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 concept of implicatures in order to analyse videotaped classroom conversation in a unit on functions. In this paper, I sketch the concept of implicitness in mathematics lessons.

Introduction

In my research on the implicit in classroom conversation about functions I seek to describe the discourse of learners and teachers in order to reveal the hidden, the unsaid, the implied meaning that has to be decoded to create and follow lessons sensibly. I want to characterize the interplay between the implicit in the mathematical object and the implicit in language when talking about functions. My research questions are: How are functions brought up in classroom conversation? And: What is the role of the implicit in classroom conversation in a unit on functions?

It is common sense that language is important for all school subjects. Mathematics is no exception (see for example [START_REF] Meyer | Sprachenvielfalt im Mathematikunterricht: Herausforderungen, Chancen, Förderansätze[END_REF] it is needed to get access to mathematical matters and to express mathematical concepts. Participating in classroom conversation and getting access to the mathematical content of mathematics lessons can become difficult for the participants on different levels. Apart from obstacles that are immanent in mathematical concepts there may be vocabulary or grammar difficulties, difficulties in the semantics as well as difficulties in a pragmatic sense when learning new contents. In my work, I focus on a pragmalinguistic perspective on classroom conversation about functions. This perspective takes into consideration that not only words or sentences are meaningful when talking but also the context of an utterance. Looking at language that way promises to reveal an unsaid meaning that can be found between the lines. The idea of making the unsaid or the unsayable come to the surface by analyzing the classroom discourse seems conveniently suitable to approach the processes in mathematics classrooms when abstract objects like functions are tried to be made accessible.

Didactical analysis

In order to link my language analysis to the mathematical content, I analyze the lessons and especially the classroom conversation on a didactical level at first. I seek to figure out what is presumably intended to be taught and learned about functions when working on different tasks and when talking about them.
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The mathematical object function is very abstract. Looking at the historical development, the understanding of what a function is demonstrates how much functions are attached to their representations [START_REF] Malle | Aus der geschichte lernen[END_REF]. Till today in German classrooms functions are a central topic in the curriculum where traditionally the representations like algebraic expressions, graphs, tables of data and (realistic) situations of functional dependencies play an important role. [START_REF] Swan | The teaching of functions and graphs[END_REF] developed a model to describe the different activities, the so-called translation skills that have to be performed when transforming one representation into another. In my work, I categorize the classroom activities into sequences according to those translation skills. I focus especially on the skills that afford translating a representation of a function from or into situations that are generally closely linked to verbal descriptions. The activities when a representation is transformed from a situation can be summarized as modeling skills and activities when a representation is transformed into a situation can be summarized as interpretation skills.

Furthermore, different aspects of a function can become central in different tasks: you can classify the thinking about function into the following categories [START_REF] Vollrath | Funktionales Denken[END_REF]: functional dependency as a point wise relation, functional dependency as a dynamic process and functions viewed as objects or as a whole. The point wise relation takes into consideration that one independent element of a set gets mapped to one dependent element of a set, the dynamic process stands for the change that is produced in the dependent values when changing the independent values and functions as objects look at the given or produced correlation as a whole. Each activity or rather each translation skill can be performed on all of these three levels and form the second dimension for the didactical analysis of the lessons in my investigation.

In The example, I demonstrate how I work with this analysis in combination with the linguistic analysis in order to get a description of the implicit in the classroom conversation on functions.

Linguistic analysis

For the linguistic analysis, I use Grice's theory of conversation [START_REF] Grice | Logic and conversation[END_REF] as the background theory. Central in his theory are so-called implicaturesvery generally speaking an implicature is existent when something that is literally said by an utterance differs from what is meant by that utterance. An implicature analysis, as for example suggested by [START_REF] Hagemann | Implikaturanalyse[END_REF], reveals the implicit and what is likely to be meant and understood by the participants. [START_REF] Pimm | Mathematics classroom language: Form, function and force[END_REF] claims that Grice's implicatures are also relevant in classroom discourse and [START_REF] Rowland | Pragmatic perspectives on mathematics discourse[END_REF] presents analysis of students' utterances in mathematics discourse using Grice's ideas as a starting point for his theoretical framework.

