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Abstract

The aim of the paper is to address the behavior in large population of diffusions interacting
on a random, possibly diluted and inhomogeneous graph. This is the natural continuation
of a previous work, where the homogeneous Erdos-Rényi case was considered. The class
of graphs we consider includes disordered W-random graphs, with possibly unbounded
graphons. The main result concerns a quenched convergence (that is true for almost
every realization of the random graph) of the empirical measure of the system towards
the solution of a nonlinear Fokker-Planck PDE with spatial extension, also appearing
in different contexts, especially in neuroscience. The convergence of the spatial profile
associated to the diffusions is also considered, and one proves that the limit is described in
terms of a nonlinear integro-differential equation which matches the neural field equation
in certain particular cases.

Keywords: mean-field system, interacting diffusions, nonlinear Fokker-Planck equation,
spatially-extended systems, nonlinear heat equation, neural field equation, random
graphs, graph convergence
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1. The model

1.1. Interacting diffusions on a graph

(n)

For all n > 1, consider the system of coupled diffusions (6}, ... ,Q(n)) in R? (d > 1)

n,t
o) = c(0())dt + "o Zg” (67.00%)) dt + 0By, 0<E<T i=1,..om . (L)

The dynamics in (1.1) is decomposed into three terms: a local dynamics, represented by
c(-) : R? — R?, a mean-field coupling (governed by the binary kernel I'(-, -) : R¢xR?% — R9)
and a noise term, in the presence of i.i.d. standard Brownian motions in R?, By, ..., B,.
Here o is a constant, but possibly degenerate (even equally 0) diffusion matrix. The time
horizon T is fixed (but arbitrary).

In (1.1), the diffusions (ng), cee 97(:1)) no longer interact on the complete graph (as it is a
common framework for a mean-field analysis) but through a nontrivial graph of interaction,

encoded by the matrix (553))2-,]-:1,‘_,7“ in {0, 1}"2. More precisely, we define the graph of

Preprint submitted to Elsevier 2020/06/26

© 2020 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/


https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0304414920303100
https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0304414920303100

interaction of (1.1) as G := (V™) €M) with set of vertices V(™ = [n] := {1,...,n} and
set of oriented edges £ = {(i,5) € V™) x p(), 51(?-) = 1}. The aim of the paper is to
analyse the large population behavior of (1.1) for situations where the graph of interaction
G is possibly inhomogeneous. This paper is the natural continuation of [22] where the

homogeneous Erdés-Rényi case is considered.

Remark 1.1. Note that it would also be possible to include disordered coefficients c(0;,w;)
and T'(0;, wi, 0,w;) in (1.1), where (w;)icm) is some i.i.d sequence independent of every-
thing, as it is customary for Kuramoto-type models (see Section 2.8 below). FEverything
below works with this additional random environment up to an additional expectation w.r.t.
this disorder, under appropriate moment conditions.

1.2. Construction of the interaction graph

The construction of the graph G goes back to the formalism of W-random graphs
developed in [36, 9, 10, 8, 7], which has been used in particular in a series of papers
[42, 32, 33, 16, 43] on macroscopic limits for Kuramoto-type models (see Section 2.8), in
the deterministic case ¢ = 0. In addition to the fact that we consider here more general
dynamics, the crucial point is the presence of noise in (1.1) that changes considerably the
analysis (in particular, the techniques used in [33, 16] for the convergence of the empirical
measure when ¢ = 0 do not seem to be directly applicable to the case o # 0). The
work that is closest to the present analysis is the recent work [48] where annealed large
deviations estimates are given in the case of bounded graphons.

Let I be a closed subset of R (p > 1), endowed with a probability measure ¢ with
support I. We associate to each vertex i € [n] a position variable xz(-n) € I encoding
some local inhomogeneity for the vertex 4 in the graph G™. In many situations (see

e.g. [36, 9]), the set of positions I is taken to be [0, 1], but most of the results presented
(n)

below remain valid in more general cases, closer to situations where z,

some real spatial position of the particle Ql(n). Spatial extensions of mean-field dynamics
are particularly relevant in a context of neuroscience where one accounts for the spatial
organization of neurons in the cortex (see [38, 46, 14, 15, 44] and references therein for
further details). The way positions (xgn), .. ,x%n)) are chosen in I will be made precise
later (see Assumptions 3.1 and 3.3 below). For now, we suppose that these positions are
deterministic. In the rest of the paper, we denote by ¢, (dz) the empirical measure of the

positions:

actually encodes

1 n
l(da) = — > 6,0 (dx). (1.2)
k=1
Then, we introduce a kernel W, : I? — [0, 1] such that W, (xl(n),:c;n)) € [0, 1] represents

the probability of the presence of the edge fl-(z) in the graph G(™:

Definition 1.2. On a common probability space (Q, F,P), we give ourselves a family of

random variables <52(Z)> on 2, such that, under P, for each n > 1, (gi(".))ije[n]
7 Jigemniin>1 J e

is a collection of independent Bernoulli random variables with parameter Wy, (xz(n), xgn)>



In (1.1), the parameter HZ(»TL) > 0 is a dilution parameter that compensates for the
possible local sparsity of the graph G around vertex i: vertices with fewer neighbors will
(n)
i

have a larger dilution parameter. Note that each x; ' may actually depend on the whole

sequence of positions in the graph G(: /iz(»n) = mgn) (xgn), e ,w%n)). In the following = :=
<§i(r;) ) and X = (.CCEH)> stand for the whole sequence of connections
o/ ag€n]in > 1 i€nlin >1

and positions. For fixed n > 1, we also write x := (xl(n)) and & := (51(?)) . In
i€[n] - ¥/, €[n]
absence of ambiguity, we write x; instead of xgn), &i,j instead of fi(z) and 6; instead of
92("). The notations P (-) and E[] stand for the probability and expectation w.r.t. the
randomness in the Brownian motions and initial condition in (1.1). We use both notations
x -y or (z,y) for the scalar product of z,y € R? and |z| denotes the Euclidean norm of
x. of stands for the transpose of the matrix o. The notation (i, f) := [ fdu is also used

for the usual duality between a measure and some test function.

1.3. The macroscopic kernel

In order to obtain a macroscopic limit as n — oo for (1.1), we require some averaging for
the probability field W, (-, -): we assume the existence of a nonnegative measurable function
W : I? — [0,+00) so that the probability field (W,,), > 1, correctly renormalized by the

dilution parameters I*il(n), converges along the sequence X as n — oo to the macroscopic
kernel W (anticipating on the definitions of the Section 2.3 below, what we rigorously
mean is that d,(z) in (2.19) goes to 0 as n — oo). This assumption encodes some notion
of graph convergence (in the sense of [36, 8]) that is discussed in Section 2.7 below.

Remark 1.3. Without loss of generality, we suppose that one particle does not interact
with itself, that is 51(7;) = 0 for all i € [n]. In the limit as n — oo, this boils down to
the assumption that the macroscopic kernel W is zero on the diagonal. We make these
assumptions throughout this work without further notice.

1.4. The McKean-Viasov process and the nonlinear Fokker-Planck equation

_ The natural limit of the particle system (1.1) is then described by the nonlinear process
6% (at position x € I) solution to
467 = ¢(6)dt + / W (z,y)l (éf, é) vY(d0)e(dy)dt + odBy, 0<t<T.  (L3)
where, for fixed (z,t), v¥(d#) is the law of #7. It is standard to see that the joint law
v(df,dz) = v*(d6)¢(dx)
of (#*,z) solves the nonlinear Fokker-Planck equation

W= )+ [ (e, 390 (001%0p) + Fapl) ) s
+/Ot<us(d0,dx), V@@(H,m)-/W(m,y)f‘(&,é)ys(dé,dy)>ds, (1.4)



where ¢ is a regular test function. Writing formally v4(df, dz) = ¢/(0, z)d0¢(dz), (1.4) is
the weak formulation of

01t = 5V (00'Var) = Vo (@ () + [ TCOWCpa@ narian)). 1)

The precise meaning we give to (1.3) and (1.4) is given in Section 2.2 below. (1.3) and
(1.5) are spatially-extended versions of standard McKean-Vlasov models that are natural
large population limits of mean-field particle systems such as (1.1). A recent interest in

models with spatial extension similar to (1.5) has been shown in a neuroscience context
(see e.g. [38, 14, 48, 46, 44] and references therein).

2. Main assumptions and results

2.1. General assumptions
For any r > 1, for any x € I such that W(z,-) € L"(I,{), denote by

Wi(o)i= [ W) ey, (2.1)

Assumption 2.1 (Assumption on the kernel W). We require the minimal assumption
that

IWa| o := sup Wha(z) < oo. (2.2)
zel
Suppose also that
inf[ Wi(x) > 0. (2.3)
HAS

Condition (2.2) of Assumption 2.1 implies in particular that | W], < co: in the limit
n — oo, the degree of each node x € I in the macroscopic graph W remains uniformly
bounded ([23]).

Remark 2.2. A closer look to the proofs below shows that (2.3) can be discarded if one
assumes more integrability on W (for ezample, (2.3) is not needed if W is bounded).

Remark 2.3. An important remark is that we do not suppose any symmetry of the kernels
W and W, nor that we suppose that W and W,, are simple functions of the distance x —y
(this is a natural hypothesis if one thinks of applications in neuroscience, as the mutual
influence between neuron i on neuron j need not be symmetric). There are also some
interesting examples where W is not symmetric, even if G might be (see Section 3).
Note that the proof of Theorem 2.20 below requires to consider asymmetric kernels (see

(B.4)).



Assumption 2.4 (Assumptions on the coefficients I' and ¢). We suppose that 0,0) —
I'(60,0) and 6 — c(0) are twice differentiable on R? with continuous derivatives and that T
1s Lipschitz continuous with sublinear behavior: there exists a constant Lt > 0 such that

](91,92 91,92] (‘91 91‘+]92 92D,91,9~1,92,9~26Rd, (2.4)

(ree’ (1+\9\+‘ D,H,GGRd. (2.5)
We require that c(-) is one-sided Lipschitz: there exists a constant L. > 0 such that

<9 — 0, e(0) - c(é>> < L. , 0,0 € R (2.6)

We also suppose some polynomial control on c(-): there exists k > 2 such that

sup M (2.7)
9crd 1 + \9|

Unless specified otherwise, we only assume (2.4), (2.5), (2.6) and (2.7). Nonetheless,
for some of the results of the paper, we may restrict for simplicity to a generic subset of
these assumptions:

Model 2.5 (Polynomial interactions). A particular case of the previous assumptions is to
require that c is polynomial of degree smaller than k satisfying (2.6) and that I is either

bounded or linear: T'(0,0) =T - (9 - é) for some (possibly degenerate) matriz T.

We give in Section 2.8 below several dynamics satisfying the present hypotheses, a
significant application to have in mind being FitzHugh-Nagumo oscillators with electrical
synapses (see Section 2.8, item 2).

We now turn to the assumptions related to the initial condition in (1.4): if (S,d) is a
Polish space, let wy (-, ) be the usual Wasserstein distance [53] on S: for any probability
measures 1,V on S,

wi(v1,vs) 1= igf{/d(@l,eg)w(del,deg)}, (2.8)

where the infimum is taken on all couplings 7 on S x S with marginals v and v». In (2.11)
below, we take S = R?, but we will also use the same definition later for S = R¢ x I when
necessary.

Assumption 2.6 (Assumption on the initial condition). We assume that (1.4) is endowed
with an initial condition vo(d6,dz) of the form

vo(df,dz) = i (do)e(dx) (2.9)

with some uniform a priori control on its moments: for k given by (2.7), suppose that

sup/|0\2]‘ o (df) < +o0. (2.10)
zel



We assume here that there exist Ly > 0 and 11 € (0, 1] such that
w1 (V(:)Ean) <L0‘$—y‘Ll, ‘L*UGI (211)

We suppose finally that the initial condition of the particle system (1.1) is such that
(95'8 . ,9,2"’())) are independent, with respective law 915"3 ~ vy*(df), for k € [n]. Note
here that we allow a priori the initial law of the particles to depend on their positions

T = ;1;,2”’) .

2.2. Well-posedness on the nonlinear Fokker-Planck equation and a priori estimates

Consider M the set of probability measures v on C([0,7],R%) x I with marginals on
I equal to £. Since C([0,T],R%) is Polish, it follows from the disintegration Theorem [25]
that any v € M may be written as v(df,dz) = v*(df)l(dz). We endow M with the
following Wasserstein-type metric [51]

L

2k
dr(v, p) := supinf { sup /‘79:12,3 - 578’% 7T(d291,d192)} , (2.12)

zel ™ s<T

where the infimum is taken over all couplings 7 under which 97 ~ v* and 95 ~ p*, for
f-almost every x € 1.

