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Introduction

An often formulated critique of the teaching of analysis in school is that syntactical calculus is used too early and there is a need for more content-related understanding of central concepts (cf. e.g. [START_REF] Hahn | Bestand und Änderung-ein Beitrag zur didaktischen Rekonstruktion der Analysis[END_REF]. Therefore, there is a need to sensitize preservice teachers to this issue and strengthen their own understanding of analytical concepts.

The course "Didaktik der Analysis" at the Alpen-Adria-Universität Klagenfurt in 2015/2016 addressed this purpose. The preservice teachers often reflected on central concepts of elementary analysis, their relations and their meaning for classroom teaching. The reflections were written down as imaginary dialogues, a form of mathematical writing where a single student composes a written dialogue between two protagonists who discuss a mathematical task or question [START_REF] Wille | Aspects of the concept of a variable in imaginary dialogues written by students[END_REF]. This article focuses on one reflection task that addresses the transition from the difference quotient to the derivative. The preservice teachers' imaginary dialogues will be analyzed in order to determine their conceptions of this transition.

Theoretical framework and research questions

Within Anna Sfard's theory of commognition [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] thinking is seen as self-communication, an individualized version of (interpersonal) communication. The term commognition is used for both, the processes of thinking and communication, which are considered as two "manifestations of the same phenomenon" (p. 296). In commognitive research the discourses are precisely the main unit of analysis (cf. p. 276). Discourses are different types of commognition that "draw some individuals together while excluding some others" (p. 91). Sfard names as a precondition for learning the "recursivity of linguistic commognition" (Sfard, 2008, p. 116). An example of recursivity is communicating-on-communicating, such as "reports on what somebody else has said, remarks on her own thoughts, or reflects on other interlocutors and their communicative actions" (p. 103). The recursivity allows for a look from the outside in order to reflect, abstract and reason.

Conceptions of central concepts of elementary analysis have been described in various studies (e.g. [START_REF] Thompson | Taking about rates conceptually, part I: A teacher's struggle[END_REF][START_REF] Hahn | Bestand und Änderung-ein Beitrag zur didaktischen Rekonstruktion der Analysis[END_REF][START_REF] Roh | Students' images and their understanding of definitions of the limit of a sequence[END_REF][START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral, subject matter-related didactical perspectives of concept formation[END_REF]. [START_REF] Danckwerts | Analysis verständlich unterrichten[END_REF] list interpretations of the difference quotient and the derivative in overview tables (p. 57 and p. 85). Figure 1 shows an adapted and translated version of these tables. In the author's view, this is why it is particularly important for the preservice teachers to develop a profound understanding of this transition from various perspectives. Therefore, the focus of this paper is not on a single analytical concept, but on the whole figure, in particular on the arrows going from left to right in Figure 1. Thus, the focus is on the conceptions of the transition from the difference quotient to the derivative that can be traced in the preservice-teachers' imaginary dialogues. The main question is: What are the aspects of the preservice teachers' conceptions of the transition from the algebraic to the analytic concept formation?

In the light of the framework of commognition, in order to initiate preservice teachers' reflection processes and investigate their conceptions of elementary analytical concepts and relations, a form of communication seems appropriate that allows for a "look from the outside". Imaginary dialogues, where one person writes what two protagonists are discussing, is such a form of communicating-oncommunicating. Furthermore, imaginary dialogues are written works of a single student (or preservice teacher), but they consist of written oral dialogues. Therefore, imaginary dialogues display characteristics of both, written and spoken language (cf. [START_REF] Wille | Imaginary dialogues in mathematics education[END_REF]. In particular, the processuality of spoken language comes into play and students tend to write how they understand something instead of only what. Therefore, imaginary dialogues are one appropriate method to approach research questions that concern a transition process. Another reason is practicability: by using imaginary dialogues it is possible to receive reflections of each student of a course several times within the semester, whichalthough they are writtencontain attributes of oral language. Moreover, the lecturer can react to the reflections within the course.

Method

Altogether 40 preservice teachers participated in two parallel courses "Didaktik der Analysis" at the Alpen-Adria-Universität Klagenfurt in Austria in the winter term 2015/2016. The content of the course was oriented on the book "Analysis verständlich unterrichten" (translation: teaching analysis comprehensibly) by [START_REF] Danckwerts | Analysis verständlich unterrichten[END_REF]. Five times within the course lectures, exercises, and reflections alternated. As reflection tasks the preservice teachers were given written initial dialogues that each of them had to continue in the form of an imaginary dialogue. In the following, the second reflection task, the transition from the difference quotient to the derivative is in the focus. The initial dialogue given to the preservice teachers was the following: Of all participants, 30 preservice teachers wrote an imaginary dialogue by continuing the initial dialogue above. These written texts serve as the data material for the analysis. In the following the research questions that will be addressed are how the preservice teachers describe the transition from the algebraic to the analytic concept formation, and in particular, what the aspects of their conceptions of the transition are. The percentages named below are meant only as informative "mini-statistics", because of the small number of participants. Within the data analysis categories of aspects were built inductively. In a second step these aspects were categorized two perspectives. For a discussion regarding the depth of the preservice teachers' reflections, see [START_REF] Wille | Die Analysis ist also etwas Unerreichbares" -Wie sich Studierende zentralen Begriffen der elementaren Analysis nähern[END_REF].

