCE manifold, given any conformal infinity, a special
defining function which we call geodesic defining function r exists so that |V[g]r| = 1 in
an asymptotic neighbor M x [0, €) of M. We also remark that the eventual goal to study
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the compactness problem is to show existence of conformal filling in for some classes of
Riemannian manifolds as conformal infinity.

One of the difficulty to address the compactness problem is due to the existence of some
“non-local” term. To see this, we look at the asymptotic behavior of the compactified
metric g of CCE 4-manifold (X*, M3, g™) with conformal infinity (M3, ) ([30], [28]) which
takes the form

g = 739"‘ = h+ 9(2)72 + 9(3)7»3 + 9(4)7n4 S
on an asymptotic neighborhood of M x (0,¢€), where r denotes the geodesic defining
function of g. It turns out g = —1A[g], where A[g] := Ric[g] — +R[j]g denotes the
Schouten tensor, Ric[g] the Ricci tensor and R|[g] the scalar curvature respectively for the
metric §. Thus g is determined by § (we call such terms local terms), Tr;g‘® = 0, while

1 .
gf)g = _gan(RZC[gDa,ﬂ

where «, 8 denote the tangential coordinate on M and 0, is the normal derivative with
respect to the outward unit normal n of the boundary under the metric g, is a non-local
term which is not determined by the boundary metric g. We remark that g together with
g®) determine the asymptotic behavior of g ([28], [9]).

In an earlier work of Chang-Ge [16, Lemma 2.1], for a CCE manifold (X*, M3, ¢g"), we
introduce the notion of 2-tensor S which on a 3-manifold M3

(S1g)ars = VW [giams + V(WD) isma — V(W[ mams —

SHIG (Y [g])ens”

where W{g] denotes the Weyl tensor, H[g] the mean curvature on the boundary M,
letter ¢ is full indice and Greek indices «, 8 represent the tangential indices. When the
compactified metric g has totally geodesic boundary, it takes the form:

1 . 1 .
(SgDas = 500 Riclgla — 750nR[g] Jas.
The 2-tensor S is conformally invariant in the sense that
Slr*g) = r~'S[g].

The connection of the S tensor to that of g©® is that (see [16, Remark 2.2, (2.7)]): Under
any compactification by a geodesic defining function r, g = r?g* has 9,R[g] = 0 on M,

thus
3
(1.1) (S1gDass = =5 9a,6-
This shows that ¢(® is also a local conformal invariant, which has been stated by Graham
[30].

In [16], we have also considered a special choice of compactification ¢g*, which we named
the Fefferman-Graham’s (FG) compactification, defined by solving the PDE:

(1.2) —Agw=3 on X"
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*

g* = e®g* with g*|; = g%, the Yamabe metric on the conformal infinity of (X*, g").

We now state the first result of this paper.

Theorem 1.1. Suppose that X is a smooth oriented j-manifold with boundary 0X = S3.
Let {g;'} be a set of conformally compact Einstein metrics on X. Assume the following
conditions:

(1) The set {g;} of Yamabe metrics that represent the conformal infinities lies in a
given set C of metrics that is of positive Yamabe type and compact in C* Cheeger-
Gromov topology with k > 3 and with some o € (0,1).

(2) The FG compactifications {g; = p2g;'} associated with the Yamabe representatives
{gi} on the boundary satisfies:

lim sup sup ]{ |Si|[g7 ]dvol[g;] = O
B(z,r)

=0 zeax
(3) Ho(X,Z) = 0.
Then, the set {g} of FG compactifications (after diffeomorphisms that fix the boundary)
forms a compact family in the C** Cheeger-Gromouv topology.

We now explain the connection of the S tensor to other scalar curvature invariants for
the metric ¢*, which plays a key role in the results in [16] and in this paper. In the fol-
lowing, if there is no confusion, we drop the argument g for the various curvature tensors

Ric, R, W, etc.
On a 4-manifold (X*, g), a 4-th order curvature called the Q-curvature is defined as:

1 1 1
(1.3) Qlo) == —gAR - §|Ric|2 + —R%.

6
() curvature is naturally associated with a 4th-order differential operator:

Plg] == (A)? — div [(;Rg — 2Ric)V]

called Paneitz operator [42, 12]. We remark that Paneitz operator is a special case of the
family of GJMS ([31]) operators. The relation of the pair {@, P} in 4 dimensions is like
that of the well known pair {K,—A} in 2 dimensions, where K denotes the Gaussian
curvature:

—Alg] + Klg] = K[e*gle™ on X*,

Plglw + Q[g] = Q[e**gle™ on X*
for conformal changes of the metric. For a 4-manifold (X*, ¢g) with boundary, in the earlier
works of Chang-Qing [17, 18], in connection with the 4th order @) curvature, a 3rd order
"non-local” boundary curvature 7" was introduced on 90X to study the boundary behavior
of g. The relation between the pair (@, T) is a generalization of that of the Dirichlet-
Neumann pair (—A, d,). The expression of T" curvature is in general complicated, but in
the special case when g is totally geodesic, the expression T' take the simple form:

(1.4) Tlg] = 1—128nR.
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We now state the second result of our paper.

Theorem 1.2. Suppose that X is a smooth oriented J-manifold with boundary 0X = S3.
Let {g;'} be a set of conformally compact Einstein metrics on X. Assume the same
conditions (1) and (3) as in Theorem 1.1 and

(2') For the associated Fefferman-Graham’s compactifications {g; = e*“ig;'} with
the Yamabe representatives {g;} on the boundary,

r—0 i xz€0X

liminfinf inf 7{ Tg}]dvol[g;] > 0.
B(z,r)

Then, the set {g;} is compact in C** norm up to diffeomorphisms that fix the boundary,
provided k > 7.

In the earlier work of Chang-Ge [16], both Theorem 1.1 and Theorem 1.2 were estab-
lished under the extra conditions on the uniform bounds of the first and second Yamabe
constants for manifolds with boundary. The conditions are:

(4) There exists some positive constant C5 > 0 such that the first Yamabe constant
for the compactified metric g; := p?g;" is bounded uniformly from below by C5 i.e.

J A9UP +  Rigv?)avol:
Y(X, GX, [91]) = inf X 1 Z 05.

e ( /X U4dvol[gi]) ’

(5) There exists some positive constant Cg > 0 such that the second Yamabe
constant for the metric g; is bounded uniformly from below by Cj, i.e.

/ (VU + L Rig)U?)dvollg)
Yy(X,0X, [gi]) :== inf &£ 0

UeCt %
( f U?’dvol[gi])
0X
where §; = gi|rox.

We remark Condition (1) in the earlier work [16, Theorem 1.1] is stated slightly weaker,
that is, the Yamabe constant Y (90X, [¢;]) is assumed to be non-negative.

Z Cﬁa

In the current paper we managed to drop both conditions (4) and (5) from the state-
ments of Theorems 1.1 and 1.2, which is accomplished by applying another round of
blow-up analysis to reduce the situation to the earlier version of the theorems in [16].
We will present the proof in section 3 of this paper. Once the curvature of metric g}
is bounded, we will prove the diameter is uniformly bounded in section 4 by some new
arguments.
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1.2. Statement of new results. Due to the nature of the problem in the CCE setting,
natural conditions to imply the compactness of the solutions should be conformally in-
variant conditions, condition (1) in the statements of Theorems 1.1 and 1.2 is conformally
invariant, condition (3) is topologically invariant hence a conformal invariant, but unfor-
tunately the condition (2) in Theorem 1.1 and condition (2’) in Theorem 1.2 are not. It
is in this direction we now have new results where compactness is reached under some
conformally invariant conditions; as a consequence we also establish some ”uniqueness”
result of conformal filling in for a special class of CCE manifolds with given conformal
infinity.