Proposition 2.7. Under Assumptions 2.1, 2.4 and 2.6, there exists a unique weak solution
to (1.4) in M with initial condition vo(d0,dz) = v5(d#)¢(dx). This solution v is such that
for L-almost every x € I, v*(df) is the law of the nonlinear process (0f )icjo,r) given by
(1.3).

Remark 2.8. A byproduct of Proposition 2.7 is the following: under the hypotheses of
Proposition 2.7, there exists a constant Cy, only depending on I',c, W, o, T and vy, such
that

sup E [sup ‘9?’%] < Cy. (2.13)

zel s<T

Similarly, it is standard to prove, under the same hypotheses, a similar estimate for the
particle system (1.1):

6"

sup E {sup
i€[n] s<T

2k
] < Cb. (2.14)

The proof of Proposition 2.7 is standard and relies on a fixed-point argument [51] on
the McKean-Vlasov diffusion (1.3). Existence and uniqueness in (1.3) provides existence
of a solution to (1.4). Uniqueness in (1.4) comes from a propagator method. Similar
well-posedness results for spatially-extended McKean-Vlasov processes may be found in
[38, 46, 48]. Proposition 2.7, as well as some further regularity estimates concerning v, is
proven in Appendix A.



2.3. A general propagation of chaos estimate

In this paragraph, we fix a sequence of positions (7;);cn (that is supposed to be
deterministic in Theorem 2.13 below), a probability field W), (z;, z;) and a kernel W. We
are interested in the approximation of the microscopic system (1.1) by its mean-field limit
(1.3): let (67, ...,67%), n independent copies of the nonlinear process driven by the same
Brownian motions (B, ... ,an, with the same positions z; and initial conditions as in
(1.1). For simplicity, we write 6; s in place of Qf’;

In order to state the result, we need some hypotheses on the graph G():
Assumption 2.9 (Convergence of (G™, k(™) to W). We assume the following:

1. Uniform control on k™ : we suppose some uniformity in the dilution parameters

(mgn))ie[n], namely the existence of kp, > 1 and wy, € (0, 1] such that

K (z) = max (" (@) < (2.15)
e
max (W (x;,25)) < wy, (2.16)
i,5€[n]
satisfying, as n — oo,
1
— S w, <1, (2.17)
Rn,
Kwp =0 —r— ), asn— oo (2.18)
n " \og(n) ) ’ :

2. Convergence of the weighted graph (g(”), ﬁ(”)): defining

e~

On(z) := sup <n Z HZ(» )Wn(a:i,xk.) = W(:E“xk)D , (2.19)
i€[n] 1

we assume that

Sn(z) —— 0. (2.20)

n— o0

Remark 2.10. A few comments are in order here:

1. Assumptions (2.16) and (2.17) are mostly technical, since it is always possible to take

wy, = 1. Nonetheless, there are simple cases where it is natural to take w, — 0 as

n — o0o: e.g. consider Wy (x;,xj) = wy, = py, for some p, —— 0 (this corresponds
n—oo

to a uniform diluted Erdés-Rényi graph G, see [22]). In this case, it is natural
to renormalize the sum in (1.1) by the mean degree of each vertex (equal to np,),

so that we take £\ = Kk, = pin for all i € [n]. Then, (2.18) boils down to the

%
condition Kk, = o (%), which is exactly the condition found in [22], Eq. (1.12)
in the Erddés-Rényi case. A general extension of this simple case is considered in
Section 3.3.



2. The convergence (2.20) of the microscopic probability field W, (properly renormalized
by n(”)) to the macroscopic kernel W encodes some notion of convergence of the
underlying graph G as n — oo. Further comments on this point are made in
Section 2.7.

In the remaining of the paper, we will say that (Q(”), H(”)) converges to W as n —
oo if Assumption 2.9 holds. General examples of converging graphs are given in
Section 3.

The second set of assumptions concerns regularity estimates on the limiting kernel W.
The following notations are used throughout the paper:

[T].(0, z) := /r(e, 0)vE(df), 0 e R,z € I,u > 0. (2.21)
Yz, y,2) = /0 /([F]U(H,y), T].(0,2)) vi (d0)du, z,y,z € I,t > 0. (2.22)

A priori controls on [I'] and T are given in Lemma A4 below. Define (recall the definition
of ¢,,(dz) in (1.2)), for i € [n]

e (@) = / W (i, )W (4, 2) Yo (i, y, 2) {n(dy) n(dz) — £(dy)e(dz)},
2 (@) = / W (@i, )W (25, 2) C(@i g, 2) {n(dy) — €(dy)} £(d2), (2.23)

ey (z) = / W (i, y)W (i, 2) Yo (i, y, 2)0(dy) {€n(d2) — £(d2)} .

Assumption 2.11 (Regularity of W along X'). We require that

GELmT)@) = sup G,ETT’Z')(@ — 0, form=1,2,3, (2.24)
: i€[n] ' =00
as well as
1 n
sup sup /W(mi,y)ﬁn(dy) = sup sup — ZW(:L‘zxk) < +00. (2.25)
n > 1ig[n] n>lieqn) ]

Remark 2.12. Assumption 2.11 captures a notion of reqularity of the macroscopic kernel
W: (2.25) is the discrete counterpart of (2.2) (when r = 1) and (forgetting about the
factor Y in (2.23)) (2.24) essentially says that various empirical means in W converge
to their expectation. Hence, we will say that the kernel W is regular along the sequence
of positions X if Assumption 2.11 is satisfied. We give in Section 3.1 some sufficient
conditions for Assumption 2.11 to hold.

We are now in position to state the first main result of the paper:



Theorem 2.13. Fiz T > 0. Suppose that Assumptions 2.1, 2.4, 2.6, 2.9 and 2.11 hold.
In this case,

sup E [sup 0(2) — éi,s

i?
i€n] s<T

2
] — 0 as n — oo, (2.26)

for almost every realization of the connectivity sequence = given by Definition 1.2.

Theorem 2.13 is proven in Section 4.1. We detail in Section 3 generic examples of
graphs that are regular and convergent in the sense of Assumptions 2.9 and 2.11. The
rest of the present section is organized as follows: a byproduct of Theorem 2.13 concerns
the convergence of the empirical measure of (1.1) (Section 2.4). A different approach to
the macroscopic description of (1.1) is given in Section 2.5 and links between the two
approaches are provided in Section 2.6. A discussion on the notion of graph convergence
encoded by assumption (2.20) is given in Section 2.7. Comments on applications and links
with existing literature are given in Section 2.8.

2.4. Convergence of the empirical measure

It is standard (see e.g. [22] for a similar result in the Erdés-Rényi case) to derive from
Theorem 2.13 the convergence of the empirical measure of the system (1.1)

I/mt(de, dz) = %Z (5(9(n) m(n))(de, dz), t >0 (2.27)

it T
i=1
to the solution v to the nonlinear Fokker-Planck equation (1.4).

Assumption 2.14 (Further regularity on W and convergence of ¢,). We assume the
following:

1. there exist Lyy > 0 and 1y € (0,1] such that
W(z,y) = / (W(z,z) =Wy, 2)|dz < Lw |z —y|?, z,y € 1. (2.28)

2. Convergence of £y, (recall (1.2)): when I is not bounded, we suppose 11 = 2 (recall
(2.11)) and denote in any case v == 11 A ig € (0,1]. Let H, be the set of v-Hélder
functions on 1

Ho={p: I =R,|[ely <o} (2.29)

where ||¢|l4,, = sup,er lp(T)] + sup,4, w Denote by dy,(+,-) the distance

given by, for every probability measures p and v on I,

dy, (1, v) = sup  [(p—v, 9)]. (2.30)
PEH.,[lllyy, <1

We suppose that the empirical measure of the positions £, satisfies

dyg, (£, 0) — 0. (2.31)

n—oo

Under these assumptions, we state the convergence of the empirical measure (2.27) in
the following simple way:



Theorem 2.15. Suppose that Assumptions 2.1, 2.4, 2.6, 2.9, 2.11 and 2.1/ hold. Then
for any continuous function ¢ : R x I — R such that for some Cy >0, for any 0,0 € R?,
2.y € 1 |o(0,2) = p(B.y)| <Cp (|0 0]+ 12— ol") and supes (0, 2)] < Cp(1+ 101,

the following convergence holds:

sup E [|<yn,t —u, @ﬂ S (2.32)
t€[0,T] n—0o0

for almost every realization of the connectivity sequence = given by Definition 1.2.

Theorem 2.15 is proven in Section 4.2.

2.5. The nonlinear spatial profile

In [42, 43, 32, 33], a different approach to the large population behavior of (1.1) is
considered. The point of view here is to consider the deterministic macroscopic spatial
profile (¢(+,))sc(0,7] that, in our context, solves the following nonlinear integro-differential
equation

B, 1) = (Wb (z, 1)) + / T, 1), (. £) W (2, 9)E(dy). (2.33)

I

In the context of [43], (2.33) is referred to as the nonlinear heat equation on the graph
W. For FitzHugh-Nagumo dynamics with linear interaction, (2.33) corresponds to the
reaction-diffusion equation addressed in the recent work [20]. We consider here weak
solutions to (2.33) in the sense of the following definition: if C([0, T, L*(I,¢)) is the set of
continuous functions with values in L¥(I,¢) where k > 2 is given in (2.10),

Definition 2.16. We say that ¢(-, t)cj01) € C([0,T], L¥(1,0)) is a weak solution to (2.33)
if for all regular test functions J : I — R?, for all t € [0,T)], we have

J w0 g ) = [ wi0), @) tan) + / | w5, J@) etaoyas

1

b [ ) 60050 ) W (230

We first state a uniqueness result for (2.34):

Proposition 2.17. Under the Assumptions 2.1, 2./ and 2.6, for any 1o € LF(I,), there
is at most one weak solution in C([0,T], L*(I,£)) to (2.34) with initial condition 1.

For the rest of Section 2.5, we restrict ourselves to the case I := [0, 1], endowed with
its Lebesgue measure ¢(dz) := dz and where .%1(-”) := L for i € [n] (see Section 3.1 for

further details). Following the approach of [43], it is possible to consider the spatial field:

On(z,t) _H(LZZ:—H ZHM ) (n))( x), €I, t>0. (2.35)

Ti_1:%;

We restrict here for simplicity to Model 2.5. We suppose that the hypotheses of Section 2.1
hold and that (G, /@(")) converges to W in the sense of Assumption 2.9. We require

10



the regularity of (W,X) in the sense of Assumption 2.11 together with the following
supplementary condition: suppose that

n i Fa ..
n n 1 j
> 0w (L) - wiew

ij=1
The convergence is the following:

2
dzdy — 0,as n — oo. (2.36)

Theorem 2.18. Restrict to Model 2.5 and suppose that the Assumptions 2.1, 2.6, 2.9,
2.11 and condition (2.36) hold. Then, for almost every realization of the connectivity
sequence Z given in Definition 1.2, the spatial field (0,,) given in (2.35) converges weakly in
C([0,T), L*) to (-, t)tefo7), unique solution in C([0,T], L*) to (2.34) with initial condition

Yo(x) = O (d). (2.37)

Rd
The present result can be seen as a generalization of~[42, 43, 32, 33|, where the case of
Kuramoto-type interaction (namely I of the form I'(6 — ) with I'(+) and ¢(-) Lipschitz and
bounded) in absence of noise (¢ = 0) is considered. Theorem 2.18 is proven in Section 5.2.

2.6. Identification

A direct consequence of Theorems 2.15 and 2.18 is the identification between the
spatial profile 9 (-, t), weak solution to (2.34) in terms of the expected value of the solution
v of (1.4) (see (2.38) and (2.39) below). This identification is straightforward in the
case I = [0,1], ¢(dz) = dz, as it based on both convergence of processes (v ¢)n >1 and
(On(1))n > 1:

Theorem 2.19 (Identification in the compact case). Suppose I = [0,1], {(dz) = dz
and restrict to Model 2.5. Under the Assumptions 2.1, 2.6, 2.9, 2.11 and 2.14 and con-
dition (2.36), let (Ve)epo,r) be the unique solution to (1.4) with initial condition vy and
V(- t)iepo,m e the unique solution to (2.34) with initial condition o(x) = [ Ovg(de).

Then, for all t € [0,T], all regular test functions J on [0, 1]

/[071] (Y(z,t), J(z))dz = /[0’1] < y v (do), J(:Jc)> d. (2.38)

Theorem 2.19 is proven in Section 5.2. When I C RP? is not compact, there is no
natural construction of the spatial profile (0,(-,t)) as in (2.35). However, by a simple
truncation argument, it is still possible to get the following identification result (which
may have an interest of its own, independently of the context of random graphs):

Theorem 2.20 (Identification when I = RP). Suppose that I = RP is endowed with
a probability measure ¢(dx) = l(x)dx that is absolutely continuous w.r.t. the Lebesgue
measure on RP. Suppose that £ is C* on R and fix a kernel W (z,vy) that is C' on RP x RP.
Restrict to Model 2.5 and suppose that Assumptions 2.1 and 2.6 hold.