Findings

Within the imaginary dialogues of the preservice teachers several aspects of the previous named transition can be detected. In what followed they will be explained and exemplified (all examples were originally written in German and translated by the author).

A1: The calculus aspectdescribing the calculation of concepts with formulas

Eleven preservice teachers (31.4%) described with formulas how to calculate concepts from the left or right side of the transition. For example, a preservice teacher, Lydia, describes in her imaginary dialogue how the difference quotient and the derivative can be calculated with the help of formulas:

"The next step is to build the difference quotient. As the numerator you calculate:

0 ( ) ( ) f x f x 
and as the denominator x -0

x . The result is the relative change in the time span from 0

x to x .

The relative change is also denoted by rate of change.

1 "schwupp" in the sense of "voilà"

And now the derivative comes into play. You build 0 () fx  . Now, 0 () fx  is the limit ( x approaches 0 x ) of the rate of change. The result is the momentary or local rate of change at the time of 0

x ." In a similar way Paul writes about the calculation of the rate of change: "Okay. Now, we can determine the rate of change by a formula. The formula you can find in your documents, of course."

Or Maria writes about the momentary rate of change: "Now, we reached the last step. The momentary rate of change at the time of 0

x . That is the first derivative, thus, 0 ()

fx  0 lim xx   0 0 ( ) ( ) f x f x xx   ."
This aspecti.e. describing the calculation of concepts with formulaswill be denoted as calculus aspect (A1), similarly to the calculus aspect of variables (cf. [START_REF] Malle | Didaktische probleme der elementaren algebra[END_REF].

A2: The concept identification aspectdifferent concepts are identified

In the writings of Lydia and Maria another aspect becomes apparent: They are identifying concepts by their language use. Lydia identifies the concepts "difference quotient", "relative change", and "rate of change". Afterwards she identifies the concepts "derivative" and "momentary or local rate of change". Similarly, Maria identifies the concepts "momentary rate of change" and "first derivative". Altogether 16 preservice teachers (45.7%) identify concepts likewise.

Identifying different concepts is denoted as the concept identification aspect (A2).

A3:

The limit aspectthe right side of the transition is described as a limit 17 preservice teachers (48.6%) describe concepts of the right-hand side as a limit, sometimes with mentioning a process of approaching (see aspect A4), sometimes as a "finished product"2 . The first case (including the description of a process of approaching) appears in Elena's imaginary dialogue:

"S1: I see. Now, I understand it and now it is clear for me why one writes .

While letting ∆ x tend towards 0, or x towards 0 x , respectively, while choosing the interval steadily smaller (note: here she crosses out "choosing it that small to be almost 0") one obtains the local rate of change, thus, the momentary speed at a certain point of time, if one brings the limit into play at this point.3 " Likewise, the process of building a limit is expressed by Jan: "Thus, the secant becomes, so to speak, a tangent by building a limit." In contrast, as a "finished product" the limit is used in the following writing: "And in step 3 the tangent slope will be calculated as a limit."

Describing the right side of the transition as a limit is denoted as the limit aspect (A3).

A4: The approach aspectthe transition is described as a process of approaching

More than the half of the preservice teachers, 20 (57.1%) described the transition as a process of approaching. This can be seen for example in Elena's imaginary dialogue above ("While letting ∆ x tend towards 0, or x towards 0 x , respectively, while choosing the interval steadily smaller", see aspect A3) or in Patrick's imaginary dialogue below ("we let the secant become shorter and shorter until it vanishes completely for 0 xx  ", see aspect A6). This aspecti.e. describing the transition as a process of approachingwill be denoted as the approach aspect (A4). It is not a subaspect of A3, because there are students who describe a process of approaching without describing the right side of the transition as a limit and the other way round.

A5:

The distinction aspectdistinctions between the left-hand side and the right-hand side of the transition are described 17 preservice teachers (48.6%) described various distinctions between the left-hand side and the right-hand side of the transition. For example, the distinction of having first 0 xx  and then 0 xx  is described as follows:

S2: Think about it: You let

x come closer and closer to 0

x . What will happen then? S1:

They are equal eventually.

In another two examples the distinction between having a secant at first and then a tangent is described and additionally, having first two points and then only one on the function graph:

"From the secant it arises a tangent that does not intersect the function any longer, but touches it now in one point." "(...) you don't want to have the slope of the secant between two points, but the slope of the tangent in only one point."

Finally, the distinction of having at first two points in time (in order to measure speed) and then one, a preservice teacher describes with these words: "(...) we see that the secant expresses time intervals and we calculated within those the average rate of change4 . The point P that we approach, is therefore the momentary rate of change at a certain point of time."

This aspecti.e. describing distinctions between the left-hand side and the right-hand side of the transitionwill be denoted as the distinction aspect (A5).