Theorem 1.3. Suppose that X is a smooth oriented 4-manifold with boundary 0X = S®.
Let {g;"} be a set of conformally compact Einstein metrics on X. Assume the same
condition (1) in Theorem 1.1. Then there is 69 > 0 such that if either

2") [ (W dvol) [g] < bo, or

(2")  Y(0X,[3:]) =2 Y (S’ [gs]) — do,

then the set {gF} of the FG compactifications (after diffeomorphisms that fix the boundary)
is compact in C** Cheeger-Gromov topology for some k > 3.

In fact, fore >0 and o € (0,1), there is 6 > 0, if g* is a conformally compact Einstein
metric on X* with the conformal infinity (0X,[g]) and g* is the FG compactification
associated with the Yamabe representative that belongs the set C in (1) in Theorem 1.1,
and if (2") (or (2")) holds for some 6 < &y, then there is a diffeomorphism

¢ X* = B*and ¢p; = Id: 0B* =S* - 0X* =§3
satisfying

(1.5) 19797 — grcllcrepey < €

where gpg is the FG compactification of the hyperbolic metric associated with a round
metric on S3.

We will now relate the condition (2”) in Theorem 1.3 to some other natural geometric
conformal invariant, namely the "renormalized volume” in the CCE setting. Although the
renormalized volume can be defined on CCE manifolds (X", 90X, ¢g") for any dimension
n, we will here mainly recall some basic facts on CCE manifolds (X*,0X, g") when n = 3.

The concept of “renormalized volume” in the CCE setting was introduced by Maldacena
[39] (see also the works of Witten [46], Henningson-Skenderis [34] and Graham [30]). On
CCE manifolds (X*, M3, g*) with geodesic defining function r,

For n odd,

Volg+({r > €}) = coe > + cae '+ V +0(1).

We call the zero order term V' the renormalized volume. V' is independent of gt € [g7],
and hence are conformal invariants.
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6 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

We now recall Gauss-Bonnet-Chern formula on compact 4-manifolds (X*,0X, g) with
totally geodesic boundary.

1
(16) STN(X) = § [ [WlalPdvollg) + 4 [ ox(alg)dvollg],
X X
where 09(Alg]) := 1(5R[g]* — 5| Riclg]|?) is the second elementary symmetric function of
the Schouten tensor A[g] := 3(Riclg] — $R[g]g). We also recall an earlier result:

Proposition 1.4. (M. Anderson [3], Chang-Qing-Yang [20], [21])
On conformal compact Einstein manifold (X*, M3, g"), we have

V= ;/X o2(Alg])dvol[g]

for any compactified metric g with totally geodesic boundary. Thus
1
(1.7) 8Ty (X4, M?) = Z/]W[gﬂ%lwqg] +6V.

We briefly recall the proof of above Proposition in Chang-Qing-Yang [20], as this is the
crucial point that leads us to adopt the Fefferman-Graham’s compactification to study
the compactness problem of CCE manifolds.

Sketch proof of Proposition 1.4.

Lemma 1.5. (Fefferman-Graham [27)) Suppose (X*,0X,g") is conformally compact
FEinstein with conformal infinity (0X,[g]), fir g € [g] and r its corresponding geodesic
defining function. Consider the solution w to (1.2), then w has the asymptotic behavior

w=logr+ A+ Br?

near 0X, where A, B are functions even in r, Algx =0, then

V:/ B‘ax.
0X

Lemma 1.6. (Chang-Qing-Yang [20]) With the same notation as in Lemma 1.5, Consider
the metric g* = g, = €*“g*, then g* is totally geodesic on boundary with (1) Q[g*] = 0,
(2) Blox = 350aRlg"] = 5Tg"].

Proof. Recall we have ¢ is Einstein with Ric,+ = —3¢™, thus
Py = (=Agr) o (—Ap —2)
and Q[g"] = 6. Therefore
Pyow+Qlg*] =0=eQlg’].

Assertion (2) follows from a straight forward computation using the scalar curvature
equation and the asymptotic behavior of w. O

17 Jul 2020 01:43:24 PDT
190527-YuxinGe Version 2 - Submitted to Adv. Math.



CONFORMALLY COMPACT EINSTEIN MANIFOLDS 7

Applying Lemmas 1.5 and 1.6, we get

1
6V =6 ]f Bloxdvol[g] = ~ 7{ O R[g]dvol[g]
oX 6 Jox

_ /X Qly*Jdvollg?] +2 ;gx Tlg*]dvollg] = 4 / oa(Alg ] dvollg].

b's

For any other compactified metric g with totally geodesic boundary, [ 2(A[g])dvol[g]
is a conformal invariant, and V' is a conformal invariant, thus the result holds once for g*,
holds for any such ¢ in the same conformal class, which establishes Proposition 1.4. [

We also recall some well known fact that (cf. [19, 20]). for a conformally compact
Einstein 4-manifold with the conformal infinity of positive Yamabe type,

472
(1.8) V(X% g") < V(HY, gu) = =

where the equality holds if and only if (X*, g*) is isometric to (H*, gg).

We now restrict our attention to class of CCE manifolds (B*, 83, g"), in this class, for
the model case when g™ = gy, formulas for the specific FG g* metric can be computed
straight forwardly.

Lemma 1.7. On (B*,S?, gu),
g* = e dz? on B?
Qlg*1=0, Tlg]=2 on S?
() =0
and

/34 o2(Alg*])dvol[g*] = 2 =°.

On (B*, 53, g), for a compact metric g with totally geodesic boundary, Gauss-Bonnet-
Chern formula takes the form:

8y (B*, S?%) = 8n? = /

B

Thus we reached the following corollary of Theorem 1.3:

Corollary 1.8. Let {X = B*, M = 0X = S3,g"} be a 4-dimensional oriented CCE on
X with boundary 0X. Assume the boundary Yamabe metric h = hY in the conformal
infinity of positive type and Y (S3,[h]) > c1 for some fived c¢; > 0 and h is compact in C*
norm with k > 3. Let g* be the corresponding FG compactification. Then the following
properties are equivalent:

(GIWIolP? + 4o(Alg])avollg],

(1) There exists some small positive number € > 0 such that

/XJQ(A[Q*])dvol[g*] > 27 — €.

(2) There exists some small positive number € > 0 such that

/X (W lgtPdvollgt] < 4e.
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8 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

(3) There exists some small positive number 1 > 0 such that
Y(S% [g) = V(S [A]) > V(% [g]) —

where g. is the standard metric on S®.
(4) There exists some small positive number 9 > 0 such that for all metrics g* with
boundary metric h same volume as the standard metric g. on S, we have

T[g*] Z 2 — 9.
(5) There exists some small positive number €3 > 0 such that

(g") )] < 5.

Where all the ¢; (i = 1,2,3) tends to zero when € tends to zero and vice versa for each i.