Then, (2.34) has a unique weak solution (-, t)icio,r) with initial condition bo(z) =
[Ovg(de). If (U)efo 18 the unique solution to (1.4) with initial condition vy, then, for
all t € [0,T], all test reqular functions J with compact support on RP,

/Rp (U(z,t), J(2)) l(dz) = /Rp </Rd Ovf(do), J(g’;)>€(dgj)_ (2.39)
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Theorem 2.20 is proven in Appendix B, page 52. In the case of FitzHugh-Nagumo
oscillators, (2.39) (i.e. the identification of the expected value of (1.5) as a solution of
(2.33)) can be seen as a weak formulation of a recent work [20] where a similar issue
is addressed, using PDE techniques. Although we consider here a more general class of
model, the present identification is weaker, as it is only valid in the sense of distributions
(in particular, the spatial regularity of (¢(-,t)) is not addressed here). Another significant
difference with [20] is that we crucially need here to have a probability measure ¢(dz) on
the spatial variable x, whereas [20] adresses directly the case where ¢ is Lebesgue on RP.

2.7. A comment on graph convergence

The aim of this paragraph is to question the notion of graph convergence given by
Assumption 2.9. The point we want to raise here is that this notion of convergence does
not really concern so much the unlabeled and (possibly undirected) graph G (") constructed
in Definition 1.2, but is rather a notion of convergence of a directed and weighted graph G
that is coupled to G\, with weights that depend on the dilution sequence (™. The reason
is that, even though the original graph G(™ might be symmetric, the renormalization Iﬁz(»n)
for each node 7 in (1.1) induces an asymmetry in the interaction between ¢ and any of its

neighbor j. To be more specific:

Definition 2.21. Let G be the directed and weighted graph (with vertex set [n]) con-
structed from G in the following way: for anyi # j € [n], both edges i — j and j — i are
present in G if and only if the undirected edge {i,j} is present in G™) . Then, attribute
the weight mgn) (resp. /ﬁlg-n)) toi—j (resp. j — i) in G,

We suppose here again for simplicity that I := [0, 1], endowed with its Lebesgue
(n) ._ i

measure /(dx) := dz and where z; ' :=

Assumption 2.9 holds as well as:

n i g
Z ) ’
izl Jj—=1
n n

ij=1

for i € [n]. We assume in this paragraph that

W (™, 2 W(x,y)’ dedy —— 0. (2.40)

(
J

Proposition 2.22. Let G™ be given by Definition 2.21. Under the above hypotheses, we
have the following convergence result:

do (G<”>, W) — 0, (2.41)

n—o0

where dn(-,-) is the cut-off distance.

We use here the formalism of graph convergence developed in [36, 9, 6, 7, 8] (and
references therein). The precise definition of the cut-off distance together with the proof
of Proposition 2.22 are given in Appendix C. Note that one needs to slightly generalize
the formalism of [7, 8] to the case of directed graphs and asymmetric kernels W (but this
is of minor difficulty).

An important point concerning Proposition 2.22 is that a lot of the structure of the
microscopic graph G™ is lost in the limit n — oo: the macroscopic limit (1.5) essentially
captures a dynamics that lives on the renormalized graph G, which may be significantly
different to G . More precisely, one of the main contributions of the theory developed in
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[36, 9, 6, 7, 8]) is to show the existence of a large class of generic models of microscopic
graphs G(™ that converge to some graphon P(x,y). The point we want to stress is that
the limit P of G is in general different from the limit W of G provided by (2.41). This
is due to the presence of the renormalizing coefficients (ngn))ie[n] in (1.1) and typically true
when G(™ has vertices with diverging degree as n — 0o, see e.g. Section 3, (Examples 3.7
and 3.11) and Remark 3.13, where we have two different G (") converging to different P,
such that their renormalized graphs G converge to the same W.

What is more, even though the graph of interaction G(™ might be of power-law type,
the renormalized graph G and its macroscopic counterpart W that we consider in this
paper are never of power-law type: a crucial assumption that is constantly used in this
work is (2.2), i.e. the degree of each macroscopic node remains uniformly of order 1 (note
that this uniformity in degrees crucially depends on the choice of the dilution coefficients
(/4;1("))). The situation where this uniform control on macroscopic degrees is discarded
is unclear: to illustrate this, consider the graph G with diverging degrees defined in
Example 3.11 where, instead of (3.17), we choose now

W= L e, (2.42)
Pn
that is, the same uniform dilution as for bounded kernels (3.9) (example already considered
n [32], § 6.2). The graph (G, x(™) remains convergent in the sense of Assumption 2.9
to
W(z,y) :=P(z,y) = (1 —a)?z"% (2.43)

Indeed, choosing for simplicity 0 < o < % and p, = n~? with 20 < § < % — ain (3.6),
1
On(z) = sup — Z ’min <n5, (1-— a)z(xia:j)*a) —(1- a)Q(J:ixj)*a ,
j=1

is equally 0 for all n, since 6 > 2a. But now, the uniform renormalization (2.42) (well
adapted to vertices with low degree, with position away from 0) is no longer sufficient to
compensate for vertices with high degree with position close to 0 and the boundedness
assumption (2.2) is no longer satisfied for (2.43): macroscopic nodes = € [0, 1] have di-
verging degrees as © — 0. At the level of generality considered in this work (but even
for Kuramoto-type interaction), it is unclear if the convergence results (Theorem 2.13 or
Theorem 2.18) remain true when assumption (2.2) is discarded.

2.8. Applications and links with the existing literature

Applications
The kind of applications we have in mind are:

1. The Kuramoto model and its variants: take d =1 and I'(6, é) = sin (é — 6). Exam-

ples of local dynamics are usually ¢(-) = w or ¢(f) = 1+asin(f) [28]. In this context,
(1.4) gives rise to a family of Kuramoto models with spatial extension already consid-
ered in the literature (P-nearest neighbor model [49], long-range interactions [30]).
The question of characterizing the synchronized states, as for the original Kuramoto
model, is still an ongoing question (see [1, 29] and references therein). In the case of
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Kuramoto type ODEs (that is when o = 0), a series of papers (see [42, 32, 33, 16, 43]
and references therein) have addressed similar issues to the ones addressed here. In
addition to the fact that we consider more general hypotheses (e.g. possibly un-
bounded and asymmetric I' and ¢ being non-Lipschitz), the main difficulty of the
present analysis is that noise is present in (1.1). In particular, the fixed-point ar-
gument [47] used in [33, 16] for the convergence of the empirical measure in the
deterministic case does not seem to generalize easily to the case o # 0.
2. FitzHugh-Nagumo oscillators: this corresponds to d = 2, 0 = (V,w), ¢(V,w) := (V —
%3 —w, %(V—i—a —bw)) (for appropriate parameters a, b, 7) and I'(0, 5) = (V-V,0).
Here, V stands for the potential of one neuron and w its recovery variable. We
refer to [11] and references therein for more details on this particular model and its
applications to neuroscience. Once again, (1.4) gives a spatially-extended version
of a Fokker-Planck PDE, already analyzed in the context of neurons interacting
through a deterministic spatial kernel ([52, 38, 39]). The present work gives a new
interpretation of such spatially-extended PDEs in terms of the mean-field limit of
diffusions on random graphs.

Longtime behavior

Theorems 2.13 and 2.15 are the natural extensions of [22] that concerns the case
of homogeneous Erdés-Rényi graphs. One should also mention at this point the recent
work [19] which addresses quenched propagation of chaos and large deviations results on
homogeneous graphs. The result that is closest to this work is the recent [48] where a
similar result of convergence is addressed in the case of bounded and Lipschitz coefficients
¢, I'. The analysis in [48] restricts to bounded kernels W and random positions (that is a
particular case of Section 3.3 below). Note also that the convergence of [48] is annealed
in both disorder (connections and positions), whereas the present analysis is quenched.
Contrary to [48], we do not address large deviation estimates here.

This work comes with all the comments and restrictions raised in [22]: the convergence
results are only valid on bounded time intervals [0, 7], where T" is independent of n (al-
though that, with a little more work, it would certainly be possible to extend the result
up to times 7" which grows logarithmically in n, as in [22], Corollary 1.2). In any case,
the behavior of the empirical measure (2.27) on larger time scales is beyond the scope of
this paper. Even for interactions on the complete graph, the longtime analysis of (1.1)
relies heavily on the dynamical structure of the macroscopic limit (1.5) (e.g. existence
of stable fixed-point or periodic manifolds, see [4, 37, 40] for results in this direction).
The difficulty is here even more present for general graphs, since the interaction in (1.1)
cannot be written as a closed expression of the empirical measure (2.27). One should
mention the recent work [18] addressing longtime dynamics of Kuramoto oscillators on
homogeneous Erdos-Rényi graphs. A trajectorial Central Limit Theorem associated to
Theorem 2.15 remains open (in this direction, see [5] for an annealed fluctuation theorem
in the Erdds-Rényi case).

One point raised in [22] concerned the necessity of the independence of the initial
condition of (1.1) (61, .., 6n0) With respect to the graph G(™ (in [22], the (010, . .. ,0n0)
are identically distributed; see also [19] where a convergence result is proven in the Erdds-
Rényi case assuming only the convergence of the empirical measure of the initial condition).
Here, we note that the present framework allows for a slight connection between the initial
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condition and the graph: the law v5* of 0o depends on its position xj which encodes
for the way the graph G(™ is built. A simple illustration is when the graph is made of
two complete disconnected components (one concerning the particles with positions in
[0, 1], with initial law v = y; and one concerning particles with positions in [4, 1], with
initial law 1§ = p2). In this case, the behavior of the system is governed by (1.5), with
macroscopic kernel W = 1[07%]2 + 1[%,1]2.

Neural field equation and traveling waves
In the particular case where d = 1, ¢(f) = —a# (for some a > 0) and I'(6,0) = f(0)
(typically f is a sigmoid function), (2.33) becomes:

Op(z,t) = —ap(x,t) + /If(w(y,t))W(%y)@(dy)- (2.44)

Equation (2.44) is nothing else than the neural field equation, introduced by Wilson and
Cowan [54] and Amari [3] in order to describe the macroscopic activity of a population of
neurons with spatial extension. Eq. (2.44) has been the subject of an extensive literature
(see [13, 12] and references therein; see in particular the recent work [15] showing that
(2.44) is a proper limit for spatially-extended Hawkes processes). An important issue
here is the existence and stability of traveling waves [27, 50]. The point we want to
raise here is the possibility of studying such traveling waves through the analysis of the
corresponding McKean-Vlasov PDE (1.4) (whose dynamics is, to our knowledge, much
less studied than (2.44), see [41]), through the identification (2.38). An interesting and
open question concerns the possibility of extending this identification beyond finite time
scales (as for the Kuramoto model). In this context, it is reasonable to expect that the
effect of thermal noise will persist on larger time intervals, resulting in stochastic neural
field equations [26, 31, 34, 35].

3. Examples

The point of this section is twofold: to describe generic models (X, W) that are reg-
ular in the sense of Assumption 2.11 (Section 3.1 below) and to give examples of graphs
(G™, k(™) that are convergent in the sense of Assumption 2.9 (Sections 3.2, 3.3 and 3.4
below). These examples are directly inspired by the formalism of W -random graphs, in-
troduced in [36, 9, 10, 8, 7] and used in [42, 32, 33, 16, 43] (and references therein) in
the context of Section 2.5. In this framework, a usual setting is to consider the compact
I =[0,1]. This set-up is particularly well adapted to the choice of deterministic regular
positions (see Assumption 3.1 below). Nonetheless, as already mentioned, it also makes
sense to consider a general state space I endowed with a general probability measure £,
where each x; actually encodes for a real position [14, 15].

8.1. Two classes of reqular models

We describe in this paragraph two generic classes of positions X and macroscopic
kernels W and provide simple conditions in both models ensuring that W is regular in the
sense of Assumption 2.11.
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Deterministic positions
A first set of hypotheses corresponds to deterministic positions [42, 14, 15, 46]:

Assumption 3.1 (Deterministic positions). We suppose that I := [0, 1], endowed with

its Lebesgue measure ¢(dx) := dx. For all n > 1, the sequence (:Egn), . ,:cﬁ?)) is
deterministic, reqularly positioned on I:
2W =1 n>lien)]. (3.1)

We set a:(()n) := 0 for notational convenience.
A sufficient condition for the regularity of W is to require (2.28) and

Z/xk W (2, ) — W(xs,y)| dy) — 0. (3.2)

i€ln] \ 21 Joe—1

sn(W)(2) := sup (

Note that (3.2) is in particular true when W is uniformly Lipschitz in (z,y). In the
following, we give examples of discontinuous W still satisfying (3.2).