Grice's concept of implicatures is based on the cooperation principle: Make your conversational contribution such as is required, at the stage at which it occurs, by the accepted purpose or direction of the talk exchange in which you are engaged (Grice, 1975, p. 45).

Under this assumption nothing that is uttered by a participant of a conversation is assumed to be meaningless and the speaker of the utterance supposes that the conversation partners can decode the utterance meaning. The cooperative principle is formulated very general and leads to more specific aspects about how understanding is produced in conversation. These aspects are the so-called conversational maxims. Grice formulates twelve maxims1 that are categorized into the maxims of quantity, quality, relation and manner. Whenever one of the maxims is violated this is a hint at the actual meaning of an utterance. While talking the flouting of maxims is an intuitive process that leads to understand an utterance in a specific way. An implicature analysis explains how a particular intuition is evoked. The following example illustrates the formation of an implicature by infringing the maxim of relation be relevant: The setting of the following conversation between two students is a lesson at school. The students are supposed to write down a solution to a textbook task.

(1) A:

I do not have a pencil. B:

My pencil case is on the table over there. In example (1) A implicates that she or he needs a pencil and B implicates that A can find one in the pencil case on the table. Both utterances only indirectly hint at the presumably intended meaning. The literal meaning is simply that one student does not have a pencil and that there is a pencil case on the table. The literal meaning is not very likely to be the intended meaning as this meaning would not be relevant in the given context. To confirm the presence of a conversational implicature in Grice's sense implicatures need to have two characteristicsnon-detachability and cancelability. These attributes can be tested as follows [START_REF] Korta | Implicatures: Cancelability and non-detachability[END_REF]: the implicature is non-detachable if you find synonym ways of saying the utterance without changing the implicature. In example (1) you could change A's utterance into "I do not hold a pencil." The implicature then remains that A needs a pencil. And the implicature is cancelable if you can neglect the implicature without producing a conflict with the literal meaning. For A in example (1) it is possible to say: "I do not have a pencil, but I do not mean that I need one. In fact, I do not want to write something down." Both utterances in (1) could have been expressed explicitly, for instance by the following exchange:

(2) A: Please lend me a pencil. B:

You can use one of my pencilstake one out of my pencil case on the table. In this case, the literal meaning and the intended meaning coincide and no implicature is used in this excerpt. [START_REF] Hagemann | Implikaturanalyse[END_REF] formulates an implicature analysis that refers to Grice's theory of conversation. It follows three steps, which I also use for my analysis: Firstly, contextual elements such as disambiguation and referent assignment have to be determined. Secondly, suspected implicatures have to be tested on cancelability and detachability. Thirdly, a sequence analysis confirms what implicatures are most likely. In example (1) the implicature could be as already suggested above "I need a pencil", but it could also be "I cannot (and I do not want to) write down my solution to the textbook task". The answer of B allows both possible implicatures, but depending on further reactions that may follow this little conversation it can be that one or the other is more plausible. In other words: in the third step you look at what happened before and after the utterance to find out what is most likely intended and understood.

The example

In the following paragraph, I want to demonstrate how I analyze sequences of lessons in order to give a detailed description of what remains implicit in classroom conversation on functions.

The setting of the discussion

Participants in the presented classroom conversation are the members of a course in secondary school with 29 students and their mathematics teacher. The students are in the 11 th grade on a high level, preparing for the last two school years in order to get the Abitur2 . The classroom is equipped with a black board that is used frequently during lessons by the teacher as well as by the students. Tasks are generally handed in in written form on worksheets. The teaching methods and the social forms vary depending on the task. The researcher participates during the lessons only as an observer and does not interfere. The lessons are designed by the teacher without any collaboration with the researcher in order to observe lessons as close as possible to usual lessons.

The task -Walking functions

The task walking functions and the excerpts of the conversation on that task are taken from the first lesson in a unit on functions in the course introduced above. The task walking functions requires transforming a graphic representation of a function into a suitable realistic situation. That means given graphs have to be interpreted. In the setting when a group presents its movements also the reverse is required for the observers: movements have to be referred to graphs. In this task interpretation skills are in the focus while modeling skills only come up to a lesser extend. The transformation of a graph into a movement demands to have a view on the function as a whole and not only on a certain point of the underlying function. In the example above (see Figure 1), the meaning of straight lines, the meaning of the intersections between the graphs with the ordinate as well as meaning of the parallelism of the graphs must be considered. Also the change of distance to the chair in relation to the change of time has to be taken into account.

