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Occasions for productive interactions in inclusive mathematics classrooms that arise following mistakes
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When learning mathematics, mistakes can serve as productive occasions if a mistake is followed by a process of negotiation and insight. This paper addresses the question of the extent to which the informal occasion of a "mistake" leads to productive interactions in inclusive mathematics classrooms. Within the context of the project LUIS-M video-based qualitative analysis of cooperative learning situations in inclusive classrooms are made with focus on formal and informal occasions for productive interaction. In the paper the negotiation processes which follow mistakes are exemplified and discussed with respect to opportunity for learning processes.

Introduction

Learning mathematics requires interaction; cooperative learning leads to interaction. This is the hope which is associated with cooperative learning in teaching mathematics. Therein, learning is understood as a co-construction process in the context of social processes and/or interactions. As such, not only social learning objectives but also cognitive learning objectives are of importance in cooperative learning. From a mathematical-didactical point of view the epistemological learning processes based on the exchange of different interpretations are of interest [START_REF] Steinbring | The construction of new mathematical knowledge in classroom interaction -An epistemological perspective[END_REF].

Cooperative forms of learning also gain in importance in the context of fostering teaching, both for children with and without (mathematical) learning weaknesses. Meta analyses in the elementary school area prove that cooperative forms of learning and peer-supported learning show stronger effects with respect to subject matter performance than traditional forms of teaching [START_REF] Rohrbeck | Peer-assisted learning interventions with elementary school students: A meta-analytic review[END_REF]. However, the effects are dependent on both the composition of the pairs as well as the degree of structure of the cooperative learning environment.

For the inclusive teaching of mathematics, the expectation being associated with cooperative learning environments is that children support and correct each other. Further it can be assumed that children with a lower learning performance develop their own interpretations due to the more elaborated interpretation of other children.

This report focuses on the question of in which way children's mistakes in cooperative learning settings of inclusive mathematics teaching can serve as an occasion for productive interactions. For this, transcribed interaction flows are analysed in the sense of a qualitative research paradigm, and theoretical insights are derived in an abductive process. However, before the research design and the results are presented, the essential theoretical foundations and empirical insights will be outlined.

Theoretical and empirical starting points

Cooperation and interaction in mathematics education

When students learn mathematics, they can benefit from sharing their ideas with their peers, especially when their peers have a different point of view. Several studies mention that differences between students' explanations and procedures can increase mathematical understanding and create new insights [START_REF] Pijls | Reconstruction of a collaborative mathematical learning process[END_REF]. However, not every interaction leads to new insight, the interaction must take place in a productive discourse. [START_REF] Dekker | A process model for interaction and mathematical level raising[END_REF] work out that verbalising, explaining, defending, asking and arguing are key activities for productive learning processes. Cooperative learning situations seem to be suitable to make such key activities come up. It is expected that children associate ideas, discuss solution possibilities and discover mistakes when they work in small groups.

Especially, it seems to be productive to develop ideas collaboratively and to find a common way for problem solving. In these phases of cooperative learning a high frequency of communication can be observed and the interacting partners change within the group [START_REF] Brandt | Using Goffman´s concepts to explore collaborative interaction processes in elementary school mathematics[END_REF]. It can be assumed that the children show a high rate of key activities like verbalising, asking or arguing by sharing ideas. Therefore, the cooperative learning situation should be based on tasks and problems which allow a range of solution procedures, so that children need to verbalise and argue with their partner. This could be achieved when the problem is complex and the students do not have a routine which allows them to solve the problem easily [START_REF] Dekker | A process model for interaction and mathematical level raising[END_REF]. Open problems, which allow solutions on different levels, can lead to many key activities as well.

In an epistemological view [START_REF] Nührenbörger | Processes of mathematical reasoning of equations in primary mathematics lessons[END_REF] mention that it is helpful to use tasks which create a "productive irritation" concerning the experiences of the children. While working on the tasks the children discover something surprising which then becomes an amazing phenomenon. As a consequence, the children may provide phenomena that they do not expect, so that "they have to reflect on the given structures and see the need to re-interpret the experienced mathematics behind the problem" [START_REF] Nührenbörger | Processes of mathematical reasoning of equations in primary mathematics lessons[END_REF]. Activities like »comparing« and »sorting« can help initiate such processes e.g. when children reason about the criteria for sorting [START_REF] Häsel-Weide | Replacing persistent counting strategies with cooperative learning[END_REF]. Only if children feel the need or the pleasure to share ideas, mathematical communication takes place.

