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. Through methods of interpretive content analysis, we discuss what we call comments and group them into a typology of three regarding whether they are primarily instances of: 1) conceptual knowledge, 2) procedural knowledge, or 3) practical knowledge in which it is difficult to recognize the exploration of either conceptual or procedural knowledge of mathematics. We indicate that comments are relevant in the investigation of: 1) How different they are according to the representation of mathematical knowledge, and 2) How influential they are according to the development of student mathematical activity. We anticipate that the analysis of comments may be essential in the conceptualization of notebooks as tools and resources.

Introduction

The mathematics notebook of the student (MN) is a common tool in many classrooms and has been an object of study in former CERME papers (see, e.g., [START_REF] Segerby | Writing in mathematics lessons in Sweden[END_REF]. This is the material instrument in which lesson notes are taken, and mathematical work is developed and revised. In our study, we deal with contents that belong to the private domain of students [START_REF] Fried | Some reflections on mathematics classroom notebooks and their relationship to the public and private nature of student practices[END_REF]. In their notebooks students produce a language for communication with themselves about the contents to be developed and learned, and they are the ones ultimately responsible for the small units of information that conform the written outcome. Thus, notebooks somehow act as windows into student work and understanding in the mathematics classroom. Despite this significance of notebooks, research on them is still rare (together with [START_REF] Segerby | Writing in mathematics lessons in Sweden[END_REF], some exceptions are [START_REF] Fried | Some reflections on mathematics classroom notebooks and their relationship to the public and private nature of student practices[END_REF][START_REF] Yau | Insights from students' private work in their notebooks: how do students learn from the teacher's examples?[END_REF], in part due to an expanded "illusion of transparency" [START_REF] Villarreal | Collectives of humans-with-media in mathematics education: notebooks, blackboards, calculators, computers and … notebooks throughout 100 years of ICMI[END_REF]. Notebooks are often seen as learning resources per se (i.e. MN represents information used in the student learning experience). Our study contributes to research on mathematical communication (Morgan, Craig, Schütte, & Wagner, 2014) by focusing on the under-researched idea of MN as a communicational tool in the relationship between learner and learning content.

We follow up on a larger study with eleventh-grade students in four Spanish mathematics classrooms. The lessons in these classrooms consisted of the initial exposition of contents and tasks by the teacher, followed by student work on the resolution of tasks. A type of notes emerged as distinguishable during the processes of MNs content analysis. Regarding the teaching dynamics, it was expected that the students wrote down blackboard contents -from the stages of exposition and resolution of tasks-and oral contents dictated by the teacher. The students, however, wrote annotations that do not fit into the former types of content. These annotations constitute what we name comments (see [START_REF] Arce | Análisis de los cuadernos de matemáticas de los alumnos de bachillerato: Percepciones, perfiles de elaboración y utilización y rendimiento académico[END_REF][START_REF] Arce | A case study comparing the comments written by two students on their mathematics notebooks[END_REF]. Regarding comments, in this paper we address two research questions:

-To what extent are comments different depending on the mathematical knowledge they represent?

-To what extent do comments seem to have influence on the development of students' mathematical activity?

Framework for analysis of comments as texts

Arce (2016) applied a complex system of ideas to analyse what students seem to be saying and communicating in their mathematics notebooks. In this section, we address the theoretical grounding for some of those ideas in order to cover the notions more directly linked to the present research questions. Before making sense of the students' written comments from the perspective of their implications for learning, we need to organize the information represented in these comments.

Arce (2016) makes use of the first two types of writing out of the three discussed by [START_REF] Britton | The development of writing abilities (11-18)[END_REF]: transactional, expressive and poetic. The transactional type is particular of public domains [START_REF] Fried | Some reflections on mathematics classroom notebooks and their relationship to the public and private nature of student practices[END_REF] in that it communicates meanings intended to inform and persuade an audience. In contrast, the expressive type is particular of private domains in that it communicates personal reconstructions of public meanings. Transactional and expressive writing relate to each other in the articulation of theoretical, algorithmic, logical, methodological and conventional contents [START_REF] Shield | The analysis of student expository writing in mathematics[END_REF]. All these contents are modulated by the language used, either particularized or generalized, and procedural or descriptive. What we have in comments are all sorts of combinations of contents and forms in the writing.

Types of writing, contents and forms intersect with types of knowledge, namely, conceptual and procedural knowledge of mathematics [START_REF] Hiebert | Conceptual and procedural knowledge in mathematics: An introductory analysis[END_REF]. This is a distinction that emerged as fruitful in the analysis of how, and how much mathematical concepts and procedures are present and related in MNs. Due to the complex overlap involved, we consider these two types of knowledge as critical in the analysis of comments. By the conceptual type, we refer to mathematics knowledge that is rich in semantic relationships between concepts and propositions, while by the procedural type we refer to mathematics knowledge that is rich in syntactic relationship, often expressed by means of rules and algorithms. Again, what we have in MNs and particularly in comments are all sorts of combinations of types of writing, contents, forms and types of knowledge.