As an application of Theorem 1.3, we are able to establish the global uniqueness for
the conformally compact Einstein metrics on B* with prescribed conformal infinities that
very close to the conformal round 3-sphere (cf. [32, 37, 38]). Namely,

Theorem 1.9. For a given conformal 3-sphere (S3,[g]) that is sufficiently close to the
round one in C*>® topology with o € (0,1), there is exactly one conformally compact
Binstein metric g© on B* whose conformal infinity is the prescribed conformal 3-sphere

(S?, [g])-
Remark 1.10. We remark

e First, in Theorems 1.1 and 1.2, if we assume more assumptions on the topology
in (3) H(X,Z) = Hy(X,Z) = 0, we can drop the assumption on the boundary
X =S? (see [16]).

e Second, in Theorems 1.3, we do not need the boundary condition 0X = S? for
the compactness result in the first part; for the second part, when the boundary
condition 0X = S* holds and &y is small enough, we have the topology of X is the
ball B*. Therefore, Theorem 1.9 holds even without the assumption X = B*.

e Third, in Theorems 1.1 , 1.2 and 1.3, we have the compactness results in C*P
topology for any B € (0,1) if we assume the compactness (or more generally bound-
edness) of the boundary metric § in C® topology (or even in C*P topology). Hence,
we could expect the uniqueness result in Theorem 1.9 holds in the C* topology (or
even in C*# topology) (thanks to [29, Theorem 8.29] ).

The rest of this paper is organized as follows: In Section 2, we recall some basic in-
gredients in the proofs and list some of their key properties. In Section 3, we prove
the injectivity radius estimates which is the major technical step in the blow-up analy-
sis in Riemannian geometry. In Section 4, we establish various compactness results for
Fefferman-Graham’s compactifications and prove Theorems 1.1, 1.2 and 1.3. Finally, in
Section 5, we prove Theorem 1.9 to obtain the global uniqueness for the conformally com-
pact Einstein metrics on B* constructed earlier in [32, 37].

Acknowledge. The authors thank Jason Lotay, Joel Fine and Felix Schulze for their
comments of the first version of the draft. In particular, they point out a mistake in
Lemma 3.1 in that version.
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CONFORMALLY COMPACT EINSTEIN MANIFOLDS 9

2. PRELIMINARIES

2.1. Fefferman-Graham’s compactifications. Suppose that X is a smooth 4-manifold
with boundary 0X and g% is a conformally compact Einstein metric on X. Let g* = p?g™
be the Fefferman-Graham’s compactification, that is, w := log p satisfies the equation
(1.2). The function p was first introduced in [27] then in [20] to study the renormalized
volume. We recall some basic calculations for curvatures under conformal changes. Write
gT = r~2g for some defining function r and calculate

Riclg"] = Riclg] + 2r~'V?r + (r ' Ar — 3r2|Vr|*)g.
Then one has
R[g*] = r*(R[g] + 6r ' Ar — 120 2|Vr|?).
Here the covariant derivatives is calculated with respect to the metric g (or Fefferman-

Graham’s compactification ¢* in the following). Therefore, for a Fefferman-Graham’s
compactification ¢* of a conformally compact Einstein metric g+, one has

(2.1) Rlg"] = 6p~2(1 = |Vp]*),
which in turn gives

(2.2) Ric[g*] = —2p"'V?p
and

(2.3) Rlg"] = =2p~ Ap.

Now we recall

Lemma 2.1. ([15], [16, Lemma 4.2]) Suppose that X is a smooth 4-manifold with bound-
ary 0X and g* is a conformally compact Einstein metric on X with the conformal infinity
(0X,[g]) of nonnegative Yamabe type. Let g* = p*g™* be the Fefferman-Graham’s com-
pactification associated with the Yamabe metric g of conformal infinity. Then the scalar
curvature R[g*] is positive in X. In particular,

(2.4) I¥plllg] < 1.

2.2. Elliptic estimates for Bach-flat and Q-flat metrics. Next we recall from [16] the
e-estimates for Fefferman-Graham’s compactifications ¢g* of conformally compact Einstein
metrics g*. We will continue to use the 2-tensor S when deriving estimates for Fefferman-
Graham’s compactifications, which are Bach-flat and )-flat metrics. We first recall Bach
equations in 4 dimensions for Bach-flat metrics:

1 1
where
1 1
Aij = §<R1J — ERQ”)

is the Schouten tensor, R;;; and W are Riemann and Weyl curvature tensors respec-
tively, and @)-flat equation:

(2.6) AR = 3| Ric |* — R?
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10 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

the light of (1.3). One may use Bach equations coupled with @-flat equation to derive
estimates for the Schouten tensor. To see Bach equations coupled with Q-flat equation
also provide estimates of Weyl curvature, one may rewrite Bach equation as follows:

(2.7) AWijig + ViCrji + ViCiij + ViCip + V;Cui, = Kij,

where Cjj;, = A;jr — A j is the Cotton tensor and K = W Rm+g*+*W x A is a quadratic
of curvatures (cf. [16, (2.5)]). Finally, to get estimates for the full Riemann curvature
tensor Rm, one recalls that

Rm=W+g" 0 A.
The most important analytic tools for elliptic estimates here are Sobolev inequalities. The

conditions (4) and (5) in Section 1 (cf. [16, Theorem 1.1]) essentially provide the following
Sobolev inequality and trace Sobolev inequality respectively:

2.8) ( /X ulfdvollg™])} < C. /X (IVuf2)dvollg"]
and
(2.9) ( ﬁx ul*dvollgl)* < G /X (IVuf?)dvol[g"]

for all u € C}(B(p,70)), where p is any point in X and r > 0 is fixed. Moreover, a global
trace Sobolev inequality holds

(2.10) ( fix [ul*dvol[g])* < C /X (IVuf? + uf?)dvollg"]

for all u € Cj(X).

Lemma 2.2. ([16, Theorem 3.4]) Suppose that X is a smooth 4-manifold with boundary
0X and g* is a conformally compact Einstein metric on X with the conformal infinity
of positive Yamabe type. Let g* = p?g* be the Fefferman-Graham’s compactification
associated with the Yamabe metric of the conformal infinity. Assume the Sobolev inequality
(2.8) holds for the Fefferman-Graham’s compactification g*. Then there exists constants
e >0 and Cy > 0 such that if

[Bm|[L2 5y < €
for a geodesic ball B(p,r) C X, then, for each k =0,1,2,---,

2
(2.11) sup |V*Rm| < f—f; </ |Rm|2dvol[g*]) :
B(p,r/2) r B(p,r)

Lemma 2.3. ([16, Theorem 3.1 and Theorem 3.2] ) Suppose that X is a smooth 4-manifold
with boundary 0X and g is a conformally compact Einstein metric on X with the confor-
mal infinity of positive Yamabe type. Let g* = p*g™ be the Fefferman-Graham’s compact-
ification associated with the Yamabe metric of the conformal infinity. Assume the Sobolev
inequalities (2.8) and (2.9) hold for the Fefferman-Graham’s compactification g*. Then
there exists constants € > 0 and Cy > 0 such that if

1

I Bm| 28 < €

17 Jul 2020 01:43:24 PDT
190527-YuxinGe Version 2 - Submitted to Adv. Math.



CONFORMALLY COMPACT EINSTEIN MANIFOLDS 11

for a geodesic ball B(p,r) C X, then, for each k =0,1,2,--,

(2.12)
k Ck 2 * ~ 2
sup |[V*Rm| < 0 (/ | Rm|“dvol[g”] —i—]{ |S|dvol[g] + vol( B(p, r)))
B(p,r/2) r B(p,r) B(p,r)N0X

2.3. Sobolev inequalities. In the above estimates, Sobolev inequalities are essential.
We need to control the constants Cs and €} in Sobolev inequalities (2.8) and (2.9) in
terms of other geometric quantities in Riemannian geometry. For the convenience of
readers, we recall the following notions of injectivity radii for a Riemannian manifold
(X, g) with boundary 0X. For any interior point p € X, let i;,4(p,g) be the supremum
of r such that the normal geodesic v(t) from p is minimizing for any ¢ € [0, min{r, ¢, }],
where ¢, is the first intersection of v with the boundary 0.X. Then the interior injectivity
radius is defined by
iint (X, ) = inf{iine (p, 9) 1 p € X}

For p € 0X, let ig(p, g) be the supremum of r such that the normal geodesic 7 from p in
the inward unit normal direction v, is minimizing for any ¢ € [0,7]. Then the boundary
injectivity radius is defined by

i9(X,g) = inf{ig(p,g) : p € 0X}.
The other equivalent definition for the boundary injectivity radius is that ig(X, g) is the
supremum of the height A of the Fermi coordinates from the boundary 0.X in X:

exp,(svp) : 0X x [0,h) — X
for p € 0X and s € [0, h) (cf. [35] [22, Section3.6]).