When having two representations of a function, it is not immediately obvious that those two representations stand for the same function. In this example it can only be seen implicitly by making clear what certain characteristics of a graph mean in the context of the movement in relation to the chair. The second part of the task asks to give an explanation why the group decided on their specific movement. It is asked to make the relation between two representations explicit.

In my analysis of the classroom situation I seek to reconstruct what is made explicit and what remains implicit when an accepted interpretation of the translation from graph into a situation is debated.

The conversation about the task

During the lesson the students worked in groups of three on the task walking functions for about 15 minutes. After working on the task in the groups, three different presentations of movements and explanations were performed. All three groups had different ideas:

In the first group, two students started their movement a few meters away from the chair and walked constantly to the chair. One of them stopped at the chair, the other one stopped at the same time but at some distance to the chair. Their explanation was the following: "Well, we did it that waywell, Paula was the one and Paula started to walk a little earlier because the graph does not start at the zero point. And then Luna came along and then they walked in parallel because they run parallel."3 

In the second group, two girls both started in line with the chair and walked vertically to that imaginary line away from the chair keeping the same distance between them. They commented on their movement. A: "Well, not the way that we walk apart, but parallel. But it goes (up) then." B: "[… ] Because we thought that the x-axis is sort of the position of the chair."4 

In the third group, two students walked one after another constantly away from the chair. They started and stopped their movement at the same time and explained: "Well, firstly they did not start at the same point because ehm well you have you see on the y-axis that someone starts further ahead, well that he is further away from the chair. […] And they walked at the same speed because the graphs run quasi parallel against each other."5 

In the sequence outlined above the students discuss different aspects of the functions in the task. At that point it is not clear which movements and explanations are accepted as a correct translation from the graphic representation into the movement. Subsequently to the presentations, a classroom conversation starts and it is clarified what is considered to be a correct solution to the task. At the end of the discussion, the third group is considered to have presented the best matching movement.

In the following paragraph, I try to reconstruct the process to come to this conclusion and thereby I focus on what remains implicit. The expressions in curly brackets are my interpretation of the intended meaning or rather the implicatures of the utterances.

Finding a suitable movement for the graphs in Figure 1 is not distinct and the different presentations show that the students pick out some characteristics of the graphs and refer them to the movement. All three groups relate the parallelism of the graphs. The first states: "[…] they [the girls] walked in parallel because they [the graphs] run parallel." Presumably they implicate "they [the two girls] walked in parallel because {that is the meaning when} they [the graphs] run parallel." The second group also points out that walking in parallel is the correct transformation: "Well, not the way that we [the two presenting girls] walk apart {by mistake}, but parallel." The third group is the first that relates walking at the same speed to the parallel running graphs: "And they [the two presenting students] walked at the same speed because {that is what is meant when} the graphs run quasi parallel against each other." In all three explanations they mention different characteristics of the functions apart from the parallelism. That is a hint that they see the function as a whole even though not entirely as they miss mentioning some of the functions' relevant characteristics that could be observed in the graphic and situational representation. By their performances and their utterances, the groups made clear what they assume to be the correct relation between the representations. They claim this connection without making explicit why that relation is supposed to be correct.

After these three presentations the teacher asks several questions: "What is the origin of the coordinate system? What is on the x-axis? What is the y-axis? And what does parallel mean?" 6 The teacher seems to pick out the characteristic of the functions she considers to be relevant in this task. When looking at the conversation after these questions you can identify the implicatures: "What is {the meaning of} the origin of the coordinate system {in relation to the situation}? What is {the meaning of} the x-axis {in relation to the situation}? What is {the meaning of} the y-axis {in relation to the situation}? And what does parallel mean {in this context}?" She implicitly focuses the conversation on the relations between the representations. The relations between the representations are discussed for about four minutes. Then the teacher also brings a new possible relation not mentioned before into the discussion: "The graphs go up. That means you walk away from the chair. But it [the movement] is getting faster because {that is meant when} it [the graph] goes up. What do you think of this argument?"7 This utterance brings the students to see the rising of the graph as the speed of the movement and finally to declare that the movements of group three are best matching to the graphs. At no point in the discussion the parallel graphs are related to movements with the same speed again as suggested by group three at the beginning. Although the parallelism is brought into discussion several times the relation between the parallel graphs and the movements with the same speed remains implicit till the end of the conversation sequence about the task walking functions.

