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Introduction and research problem

The notion of trigonometric function is related to three mathematical domains: trigonometry, algebra and function. Understanding the idea of a trigonometric function requires students to realise the relationship between the length of an arc and the measure of the angle that is subtended by the arc, the relationship between the real line and the unit circle, the covariation between a point moving on the unit circle and its projection on one of the axes, and the idea of the graph of a function [START_REF] Khalloufi-Mouha | Etude du processus de construction du signifié de fonction trigonométrique chez des élèves de 2ème année section scientifique[END_REF][START_REF] Khalloufi-Mouha | Constructing mathematical meaning of a trigonometric function through the use of an artifact[END_REF].

From a historical perspective, the idea of the functional relationship between the real line and the unit circle is related to the notion of motion as a variation in the space and time. [START_REF] Falcade | Approaching functions: Cabri tools as instruments of semiotic mediation[END_REF] So, this idea could be understood from a dynamic perspective, referring to the wrapping of a line around the unit circle and to the variation of a moving point. Many studies (e.g., [START_REF] Laborde | Core geometrical knowledge for using the modelling power of Geometry with Cabri-geometry[END_REF][START_REF] Laborde | Grounding the notion of function and graph in DGS[END_REF] claim that the key to understand the dynamic aspect of function is the notion of trajectory. According to [START_REF] Laborde | Core geometrical knowledge for using the modelling power of Geometry with Cabri-geometry[END_REF] the graph of a function could be considered as the trajectory of a moving point, representing the dependent variable according to the variation of a variable point on the axis of abscissas, so, the covariation of these two points becomes a relationship between two variations depending on time. Adopting a teaching approach based on the idea of covariation in the semantic field of space and time, [START_REF] Laborde | Grounding the notion of function and graph in DGS[END_REF] and [START_REF] Falcade | Théorie des Situations, médiation sémiotique et discussions collectives, dans des séquences d'enseignement avec Cabri-géomètre pour la construction des notions de fonction et graphe de fonction[END_REF] assume that the teaching and learning of the notion of function should start in a dynamic environment. They claim that the use of Cabri allows access to the ideas of variation, functional relationship and covariation through the movement of a point on the screen. According to the Vygotskian (1978) perspective of semiotic mediation, [START_REF] Laborde | Grounding the notion of function and graph in DGS[END_REF] and Bartolini Bussi and [START_REF] Bartolini Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF] argue that some of Cabri's features can be viewed as potential tools of semiotic mediation carrying mathematical meanings. Cabri's tools can be thought as external signs referring to a specific mathematical meaning, and may become tools of semiotic mediation [START_REF] Laborde | Grounding the notion of function and graph in DGS[END_REF].

Following these studies, we propose a teaching experiment integrating the technological artifact Cabri, aiming to introduce the trigonometric function cosine as covariation.

Theoretical framework

According to [START_REF] Vygotsky | Mind in society. The development of higher psychological processes[END_REF], human intelligence is defined by the ability to use various types of tools with signs playing the role of mediators. Vygotsky distinguishes between tools (technical tools) and signs (psychological tools). Tools are externally oriented and aimed at controlling the process of nature. Signs are internally oriented and aimed at mastering the individual's behavior and cognitive processes. Vygotsky claims that, through the process of internalization, a tool may be transformed in a sign, and then may function as a tool of semiotic mediation. Vygotskian theory supposes that the development of behavior and cognitive processes is the product of activities practiced in the social institutions of the culture in which the individual grows up. For Vygotsky, language is the most important semiotic mediator allowing the passage from the interpsychological level to the intrapsychological level. The theory of semiotic mediation (TSM), developed by Bartolini Bussi and Mariotti (see, for instance, Bartolini Bussi & Mariotti, 2008), is situated in the Vygotskian perspective. Two key notions support this theory, the zone of proximal development and the internalization. Vygotsky introduces the concept of the zone of proximal development as "the distance between the actual developmental level as determined by independent problem solving and the level of potential development as determined through problem solving under adult guidance or in collaboration with more capable peers" (Vygotsky, 1978, p.86). This concept models the learning process through social interaction. In fact, the collaboration between one individual, whose cognitive attitude has the potential to facilitate change, and another individual (or group) who intentionally cooperate to accomplish a task or to pursue a common aim may generate a possible development [START_REF] Bartolini Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF]. The transposition of this concept in the school context is possible thanks to the intrinsic asymmetry of the relationship between students and teacher in terms of knowledge. Therefore, the teacher's actions should be within this zone for achieving a didactic objective through the use of the signs and tools as semiotic mediators. In this zone of proximal development, cognitive development is modelled by the process of internalisation.