Lemma 2.4. Let (X* g) be a complete Riemannian 4-manifolds with totally geodesic
boundary. Suppose that | Rm| < k and that

iin(X, g) 240, i9(X,g) =0, and i(0X) > .

for a positive constant iy, where i(0X) is the intrinsic injectivity radius of the boundary.
Then the Sobolev inequalities (2.8) and (2.9) (resp. (2.10)) hold for uniform constants Cs
and Cy (resp. Cj).

Proof. We consider the doubling X=X Upx X: the union of two copies of X along the
boundary 0X where the second X is the reflexion of X. It is easy to see that (X, g) > io.
Then, (2.8) (local and global) simply follows from [14, Theorem 1] (see also [7] and other
related results [33, Theorem 3.14 and Lemma 3.17)).

For the trace Sobolev inequality (2.9), one may first use [35, Theorem A] to find uni-
form Lipschitz boundary local coordinate system in which the trace Sobolev inequality
(2.9) is valid with uniform constant Cj at least for the local version.

To prove that (2.10) holds globally, we work with a partition of unity associated with
a countable coordinate chart covering { B(z;,d/2)}, where (z;) be a sequence of points in

X, such that
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12 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

Then there exists N = N(n, k,iy), depending on n, k, v, such that each point of X has
a neighborhood which intersects at most N of the balls B(x;,4)’s. This comes from
Gromov-Bishop volume comparison theorem. Meanwhile, if let K be the total number of
B(x;,0/2) that intersects with B(p,r9) N 0X, then K depends only of ry and §.

Let £ be some non-negative cut-off function such that £(¢) =1 on [0,d/2] and &(t) =

t
on [30/4,400), and it satisfies |¢'| < C/6 on [0,+00). Let a;(x) = &(d(x,x;)) and
ni=a;/ Y., . Let u € C'(X). We can estimate

(éx |7"L‘4dVOl[~"|8)(])é < (Z (]{ il dvol[g\ax])i)z

< /\v o) 2dvollg))?)?

CKN/X (IVul? + u?)dvol[g))

A

A

Thus the proof is complete. 0

Remark 2.5. In the recent paper [25], the authors have established the remarkable in-
equality that
Yi(X,0X,[g"])* > 6Y (09X, [g])

for any conformally compact Einstein manifold (X, g") with its conformal infinity of pos-
itwe Yamabe type. We remark that as a direct consequence one can drop the assumption
(5) in the statements of the main theorems in [16] . In other words, the global trace-
Sobolev inequality (5) (therefore (2.10)) is always available for any conformally compact
FEinstein manifold (X, g*) with its conformal infinity of positive Yamabe type. Thus the
effort in the current paper is to drop the assumption (4), although the same procedure also
works to drop assumption (5) in the statements of both Theorem 1.1 and Theorem 1.2.

2.4. Cheeger-Gromov convergences for manifolds with boundary. Our approach
to establish the compactness of conformally compact Einstein 4-manifolds is to prove
by contradiction. We will analyze and eliminate the causes of possible non-compactness
by the method of blow-up. This method has been essential and powerful in many com-
pactness problems in geometric analysis, particularly in Riemannian geometry. The fun-
damental tool in the context of Riemannian geometry is the so-called Cheeger-Gromov
convergences of Riemannian manifolds developed from Gromov-Hausdorff convergences
(see, for example, [23, 2|, for Cheeger-Gromov convergences of Riemannian manifolds
without boundary). In this subsection, for later uses in our paper, we will present the
Cheeger-Gromov convergences for manifolds with boundary. Good references in the sub-
ject are for examples in [43, 35, 36, 48, 6].

Let us first recall the definition of harmonic radius for a Riemannian manifold with
boundary (cf. [43]). Assume (X, g) is a complete Riemnnian 4-manifold with the bound-
ary 0X. A local coordinates

(w0, 21, 29, 23) : B(p,7) — Q C R*
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CONFORMALLY COMPACT EINSTEIN MANIFOLDS 13

is said to be harmonic if,
e Ax; =0forall 0 <i<3in B(p,r) C X, when p € X is in the interior;
e Az; =0 for all 0 < i < 3in B(p,r) N X and, on the boundary B(p,r) N 0X,
(21, 22, x3) is a harmonic coordinate in 0X at p while g = 0, when p € 90X is on
the boundary.
For o € (0,1) and M € (1,2), we define the harmonic radius r*(M) to be the biggest
number r satisfying the following properties:

o If dist(p,0X) > r, there is a harmonic coordinate chart on B(p, ) such that
(2.13) M2, < giu(z) < M?5j
and
(2.14) r ¥ sup |z — y|™*|0gu (@) — Ogs(y)| < M — 1
in m
e If p € 0X, there is a boundary harmonic coordinate chart on B(p,4r) such that

(2.13) and (2.14) hold in B(p, 2r).

The following is the extension of the C** convergence theorem of Anderson [23, 2] to
manifolds with boundary (cf. [35, 6]).

Lemma 2.6. ([6, Theorem 3.1]) Suppose that M(Ry, o, ho,dg) is the set of all compact
Riemannian manifolds (X, g) with boundary such that

|Ricx| < Ry, |Ricox| < Ro
Lint(X) > 10, i9(X) > 2ip, 1(0X) > iy,
Diam(X) < do, || H| Lipiox) < ho,

where Ricx (resp. Ricsx) is the Ricci curvature of X (resp. the boundary), i(0X) is the
injectivity radius of the boundary, and H is the mean curvature of the boundary. Then
MRy, ig, ho, do) is pre-compact in the C** Cheeger-Gromouv topology for any o € (0,1).

Remark 2.7. We remark

e First, in [6], it is showed that the harmonic radius r*(M) is uniformly bounded
from below in M(Ry, o, ho,dy) (cf. [6, Theorem 3.2.1]).

e Second, it is easy to see that, after having harmonic coordinate charts with the
uniform size, one has the pre-compactness in C*T2% Cheeger-Gromov topology if
the Ricci curvatures are bounded in C** norm and the boundaries are all totally
geodesic (even for k = 0), which is the convergence theorem that is useful to us
later (see [16]).

o Third, one may have the pre-compactness in the Cheeger-Gromouv topology with
base points if dropping the assumption on the diameter Diam(X).

3. INJECTIVITY RADII: BLOW-UP BEFORE BLOW-UP

Our main results in this section concern the injectivity radius estimates for manifolds
with boundary. For our purpose we may always assume that the geometry of the boundary
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14 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

is compact in Cheeger-Gromov sense. The following is an easy consequence from [6,
Theorem 3.1], which was mentioned as Lemma 2.6 in the previous Section 2.