In addition to the cooperation processes initiated through the cooperative learning technique, the tasks and the work assignment, mistakes can lead to interactions and discourse between children [START_REF] Götze | Ko-konstruktive Lerngespräche unter Grundschulkindern. Ergebnisse einer empirischen Studie zur sozialen Interaktion im Mathematikunterricht[END_REF][START_REF] Häsel-Weide | Vom Zählen zum Rechnen: Struktur-fokussierende Deutungen in kooperativen Lernumgebungen[END_REF]. Götze analysed interaction processes of children in so-called "math conferences", where the children share and discuss their solutions. She points out, that a suggestion of a wrong solution can induce an exchange of arguments and a verbalisation of prior statements -as such key activities take place, that are initiated by the incorrect solution. In my own study regarding the replacement of persistent counting strategies, the children verbalised different interpretations of a structure initiated by mistakes. This interaction had a productive effect and enabled new insights for some children [START_REF] Häsel-Weide | Vom Zählen zum Rechnen: Struktur-fokussierende Deutungen in kooperativen Lernumgebungen[END_REF]. The expectation, furthermore, is that non-comprehension or nonknowledge leads to questions and then, as a result, to explanations, and therefore moments of »gaps« and/or »helping« become productive.

Cooperative mathematics learning in inclusive beginners' classes

Inclusive teaching always is in between the poles of common ground and individualisation. It is necessary to take the individuality of each child into account, his/her competences and difficulties, and to foster it individually. At the same time, inclusive teaching has the objective of joint learning, i.e., an objective of participating in content, of the joint learning of mathematics that goes beyond [just] being a part of a class.

In order for children to be able to work together on content, the learning environment must allow working on different levels. At the same time, a joint focusing on a core idea that can be worked on by all children and that is at the centre of the exchange is necessary. Concepts of cooperative learning furthermore recommend a significant methodological structuring as well as the creation of a positive dependency between the cooperating children, e.g. through role distribution, limiting of the material, or time allowances [START_REF] Johnson | The new circles of learning: Cooperation in the classroom and school[END_REF]. As such, a field of tension exists between a limitation and a common focus for a successful outcome of cooperative processes and the enabling of working on an individual level. In addition, the mathematical competences and verbalising and presenting interpretations, as well as interpersonal competences such as a constructive dealing with conflicts that are necessary for the interaction and cooperation must first be learned.

Objective and design of the study

In project "Learning environments for inclusive mathematics teaching -LUIS-M", learning environments were developed for the entry phase of elementary school and tested in six classes of the first and second school year (children age 6 to 8). The focus in each class is on a cooperative learning environment which is processed in partner work and accompanied by other offers for individual and cooperative learning. Thematically, the learning environments pick up the basic mathematical topics, which means in the first and second school year the presentation of numbers and operations. Children with different competences in mathematics are supposed to interact and cooperate with each other. Two objectives are being pursued by this: in the spirit of mathematical didactics as a design science [START_REF] Wittmann | Mathematics education as a design science[END_REF], learning environments are developed for and with teachers and scientific insights are gained via the analysis of the learning processes of the children. We are interested to explore if and how children work together, which different levels of understanding can be reconstructed, and which occasions during the cooperative learning lead to a productive interaction. In this paper the following questions are discussed:

How can aspects and moments causing a productive discourse be characterised? In what way do mistakes induce productive interactions?

The teachers were asked to choose pairs with different competences in order to work together. Two pairs were video recorded in each of the six participating classes. Chosen for the video were pairs of children where one child shows low mathematical competences. The corresponding transcripts were interpreted by a group of researchers. The analysis was compared in an interactive way with empirical findings of other studies and theoretical approaches. As a result, insights about the communication of children in heterogeneous groups could be constructed. This procedure allows the development of new theoretical elements analysing individual cases.

Analysis of episodes

In the following two examples are presented and analysed where it was possible to reconstruct mistakes. Based on the interpretation of the examples, the theoretical conclusions are being worked out and subsequently presented, going past the examples. In this, analyses of additional scenes are included in the development of a theory.

Case 1: Jana's incorrect interpretation of the dot-strip image

The episode is from the second school year and was recorded during the introduction to the multiplication tables. The children work in a learning environment that aims at comprehension of multiplication as repetition of equal groups, and the connection between addition and multiplication. The children lay out dot images with strips of two, four, and eight dots and interpret them additively and multiplicatively. For each dot image only one type of strip may be used. The children work focused on each other, i.e., one child lays out a dot-strip image and the other child states the matching addition and/or multiplication task. These are jotted down and then sorted in a second step. In this process the children can already recognise first relationships between the tasks.