According to the TSM, the social use of an artifact in the accomplishment of a task leads to the emergence of signs expressing students' personal meanings, i.e. "the conscious sense created by each individual to express the direction of his or her action" (Bartolini Bussi, 1998, p.69). The evolution from personal meanings towards mathematical meaning, i.e, what describes the properties of the concepts under scrutiny inside a system of theoretical knowledge (Bartolini Bussi, 1998, p. 81), is an educational aim that can be realized promoting the evolution of signs, expressing the relationship between artifact and tasks, into signs expressing the relationship between artifact and knowledge [START_REF] Bartolini Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF]. The teacher can guide this evolution through collective discussions.

Rationale for the teaching experiment

Our teaching experiment aims at constructing the meaning of the cosine function and of its graph using the notion of covariation [START_REF] Khalloufi-Mouha | Constructing mathematical meaning of a trigonometric function through the use of an artifact[END_REF] The experiment has four parts. The first two parts use the situation A rope on a wheel (Genevès, Laborde & Soury-Lavegne, 2005), which is a modelling situation in Cabri: a thread that can be wound around a wheel through the Dragging tool. The experiment involves description and prediction tasks intended to provide students with opportunities to realise that in the unit circle the length of an arc is equal to the measure (in radian) of the angle that it subtends. In addition, wrapping the thread on to the wheel aims to make students construct, for a given real x, the point M on the unit circle with the arc 𝐼𝑀 ̂= 𝑥. Thus, they could realise the functional relationship between the real line and the unit circle. Mathematically, this relation is interpreted by the existence of a surjective group homomorphism between the set of real numbers and the unit circle. Throughout these activities the role of the teacher is crucial. He has to establish strategies fostering the development of meanings of functional relationships and variation. The third and fourth parts of the experiment aim to analyse how the Dragging tool, the Measurement tool, and the Trace tool function as semiotic mediators for the ideas of variation, the functional relationship and covariation. The cosine function is introduced as a relationship between two variations depending on time, and its graph as the trajectory of a moving point.

The teaching experiment involves different typology of activities aimed to develop different components of the complex semiotic process: working in pairs and collective discussions generally initiated and guided by the teacher. When working in pairs, students use the artifact to accomplish the given tasks. This type of activities promotes social exchange through the use of verbal signs (both oral and written), gestures, drawing... Consequently, this provides students with opportunities to construct personal meanings linked to the mathematical target concepts. Students' personal meanings may evolve to the shared mathematical meanings through collective discussions. These discussions involve all students and allow the confrontation between their personal meanings and the mathematical meanings. These collective discussions may reach the status of mathematical discussions, in the sense of Bartolini [START_REF] Bartolini Bussi | Mathematical discussion and perspective drawing in primary school[END_REF], and can also involve phases of institutionalization [START_REF] Brousseau | Théorie des situations didactiques[END_REF] and the introduction of new formal notations. The analysis of the verbal signs used by the students and the manner in which the teacher exploits them can highlight the evolution process from the students' meanings towards mathematical meanings. According to the TSM, the status of the signs belonging to the different categories vary in the evolution process, they can be used as an index of the move from personal sense to mathematical meaning. [START_REF] Bartolini Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF].

Methodology

The sample of this study consisted of 16 students from a class of 2 nd year (16-17 years) in a high school in Bizerte, Tunisia. The students were familiar with analytic trigonometry and they regularly used computer software in class. The teaching session was carried out in the computer laboratory. Students were grouped in pairs and asked to produce a shared written answer on a worksheet. The discussions within pairs and the collective discussions have been audio-recorded.

The analysis is based on several kinds of data that were collected: protocols produced from the student working in pairs (audio-recording, texts, and drawings), audio-recordings of collective discussions and the teacher's and observer's notes.

The impact of the use of Cabri on the construction of mathematical knowledge was analysed by identifying the development of the students' and the teacher's verbal signs related to the target mathematical concepts. We distinguish the two types of signs identified by [START_REF] Falcade | Théorie des Situations, médiation sémiotique et discussions collectives, dans des séquences d'enseignement avec Cabri-géomètre pour la construction des notions de fonction et graphe de fonction[END_REF]: simple signs and complex signs. Simple signs are "easily recognizable by representations of almost atomic type (words or specific formulations)" (p.202). For example, the word "circle" is a simple sign. Amongst the simple signs [START_REF] Falcade | Théorie des Situations, médiation sémiotique et discussions collectives, dans des séquences d'enseignement avec Cabri-géomètre pour la construction des notions de fonction et graphe de fonction[END_REF] distinguishes three types, i.e. artifact-signs (arising directly from the use of the artifact, their meanings are personal and commonly implicit. The artifact-signs are strictly related to the use of the artifact to accomplish the task), mathematical-signs (referring to the culture of mathematics and constitute the goal of the semiotic mediation process.), and pivot-signs which play a pivotal role between the semantic and mathematical fields. "The characteristic of these signs is their shared polysemy, meaning that, in a classroom community, they may refer both to the activity with the artifact; in particular they may refer to specific instrumented actions, but also to natural language, and to the mathematical domain." [START_REF] Bartolini Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF].