Lemma 3.1. Suppose that (X*,g%) is a conformally compact Einstein 4-manifold with
the conformal infinity of Yamabe constant Y (0X,[g]) > Yo > 0. And suppose that (X*, g*)
is the Fefferman-Graham’s compactification associated with the Yamabe metric g on the
boundary such that the intrinsic injectivity radius i(0X, g) > i, > 0, and that is(X, g*) <
1int(X, g%). Then there is a constant Cy > 0, depending of iy, such that

(3.1) max | Rml (ia(X, g%))* +ia(X, g) > Co
where Rm is Riemann curvature of g*.

Proof. We show by contradiction. Suppose otherwise there are a sequence of Fefferman-
Graham’s compactified Riemannian manifolds (X;, g7) such that

max [ Rmlgf) (10X 67))° +io(X;, 67) = 0

and 1(0X;) > iy for some fixed positive number 3. We then rescale the metrics as follows:
9i = K;Qg:

where K; = ig(p;) = i9(X;, g) for some p; € 0X;. Here we use the fact that the bound-

ary injectivity radius ig(-) is a continuous function on the boundary since the limit of

minimizing geodesics is still minimizing geodesic. Recall the boundary of ¢; is totally
geodesic. On the other hand, because the curvature

max [Rmlg]| = max | Rmlg?)|(ia (X, 67))% — 0,

by [35, Lemma 6.3], there is a normal geodesic v of length 2 such that v is orthogonal to
boundary 0X; at v(0) = p; and v(2) = p}.

In light of Lemma 2.6, we may extract a subsequence (we will always use the same index
for subsequences for convenience in this paper) (X;, g;, p;) that converges to (X2, goo, Poo)
in C1* Cheeger-Gromov topology. From the assumptions, it is easily seen that (X2 | goo, Poo)
is a complete flat metric manifold with the totally geodesic complete flat boundary (it is
smooth in harmonic coordinates as demonstrated in [2, 6]). First, each connected com-
ponent of the boundary (90X, js) is the Euclidean space R3 because of i(0X;) > io.
Second, by the Cheeger and Gromoll’s splitting theorem, the complete metric g, is a
product metric on R3 x (0,00) or R? x (0,2). We claim the later case does not appear,
that is, Xoo = R? X (0,00). Let p; be the Fefferman-Graham’s defining function related to
the metric g;. As in the proof of [16, Lemma 4.3|, we know, up to a subsequence, p; — poo
and the hessian of p., vanishes since g., is flat. Moreover, ps(x) > Cdist,, (z,0X) for
some positive constant C' > 0. In view of the boundary condition, p., vanishes on R3x {0}.
Hence, poo (g, T1, To, T3) = axy with some positive constant a > 0 since V2p,, = 0. When
00X has more than 2 connected components, this contradicts the fact p,, vanishes on
0X . Therefore, we prove the claim.

Now, on the other hand, there is a geodesic of length 2 in (X, goo) Which are orthogo-
nal to the boundary 0X.,. This is a contradiction. Therefore, we have established the
Lemma. ([l
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CONFORMALLY COMPACT EINSTEIN MANIFOLDS 15

Next we would like to get the lower bound estimates for the interior injectivity radius
it Of a compact Riemannian manifold with boundary. The real reason for having no
interior collapsing follows from the following recent work in [38].

Lemma 3.2. (Li-Qing-Shi [38, Theorem 1.3]) Suppose that (X*,g") is a conformally
compact Einstein manifold with the conformal infinity of Yamabe constant Y (0X,[g]) > 0.
Then, for any p € X4,

volg+ (B(p,r))
vol,., (B(r))

Y(9X,[9])
V(S [gs])

(3.2) > | )2

As a consequence, we have

Lemma 3.3. Suppose that (X*,g") is a conformally compact Einstein 4-manifold with
the conformal infinity of Yamabe constant Y (0X,[g]) > Yo > 0. And suppose that (X*, g*)
1s the Fefferman-Graham’s compactification associated with the Yamabe metric g on the
boundary such that the intrinsic injectivity radius i(0X, ) > 1, > 0, and that is(X, g*) >
1int(X, g*). Then there is a constant Cyy > 0, depending of Yy and ig, such that

(33) m)e(xx |Rm|(lmt(Xa g*))Z + Z.int()(a g*) Z Cint
where Rm is the Riemann curvature of g*.

Proof. Again, we will prove this lemma by contradiction. Assume otherwise, then there
is a sequence of conformally compact Einstein 4-manifolds (X}, g;") with the conformal
infinity of Yamabe constants Y (0.X;, [¢;]) > Yo > 0, whose Fefferman-Graham’s compact-
ifications (X}, gF) associated with the Yamabe metrics g; on the boundary are compact

4-manifolds with totally geodesic boundary and satisfy
max | Rm 3] (iint (X3, 67))° + ine(Xis 67) = O

and
i(0X;, 9i) = io.
Let us consider the rescaling
9= K ’g;

for K; = (X5, gf). Using [35, Lemma 6.4] to the almost flat metrics g;, one sees that
1 =1i(Xi, 3:) = tins(ps, gi) for some p; € X; in the interior. Now, if K;ldistg; (pi, 0X;) < o0,
we are in the same situation as in the proof of Lemma 3.1 and derive the contradiction by
[35, Lemma 6.4] (there would be a closed geodesic of length 2 in the Euclidean half space).

Therefore we may assume that Ki_ldistg; (pi, 0X;) = disty, (pi, 0X;) — oo. Thus the
limit space (X2, goo, Poo) is a complete flat manifold with no boundary, but, with a sim-
ple closed geodesic of length 2. We claim that (X2, goo, Poo) is of Euclidean volume growth
in dimensions 4. This would be a contradiction, since such flat manifold would be a prod-
uct of a circle and a flat manifold of dimension 3, which would not be able to support the
Euclidean volume growth in dimensions 4.
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16 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

To finish the proof of the claim that (X2, go,Pso) is of Euclidean volume growth in
dimensions 4, that is,

(3.4) VOl[goo] (B (poo, 7)) > cur?

for some fixed ¢, and any r > 0. First let us prove the following claim.
Claim: p;(p;) — oo, where p; = K; 'p; and K; = i3 (X5, 97).

Proof. Assume otherwise that there is a constant py > 0 such that p;(p;) < po for all i.
Due to (2.1) at the beginning of the Section 2.1, we have

i 1
1— |Viglp|* = gR[gi}P? >0,

where the covariant derivatives is calculated with respect to the background metric g;.
Let us denote

e; = max{|Rm/[g;]|, (distg, (p;, 0X;)) "'} — 0.