In this scene, Kadirin accordance with the assignmentlays out two strips of eight in the following dot-strip image. Jana is now required to state the task. In her first statement, Jana mentioned the total number of dots, "sixteen", and the multiplication, "times two." Since she determined "sixteen" dots by counting, she appears to link the number of dots with the operation in her phrasing. In this, she is phrasing a typical sequence of »number operation number«. Kadirprobably as a reaction to Jana's statementlays his head on the table. Jana seems to interpret this as a sign that he considers her statement to be incorrect. She then corrects herself and states "sixty times two". She does not change the structure of her statement, but rather the number.

Jana is able to determine the number of dots correctly and seems to know the sentence structure of a multiplicative phrase. Besides, she shows a behaviour that is typical for children with mathematical learning difficulties: She determines the quantity by counting in ones, but she seems to have difficulties to find a fitting multiplicative expression and to distinguish between the number words sixteen ("sechszehn") and sixty ("sechzig") [START_REF] Anghileri | An investigation of young children´s understanding of multiplication[END_REF][START_REF] Gaidoschik | Einige Fragen zur Didaktik der Erarbeitung des "Hunderterraums[END_REF].

Kadir's statement (5) makes it clear that he considers Jana's interpretation to be incorrect and furthermore shows that he is applying a different way of reading ("You can't read that") the strips than Jana. As such, a disagreement exists between Jana's interpretation and his own. Kadir now interprets the dot-strip image himself and in the process phrases a matching multiplicative interpretation. At first glance, this approach seems to be of little help. Kadir does not provide Jana with any indications how she can correct her interpretation, but rather solves the task himself. However, taking a closer look at his remark, it becomes apparent that he formulates two aspects that can be a learning opportunity for Jana in the spirit of co-construction.

First, he explicates a structured way of grasping the number of dots on a strip. Jana has determined the total number by counting them in ones. Kadir points out to Jana the power of five in the strips, because he separates the dots in the five dots on the left hand side of the mark and the three dots on the right. So he explicates the part/whole structure 8=5+3. He demonstrates and verbalises an option of the structured grasping of the quantity. Through his gesture he additionally makes it clear that only the number of dots on one strip needs to be grasped since these are strips of equal magnitude. In the second part of his statement, Kadir formulates the multiplicative structure and phrases "two times the eight". With the nominalisation, he emphasises the two elements "number of strips" (multiplier) and "number in each strip" (multiplicand).

Therefore, at second glance, it becomes apparent that Kadir is not only providing the correct result, but that there are opportunities of insight for Jana located in his verbalisation and his gesture. The key activities of verbalisation, explaining, and pointing out, described as productive by Plijs et al. (2007), can be reconstructed in the case of Kadir. He shows an understanding of multiplication and an elaborated strategy in the grasping of the quantity. His statement is caused by Jana's solution, which he recognises as being incorrect, and which he introduces in the interaction. To what extent Kadir's interpretations are picked up by Jana cannot be identified in this scene since Jana notes down the solution without it becoming apparent to what extent she is exclusively translating the verbalisation into a term or to what extent she can comprehend it with respect to the dot-strips.

Case 2: Marie suspects a mistake in Milene's solution

In the first school year, the children were given tasks to create "simple" subtraction problems with the subtrahends 1, 5 and 10. In this, the children freely select the minuend, by laying down corresponding dots in the field of twenty, draw an action card, »minus 1«, »minus 5«, or »minus 10«, solve the problem by removing the number of dots or mentally, determine the result and note down the problem on a card. After a while, the cards are sorted in accordance with self-selected criteria, which could be e.g. the minuend or the subtrahend or the size of the numbers. The relationships between the problems become apparent by sorting them, e.g. according to the minuend, the subtrahend, the difference or the size of numbers. So, on the one hand, the focus is on the basic topic of »simple subtraction problems«, on the other hand the structure between problems can be discovered and described. Both the activity of sorting, as well as the potential discoveries are suited to stimulate productive interactions. The step to find the problems can be worked on either individually by each child or the children work with distributed roles. In this case, one child specifies the minuend with dots while the other does the subtraction by taking away one, five or ten dots and notes down the term. Working while focused on each other allows for more cooperation between the children and for a direct reaction in case of erroneous solutions or questions, but also leads to a limitation of the individual level of processing.