The complex signs refer to relationships between families of relatively 'simpler' signs. For example, the sentence "the set of points that are equidistant from a given point" is a complex sign that refers to the mathematical-sign circle. Complex signs are subdivided into four categories: characterisations, definitions, interpretations and instantiations. Characterizations tend to highlight some characteristics that could be interpreted in mathematical terms. Nevertheless, characterizations are not real definitions because in the mind of the speaker the statement is not precise. A definition for an object provides a "boundary in words" which was until then unknown or little known. They are not definitions in the mathematical sense, but can be considered as being part of the process towards a mathematical definition. The interpretations concern explicit links between two families of signs which belong to two different semantic fields. Instantiations are signs which concern the establishment of an interpretative link between artifact-signs and mathematical-signs. [START_REF] Falcade | Théorie des Situations, médiation sémiotique et discussions collectives, dans des séquences d'enseignement avec Cabri-géomètre pour la construction des notions de fonction et graphe de fonction[END_REF] elaborates that "Instantiations are of the same nature as the interpretations. However, the latter concern universal, while instantiations refer directly to the specific activity in Cabri" (p.210).

In our analysis of the development of students' and teacher's verbal signs, all the relevant mathematical notions and all the different signs used were identified. The classification of Falcade allows us to analyse the development of students' personal meanings. Every evolution from an artifact-sign to a pivot-sign will be interpreted as a step towards the construction of personal meanings. The use of complex signs of the type characterization or instantiation will be interpreted as an attachment to the artifact. The use of the complex sign interpretation will be interpreted as a step in the process of semiotic mediation. Finally, the complex sign definition will be interpreted as a step in the process of internalisation of a mathematical definition of the object.

Findings and discussions

The first two parts of the teaching experiment focus on the situation "a rope on the wheel".

Figure 1: The situation A rope on the wheel

From the first task, when working in pairs, students used a large number of artifact-signs related to the ideas of motion and numerical domain, such as "to unwind", "to turn", "to move", "to increase", and "to decrease". For some students, we identified initial pivot-signs related to variation such as "to change" and "to vary", and related to the meaning of functional relationship such as "depends on" and "being a function of". The pair discussions indicate that the use of the artifact facilitated students' use of complex signs of the instantiation type: "If the length of the arc changes, the point N will change", and of the interpretation type: "Then the length of the arc varies as a function of the angle". These complex signs show the construction of personal meanings of the relationship between the length of an arc, the measure of the angle and the radius of the wheel. The collective discussions initiated by the teacher led to the use of these signs in the process of constructing mathematical meanings. The role of the teacher was crucial in the collective discussion. Taking into account individual contributions, the teacher engaged students through juxtaposing their personal meanings, and encouraged them to disregard the artifact and then to focus on the mathematical concepts.

The second part of the experiment aimed at exploring the metaphor of the winding of the real line around the unit circle. During the working in pairs, we observed artifact-signs such as "put the point", "move the point", and pivot-signs as "length of the arc". This characterizes a first step related to the recognition of the numerical and geometric variation. Students used also mathematical-signs "For every x, we can construct a point" and interpretations of the functional relationship between the real line and the unit circle. This can be interpreted as a second step: the identification of the covariational relation at a perceptual level. During the collective discussion, the teacher used the rope as a semiotic mediator to introduce the idea of the functional relationship between the set of real numbers and the points of the unit circle. The collective discussion highlights the use of mathematical-signs such as "for every real x in ..", "symmetry", "absolute value" and "a function of". In addition, we also observe an interpretation of the idea of the functional relationship: "For every positive real x we can construct a point on the unit circle". It seems that students found themselves in a familiar mathematical environment and had no difficulties in generalising the use of the artifact. They were engaged spontaneously in the intended process of mathematical meaning construction.