Then we obtain

[V

_ 1 -+
pi(r) < 26 T pi(pi)
for all z € B%(p;, 3¢, ') C X; since |V[gi]p;| < 1. This in turn implies

1> |Vigilpi| >

DN | —

for all x € B (p;, %e; 1) € X, at least for 4 sufficiently large. Therefore, along the integral
curve y(t) of the gradient V[g;]p; from p;, we may derive

pr(0) < po— 5 <0

when ¢ > 2py, which is a contradiction since v(t) € X for any ¢ € (2po, 2¢; ). So the
proof of this claim is complete. O

Now let
s; = min{distg, (p;, 0X5), pi(ps) } — oo.
We find, for each z € B%(p;, 3),

which implies,
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CONFORMALLY COMPACT EINSTEIN MANIFOLDS 17

Notice that g; = pZg;". Now, applying Lemma 3.2 (cf. [38, Theorem 1.3]), we deduce , for
r<
2

vollgl(B%(pi, ) 2 vollgd(BY (b1 5 (i(p0) 1)
Zﬁﬂifﬁwwﬂwﬁmrwmm*m
CWV01[9H4](BQH4 (5(,61-(1:)1-))‘17’))

CyT

(AVARRN AV
LN

v

for a fixed constant ¢, that is independent of 7. Passing to the limit as i — oo, we get the
desired inequality (3.4) on the limit space (X2, goo, Poo). So the proof is complete. O

4. ON COMPACTNESS OF FEFFERMAN-GRAHAM’S COMPACTIFICATIONS

Based on the preparation in the previous sections we are ready to establish the com-
pactness of Fefferman-Graham’s compactifications on conformally compact Einstein 4-
manifolds which were stated in the introduction. The approach follows closely from the
corresponding results in [16]. The difference from [16] is that, in light of the injectivity
radius estimates in the previous section, Sobolev inequality and trace Sobolev inequality
are all available for the rescaled metrics with bounded curvature, while Sobolev inequal-
ity and trace Sobolev inequality are parts of the assumptions in the main compactness
theorem in [16]. Readers are referred to [16] for more details. To begin the proof, we will
first establish some bounded curvature estimates.

Lemma 4.1. Suppose that {(X}, g;)} is a sequence of conformally compact Einstein 4-
manifolds satisfying the assumptions (1), (2), and (3) in Theorem 1.1. Then there is a
positive constant Ky such that, for the Fefferman-Graham’s compactifications {(X}, g¥)}
associated with the Yamabe metric §; of the conformal infinity (0X;, [g:])

(4.1) max | Rl < Ko
for all v.
Proof. Suppose otherwise that there is a subsequence {(X}, g;")} satisfying
K, = max |Rm|g;]| — oo.
Let
Ki = Ki(pi) = [Rmlg;]|(p;)
for some p; € X;. Then we consider the rescaling
(X3, 9 = Kig}, pi)-

We claim for the metrics g; the derivatives of curvature ||V Rm[g;]| is uniformly bounded.
For this purpose, we recall the curvature tensor satisfies some elliptic PDE with the
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18 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

Dirichlet boundary conditions [16, section 4]

(AR = R? — 3|Ric|? in X
R=3R on 0X
AA—%VQR:Rm*A in X

(4.2) R
Aaﬁ = Aaﬁﬂ Aan =0, Agn, App = on 0X

i
4
AW =RmsW + g« W x A+ L(Ric) in X
W =0 on 0X,

\

where L is a linear differential operator of second order. In view of [29, Theorem 8.33] we
have the boundedness of the curvature tensor in C1 topology since the curvature tensor
on the boundary Rm is bounded in C1* topology.

No boundary Blow-up: Let us first consider the cases where

diStg (pz; 8XZ) < Q.

For the pointed manifolds (X}, g;, p;) with boundary, in the light of all the preparations in

the previous sections, particularly Lemma 2.6 and Remark 2.7, we have Cheeger-Gromov
convergence

(X;lagivpi) — (Xéoagooapoo)
in C** Cheeger-Gromov topology (for a subsequence if necessary), where the limit space

is a complete Bach-flat and @)-flat manifold with a totally geodesic boundary 0X.; the
boundary (90X, goo) is simply the Euclidean space R? because i(0X;) > i > 0; and

|Rm[900”(p00) =1

To derive the a priori estimates for Cheeger-Gromov convergence, one applies the e-
estimates in Lemma 2.2 and Lemma 2.3, where Sobolev inequality (2.8) and trace Sobolev
inequality (2.9) are established in Lemma 2.4. The injectivity radii estimates that are
needed for g; to satisfy Sobolev and trace Sobolev are given in Lemma 3.1 and Lemma 3.3.

Now, clearly, to finish the proof is to show that the limit space (X2 . oo, Poo) is the
Euclidean half space. For the convenience of readers, we very briefly sketch the proof
from [16]. One first needs to show that p; — p where p., satisfies

e g° = p2g is a (partially) conformally compact Einstein metric on X% whose
conformal infinity is the Euclidean space R3;
o —A i logpe = 3.

Then, by Condition (2) in Theorem 1.1, one shows that g% is locally hyperbolic space
metric nearby the infinity X2 = R? based on the unique continuation therem in [9, 11].

Finally one concludes that p., = xg, since (X2, g ) is hyperbolic space in half space model
2
(RL, |‘i”%| ) for R = {z = (z9, 21,29, 23) € R* : 2y > 0}, which implies that (X2, g-) is

the Euclidean half space (please see the details in the proof of [16, Proposition 4.8]).

No interior blow-up: Next we consider the rest cases when

disty, (pi, 0X;) — o0

i
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CONFORMALLY COMPACT EINSTEIN MANIFOLDS 19

(at least for some subsequence). Notice that,

K; = max|[Rmlg;]| = [Rmlg;]|(p:)

for some p; € X in the interior. Proceeding as the above boundary cases, one has the
Cheeger-Gromov convergence

(X;l?gzapl) — (X;loagoprO)
in C* Cheeger-Gromov topology. The proof in these cases follows from [16]. We again
very briefly sketch the proof that is more or less from [16]. One first derives from (2.1)
that
Rlg,) = p;*(1 = [V[glpil?)
and shows that
o p;(x) > Cdisty, (x,0X;). (cf. Step 2 in the proof of [16, Lemma 4.9]).
Then, consequently,
e R, =0, and
® g is Ricci-flat from being @-flat and scalar flat in the light of the Q-curvature
equation (2.6). (cf. Step 3 of the proof of [16, Lemma 4.9]).

Thus, (X, goo) is a complete Ricci-flat 4-manifold with no boundary. At this point,
as argued in [16], first, due to the recent work in [24], one concludes that (X, gso)
is a complete ALE Ricci flat 4-manifold. By the assumptions, the doubling of X is a
homological sphere. By a topological result due to Crisp-Hillman ([26, Theorem 2.2]),
(Xoo, goo) at the infinity is asymptotic to S*/T" with ' = {1} or T' = Qg(quaternion group)
or I the perfect group (that is, S*/T" is a homology 3-sphere). By the Chern-Gauss-Bonnet
formula and the signature formula, we obtain the desired contradiction. For more details
see [16] section 4.3. O

We now begin the proof of Theorem 1.1.

With the curvature bound (4.1), the injectivity radius estimates in Lemma 3.1 and
Lemma 3.3, the e-regularities Lemma 2.2 and Lemma 2.3, one last piece that is needed to
apply the Cheeger-Gromov convergences for manifolds with boundary in Lemma 2.6 and
Remark 2.7 to finish the proof of Theorem 1.1 is the following diameter bound.

Lemma 4.2. Under the assumptions in Theorem 1.1, the diameters of the Fefferman-
Graham’s compactifications g} are uniformly bounded.

Proof. The proof of this lemma under the assumption that the first Yamabe invariant is
uniformly bounded from below is obtained in [16, Section 5: The proof of Theorem 1.1].
However, we do not know if one has the suitable Euclidean Sobolev type inequality in ac-
tual setting. This makes the problem is more delicate. Here we give a different approach
to overcome the difficulty.