Proposition 3.2. In the framework of Assumption 3.1, suppose that Assumptions 2.1, 2.4
and 2.6 and conditions (2.28) and (3.2) hold. Then, Assumption 2.11 is verified: the kernel
W is reqular along the sequence X .

Proposition 3.2 is proven in Section 4.3.

Random positions
Another general framework concerns the case of random positions [48, 43]:

Assumption 3.3 (Random positions). Let I be a closed subset of RP that is the support
of a probability measure £(dx). The sequence

X = (1‘1,.’172,...) (33)
is the realization of i.i.d. random variables with law ¢(dz) on I.

For any p > 1 denote by [W{| ., = [[W/| 1»(s2 65 the usual LP-norm of W on I2:

Wl = ( /I 2 W(:n,y)W(dx)f(dy))zlj. (3.4)

Proposition 3.4. In the framework of Assumption 3.3, suppose that Assumptions 2.1, 2.4
and 2.6 hold, as well as the following moment condition: there exists some x > 9 such
that

Wil < oo. (3.5)

Then, for £-almost every realization of the sequence X, Assumption 2.11 is verified: the
kernel W is regular along the sequence X .

Proposition 3.4 is proven in Section 4.4.
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3.2. A class of convergent graphs

We give now examples of microscopic graphs G constructed as in Definition 1.2, that
fulfill the requirements of Section 2, in both situations of deterministic (Assumption 3.1)
and random positions (Assumption 3.3). The present examples fall into the framework
of W-random graphs (with possibly unbounded graphons), that is, when the probability
field W, (z,y) is directly constructed upon a predetermined determinisitic kernel P(z,y).
A general framework may be given by (see [8, 32] for similar definitions)

Definition 3.5 (Generic random graph with graphon P). For fized (I,£), n > 1 and a
given positive measurable kernel (z,y) — P(z,y) on I?, we define

Walao) = pomin (- P(o.g) ) (3.6)

n
where py, € [0, 1].

One important aim of [36, 9, 10, 8, 7] (and references therein) is precisely to prove that,
under various hypotheses, G(™ converges to P. In this context, one generally distinguishes
between bounded graphons P [36, 9, 10] and unbounded graphons (a typical hypothesis
being that P € LP(I?) for some p > 1 see [8, 7] and references therein). Note that when
the graphon P is bounded (and up to the change p, < | br_ one can always suppose

Plloo
that ||P||,, = 1), (3.6) boils down to

Wo(z,y) = pnP(z,y), z,y € I. (3.7)

When p, = 1, we are dealing with dense graphs, whereas in the case p, —— 0, we
n—oo

consider diluted graphs. A very simple particular case of (3.7) corresponds to P(x,y) =
1 which boils to a (possibly diluted) homogeneous Erdés-Rényi random graph, already
studied in [22, 19]. Thus, one has to think of (3.7) as an inhomogeneous version of the
Erd6s-Rényi case. When P is not bounded, one usually assumes in (3.6) that p, — 0 and
npp, — 00, as N — 0o.

Here the distinction is not really on the boundedness of P in (3.6), but rather between
sup, [ P(z,y)l(dy) < 4oo and sup, [ P(z,y)l(dy) = +oo. In the first case, there is
uniform control on the asymptotic degree of each node in the graph G(™ whereas in the
second, G has nodes with diverging degree as n — co. We treat these two cases in
Section 3.3 and 3.4 below.

8.8. Convergent graphs: the case of graphons with uniformly bounded degrees
We assume in this paragraph that W, is given by (3.6) for
sup/P(x,y)E(dy) < +o0. (3.8)
zel
Here, we adopt a renormalization that is uniform on the nodes i € [n]: set
1

=kp:=—, i=1,...,n and w, = pp, (3.9)

e
Pn
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satisfying

1 n
Kp=—=0|——], as n — oo. 3.10

" b <10g(n)> (310)
In this case, the appropriate limit for (G, k,) is simply given by W := P itself. The
verification of the hypotheses of Section 2.1 require that

sup/P(z,y)Qf(dy) < +o0 and irelg/P(z,y)é(dy) > 0. (3.11)
zel z

We address now the question of the convergence of (Q(”),Hn) to P (Assumption 2.9)
as well as the regularity of the model (Assumption 2.11) in both cases of deterministic
(Assumption 3.1) and random positions (Assumption 3.3).

Convergence of the graph (G, k(™):

Note that (2.15), (2.16) and (2.17) are trivially verified here, as well as (2.18), by
(3.10). This dilution condition was already noticed in [22] in the Erdds-Rényi case P = 1:
the microscopic graphs that are relevant for the present work have an averaged degree
larger than log(n). The only point that we need to check is (2.20). Note first that when
P is bounded, (2.20) is immediately verified, since we have d,(x) = 0 for all n. This can
be slightly generalized into the following sufficient condition:

Proposition 3.6. Suppose that the sequence of positions X and the kernel P are such
that for some € € [0, %) and C' > 0, for all n > 1 sufficiently large,

sup P(z;,x;) < Cnf. (3.12)
i,j€[n]

Choose & such that e < § < % and define
pn i=n"°. (3.13)

Then, (G™, k™) given by (3.6) and (3.9) (with p, given by (3.13)) converges to W := P
in the sense of Assumption 2.9.

Proof of Proposition 3.6. It suffices to note that by (3.12) and (3.13), we have, for n
sufficiently large, min (pl P(a:i,xk)) = P(x;,xy) for all i,k € [n]. Hence, 6,(z) = 0 for

)
n

such n. O

Regular kernels for deterministic positions:

In this paragraph, we suppose that the positions are deterministic xz; = % (Assump-
tion 3.1). If P is bounded, having in mind Proposition 3.2, a simple sufficient condition
is W = P p-Holder for some 5 € (0,1]: for such P, (2.28) holds for 12 = § and (3.2) is
straightforward. The supplementary regularity condition (2.36) required for Theorem 2.18
is also valid. Interesting examples include P(z,y) = 1 — max(z,y) or P(z,y) = 1 — zy
which are encountered in the context of dense inhomogeneous graphs (see [7, 6] for many
interesting examples). However, note that the hypotheses (2.28), (3.2) and (2.36) are suffi-
ciently general to capture some interesting cases where P is not continuous: the P-nearest
neighbor model [38] corresponds to p, = 1 and P(z,y) = 1,y < r, 7,y € I, for some
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R € (0,1]. It is immediate to see that (2.28) is true for 1o = 1, that s,(W) = O (n™') in
(3.2) and that (2.36) holds. Another interesting case of unbounded kernel P (which still
satisfies (3.8)) is P(x,y) := ﬁ on I = [0,1] (already considered in [38]). This enters
into the present framework for 0 < a < %

In order to compare with Section 3.4, we end this paragraph with the following example:

Example 3.7 ([32]). Let (G™), k™) be given by (3.6) where

Plz,y):=(1—-a)y @, ac [O, 1) , z,y € I =1[0,1], (3.14)

2

()
7
and 2.11 are satisfied: (g<n>, Kn) is reqular and convergent to P.

and ;" is given by (3.9) and p, = n% for some a < § < % Then, Assumptions 2.9

Indeed a rough bound gives that sup; ;e P (@i, ;) < (1 — a)n®, so that (3.12) holds
for € = «, so that one can conclude about Assumption 2.9 from Proposition 3.6. Moreover,

salW)(@) = (1 - a) ( [ vear- ka) 0 ).

which proves (3.2) since v < 1/2. In a same way, (2.36) is true. Inequality (2.28) (for
Lo = 1) is trivial, so that Assumption 2.11 is verified.

Regular kernels for random positions:

In this paragraph, we suppose that the positions are random (Assumption 3.3). In
the case of random positions, in addition to (3.11), we need to verify Proposition 3.4
and Proposition 3.6. It turns out that condition (3.5) is sufficient for both: indeed, fix

P € LX(I?) with x > 9 and let € € (%, %) For any i,7 € [n],

. )X P X
P(‘P(mia$]’>| > ne) < EHP(%»%N ] _ H HX'
nex nex

A rough union bound on i,j € [n] gives

A\ IPIX
P sup |[P(zi,xj)| >n| < .

ex—2
irj€n] nex

Since ex—2 > 1, by Borel-Cantelli Lemma, we have almost surely that sup; jcpn) [P (i, ;)| < n€
for n sufficiently large. In particular, any bounded measurable weights P in L*(]0, 1]?)
satisfy the hypotheses. Among interesting examples which have not been addressed so
far, one can highlight the case of kernels with values in {0,1} (with p, = 1). This case
corresponds to deterministic graphs (see [42], § 4).
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3.4. Convergent graphs: the case of graphons with diverging degrees
We consider here W), given by (3.6) for P satisfying

Vo eI, /P(w,y)%(dy) < 400 and Py := ing/P(z,y)ﬁ(dy) > 0. (3.15)
ze
The point of the paragraph is to discuss the consequences of having possibly

sup [ Play)idy) = +x. (3.16)
zel
Here, the uniform renormalization (3.9) is no longer adapted: we consider instead

(n) _ n

P
Pn Y-y Min (p%b, P(xi, :cj)>

, i€ [n). (3.17)

)

This corresponds to renormalizing the interaction in (1.1) by the averaged degree 3, Wy (i, z;)
of each vertex. Here, the correct choice for the macroscopic interaction kernel W is ([32])

P(x,y)

Wizy) = [ P(x,z)0(dz)’

z,y €l (3.18)

Remark 3.8. By construction, sup,e; [ W(z,y)l(dy) = 1. Verifying the technical second
P(zy)?

([ P(z,2)0(d2))

for Example 3.11 below. Of course, it could be possible to apply the present renormaliza-

tion (3.17) to the previous case of Section 3.3. However, when P is bounded, the two

renormalizations (3.9) and (3.17) lead to slightly different macroscopic models: in (3.18),

W is renormalized by the factor [P(z,z)0(dz), which is not natural in the bounded case.

moment (2.2) requires to have [ ((dy) < oo, which is in particular immediate

On the convergence of the graph (g(">, n(”)):
The following result is the counterpart of Proposition 3.6:

Proposition 3.9. Suppose that the sequence of positions X and the kernel P are such
that for some € € [O ) and C > 0, for all n > 1 sufficiently large, estimate (3.12) holds.
Choose also 0 such that e < § < 2 and define p, :=n"? as in (3.13). Suppose

sup |- > Plaizy) = /P(ﬁi»z)f(dz) — 0, asn — ooc. (3.19)
=1

i€[n] TL]

Then, (G, k™) given by (3.6) and (3.17) converges to W given by (3.18) in the sense

of Assumption 2.9, for the choice of Ky = % and wy, = 1.

Proof of Proposition 3.9. By (3.12) and (3.13), we have, for n sufficiently large, min (pin, P (i, Jik)) =
(n) _ n’

i I Plairg)
(3.19), we have inf;c,y 2 30 Plai, ;) > & [ P(wi, y)l(dy) > B, for n sufficiently large.

P(zi,xy) for all i,k € [n]. Hence, for such n, for i € [n], k; Using
=
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This proves (2.15) for k,, = % Condition (2.17) is trivial for w, = 1 and the dilution
condition (2.18) holds since § < 3. It remains to check (2.20): denote by

1 n
:EZ’P(J:‘,J}J'), and S(x /sz ((dz), z eI
With these notations, = >} ‘Kgn)Wn(l‘i, xy) — Wi(x;, xp ‘ = % and the result
follows immediately from (3.15) and (3.19). O

Regular kernels for random positions (Assumption 3.3):

As for Section 3.3, regularity and convergence holds under sufficient integrability of
the kernel P:

Proposition 3.10. Suppose that Assumption 3.3 holds. For any P € LX(I?) with x > 9
which verifies (3.15), the following is true: for almost every realization of the sequence X,
(G, k™) defined by (3.6) and (3.17) (with p, = n—9, i <8< 1) converges to W given
by (3.18) in the sense of Assumption 2.9, (for the choice of k, = 27)% and wy, = 1) and
Assumption 2.11 is verified.