Conclusion and discussion

Such a dense description of the activities in the classroom with the focus on the implicit has the aim to make the implicit accessible. can be seen as an objectification of the assumptions and normative demands that resonate subliminally in the lessons. In the presented classroom conversation, the convention that parallel running lines in a path-time diagram stand for movement at the same speed is initiated. This relation between the two representations is declared correct by employing many implicit relations and implicatures. This shows that decoding the implicit in the classroom conversation is relevant. An analysis as demonstrated above can help to understand the demands on teachers and students in the classroom to create and follow lessons sensibly. This analysis of the episode in this paper is just the beginning of my research, my starting point of looking at mathematics lessons with a specific lenswith a lens, which seeks to make invisible demands in mathematics discourse visible. Comparing the analyses of different situations with a similar mathematical content can reveal how the implicit is used in mathematics classroom systematically and give insight into the role of the implicit in teaching and learning of functions. With the help of these analyses I want to develop a local theory on implicitness in classroom talk on functions that links Grice's vast theory of implicatures to the mathematical topic of functions in mathematics classrooms. Whether the evolving theory holds will not be part of this research, but should be probed by using it for broader classroom observations for example.

Didactical implicatures for mathematics lessons deriving from insights in the meaning of the implicit cannot be given at this point of my research. Only as a final result of further analyses ideas for teaching and learning may be devised. For now, I can conclude that implicatures play a role in classroom conversation on functions and that I am curious about finding out more about the relevance of the implicit in mathematical classroom conversation.
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 1 Figure 1: The taskwalking functions
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[START_REF] Grice | Logic and conversation[END_REF] maxims of conversation: make your contribution as informative as is required, do not make your contribution more informative than is required, try to make your contribution one that is true, do not say what you believe to be false, do not say that for which your lack adequate evidence, be relevant, be perspicuous, avoid obscurity of expression, avoid ambiguity, be brief, be orderly.Thematic Working Group 09Proceedings of CERME10

The Abitur is the highest graduation in the German school system that forms the general qualification for university entrance.Thematic Working Group 09Proceedings of CERME10

Translated from the German transcript by me. Original: "Also, wir haben die so gemacht weilalso Paula war die eins und Paula ist ein bisschen früher losgelaufen, weil der Graph ja nicht im Nullpunkt startet. Und dann ist Luna mitgekommen und dann sind die parallel gelaufen, weil die parallel verlaufen."

Translated from the German transcript by me. Original: A: "Also so halt nicht, dass wir auseinanderlaufen, sondern parallel. Aber es geht dann (hoch)." B: Weil wir gedacht haben, dass ja die x-Achse sozusagen die Positon vom Stuhl ist. Dann geht das ja davon weg." Thematic Working Group 09 Proceedings of CERME10

Translated from the German transcript by me. Original: "Also erstmal, ähm, sind die Beiden nicht vom gleichen Punkt gestartet, weil ähm, ja weil hat man halt auf der y-Achse sieht, dass jemand weiter vorne startet, also dass er weiter vom Stuhl entfernt ist. Und dann halt so bald neben dem Stuhl. und die sind beide gleich schnell gelaufen, weil die ehm Graphen halt quasi parallel aneinander laufen."

Translated from the German transcript by me. Original: "Was ist der Ursprung des Koordinatensystems? Was ist auf der x-Achse? Was ist auf der y-Achse? Und was heißt das mit dem Parallel?" Thematic Working Group 09 Proceedings of CERME10

Translated from the German transcript by me. Original: "Die Graphen gehen ja hoch. Das heißt, man geht vom Stuhl weg. Aber es wird schneller, weil es ja hoch geht. Was sagt ihr zu diesem Argument?" Thematic Working Group 09 Proceedings of CERME10