In his analysis of comments in MNs as representational texts, Arce (2016) adds the differentiation of issues not strictly related to the communication of mathematical knowledge. We strategically put these multidimensional issues in one group because they all fit into a type of comments where the focus on either conceptual or procedural mathematical contents is difficult to recognize. All these issues are grouped under the name of practical knowledge to provide visibility to and promote discussion of the use of comments that may be facilitating their role in student learning even though they do not primarily address conceptual and procedural contents particular to mathematics.

Context, background and methods

For the examination of comments under the conceptual-procedural-practical framework in line with the first research question, we scanned data from the MNs of 41 volunteering students that had been collected in four high school classrooms chosen by availability. We selected contents of the teaching units on functions, limits of functions, and derivatives. With inspiration on deductive methods of manifest content analysis [START_REF] Krippendorff | Content analysis: An introduction to its methodology[END_REF], the first two authors examined comments according to types of mathematical knowledge (i.e. conceptual and procedural), contents involved in the writing (i.e. theoretical, algorithmic, logical, methodological and conventional), forms involved (i.e.

particularized, generalized, procedural, descriptive), and other issues regarding organizational, pedagogical and personal aspects. These were the codes useful in the initial stage of the current research in order to get a first general picture of comments as tools.

In line with the second research question and together with the findings about differences across comments, the collaboration with the third author helped to rethink the previous analysis with data from eight interviews with pairs of participant students. The selection and pairing of students followed criteria, decided in the context of the larger study, about comparison and contrast among MNs in terms of written contents. By applying inductive methods of interpretive content analysis [START_REF] Ginger | Interpretive content analysis[END_REF] to MNs and interview data, some possibilities of comments as sources of mathematical activity for the production of mathematical texts in notebooks were preliminary inferred. When there is mention of or allusion to the comments' impact on either the development of MN contents or the performance of mathematical activity, the third author mentioned the possibility of comments playing a role in the development of student mathematical activity. In the next section, we present some instances of comments to reproduce partially the analyses.

Are student comments more than texts?

The groups of comments below are not exclusive of each other. The groups may occur in various combinations although we present them separately by choosing comments that more clearly illustrate the dominance of some particular features over others. With their characterization, we want to make the argument that they must be taken into account in student written communication. Moreover, these groups of comments are sufficiently important to be included in the investigation of relationships between the knowledge communicated by students in their writing and the mathematics learning opportunities created and eventually explored by them.

Comments related to conceptual knowledge of mathematics

There are comments in which we find the name of the concept, a more or less formal narrative for its definition or an explanation about the concept definition. Figure 1 shows two instances of this: on the left, a generalized comment on the definition of the absolute minimum of a function; on the right, a particularized comment on the definition of constant function applied to f(x)=-3.

Figure 1: Examples of conceptual comments on definitions

There are other comments from this group with an emphasis on relationships between concepts, properties and rules like those in Figure 2: on the left, a comment on a relationship between different kinds of asymptotes; on the right, a comment on the relationship between the derivative of the identity function and the power rule. In this last case, and different from the comment about asymptotes, as the rules had been independently presented by the teacher, we see expressive writing. Other conceptual comments are centered on the requirement and justification of conditions for a specific process to be applied, and in this way they may express attention to logical aspects of mathematics. Still some other comments anticipate the need to introduce a new concept or technique, and therefore communicate broader networks of concepts and relationships.

In all these comments of a conceptual type, the overall focus becomes student work on concepts and eventually on relationships between concepts involved in the construction of mathematical knowledge. Different uses of these comments by the students emerged in the interviews. Some students said that comments are useful to "clarify", "evoke" or "remember" concepts, as well as to "support their study at home." Similarly to the reflections made by [START_REF] Morgan | Word, definitions and concepts in discourses of mathematics, teaching and learning[END_REF], we see in some of these texts (e.g. Figure 2, on the right) the reconstruction and use of mathematical concepts in ways that allow students to learn mathematics. This is confirmed in the interviews in which students refer to this type of comments as an aid for developing their learning of concepts and relationships.

Comments related to procedural knowledge of mathematics

In this group, we place the comments in which we see procedural knowledge of mathematics, that is, comments about recalling or clarifying the application of procedures such as algorithms, rules and techniques, as well as the conventions around them. There is an emphasis on algorithmic aspects when mentioning steps or actions that constitute a procedure such as: the calculation of the domain of a function, the resolution of limits with indeterminate forms and the representation of elementary functions. Figure 3 shows on the left, two comments of a student recapitulating how to solve two indeterminate forms, specifically "→0/→0" and "→∞/→∞", and on the right, the comment of another student who indicates the steps to be followed to examine any function.