Proof of Proposition 3.10. Once again, we apply Proposition 3.4 and Proposition 3.9 to-
31
X2
shows that, since ex — 2 > 1, we have almost surely that sup; jcp,) [P(zi, ;)| < n® for n
sufficiently large. Secondly, let

gether with a Borel-Cantelli argument. Let € € ( ) The same reasoning as before

P(z,y) = P(x,y) — /P(a:,z)e(dz). (3.20)
Compute
1 n - 6 1 n 6
J=1 J1yeeje=1 =1

Among the sum above, consider the case where one index (for example ji) is such that
J1 & {j2,...,j6}. In this case, conditioning w.r.t. (x;,x;,j # j1) within the previous

expectation gives E [Hz 1 (a:z,:n]l)] = 0, by independence of the (zj)iepn and by def-
inition of P. Hence, the nontrivial contributions to (3.21) are necessarily of the form

[Hl L P(xiy ) } for any (u1,us,us) € [n]3
C > 0 (independent of i € [n]) such that

. This means that there exists a constant

6
1 - C
E 75 < =, 22
- P(xi, xj) (3.22)

By a union bound on i € [n] and Markov inequality, we obtain, for all p > 1

1 = R 1 Cp®
P | sup —ZP (xi,x5)| = — QZ]P’ —ZP(zi,xj) > — g—];.
icn] [T p i1 n = p n
An application of Borel-Cantelli Lemma shows that (3.19) holds almost surely. O
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We finish this section with an example in the deterministic case:

Example 3.11 ([32], Ex. 2.1). Consider here the model (G, k™) given by (3.6) and
(3.17) where

1
Px,y) = (1— a)Qz_O‘y—a, o€ [O, 2> , z,y € 1=1[0,1]. (3.23)

Proposition 3.12. Suppose that Assumption 3.1 holds. Let o E [ ) and P defined by
(3.23). There exists §(a) < 1/2 such that for all §(a) < & < 3, the renormalized graph

(6™, k™) given by (3.6) and (3.17) with p, := n~° converges to W (x,y) = (1—a)y~%, for
the choice of ky, 1= (121)2 and wy, =1 and W is regular in the sense of Assumption 2.11.

Remark 3.13. The macroscopic limits in Fxample 3.7 and Example 3.11 are the same,
although the underlying graphs G have really different structures. In Example 3.7, G™
is more or less homogeneous whereas Example 3.11 is much more hub-like: nodes with
positions close to 0 are connected to the whole population with probability close to 1. We
see here the effect of the renormalization (3.17): it compensates for the hubs in the graph
G™ so that, even though the graphs G might be different, the renormalized graphs G™
are actually quite similar.

Proof of Proposition 3.12. Recall the following simple asymptotics: for a € (0, 1), there
exist some sequence €, —, oo 0 and some constant C'(«) # 0 such that

>k 1o

We first verify Assumption 2.9. First, the easy case where a € [0 ) can be treated via
Proposition 3.9: the followmg rough bound sup; e, P(@i, ;) < (1 - @)?n2“ holds so that
(3.12) is true for € = 2a < 1. Morever,

iZP(a:,»,xj)—/P(wi,z)d =1 —a)z;® 1—az
i=1 e

11—«

+ C(a) +€n, n > 1. (3.24)

which, since z;“ < n®, is of order n~(1-20) uniformly in ¢ € [n]. Thus, Proposition 3.9 is
true, for any 0 such that 2a < § < %
The case a € [i, %) is more technical and cannot be dealt via Proposition 3.9 directly.

Choose any ¢ such that a < § < % < 2a < 1. Since z; < 1, we have

1+46 )
Z?Zl min (n5, (1-a)- 1:5&) (1-a)

(3
J

so that (2.15) and (2.17) are true for w, = 1. The choice of § < % ensures that (2.18) is
verified. We have 6,,(z) = sup;c[n) dn,i(z) with

On,i(z) == Wiz, z) — Wz, zk)|, i € [n].
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Using the notations

] 2—6/a
i = {(1 - a)2/a”,J (3.25)
i
and
D, ; —me (n ,(l—a)quxq> = Jnn _1_(1_0()27@ Z o
i=1 i U =i+
we obtain
jfl 1446 a n
1 n n (1—-a)n 1 -« 1
On,i(z) = — D —(l-a)g +‘W—1‘ o Z ke |
k=1 ' o k=jn+1
) Jn n
gin® 1 —« 1 (1—-a)n 1 -« 1
< - - - 1 _— — . 3.26
IR N re e Vi o B
v k=1 e k=ji,+1

y (3.24), we have for any 3 € (0, 1]
78]

nl 0 Z ke {0 (s ) nosee 0 i B € (0,1), (3.27)

First observe that for all i = 1,...,n j5 < anf‘s/aj. Since § > «a, 2 — §/a < 1 and by
(3.27), the second term in (3.26) is such that

i
1—a

sup | —— Z ~— | =0, asn— oco. (3.28)
Moreover we have the existence of ng > 1 such that for all n > ng
l—a «— 1 1
inf | —— — | == 3.29
= 2w ) 7 (3.29)

Let us now concentrate on the first term of (3.26): for all i € [n],

jfln‘; B 1
- 2a ’
Dni 14+ (1— a2 2250 )
1
< , (by (3.25) and since i > 1),
1+ (1 _ a)l*Q/ana7§*1+5/a (;1 o Z;L Jit1 %)
1
< — 0, by (3.29),
14 (1—a)21*2/‘* na—6—1+6/a v )
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since a — 6 — 1+ §/a = &=%(1 —a) > 0. This proves that the first term of (3.26)
converges to 0 uniformly in ¢ € [n]. The third term of (3. 26) =D —ji+1 2 is smaller

than 1 =D ka which converges (to 1) and hence, bounded It remains to control

‘ (Dllfgg — 1‘. We can write

‘(1—a)n 1’_(1—a)n i l1-a Z”: 1

_ +1--—°
Dy, ;x¢" Dy, iz (1 — a)nlte—? nl-«

-704 )
o (1—a)n [ (1—a)¥e! +1—a]2" 1 4 l—azn: 1
X Dn,ixz‘a n—1+ta—d+dé/a nl-a = ja nl—a = ja

The terms within the brackets converge to 0, uniformly in ¢ € [n], (recall (3.27) and (3.28))
and we have

(1—-a)n e 1

0 81 2 1 T X Td—a\wm 1
D i Jant~la + (1= a)?no=1 305 =ji+15%  nlme Zaj=ji+1 5%

<2,

at least for large n, once again by (3.29). This proves (2.20) in the case o € [4, 2) The
proof of the regularity of W has already been done in Section 3.3. This concludes the
proof of Proposition 3.12. 0

4. Proofs for the propagation of chaos results

4.1. Proof of Theorem 2.13

For the moment, the sequence of positions X and the associated connectivity sequence
E are fixed. For all n > 1, for fixed z and §, we introduce the following quantities

bn(§) == s;p ZFJ (4.1)
2
dny(§, ) = lsel?g/ Zn < — (xz,a:k)> [F]u(éivu,xk) du. (4.2)

Proposition 4.1. Suppose that Assumptions 2.1, 2.4 and 2.6 are true. Forn = 1 and
T >0, let (0it)icn) = (Gl(t))le[n] be the solution of (1.1) and (Hlt)ze[n] (0F")icm)
independent copies of (1.3) with the same initial conditions and Brownian motions as
(1.1). There exists a constant C > 0 (independent of n and T), such that for any fized
choice of connectivities and positions (£, ),

sup E [SUP |91 s — Vi 8‘2:| C (T + €CT) Cb"(§)2T

i€[n] s<T
3
x(bn = 4 0n(2)? + dnr (€, 2) +Ze£h) > (4.3)
=1
where we recall the definitions of K )(7) in (2.15), of dp(z) in (2.19) and of enT’nT(g) in
(2.24).
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Proof of Proposition 4.1. For all s < t, i € [n], by the one-sided Lipschitz-continuity (2.6)
of ¢,

"91',5 - éi,s|2 =2 /s <91,u - gi,u ) C(ei,u) - C(éz,u)> du
0

s B 1 n B B B
+ 2/ Hi,u - Qi,u s | Z ’fz('n)gi,kr(ei,m Hk:,u) - /W(.ﬁl, 'i')r(ei,ua Q)Vu(dea di‘) du,
0 Lyt
2

s B 511 n " B 5 B
< (2L+1) / 10i.00 — 0. ]” dut / ‘nzﬁg V& kT (Oius ) — / W (i, 2)T(0s 0, 0) 1 (46, dF)| du.
0 0 k=1

Taking the supremum in s < ¢t and the expectation w.r.t. Brownian motions and initial
conditions,

t
E [sup 105 — 9@5\2] < (2L.+1) / E {sup 16;0 — amf] du
0

s<t v<u
t

v e
0

It remains to control the last term in (4.4), which can be bounded from above by fot <6 22:1 AW > du,

2
du. (4.4)

1~ (n . _
S R Oras 1) — [ W (02, B (06,
k=1

n,i,u

where, for u < t,

n 2
1 . _
ALl =B|| ; A" € (DOras Oa) = T Oy ) (4.5)
- X . 9
@ _wlllN ™ a TG §
An,z‘,u =E n ; 51 gz,k (F(emu Hk:,u) F(0Z7U7 ek,u)) (46)
® |l 0, 5 g _ .
An,i,u =E n z; Ky fl,k (F(elﬂu Hk,u) [F}u (emu -Tk)) (47)
- , . 9
A =B || D0k (Gn = Wales 2i)) [T, B )| | (4.8)
k=1
L )
Sfu =E - Z (Rgn)Wn(quk) - W(%J«"k)) [T, (B zi)| | (4.9)
k=1
1 « _ _
AL =B || S W ) 7], B ) — / W (e, ) D), (s 3)(dR)| |, (4.10)
k=1

where we recall the definition of [I'],, in (2.21). Note as this point that, d,, ; defined in (4.2)
is such that dp, ¢ = sup;cy) fot AW

n,,u

du. Among the other terms, Ag) and Ag) capture the

approximation of the particle system (6;); by its mean-field limit (6;); and AP relates
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the empirical measure of the mean-field particle system to its deterministic limit v. The
convergence of (W, (z;, z;)); j to the macroscopic kernel (W (z;, x;));,; is controlled by AP,
By the Lipschitz continuity of I' (2.4), we have (recall the definition of b, in (4.1)),

AW« Liby(€)* sup E

re(n]

sup }07",11 - 07‘,11‘2] .
vE[0,u]

In a same way, by (2.4),

2

I _ L2 & )\ 2 _ _
Agu < LTE - ;KE i Ok — Okul| = n—g k§l=31 (FEE )) &ik&id B [0 — O |01 — Orul]
LE S~ ()’ o . |2 2] < 120, (6)?
< 2 k7l221 (Hi ) &i ki E |:|0k’u - 9k7u‘ + |957u - el,u} } < Lan(§) feu[% E Uzl[lol?u] ’97“70 —

Concerning the term A®)| denote by (recall (2.21))

5F(§i,u,9k,u) = (F(e_i,w e_kz,u) - [F]u (g_i,uyxk)) = (F(G_i,w gk,u) - /F(gi,uvé)yﬁk (dé)> .
One has in particular, using (2.5) and Remark 2.8,

E |07 (Biss Ox.0)|*] < 2B [[D(0is, O) ] + 2E [ [[r@0)] v <dé>]2,

<2LEE [1+ |0iu| + |Oru|]® + 2L3E [1 + |0iu| + E |01.4]]°,
<1212 (1 +E [\éi,uﬂ +E [\«%,Aﬂ) :
< 1212 (1 +2sup E [sup \émf]) <12L2(142C),  (4.12)
ren] v<u
for Cy given by (2.13). Thus,
2

A% <R

n,u,u N

% Z /‘G§n)§i,k(5r(§i,u7 Or.u)
k=1

()

7
n2

k£l

Since we have supposed that & ; = 0, one can suppose that k 7# i and [ # i in the second
sum and conditioning by Fj, := 0 (0;.., 7 # k) gives

E [(0T (03, Oku) 0T (Bi, O1,))] = E [E [(0T (Oiu, Oku) 5 0T (Oiu O1,) ) 1 7] ]
= E [(00(01u,01,0) , E [0 (010, 01,0)| Fx])] = 0,
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by definition of 61'(6; 4, 0k.). Consequently, by (4.12) (recall the definition of k) (z) in

(2.15)),
2
3) 2 ("z(‘n)>
An,i,u < 12LF (1 =+ 200) n

kS (z)

n

D ik < 12L7 (1 42C0) ba(€)
k=1

Concerning the term Ai 3 > using (A.23) and (2.13) (recall the definition of 6, (z) in (2.19)),
we have

2
AP <3L2 1+200< Z‘ (i, ) W(J:,-,xk)D < 3L2 (14 2C) 6n(z)

(6)

TIIH

Finally, let us control the last term A, : using the shortcut
[CW],(0,2,y) = W (z,)[T]u(9, ) —/W(%Z)[F]u(@az)ﬁ(d@ (4.13)
we have (recall the definition of Y in (2.22))
/ AV d / / Oiir 25 y) , TW], (G, 5, z)>} 0 (dy)bn(dz)du
— [ Wi )W (o, 2Tl .2 (A9 (02) + [ W i)W i) Va1, 2) ) (2)

- / W ()W (1, 2) T, 1, 2)n () (d2) — / W (i, 2)W (25, y) Yo,y 2)(dy) u(d).

t ) 3
Sup/ A5337udu< Zenﬁ)(g).