A6: The problem aspectdistinctions are considered problematic

Out of the 17 preservice teachers who described distinctions between the left-hand side and the right-hand side of the transition, 10 preservice teachers (28.6%) considered these distinctions as problematic (in their language use). For example, Patrick uses phrases like "we claim that it would be a smart result" or the adjective "mysterious":

"S2: (...) Now, we have 2 problems, for one thing we begin our observation with 0 xx  , but afterwards we set 0 xx  and claim that it would be a smart result. Secondly, we let the secant become shorter and shorter until it vanishes completely for 0 xx  , but we claim that it became that way an infinitely long tangent (...) that is a somehow very mysterious and at least not illustrative (...)"5 

Another preservice teacher let one protagonist face the impossibility of covering a distance at a point of time.

S2:

How many seconds or minutes, respectively, had passed at the point of time?

S1:

Well, none, that is why one names it POINT of time.

S2:

And how can you cover a distance in 0 seconds?

S1:

That was mean! Okay, nearly no time had passed, or rather so little time that it makes no difference.

This subaspect of A5i.e. considering the described distinctions problematicwill be denoted as the problem aspect (A6). One could go more into depth at this point to differentiate the conceptions of the preservice teachers. For example, it is interesting to see which words are used to describe the process of approaching. But this would exceed the size of this article and therefore is left for a further and more detailed analysis. Similarly, misunderstandings that occurred in the imaginary dialogues cannot be addressed here, because of the length of the article. Instead, the detected aspects shall be compared and evaluated. Table 1 gives an overview of the aspects discussed above:

A1

calculus aspect the calculation of concepts is described with formulas A2 concept identification aspect different concepts are identified A3 limit aspect the right side of the transition is described as a limit A4 approach aspect the transition is described as a process of approaching A5 distinction aspect distinctions between the left-hand side and the right-hand side of the transition are described A6 problem aspect (a subaspect of A5)

distinctions are considered problematic 

Discussionvertical and horizontal perspectives

The aspects of the preservice teachers' conceptions detected above indicate two perspectives, a vertical and horizontal perspective regarding Figure 1. The aspects A1 to A2 are oriented vertically, meaning that concepts or formulas are vertically linked (A1) or different concepts are identified either on the left-hand side or on the right-hand side (A2). Additionally, aspect A3, i.e. describing a limit, is oriented vertically, if the limit is seen without regarding the process of approaching. In contrast, the aspects A4 and A5 have a horizontal perspective, as does A6 as a subaspect of A5. The left-hand side of Figure 1 is linked with the right-hand side, when the transition is described as a process of approaching (A4), when describing distinctions between the left-hand side and the righthand side of the transition (A5), or when considering those distinctions problematic (A6).

In the author's opinion, those texts that display the aspects A4 to A6 show a content-related understanding by the preservice teachers. In particular, when omitting the aspects A4 to A6, the understanding of the transition seems reduced to temporal "and then" in the sense of: "first you calculate this and then you calculate that". Regarding the reflection depth of the imaginary dialogues [START_REF] Wille | Die Analysis ist also etwas Unerreichbares" -Wie sich Studierende zentralen Begriffen der elementaren Analysis nähern[END_REF], exactly those preservice teachers whose imaginary dialogues did not indicate horizontal-oriented aspects (31.4% of the participants) displayed the shallowest reflection depth.

In the course "Didaktik der Analysis" with the help of the imaginary dialogues, it was possible to react to imaginary dialogues, aspect diversity and misunderstandings during the semester. Additionally, some participants themselves regarded the time exposure negative, but mostly they perceived the writing of the imaginary dialogue positive as one preservice teacher wrote in a comment: "It was positive that first, while writing the reflection, it became really clear whether a topic was understood or not."

In summary, the method of imaginary dialogues turned out to be helpful to detect different aspects of the conceptions regarding the transition from the difference quotient to the derivative. In the author's opinion, a profound understanding of preservice teachers should display various perspectives, horizontal and vertical, in order to be able to address the diversity of the students' conceptions later in class.

Figure 1 :

 1 Figure 1: the transition from the difference quotient to the derivative Here, the vertical dashed line denotes the transition from the algebraic to the analytic concept formation, which is, according to Danckwerts and Vogel, particularly difficult to realize in the mathematics classroom (p. 85).

Figure 2 :

 2 Figure 2: Initial dialogue task (the original German text was translated by the author) 1

Table 1 : aspects of the preservice teachers' conceptions
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Proceedings of CERME10

For distinguishing mathematics as a product with mathematics as a process[START_REF] Danckwerts | Analysis verständlich unterrichten[END_REF] or concerning the duality of processes and objects[START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF].

The German original text is: "wenn man an dieser Stelle den Grenzwert ins Rennen führt".Thematic Working Group 09Proceedings of CERME10

Original German text: "sehen wir, dass die Sekanten die Zeitintervalle ausdrücken und wir in diesen die mittlere Änderungsrate berechnen."Thematic Working Group 09 Proceedings of CERME10

This argument already goes back to Newton's academic teacher Isaac Barrow (1630-1677)(Danckwerts & Vogel, 2006, p. 48).Thematic Working Group 09Proceedings of CERME10