Marie and Milene are working on the assignment with distributed roles based on the division of labour, i.e. one pupil lays out the minuend on the field of dots and draws the card with the subtrahend (c.f. Figure 1); the other pupil finds the difference and notes down the task. Maria has already placed a strip of 10 and 3 chips on the field of twenty in the following way: (lifts away the third dot from the bottom row of the field of twenty) 2

Marie: Now you have to guess how much that is 3 Milene: One, two. Twelve! (looks at Marie, puts the chip back onto its original spot on the field of twenty) So, and now I write down the assignment (takes a piece of paper and a pen) 4Marie: (4sec) (shakes her head) You got this wrong, you misunderstood. 5

Milene:

(notes down the task 13-1=12 on the piece of paper) Thirteen minus one equals twelve. (places the piece of paper on the stack with the other tasks) 6Marie: (5sec) (points with the finger to the dots) That equals thirteen (grabs Milene by the arm and points to the 3 dots in the bottom row of the field of twenty). That equals thirteen. 7

Milene:

(lifts away the third dot from the bottom row slowly once more, directly looks at Marie, and nods) 8 Marie Oh (turns away from the field of twenty). 9

Milene: Understood?

Milene, in accordance with the action card, »minus 1«, takes one dot away from the field of twenty, holds it in her hand and states the correct difference (1 & 3). She then places the dot back onto the field of twenty so that thirteen dots lie on the field once again. Marie voices the suspicion that Milene has made a mistake (4) and phrases "That equals thirteen" (6) which probably traces back to the thirteen dots lying on the field. In this situation, there is disagreement between the children.

Both pupils defend their interpretation in the further process: Marie grabs Milene's arm, maybe in order to be heard, repeats her interpretation, and points to the dots in the field of twenty. By taking away one dot, Milene seems to illustrate the operation »minus 1«, looks at Marie and nods and thus demonstrates that the difference of the task is twelve. The sequential carrying out of the actions corresponds to the process of subtraction so that Marie potentially recognises that the 13 dots represent the minuend, one dot was taken away correctly, and the difference of 12 dots was determined. However, due to the replacement of the dot (3) it was not the difference that was visible, but rather the minuend. Marie seems to be ablethrough the gesture of Milene ( 7)to comprehend that the difference was determined correctly, nevertheless. Her statement "Oh" and her turning away from the task could be a sign of agreement and an acceptance of the result.

The suspected mistake with respect to the solution of the subtraction task leads to the connection between quantity, change, and result being demonstrated on the material. The trigger of this elucidation was the dissent between the interpretation of the 13 dots that Milene considered to be the minuend whereas Marie saw the difference in the field of dots. Here, the supposed mistake leads to negotiation and defence of different interpretations. Both children show key activities, pointing out and verbalising their interpretations of the material. In this way, they appear to defend their respective point of view and to negotiate the correct interpretation.

Interpretation and conclusion

Both scenes exemplarily show that mistakes and suspected mistakes can cause verbalisations, demonstrations, and defensive actions. If (supposed) mistakes are recognised in the interaction, they appear to not only be corrected but key activities also take place in the negotiations (Table 1). The children utilise, for example, the material to illustrate something, or (re)phrase it so that other aspects become clear. In this way, (supposed) mistakes function as a trigger for a productive interaction process. Therefore, it does not seem to matter whether a mistake was actually made or if this was only suspected. The children not agreeing in their interpretationmeaning that there is dissentis of central importance. In this, two cases could be distinguished. (1) One solution is incorrect and this is recognised by the partner child who in the context of the cooperation has therefore solved the task himself (correctly). ( 2) A correct solution is interpreted as incorrect by the partner child. Here too, the partner child must solve the task herself. Prerequisite is, in this case, that both partners solve the task and arrive at different results. The activities in the negotiation are gestures and verbalisations which are utilised as justifications and defences. Properly formulated chains of reasoning are not observed in the inclusive beginners' classes. This could be because the children are not yet equipped with respective competencies or also because this does not correspond to the interaction of children among each other and requires a focusing and moderation by a teacher [START_REF] Gellert | Dispute in mathematical classroom discourse -"No go" or chance for fundamental learning?[END_REF].

Regarding inclusive mathematics teaching, it can also be assumed that the cooperation of children is productively becoming an informal learning occasion through mutual helping and correcting. The analyses show that children in the first and second school year not only take corrective action but also display key activities in their correction which can lead to learning processes for themselves and also potentially for the partner children. This, however, requires that mistakes are recognised during the learning process. Yet, this prerequisite does in no way always exist, not even when pairs of children with different competences work together. On the one hand, the children are in part simultaneously busy with their own tasks, while on the other hand even in case of working focused on one another not all mistakes are being recognised and explored. As such, it is not sufficient to trust in informal occasions. Productive interaction should rather be stimulated through suitable activities and through phenomena yet to be discovered. 
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Table 1 : Productive interaction triggered by a mistake
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