1€[n] JO me1
Define now
fi :=sup E [sup}@zs— zsﬂ < T. (4.14)
1€[n] s<t

Taking the supremum on i € [n] and gathering all the previous estimates in (4.4) gives,
for some constant C' = C(T', ¢, W, 0,19) > 0,

(n)(

t 3
fthbn(g)Q/Ofudu+C(t+eCt)< NG x)+5n()>+dm§, )+ > W (@), telo,T).

m=1

An application of Gronwall’s Lemma gives the conclusion. This proves Proposition 4.1. [

At this point of the proof, in (4.3), d,(z) and Zm 1 nT( x) go to 0 as n — oo, by
hypothesis. The point now is to prove that the two remaining terms in (4.3) (that depend
on the realization of the connectivity sequence &) are such that, first, b,(£) is bounded
and second, that d,, 7(§,z) goes to 0 as n — Bo, almost surely. This is the purpose
of Proposition 4.4 below. The following concentration estimate may be found in [24],

Corollary 2.4.7:
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Lemma 4.2. Fizn > 1 and (Y});=1,..n real valued random variables defined on a prob-
ability space (2, F,P). Suppose that there exists v > 0 such that, almost surely, for all

I=1,....n=1,Y <1, EYi1|V] =0 and E [Y2,|Y]] <v. Then for all x>0,

r+v| v
Pn'(Yi+...4Y,) >z) < —nH , 4.1
(n Y1+...+Y,) x) exp( n <1+v 1+v>> (4.15)

where H(p|q) = plog(p/q) + (1 — p)log((1 —p)/(1 = q)), for p,q € [0,1].

Using this result, one can prove the following (below X ~ B(p) stands for a Bernoulli
variable with parameter p € [0, 1]):

Lemma 4.3. Fizn > 1, (p1,...,pn) i [0,1] and a sequence (v1,...,vy) such that |vy| <1
for all l € [n]. Suppose that there exist k, > 0 and w, € (0,1], n > 1 satisfying (2.17)
and (2.18) such that p; < wy, for alll € [n]. Define

=32—— il log(n) (4.16)

which goes to 0 as n — oo, by (2.18). If (Uy,...,U,) are independent random variable
with Uy ~ B(py) for all | € [n], we have the following estimate

> sn> < 2exp <—161og<n>B (M (12i5"))1/2)) (a7

B(u) :=u"2[(1 4+ u)log(1 + u) — u]. (4.18)

n

fn > (U - pvi

]:P) (
n
=1

where

Proof of Lemma 4.3. Fix n > 1, kn > 0, (p1)iem)> (V1)ie[n) and (Up)iejn) previously defined.
Let Y; := (U — py)v. (Yl,...,Yn) are independent random variables such that for all
le€[n],ElY;] =0and E [Yﬂ = v?V(U;) = vipi(1 — p) < wy, since |vy| <1 and p; < wy,.
Then, for all € > 0, by Lemma 4.2,

n -1 2
Ko, ERy” +Wn| Wy ne €
P (U - >e| < —nH | —* < - B ’
< n (U =puju 6) P ( ! < I+w, 11+ '(Un>> P ( 2w, k2 <wn/~@n)>

=1

where we used the inequality ([24], Exercise 2.4.21)

r+uv| v z? x
H >—B(—>, 0 >0, 419
(1+v 1+v> 2v v e ( )

so that, for the choice of € = ¢, defined by (4.16), we have

i o 1/2
P (n" > (U = pou >€n> < exp <—1610g( \B <4f <lngu() )) ))
=1 n

Doing the same for the sequence (—v;);c|,], one obtains (4.17). This proves Lemma 4.3. [

Theorem 2.13 is an immediate consequence of the following result:
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Proposition 4.4. Suppose that Assumptions 2.1, 2.4, 2.6 and 2.9 are true. There exist
a deterministic sequence (€y)n >1 with €, — 0 as n — oo, a constant C > 0 such that
for all T > 0, there is an event O € F with P(O) = 1 such that the following is true: for
every w € O, there exists ng < 400, such that for all n > ng,

n

ba(E) < 2+ sup ST W (i) (4:20)
1€n k=1
dnr(§(W), z) < e,C (T + eCT) (1 + sup % Z W(mz,xk)> . (4.21)
i€n] ' 1

Proof of Proposition 4.4. Introduce the following notations

Eik = Eip — Wal(zi, 7), (4.22)
VIE?u =E [[Iu(bsu, z6)[Tu(biu, 11)] , k.1 € [n], (4.23)

so that we can rewrite (4.8) as

Y’

4 LN i
Angu i Z fi,kfi,w,(g},u- (4.24)
ki=1

Using (A.23), for some constant C' > 0 independent of i, k, [, u,

] < BTG 20 @ )] < 5B [0z ] + 5B 0@ )]
<C (1 +E [\éw\?]) <C (1 + s E [\er,uﬂ) <C(1+C), (4.25)

using (2.13). Setting

) t )
Gy, = /0 v du, and |Gyl = AR (4.26)
one obtains from (4.25) that
|Gl <Ct (4.27)
for some appropriate constant C' > 0. Let us define now
(n) n o
(n) Kvi = Kt
Xz o— f’i,l Ak, (428)
= 2 b
we can write
/ A£L4Zud |GtHoo Z %’mk’))Xz(k)t?
0
G G
H tHOOZ l’z,xk))gsz(kt‘F H tHOOZ xulfk (1_‘5119) 1]<;)t
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Consequently, almost surely, for all ¢ > 0, the following inequality holds

(n) n ()
K; )
dny < |Gl ( sup ‘X kt‘) sup ( S e % S :Wn(xi,xk)> L (4.29)
I GTL k’:1

€[n] k=1

We first derive a uniform bound on (X (n) ) . For fixed i,k € [n], apply Lemma 4.3
bkt i,k€[n]

G
for the choice of U; = &1, kp = Egn), pr = Wy(x,xp) and v = IIGIZIZ\ : inequality (4.17)

together with a simple union bound gives

1/2
P ( Xi(;’;)t‘ > 5n> < 2n%exp (—1610g(n)B (4[2 (log(”)) )) .
i,k€(n] 77 nwy,

Note that under the assumptions (2.17) and (2.18) on &, and w,, we have

log(n) log( VK2 wy,
nwy, S n

— 0.

Since B(u) — 3 as u — 0, choose a deterministic p > 1 such that for all n > p,
1

/2
<4\f ( pr. ) i For such an n,

P | sup
i,k€[n]

Hence, by Borel-Cantelli Lemma, there exists O € F with P(O;) = 1 such that, on O,
there exists nq < 400 such that for all n > nq,

2
Xﬁ?t‘ > 5n> < 2n% exp (—4log(n)) = ot

sup |X7),| <en. (4.30)

i,k€[n]

Secondly, apply once again Lemma, 4.3 for the choice of U; = &; 1, K, = KZ(-n), pr = Wh(zi, xp)

and v; = 1. The same reasoning as above gives for n > p,

sup &,
(ze [n]| T Z g

so that, there exists Oy € F such that P(O2) = 1, such that on Os, there exists ny < +00,
such that for all n > no,

(n) n (n) n
sup <K;LZ§”€) En ZW X, Tk) ZW xi,xp). (4.31)

i€[n] k=1 icln] T i€[n]

2
> 5n> < 2nexp (—4log(n)) = —,
n

On the event O := O; N Oz (of probability 1), the inequality (4.29) together with (4.30)
and (4.31) gives, for n > max(ny, ng)

n) n
dnr < Cen(T + e“T) ( ZW Ti, T ) (4.32)

i€[n]

Using now the fact that d,(z) — 0 as n — 00, sup;| n] Zk 1 Wa(zs, z) is smaller

than 1+ sup;ep LS h W (w;, xy) at least for large n. T hlS concludes the proof of Propo-
sition 4.4. 0
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4.2. Proof of Theorem 2.15

Recall that ¢, below is the empirical measure of the positions (1.2). We first show
that the convergence (2.31) is true for both deterministic positions (Assumption 3.1) and
random positions (Assumption 3.3):

Lemma 4.5. In the deterministic case (Assumption 3.1) (resp. in the random case,
Assumption 3.3), the convergence (2.31) holds (resp. almost surely).

Proof of Lemma 4.5. In the deterministic case, it is immediate to see that for any ¢ € H,
with (|l < 1, [{(ln =€, )| < m so that (2.31) follows directly. We now focus
on the random case. First note that the following holds: for all € > 0, there exists a
finite set H; C H, such that, for all n > 1, dy, (£, ?) < € + maxgen: (€ — £, @)|. The
proof of this point follows closely the proof of [25], Th.11.3.3: for any ¢ > 0, take K¢ C I
compact such that ¢(K¢) > 1 — . The set of functions B := {, lolly, < 1}, restricted
to K¢, is compact, by Ascoli-Arzela theorem. Thus there exists £ > 1 and ¢1,...,p0r € B
such that for all ¢ € B, there exists j < k such that sup,c - [0(y) — ¢;(y)| < €, so that
sup,cie- |p(x) — ¢j(z)| < 3e. Set g(x) := max (0,1 — d(z, K¢)/¢). Then g € H, and for n
large enough, ¢, (K¢) > [ gdf, > 1 — 2¢. Thus

[{(n — €, @) < /!w—wj!d(€n+€)+|<€n—€,<Pj>\ <126+ max (6 — £, @)l

Jj=1,...,k ‘

Thus, the result follows from the fact that almost surely, for every bounded continuous
function ¢ (and hence, for all ¢ € H,) we have |(¢, — £, )| —— 0 ([25], Th. 11.4.1). O
n—oo

Proof of Theorem 2.15. Fort € [0,T] and ¢ : R x I — R satisfying, for 0,0 c R z,y €1,
‘cp(@,x) - go(é,y)‘ <C, ((9 - é‘ Flz — y|) and sup,.; |p(6,z)] < C,(1+ 6]), we have

E |[(vae =, )] < 2B [[(vns = Puss )| + 2B |[(Zs = 2, )

Introducing the empirical measure of the nonlinear processes (;);c[n defined in Section 2.3:

_ 1
Inp = Z; Oframy £ 20, (4.33)
1=
we can estimate the first term above as

E |:’<Vn,t — Un,t, SOHQ] < iiE D@(@i,t,xz‘) - ¢(§i,t7xi)‘2} < giE [‘gi,t - émﬂ )
i=1 =1

< Csup E
i€[n]

= 2
sup ’072,5 - 07j,s| > 07
s€[0,T n—00

by Theorem 2.13. Concerning the second term

n 2
B [0 — w1 )] <2E ‘iZ(ﬂé@t,xi)— [ etozi o)) (434)
i=1
n 2
1
+2|— (0, 2;)v(df) — (0, z)vf (dO)¢(dx) (4.35)
n; / ¢ / ¢
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The first term (4.34) above can be computed as

E

Z

=1

Y ((p(éi,t,xi) - / (60, 2,)v7 (d@))

i=1

n ‘

(0~ [ sow,xi)ufi(de))Q],

1 n N 2 n .
<Y [l “”Z/HW (),
i=1 =1

which goes to 0 as n —> 00, uniformly int € [0,T7], by (2.13). For the last term (4.35), write
for simplicity wu(z fgo (0, z)vf(dh). Note first that |u(z)] < Cy, [ (14 10]) vF(d0)
which, by (2.13), is bounded by some C1 (¢, T") uniformly in ¢t € [0,7] and = € I. Secondly,
(recall the definition of W in (2.28)), for some constant Ca(p,T") > 0 sufficiently large
that changes from one line to the other,

ute) =il < [ 606.0) = O @) + | [ p0.008100) = [ (0. (as)]
< Cplz —y|" + Cop, T) (IW(2,y) + wi (15, 1)) < Calp, T) e =yl

where we used (A.16), (2.11) and (2.28). Thus, for C(p,T) = Ci(e,T) + Ca(p, T, for all
t € 10,7, ) Ty ’H < 1. Hence, the term (4.35) can be estimated as
2

= (b = £, wi)l® < Clp, T)?dyy(n, 0)°

1 n
- ug(x;) — [ w(x)l(dx)
23

which goes to 0 as n — oo by (2.31). O

4.8. Proof of Proposition 3.2: reqularity of the kernel in the deterministic case

We suppose here that Assumption 3.1 holds. Since for all n > 1

ZW Ti, Tk) /W x;,y)dy| <

this inequality together with (3.2) and (2.2) implies (2.25). So we are left with proving
(2.24). For i € [n], we have

Z / W (s, 2) — Wi, )| dy < sa(W),
Tk—1

Z/ / W (@i, xi)W (2, 21) Yo (24, g, ©1) — Wz, y)W(xs, 2) Yr(xs, v, 2)| dydz

kl=1"%1-1
> [ W W) WG )W G 2 e )] dud
kl=1"%1-1
Tg
+ Z/ / |Yr(zi, 2k, x1) — Yr(a,y, 2)| Wz, y)W(x;, z)dydz .= (1) + (I1).
kl=1"%1-1 /%K1

(4.36)
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Concerning the first term above, we have, by Lemma A4:

<c Z / / W (s, ) W (s 20) — W (i, y)W (3, 2)] dyd,
Tp—1

1 1
C (n > W@, ) +/ W(wi,y)dy> sn(W). (4.37)
=1 0

By (2.2), (2.25) and (3.2), this last quantity converges to 0 as n — oo, uniformly in i € [n].
Concerning the second term in (4.36):

T
II Z / / ‘TT(wi,xk,{Bl) - TT(xiv Y, .’El)‘ W(IL'Z, y>W($17 z)dydz,
kl=1"%1-1/Tk-1

+z/

Tk
/ (@i, @) — Yr(eiy, 2)| Wz, )W (:, 2)dydz.
k=171 1

Using Lemma A4 again we have

/ / (W (g, y) + wi (g, 118)) W (x4, y)W (4, 2)dydz,
k=111

/ / (W (1, 2) + wi(vy', 1)) Wi, y)W (4, z)dydz.
kl=1"%i-1

Using now (2.28) and (2.11), we obtain for L = max (Lo, L)

11
(IT) < 2CL ( + > /W i, y)W (i, 2)dydz < 2CL W2, <n + n) . (4.38)

n'2

Taking sup;¢y,) in (4.36), we conclude by (4.37) and (4.38) that el )T( ) — 0. The two
(3)

other terms e( ) r(z) and €, 7-(z) can be dealt in a similar way, we leave the proof to the
reader. This proves Proposition 3.2.