Figure 3: Examples of procedural comments on methods

There are comments with verbal and symbolic marks that recall or clarify mathematical properties applied in the development of the steps of a procedure. Figure 4 shows two instances of this kind: on the left, a comment recalling the calculation of the cube root of any real number; on the right, some marks by means of arrows clarifying how to operate in a quotient of fractions. In all these comments of a procedural type, the overall focus becomes student work on methods and eventually on the symbolic and formal representation of properties and procedures. As said by the students in the interviews, they provide different uses to their procedural comments, namely: highlighting and clarifying procedural aspects found more difficult (Figure 4), and acting as an aid in order to "mechanize" a mathematical procedure (Figure 3, on the right). Together, conceptual and procedural comments point to an important presence of expressive writing with modifications and connections to the mathematics communicated by the teacher in the lesson.

We interpret the engagement with expressive writing as evidence of some mathematical work.

Drawing on this, these comments may be acting as resources in that they develop written representations of student understanding. One could possibly expect to see in representations of understanding at different moments some traces of different learning stages.

Comments related to practical knowledge

The third group of comments does not directly refer to contents about types of mathematical knowledge communicated in the notebooks; instead, it refers to contents that privilege pedagogical and organizational knowledge, among others. This is a "big" group of comments in this report whose detailed deconstruction in codes can be found in [START_REF] Arce | Análisis de los cuadernos de matemáticas de los alumnos de bachillerato: Percepciones, perfiles de elaboración y utilización y rendimiento académico[END_REF].

Some comments record texts that teachers said during the lessons concerning the organization of curricular issues and other forms of pedagogical support. On the left of Figure 5 there is an instance of an indication about the school time for a curricular content to be considered. Other comments highlight processes that are "tricky" as said by a teacher in a lesson; here we find rules of action as ways to manage difficulty. On the right of Figure 5 there is an instance of a rule for the generation of a table of values in order to represent a function with three positive and three negative values.

Figure 5: Examples of practical comments on organization

There is also practical knowledge in comments about the forms and contents of evaluation in the subject. This is clear in the two instances of Figure 6 with references to an exam and to the expected contents to appear in it. Comments such as those in Figures 5 and6 are difficult to be recognized as representations of mathematical understanding. They also contain/are mathematical texts. Some sort of practical knowledge with purposes of optimization of opportunities as learner is communicated. Similarly to the instances in Figures 5 and6, the texts in Figure 7 do not provide evidence of the creation of opportunities for mathematics learning, but rather seem to indicate the creation of opportunities for the student writer as learner. In Figure 7 we find question marks on the left, and sentences to indicate doubts and uncertainty on the right. Other comments documented in Arce ( 2016) use impersonal forms of language to recommend "reviewing", "studying", or "asking".

Figure 7: Examples of practical comments on cognition

There is some evidence of personal meta-cognition and control over the learning process in all these comments. We found in the interviews that some students add comments like those of Figure 7 in the resolution of tasks to focus and increase their attention when the teacher makes corrections in the classroom or to ask directly the teacher about a doubt. However, except for Figure 7 (on the left), there are no concrete initiatives in the MNs aimed at exploring or clarifying what has been indicated as mathematically difficult to understand.

We claim that all these practical comments are also valuable; they communicate part of the knowledge that the student needs to develop, together with particular mathematical knowledge, in the mathematics classroom. These comments provide an opportunity for students to make their own judgments on, for example, what needs to be known (i.e. what is to appear in the exam, what is planned for another school year) and who they are as knowers of mathematics (i.e. what is not mathematically clear to them, which learning requires revision).

Rethinking comments as more than texts

We are in the position to adventure some initial thoughts and questions about the conceptualization of student comments as resources. Conceptual and procedural comments like those exemplified in this report (Figures 1 to 4) facilitate the exploration of mathematical knowledge, even though there may be some instances of a routine writing activity enabling the development of reproductive or imitative patterns (also studied by [START_REF] Yau | Insights from students' private work in their notebooks: how do students learn from the teacher's examples?[END_REF]. However, our analysis of comments includes one more practical function about prescriptions of what is to be learned (Figures 5 and6) and about judgments on what is not known (Figure 7). It is not easy to elucidate whether the learning process would be similarly facilitated if particular types of comments were not present. We anticipate that all types of comments -conceptual, procedural and practicalare necessary in order to create learning opportunities oriented to both the creation and communication of mathematics learning.

We agree with [START_REF] Fried | Some reflections on mathematics classroom notebooks and their relationship to the public and private nature of student practices[END_REF] that there is a need to further investigate the role and use of MNs, and not only of comments, as a learning resource in the mathematics classroom. A significant question for which this area of investigation might provide understanding is why some notebooks are better facilitators of opportunities for mathematics learning. This is an issue related to the broader question of the role of mathematical writing in mathematics learning. As noted already with the analysis of comments, the written elaboration of conceptual and procedural knowledge of mathematics seems to indicate work relevant for the development of student mathematics learning. However, these comments alone may not be enough in the construction of mathematics learning. Other types of comments, like those that constitute what we have called practical knowledge, may be required in the process that goes from student written communication to mathematical understanding and from here to student written communication again. Especially important may be the ways in which all these types of comments appear combined and related.
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