We have already proved the family of metrics g; has the bounded curvature in C* so
that the arguments given in [16, Section 4.4: The proof of Theorem 4.4] yields the bound
in C**! norm. In view of Lemmas 3.1 and 3.3, the boundary radius and the interior
one are uniformly bounded from below. Therefore, for all 4, for all z € X, we have
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vol(BY% (z,1)) > C > 0 for some constant C' > 0 independent of i,z, that is, there is
non-collapse. We prove the diameter is uniformly bounded from above by contradiction.
Suppose that the diameter diam(g;}) tends to the infinity. By Cheeger-Gromov-Hausdorff
compactness theory, up to diffeomorphisms fixing the boundary, (X;, gf) converges to
some complete non-compact manifold (X, go) with the boundary. We divide the proof
in 5 steps.

Step 1. There exists some C' > 0 such that p; > C provided dg:(r,0X) > 1 and
dgs(2,0X) < Cpy(x) provided 0 < dy+(x,0X) < 1.Thus the limit metric is conformal to
an asymptotic hyperbolic Einstein manifold. Moreover, there exists some constant C; > 0

independent of i such that / | Rm[g7]|*dvol[g}] < C.

The first part of the claim can be proved in the same way as in [16, Section 4: the
proof of Lemma 4.4]. The second part is proved in [16, Section 5: the step 2 of the proof
of Theorem 1.1]. Without loss of generality, assume the boundary injectivity radius is
bigger than 1.

Step 2. There exists some constant Cy > 0 independent of ¢ such that
(43) / o 2(w)dvollg]] < s,
{m,dg; (z,0X)>1}

Thanks of (2.1) and (2.3), we infer

R |Vpil* _ (AL=|Vpil*)  [Vpil®
—Alogpi = —+ =3 +

2 P p; p;
Integrating on the set {z,d,:(v,0X) > 1}, we obtain

/ (3(1 — [Vpi*) + Vpil?
{w.dgx (2,0X)>1} PZZ /%2

)dvol[g;] =

1
¢ (Vo)
{wdgs (,0X)=1} Pi

where v is the outside normal vector on the boundary {, dy(v,0X) = 1}. By Step 1, we
know p; is uniformly bounded from below on the set {z,dy(z,0X) = 1}. Together the
facts the curvature of g/ is bounded and the boundary (0X;, g;) is compact, we infer for
some positive constant C' > 0
2 2
/ 3%)(1\/01[9;‘] < (C, and / |Vp21| dvol[gi] < C
{z.dys (2,0X)>1} Pi {zdgx (2,0X)>1} Pi

since |Vp;| < 1. Combining these estimates, the desired claim yields.

Step 3. We have
lim poo(x) = +00

T—00

Letting ¢ — oo in (4.3), we get

ay p2(z)dvol[gac] < lim o 2(w)dvollg]] < .
{z,dgoo (x,0X)>1} ¢ {z,dg;ﬁ (z,0X)>1}
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For all € > 0, there exists A > 0 such that

/ p2(x)dvollge] < =
{z,dgoo (x,0X)>A}

Therefore, for any y with d,_(y,0X) > A+ 1, we can estimate

| el < [ p(a)dvollge] < <
B9 (y,1) {2.dgos (2,0X)> A}

so that

(sup poo) PVol(BP(y,1)) < ¢
By (y,1)

that is,

SUP oo > Ce™1/?
B9 (y,1)

Together with Lemma 2.1, we deduce

inf  poo > SUP poo—1>Ce V21
Booo(y,1) B9oo (y,1)

Finally, we prove Step 3.

Step 4. We claim that there exists some ¢, > 0 such that for any p € X, and for any
1
7 < 3P0 (D)
2

(4.5) Vol|gso] (dist (B (p,r))) > c,r*

Let p; € X; such that p; — p. First we remark that dist, (p;, 0.X;) > pi(p;) because of
Lemma 2.1. As in the proof of the end of Section 3, we have

Vol[gf](dist(B% (pi,r))) = e,

where ¢, is some positive constant independent of 7. Letting ¢ — 0o, the claim is proved.
Step 5. A contradiction.

On choose p € X, such that p.(p) is sufficiently large. We fix 7 = (poo(p))?/3. Using
the results in Steps 2 and 4, we get poo(p)

@6 (sw p) Wlgd B0 < [ padvollgn] <y
B9 (p,r) B9 (p,r)
so that for some positive contsant C' > 0 there holds
(4.7) SUp oo > Cr? = Clpeo(p))*/?
B9 (p,r)

On the other hand, it follows from Lemma 2.1, we deduce

(4.8) inf pe > sUp poo — 7T
Boo (p,T) B9oco (p,?")

so that
Poo(P) + (oo () = pos(p) + 7 > Clpoo(p))**.
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This yields that ps(p) is bounded. This contradicts the claim in Step 3.
Thus we have finished the proof of Lemma 4.2, hence the proof of Theorem 1.1. O

The proof of Theorem 1.2 is quite similar to the corresponding theorem in [16] albeit
the removing of conditions (4) and (5). We leave the details to the readers. The proof
of Theorem 1.3 is different as we have no informations on the S-tensor or T' curvature in
the statement of the theorem. Here we will present the proof.

Proof of Theorem 1.5. Again we will prove by contradiction. Let {g;"} be a set of con-
formally compact Einstein metrics on X* and {g;} corresponding Fefferman-Graham’s
compactifications associated with the Yamabe metrics §; € C, where C is compact in C*
Cheeger-Gromov topology as given in (1) in Theorem 1.1. Assume that

(2*) either Y(9X,[3:]) — Y (S?, [gs]) or /X(]W\zdvol)[g;r] — 0,

but (X, g;) does not converges in C*® Cheeger-Gromov topology. If the interior blow-up
were to happen, then, it is easily seen that it would be a contradiction with the fact that
any possibly limit space is flat due to (2*), in light of the rigidity in Gromov-Bishop’s
volume comparison principle or simply the limit metric is both Ricci flat and locally
conformally flat. If the boundary blow-up were to happen, then it is again easily seen
that it would be a contradiction with the fact that any possibly limit space would be
with g& being hyperbolic. Therefore, by the proof of Theorem 1.1, one concludes that
(X, g7) converges to the Fefferman-Graham’s compactification of hyperbolic space in C*
Cheeger-Gromov topology for some a € (0, 1), from which we reached a contradiction. [

Before ending this section, we turn to an important fact which is a consequence of
the compactness result in Theorem 1.1, and in fact is an improved statement of the
compactness for conformally compact Einstein metrics with the same conformal infinity.
We will later use this fact (Theorem 4.4) to establish the uniqueness result in section 5.
To state the result, we will use the notion of weighted spaces of tensors, which we refer
the readers to [37] (see also [32]). We first recall the following expansions in terms of the
Fermi coordinate from the boundary, which we have stated in the introduction of this
paper in terms of geodesic coordinates. The expansion in this form is motivated by an
observation in [41].

Lemma 4.3. Let (X*,g) be a Bach-flat and Q-flat 4-manifold with the totally geodesic
boundary. Then, in the Fermi coordinate from the boundary, one has g = dr? + g, and
the expansion

where ¢ is a curvature of § = g|rax and g is not local.

Theorem 4.4. Suppose that, for two sequences of conformally compact Einstein metrics
g and h} that have the same conformal infinity of positive Yamabe type and satisfy the
assumption in Theorem 1.1 (or the assumptions in Theorem 1.3). Then, for a weight
0 € (0,3), there are subsequence (possibly after diffeomorphisms 1; and ¢; that fix the
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boundary) that ¥ g: — ¢rhi converges in weighted C3® topology, where gF (resp. h)
denotes Fefferman-Graham’s compactification of g;t (resp. h}).