4.4. Proof of Proposition 3.4: reqularity of the kernel in the random case
We assume here that Assumption 3.3 holds. For simplicity of notations, we will write
™ in place of efyT’i) (z) and ™ in place of ! T)( ) in (2.24). Introduce the following
truncation:
Was s (x,y) = W(x,y) AM, M >0 (4.39)

and define eglm]\j) (resp. eglm]&) as the truncated version of e\ (resp. e,(lm)), that is, when

W is replaced by Wyy.
Claim 1: there exists a constant C' > 0 such that for any M > 0,4 € [n], m = 1,2,3,

1 n
<C <n Z Wz, x;) + 1)
=1

(:L > W (@i, wx) — W (@, )| + / Wt (@i, y) — Wi, y)| f(dy))- (4.40)
k=1

) _
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To prove Claim 1, we only consider m = 1 and leave the other cases to the reader. Fix
M >0 and ¢ € [n]. Then, using Lemma A4,

n

1

ASS =13 W (@i, i)W (4, 21) — Wi (@i, o)W (3, 1) } Yo (@, o, 1) |
kd=1
C n
S 3 (W (4, o)W (20, 21) — War (4, 0 ) War (w4, 1)
kd=1
1« 1 «
<C - w 2] - 9 I3 I3 )
k=1 k=1
1o 1o
< 2C (n ZW(xz,xk)> (n ]W(a:z,a:k) - WM(:L'“%]{)O ,
k=1 k=1

A(2 : '/{W 2, YW (4, 2) — Wag (i, y) War (24, 2)} Y (24, y, 2)(dy)€(dz) |,

<C / W (i)W (2, 2) — Wt (s ) War (s, 2)] £(dy)E(d2),

<20 Wil / W (1, y) — War (i) £(dy)-

Doing the same for m = 2,3, this proves Claim 1. The next point is now to show that
the quantities in (4.40) can be almost surely controlled for large n, choosing carefully the
truncation parameter M.

Claim 2: Let us fix parameters 41,02 > 0 (to be chosen later) and define

M :=n’t, (4.41)

For this choice of M, we have (recall the hypothesis on the norm of W (3.5)), for some
constant C' > 0 independent of n,

1 < _ 3HWHL>< 12
s BIW T r
(Zseu[g]/|WM xi, &) — Wiz, &) 0(dT) > n—52> < n61(x——1)—§2—)1’ (4.43)
1 C
Plsup |—» Wi(xgx)|>1+ Wil | < - (4.44)
i€[n] |1 =1 n?

Let us prove Claim 2: we have

1 — 1 —
E [n Z (W (i, x1) — WM(%%)\] = ZE [|W (i, x) — M| Ly ) >0 »

Z E [W (i, @) L (z; o) > M) -
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Now, for any independent XY on I with law £,
E[W(X,Y)lyxy)on] = ZIE { (X, Y) Loy x.y) <21+1M]

< MZ 241 (B (W(X,Y) > 2'M) P (W(X,Y) > 20 ),

— M <2P(W(X,Y) > M) ++f2lﬂ” (W(X,Y) > 2lM>> )

E[W(X,Y)¥] (1)1 BIW I x(r2)
< — T (24—22 < Tl

This gives, for M given by (4.41):

1 " 3HWHL>< [2
E [n ; ’W(xka) - WM(%;@@)’] < W

Hence, (4.42) follows immediately from Markov inequality and a union bound. In a same
way, we have

N o0 3 IW e
E [/ (Wi (i, &) — W(xz,x)\ﬁ(da:)} < W—l())’

so that inequality (4.43) holds. Inequality

(sup ZW X, Tp) /W x;, z)0(dz)
ie[n] | T

follows directly from Markov inequality and the fact that x > 9 > 6 in (3.5) and the
independence of the variables (z)refr)- Then (4.44) is a consequence of the inequality
suD;ey) J Wi, 2)0(d2) < Wil < +00. This proves Claim 2.

Claim 3: Let 63 > 0 be a last constant to be defined later. There exists a constant
C = Cr > 0 such that, for the choice of M = n’' defined in (4.41),

1 1 nl—203
P ( ( 3\4 + Eﬁw + 67(133\/[ > C <n53_251 + n1—251>> < Cnexp (— S ) ) (4.46)

(1)

Let us prove Claim 3: we only control €, }, and leave the two other terms to the reader.
Since for fixed z € I, (y,2) — Yr(x,y, z) is symmetric, we have, for i € [n]

> 1) < % (4.45)

n

6,(11](/)[ 3 Z{WM i, o) Y1 (i, o8, T ) /WM zi, Y)W (s, 2) Yo (s, v, )E(dy)é(dz)}
k=1

+ nz Z {WM(xi,mk)WM(xi,xl)TT(xi,mk,xl) — /WM(xi,y)WM(xi,z)TT(xi,y, z)ﬁ(dy)ﬁ(dz)} s

1<i<k<n

= () + (1)
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Using Lemma A4, the first term is easily bounded (almost surely for all ¢) by CTMQ = nl_LQ‘sl

We now turn to the control of the second term:

(II) = % Z WM(':UM'%'Z) {WM(I’Z,.ZUk)TT(l'z,ZL'k,xl /WM Ty Y )TT(wlvyaxl)g(dy)}
n 1<i<k<n
9 n
+t3 > {WM(fUz',xz)/WM(mey)TT(J«"z"y,wz)f(dy)—/WM(%Q)WM(%Z)TT(ﬂﬁiay’Z)f(dy)f(dZ:
1<i<k<n
(1,2)
- CnM + CnM

We only make the calculations for the ¢, ; (1i M ) and leave the (easier) term C ) to the reader.
Denote by

W;lcjlw = W (4, 27) {WM(wz‘,CUk)TT(CITuxk,ﬂ?l) - /WM(%‘,y)TT(ﬂCi,yﬂfl)f(dy)} :

By definition of Wy, in (4.39) and using Lemma A4, TIM = SUpg 1.

Wi’fl\/[‘ < CTM2 =
Crn®'. Writing differently the summation in the definition of CS}Q leads to

y 2 211
i = Ty v = My B S )
r=2 reln], r#i
where we have defined Yz(iw ) = Z; 1 7;{](} , 7 € [n]. The first term in (4.47) is easily

bounded (almost surely for all ¢ < T) by T < 1112,7%1 We now turn to the second

term of (4.47): for each for all r = 2,...,n, r # i, denote by ]-}(i) the o-field Egi) =
o (zi,xp; k=1,...,7). Then,

r—1
i 1
B Y] = g B[
—
1 &
= T Y E |:WM($i7$p) {WM(xivxr)TT(xiyxmxp) - /WM(JJz‘,y)TT(QCi,y,pr)g(dy)}

(i) ]
r—11]>

n p:]_
so that by independence of the (l’k)ke[ } E [Y( )|.7-"( Y } = 0. Since Y( )1 is measurable

w.r.t. ]-"(i_)l we obtain that E [ \ i 1} = 0. Note that this calculation only works

for r # i (this is why we have treated the term Y( ) apart in (4 47)). Since we have by

construction |Y’
9

Y(M)‘ 1, we have obv1ously]E[( ) \ i 1 Slforallr=2,...,n

We are now in position to apply Lemma 4.2: for all € > 0,

21TM M) 1 (M) €
P nn Z YlET ze|=P|~ Z Yimt > oM | °
n

n
reln], r#i reln], r#i
jing 1 2
< exp|—nH Ml <expl|— ne 5 |-
2 8 (I31)

2
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Doing the same for —Y;, and by a union bound, we obtain finally, for the choice ¢ :=
—(53HM
n n

QHM 1—263
P(sup| =2 Y v >p M| <onexp (—” 5 ) . (4.48)
i€fn] reln], r#i
This proves Claim 3.
Conclusion: let g := x — 9 > 0. Define
1 €0 €0 1 €0

i =———F——=>0,00:=———->0and d3:= - — —= > 0. 4.49
Y4 8(e0 4 6) 27 2(g0 + 6) 5727 8(eg+6) (4.49)

For this choice of parameters, one has obviously 1 —2§; > 0, 1 — 263 > 0 and d3 — 201 > 0,
and it is easy to verify that d;(x — 1) — d2 — 1 > 1. This means that the probabilities in
(4.42), (4.43), (4.46) are summable in n and that both n~(%=2%) and n=(1=201) g6 to 0 as
n — oco. From (4.40), (4.42), (4.43), (4.44), (4.46), we deduce from Borel Cantelli Lemma
that there exists an event of probability 1, such that on this event,

3
e I
m=1
and
1 n
sup -~ E Wz, op) < 14+ W o - (4.51)

This concludes the proof of Proposition 3.4.

5. The spatial field and the nonlinear heat equation

5.1. Uniqueness of a solution

Here, we consider the general case where [ is a closed subset of RP and ¢ a probability
measure with support I. We suppose here that the hypotheses of Proposition 2.17 hold.

Proof of Proposition 2.17. Let ,1 be two weak solutions in C ([O,T],Lk(l,f)) with the
same initial condition and denote by p := ¢ —1 the difference. Since ¢ € C([0,T], L*(I,¢))
(resp. 1) is a weak solution, then ¢ (resp. ¢) belongs to H'([0,T], L*(I,¢)) and we have,
for all test function J, for almost every t € [0, 7],

de — {e(o(- . .
(W00 ) = (et s [Tt W@, 1) o 61

1

By density, this also true for all test function (¢, x) — J(z,t) in L?([0,T] x I). Substracting
the two equations for ¢ and ¢ and choosing the test function J(-,t) = (-, t) — (-, 1), we
obtain

% o 21,0y = (el 8)) = (1)) s p(s D) Lar )

n < 01000 6) = T 0,600} W ) (). p<»t>>
I

20
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The first term is bounded by L. Hp(-,t)”%g(u). The second can be evaluated as, by the
properties of I'

‘< [0, 6080) = D0, 000 LW ) (). p<-,t>>
I L2(1,6)

<Ir /I /1 1o, D W (2, )(dy)E(dz) + Lr /1 1oz, 1) /I 1oy, )| W (z, ) E(dy)E(dz).