A definition of the cosine function

The third part of the teaching experiment focused on the ways the Cabri-tools Dragging, Measurement and Trace function as semiotic mediators for the development of the definition of the cosine function as a covariation, (i.e. the relationship between two variations depending on time), and the construction of its graph as a trajectory of a moving point.

Students were asked to construct a point N on the x-axis (1,0) with abscissa x. Using the Measurement tool, they should then construct the point M of the unit circle such that 𝐼𝑀 ̂= 𝑥. Finally they should construct the point K on the x-axis(1,0) with the same abscissa as M, and the point H on the y-axis (0,1) with the same ordinate as M. Using Dragging tool, students were asked (a) to describe the relationship between the points N, M, H and K when N is moving, (b) to determine the values taken by the abscissa of M when the point M is moving on the unit circle and (c) to identify the relationship between x and the abscissa of M. The evolution of the verbal signs elaborated and used by the students and the teacher attest the existence of four steps towards the definition of the trigonometric function cosine.

st Step: Recognition of numerical and geometric variation

The use of the artifact to accomplish the task promoted the emergence of verbal signs related to the idea of motion. The first step is characterised by an important use of atifact-signs stressing the attachment to the activity with the artifact. In fact, students used verbs of action as "to move", "to vary", "to turn", "to change".... and used expressions as "we draw the point M on the unit circle and we move it" or "we can choose different values for x..."

nd

Step: Identification and recognition of covariation at a contextual level This step is characterized by the emergence of complex signs "interpretation" linking two variations. In these signs the reference to space and time was eliminated and we noticed the use of expressions related to the indirect variation and to the simultaneity of variations such as "When X varies then Y varies" or "If X varies then Y varies" 3 rd Step: Interpretation of covariation as a functional relationship. This step is characterized by the use of pivot-signs "depend on", "a function of" and "relation between" to replace the expressions "When X varies then Y varies". Students identify the functional relationship as a relation between two variations. This was interpreted as an evolution of students' personal meanings related to the notion of function.

In the collective discussion the teacher used the artifact to promote the emergence of the students' simple and complex signs related to the ideas of functional relationship and covariation "T : Well. Now what is going to change if you move N?" The artifact is used as a semiotic mediator supporting the transition of signs expressing the artifact-tasks relationship into signs expressing the artifactknowledge relationship. As a result of the guidance of the teacher, students expressed mathematicalsigns such as "the function which associates M to N", and others related to the idea of covariation.

th Step: The mathematical definition of the notion of cosine function

When exploring the relationship between x and the abscissa of M through the use of Dragging, we observed students' interpretation of the movement of point K as a variation of the abscissa of M and the description of the functional relationship between M and its abscissa.

The use of mathematical-signs related to the meaning of the cosine function illustrates the development of personal meanings related to the mathematical meaning of the cosine function as covariation. The collective discussions, guided by the teacher, allowed for the construction of the accepted mathematical meaning, i.e. the mathematical definition of the cosine function. [START_REF] Khalloufi-Mouha | Etude de l'évolution des pratiques d'un enseignant lors d'une séquence d'enseignement intégrant un artifact technologique[END_REF] The main goal of the teacher's actions in the collective discussion is managing the students' discourse, in order to support them to move from the artifact and place them in a mathematical environment which allows the recognition of the cosine function. The discussion shows a large commitment of students to the process of meaning construction. By using many mathematicalsigns, they succeeded in linking their mathematical and physical knowledge. In this case, we can say that the artifact was a powerful resource for the construction of the mathematical meaning based on the activity with the artifact.

Conclusion

The epistemological importance of introducing the notion of trigonometric function as covariation to make the link between trigonometry and trigonometric functions led us to design and experiment a teaching sequence integrating the artifact Cabri. The analysis of the process of constructing the mathematical meaning of the cosine function, through the analysis of the verbal signs, allowed us to identify that this process begin by a first step related to the recognition of the numerical and geometric variation. This step is characterized by an important use of the artifact-signs and an attachment to the task with the artifact. The second step is the identification of the covariational relation at a perceptual level. The third step marks a mathematical interpretation of the activity with the artifact following the collective discussions orchestred by the teacher. The process is carried out following the interventions of the teacher, by the mathematical definition of the notion of cosine function. The teacher's role is very important in the process of constructing mathematical meaning among students using a technological artifact. The teacher has to use the semiotic potentialities of Cabri and orchestrate the discussions in order to guide this process towards the construction of mathematical meaning. For this reason, further investigations into the role played by the teacher are required for a better description of the process of construction of mathematical meaning among students using a technological artifact.
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 2 Figure 2: The figure related to the third part of the teaching experiment.
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