Proof. For each Fefferman-Graham’s compactification g (resp. h}), we first set the Fermi
coordinate from the boundary. By the lower bound of the boundary injectivity radius,
we know that the heights of these Fermi coordinates are bounded from the below. The
necessary diffeomorphisms that fix the boundary one needs to use is to make sure that
each of these Fefferman-Graham compactification g; share the same distance function r
to the boundary X at least within the focal loci of g} (resp. hY).

Suppose that gF (resp. h}) (a subsequence) converges in C*“ Cheeger-Gromov topology.
Now, let us align the distance functions to be the same for all g (resp. h}) in this
subsequence by diffeomorphisms 1; (resp. ¢;) that fix the boundary, and get

vigi — ¢ihi = O(r”).
for any i from Lemma 4.3. If necessary, extract a subsequence, for 6 € (0,3) and any
€ > 0, there is an index N, for ¢,j > N,
g7 — 61h5) — (395 — 631l cmmcn) < e
For any fixed § < 3, one gets
167 gi = ¢ihi ||z < Cr® < er’

over the region {r < r.} for some small r, > 0 such that Cr3=% < e (C is independent of
i due to the compactness in Theorem 1.1 ( resp. Theorem 1.3) and Lemma 4.3, and the
sizes of Fermi coordinates for ¢/ has a uniform lower bound again follows from Theorem
1.1 (resp. Theorem 1.3)); while one gets

* % * 7% * % * 7k 1
H(wz g; — &; hi) - (wjgj - ¢jhj)‘|027°‘()200) <er

over the rest {r > r.} by setting IV larger, in the light of Theorem 1.1 (resp. Theorem
1.3). It is then easily seen that the corresponding ¥} g;” — ¢h; converges in the weighted
space C’(?’O‘(Xoo) with 6 € (0,3). This completes the proof of Theorem 4.4. O

5. UNIQUENESS OF GRAHAM-LEE SOLUTIONS IN DIMENSION 4

In this section we derive the global uniqueness result Theorem 1.9 based on some result
in the recent work [38].

Proof of Theorem 1.9. We will prove this by contradiction. Assume otherwise there is
a sequence of conformal 3-sphere (S?,[g;]) that converges to the round sphere such that,
for each i, there exist two non-isometric conformally compact Einstein metrics g;” and h;".

We first claim that, for a subsequence, both g;" and h;" converge to the hyperbolic space
in C* Cheeger-Gromov sense due to Theorem 1.2 and the uniqueness result when the
conformal infinity is the standard sphere [45, 38].
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Next, according to the proof of Theorem 4.4, we actually can conclude that, after some
diffeomorphisim that fix the boundary ¢; and ;,

gt — 6:h |z ey — 0

for any § € (0,3) and some subsequence. In other words, in this subsequence, the two
distinct conformally compact Einstein metrics g7 and h} are arbitrarily close to each
other in weighted spaces, as long i is sufficiently large. We will show this is not possible
by applying the local uniqueness result via the implicit function theorem on weighted
norm space established in [32, 37]. We now give more details.

We denote g by g and ¢hj by hf. We denote Fefferman-Graham’s compactifi-
cation g = p?g; and hi = p?h; where log p; and log p; solve (1.2). Let us consider the
nonlinear functional on 4-dimensional ball B* introduced by Biquard [10] for two metrics
gt and tT.

(5.1) F(g",t7) := Riclg™] + 39" — 65+ (Bi+(g7)),
where B+ (g™1) is a linear condition, essentially the infinitesimal version of the previous
harmonicity condition

1
Bﬁ- (ng) = 5t+g+ + §dtrt+ (g+)

We have for any asymptotically hyperbolic Einstein metrics h™*
1
DF(h* h%) = §(AL +6),

where D denotes the differentiation of F' with respective to its first variable, and where
the Lichnerowicz Laplacian A; on symmetric 2-tensors is given by

Ap = V*V|g*] + 2Riclg"] - 2Rmlg*];

where
Rielg™)(u) = 5 (Raclg™Jus* + Rlg™Jui®),
and
Rmlg*](w); = Rl
It is clear

F(gf.g7)=0
We now divide the proof in 2 steps.

Step 1. Claim. We could find a diffeomorphism ; of class C*® (equal to the identity
on the boundary), such that

F(oihf,gf) =0

1

Moreover ||@i(x) — z||cs.e — 0 and ||ofhi — gf”cg,a — 0 for some 6 € (2+ «a, 3).
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It is sufficient to check this infinitesimally: the diffeomorphism group acts infinitesimally
on g;” by taking the covector field X; to the symmetrized covariant derivative (4 ggr)*Xi

so the problem to solve is
B ((6,4)"Xi) = =B+ (hi).
Recall

B, (6,0)" = 5((V)'Vigy] — Rielg;]),

On the other hand, a direct calculation leads to (Proposition 2.5 [32])
By (%) = p7'€%(h, g) + €' (h, 9)

where h = r?h™ and g = r?¢g* for some defining function r, £ denotes any tensor whose
components in any coordinate system smooth up to the boundary of the ¢, g=!, h, h~! and
their partial derivatives such that in each term the total number of derivatives of g and
h that appear is at most m. More precisely, we have

go(hu g)m = _hjk(gjkrm - 4hmjrk)7
A 1 A
E'(hy @)m = =0 Ohgm; — T()hrgis — T(R)59m + §3m(h]k9jk)

If there is no confusion, we drop the index ¢ for the metrics g;*, b, gF, hf, the covector field
X;. In view of Theorem 4.4, we note B+ (h*) = By (ht — g*) € Cy* for all § € (0,3).

Moreover, By+(h;") — 0 in C5. We consider a C" fully nonlinear operator ¥ for § € (2,3)

U CYYB4%TBY) — Cy*(B4TBY)

X —  Bg+(exp(X)*ht)

where exp is the exponential map and B is a vector field related to the one form B. We
know 2d¥(0) = V*V + 3. Tt follows from Theorem C [37] that d¥(0) : C;*(B* TB*) —
C5®(B* TB*) is an isomorphism provided 2 < § < 3. Applying inverse functions theorem,
for large i, we find X; € O3 such that

U(X;) = 0.
Again from Lemma 3.7 [37], we have C;*(B*; TB*) c C32,(B*TB*) C C?()’;‘(B4;TB4)

provided 6 > 2 + a. Thus, we find a diffeomorphism ¢; = exp(X;) of class C*“ (equal to
the identity on the boundary), such that

F((g1)uhif, g7) = 0.
Moreover, ||@;(x) — z||cs.e — 0 and ||pihl — gf||c§,a — 0 for 6 € (24 «,3). Thus we

proved the claim.

Step 2. Claim. For large @, we have

g9 = @ihi.

)

We know F(gih/,g) = F(g,g7) = 0 and by step 1 [lg;" — @h[|c2e — 0 for & €

17 Jul 2020 01:43:24 PDT
190527-YuxinGe Version 2 - Submitted to Adv. Math.



26 SUN-YUNG A. CHANG, YUXIN GE, AND JIE QING

(24 «,3). On the other hand, using [37, Theorems C and D] and [8, Lemma 12.71], the
linearized operator

DiF(gf,g7) : CY*(B% $°B*) — C3°(B"; % BY)

is an isomorphism. Applying the implicit function theorem, we infer the claim.
OJ

Remark 5.1. Lemmas 1.6, 2.1, 2.4, 2.6, 3.1-3.3, 4.2 can be generalized in all dimensions
n a similar way. So is Theorem 1.9 once the compactness result is established.
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