The first term is bounded by Lt [|[Wi]| ., [|lp(-, t) Hiz(u). Concerning the second, by Cauchy-
Schwarz inequality,

[1ote01 [ 1ot 0 W egpecanicas) < [ lote.o) (/|py, Mdy) (/Wy dy> ()

< ||W2H<§o||P('at)||L2(1,z) oGl i re) < HW2H§OHp('vt)HLQ(I,l)'

Using that p(-,0) = 0, we obtain uniqueness by a Gronwall’s Lemma. ]

5.2. Convergence of the spatial profile

The point of this paragraph is to prove Theorem 2.18. Recall that I = [0, 1], ¢(dz) = dx
with regular deterministic positions (Assumption 3.1) and we suppose that the hypotheses
of Theorem 2.18 hold. We use the shortcut {z}, := [nx + 1] for any 2 € I. Recall the

definition of the spatial field 6, (z,t) = 94([% , in (2.35). Introduce the coupling (where
the initial conditions and Brownian motions are the same as for (1.1)):

A = c(w)dt + % zn: W (i) (0000 ) dt + 0By, 0<E<T, i€ [n], (5.2
j=1
as well as its corresponding spatial field (recall that xo = 0 by definition):
0= > 1 (o) = vl ael (5.3)
i=1
With these notations at hand, we directly see that (6, (x,t), ¢, (x,t)) are solutions to
A6, (5,1) = (0 (1))t + / T (0n (2, 1), 0y, 1)) dydt + 0d By o, (5.4)

1

dup () = c(af (2, 1))t + / (G, £), Y, ) Wi, )yt + 0dBpy 4o (5.5)

where

=) = w0 €0 (. and Walz,y) == W({z},  {u},): (5.6)

Proposition 5.1. Under the hypotheses of Section 2.5, the process (0n(-,1)),, > Ltefo1] U5
tight in C([0, T, L*(]0, 1])).
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Proof. Apply Ito’s formula:
|0 (2, u)[* = |0 (2, 0)|" + k‘/ 100 (2, 5)|* 72 (On(, ), c(On(z,s)))ds
0
[ o <en<z,s>, / rwn(x,s>,en<y,s>>zg?;dy> ds
0
+k/ 10, (, 5)|F 2 <0n(a:,s), adB{x}n’s>
0
+/ k (’;’ - 1) 10, (, 5)F* <mﬂ9n(m,s), Gn(:c,s)> ds + kd/ 10, (z, 5)[F2 ds.
0 0

Let

02(z.1) = sup (B (z.5)].
s€0,t]

Using the hypothesis on ¢ and I" in Section 2.1, we obtain

k k ¢ k—2 1 2 \C(O)|2
it < (e, OF 4k [ 6000 (LC+2) (.5 + YO0 ) ag
0
t
+kLp/ eg(x,s)k—l/(ue*(x s) + 05 (y, s)) 2" dyds
0

/ 10, (, s) |~ 2 On(x,s), O'dB{x}”,s> .

Taking the square, using Jensen’s inequality and taking the expectation, we obtain, for
some constant C' > 0 depending on k,T,¢,I', o, d:

+k ((]; -1) }UO‘T‘ + d> / 0 (,5)" 2ds+k sup
0

u <t

E [e;;(g;,t)%} < CE [yen(x,())\%]

w0 (1 (o fztsan)) [ e oo o ot mfse ] o

t
+CE / 07 (w, 5)* 2 < / 07 (. 5)=\", >dy) ds] (5.7)
0 I
u 2
+CE | sup / 10 (z, 5)|F 2 <9n(ac,s),adB{$} > ] (5.8)
u<t|JO "

Concentrate on the term (5.7): for any = € I, setting ¢ = {z},,, note that

2
2 n z;
( /] emy,s)Esgfgdy) — (an%,j / 9:;(y,s>dy) ,

]:1 j—1

\ (:LZ S” gl,]) ZF; é.l,] /xj O:L(y7 S)Qdya
7=1
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J 1 Z 52] ] 1,acj)(y)dy
,112]':1 i )gi,j

applying Jensen’s inequality for the probability measure on I p,, =

Note also that by Holder’s inequality,

2k—2

E [9;(55, S)Qk_QQZ(y, 8)2} <E [9;(% S)%] ke

el

E [0:(s,9)%]" .

Hence, if we define

O, (t) := sup E [e;;(x,t)ﬂ (5.9)
zel
the term (5.7) may be bounded by ( J;E f=r ydy> fo s)ds. Finally, concerning the last

term (5.8), an application of Burkholder-Davis-Gundy mequahty gives, for some constant
C > 0 that depends on o,

/ |0 (z, s) k 2< (x,s),odB{z}ws> i

Putting everything together and using the fact that there exist a universal constant Cy > 0
(only depending on k) such that |z[**7* + |2|**7? < Cy + |2|**, we obtain finally that for
some constant C’ > 0 depending on T\, k, 0, c,T,

On(t) < C'0,(0) + C’ (Hi‘g </I~(”)dy> )+c’ (1+s;£ (/ =d ) )/ On(

2
Since we have almost surely sup,; ( f Ex dy) = SUPjcy) (% > i1 HE")&J) < 0o (recall
(4.1), (4.20) and (2.25)) as well as the hypothesis on the initial condition (2.10), we obtain
from Gronwall’s Lemma that

sup
u <t

t
<c/ B [0 (2. )] ds.
0

sup sup E
n>1gzel

sup |«9n(x,t)|2k] < 0. (5.10)
t€[0,T]

This implies in particular that, by two successive applications of Jensen’s inequality,

sup </|c9 :ct]dx) ,
tE[OT]

1
&
/ sup \en@,m%dx] ,

te[0,7)

sup E

n>1

sup ||9n(-,t)||ik(1)] =sup E
t€[0,T] nzl1

k
< sup E (/ sup Qn(ac,t)]%d:r> < sup E

n>1 t€[0,7 n=1
= sup /E
n>1

We now turn to a similar estimate concerning the modulus of continuity: set § > 0 and
s <t €[0,T] such that [t —s| <. Set

1
%
sup |9n($,t)\2k]> < 0.

te[0,T

%
sup \Hn(a:,t)%] da:) < (sup sup E

t€[0,T nz1lzel

(5.11)

Ans (@) := [On(z, 1) — On(z, 5)] (5.12)
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and
:L,(S(x) :=sup An,s,s+5($) (513)

Then, by the same calculations as before, it is straightforward to see that, for another
constant C’ > 0,

2 )
sup E [Azﬁ(x)%} <’ (1 + (sup/Egzdy) > / sup E [Afm(x)%} du
xel zel JI 0 zel

t
+C'E sup /S len(xvu) - Qn(l‘? S)|k72 <9n($7u) - 971(1:7 8) ) UdB{r}n,u>

s,t,lt—s| < &

2]
Hence, once again by Holder and Burkholder-Davis-Gundy inequalities,

2 )
sup E [A;“L,a(rcf’“} <C"5+ " <1 + sup < / E&Z}dy) > /0 sup E [A;;u(x)%] du.

xzel zel

Gronwall’s Lemma gives directly that

sup supE | sup |0, (x,t) — O, (z, 8)**| — 0, (5.14)
n>lael ||t—s| <o N0
which finally gives
sup B | sup [|0n (1) = O (-, 8)l[7k(ry | — 0. (5.15)
n>1  ||i-s| <6 N0

The required tightness result follows directly from (5.11) and (5.15) (see for example
[45]). O

Proposition 5.2. Under the assumption of Section 2.5, any accumulation point of (On(+,1)),, > 1 1e(0.7]
in C([0,T), L*(I)) is a weak solution to (2.34).

Proof. Let us consider the field v, (5.3) corresponding to the particle system (5.2) driven
by the same Brownian motions as (1.1) with the same initial condition. By calculations
similar to the previous proof, the difference 0,, — v, verifies, using the assumptions on c,

B [[6a(2.1) — e O] < c/ot B [[6 (2. ) — (e, w)*] dut OB /Ot 10 (2, 1) — v (2, )2
(0ntec0 = ). [ (F0e1.00(00) 2L T i), (320 Wa,0)) o )

Using the assumptions on I', (2.4), the difference in the last term above can be bounded
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by C(A; + A2) where A; and Ay are given below. First,

Ay = /0 E |0, (2, u) — (i, 0) |2
/I (1) — (s ), DO 1), 0 (1, 10)) — T (2, 1), o)) E) s,

t 1
<O [ B (o0) =l P [ (10,0020) = il 0]+ 10n(0) = ()] Z
1 t
gQC’/O E;f;dy/ E [0, (2, u) — thn(z, u))** du
20 / / B [6,(2 1) — (@, 0) 1 100 (g, 1) — (g, )| Z)dydu.

By Holder’s inequality followed by Young’s inequality,

E ([0, 4) = (. w) " 0a(y, 0) - %(y,u)@
<E [I0u(e0) — (] [wn@,u) —nly. )|

2k —1
<= E[[&n(x,u)—wn(%uﬂ }Jr E[[&( u) — wn(y,u)m}’
< sup B |0z 0) — (= 0)*]
z€[0,1]
Hence,
t
A, <40 <sup / :g;gdy) | sw B[00 — vz 0) ] du
xel JI 0 z€l

Secondly,

Ay = /0 B /I (O, w) = (e, ), T(n (e, ), Yuly, ) (20 = W, p)) dydu

For i = {z},, we have
B WONED)
A2 = 2/0 E Z_:C'L,],u <Ri 517] - W(IIZ’“.’E])> d'U,,
/ Zg(]u gn) (&ij — Wa(zi, ;) du+2/ ZC’]’ Wi (4, 25) — W(xi,xj)) du,

where C( (. [<0§Z) — 1[)(”) F(wgz),w](.z))ﬂ. The same reasoning (together with the

%,7,5 ° 1,8
apriori control (2.14)) as in Proposition 4.4 shows that the supremum in ¢ € [n] of the
first term in the sum above goes almost surely to 0 as n — oo. The second term in

KE”)Wn(a:i,xj) — W&, x;)|, which goes to

the sum is bounded above by sup;c(y; % Z;‘Zl
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0 uniformly in i as n — oo, by (2.19). From the previous estimates and a Grénwall’s
Lemma, we conclude that supgcy e, E [0n(2,t) — ¢n(, H)** =, 00 0. In particular,

sup E/|0 z,t) — thp(z, 1) dz — 0, as n — oco. (5.16)
t€[0,T

It now remains to identify the limit. By (5.16), any limit point of (6,(-,%))n>1 in
C([0,T), L*(I)) is also a limit point of (¢,(-,t))n>1. Recall that, for any C'-bounded
test function .J : I — R? with bounded derivative

/I<1j}n(:1:,t), J(x)>dx:/<¢n(x 0) da:+/ / (n(z, 5)) , J(z)) dzds

" /Ot [ (P8 5D W), I () dadyes + [ <"B{“"’t )
(5.17)

Concerning the initial condition 6, (z,0) = 1, (x,0) (recall the definition of g in (2.37)):

2
E

/ (On(2,0) , J(2)) dz — / (Wolx), J(x)) dz
I I

n 2
1 n n Tk
<o 3 (o e o] o [ stoa)
k=1 Tp_1
1 n Tk 2
+3 |- /Gymk(dﬂ), n/ J(u)du — J(x)
1 n 2
3 nz</9ygk(d9), J(:L‘k)> —/<w0(:v), J(2))dz| |
< 31 i / 2112
- er/ 9VO (d9)| v§(do) —i—SSzléII) Ov§(do) Y

3o 2 ([t sw0) - [ e, )0

The two first terms above converge to 0, by (2.10). It is straightforward to see that
the third term is 3| [; (¢o(:), J(:)) (€ — d0)| where z — (Yo(z), J(x)) is ¢1-Holder, by
(2.11). Hence, this term also goes to 0 as n — oo. Concerning the noise term in (5.17),
we have, for some constant C' > 0

/I <UB{x}n,t, J(x)>d:c =E [Jil /x %j (0Bjy, J(z))dx ] :

j—1

-y / /9” E[(0B;., J(z)) (0Bjs, J(y))] dzdy,

1,7=1

EZJ (/ Idw) < (’;TZ/ @R = 4T 1wk

=1

2
E
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which goes to 0 as n — oo, uniformly on ¢ € [0, T].

Let ((x,1))yer sepo,r € C([0,T], L¥(I)) an accumulation point of (1,): there exists a
subsequence (ng)i > 1 (that we rename n for simplicity of exposition) such that (¢p)n > 1
converges in law to 1 in C([0,7],L¥(I)). By the Skhorokhod representation theorem
(C([0,T], L*(I)) is separable, [2], p.125), one can suppose that (1,) converges almost
surely in C([0,T], L*(I)) to ¢. Since we have convergence in C([0, 7], L¥(I)), we have
that [, (Yn(x,t), J(z))d — [; (@(z,t), J(x)) dz, uniformly in ¢ € [0,7]. For the

same reason, fo 7 (c(n(x, 8)) J(ZL')> dzds — fg [; (c(¥(x,s)), J(x))dxds (by an ap-

plication of dominated convergence theorem when ¢ is bounded or using the convergence
in C([0,T], L*(I)) when c is polynomial). We now turn the interaction term in (5.17).
Assume first that I' is bounded. Then,

<

L(n(@, ), Yaly,9) (Walw:y) = W(a,)) . J(x)) dadyds

12

IE 11T [, [ote) = W(e )] e,

which goes to 0 as n — oo, by (2.36). Moreover,

L(Wn(z,5),n(y, s)) = T((z, ), ¥(y,5))) W(z,y) , J(x)) dedyds

12

t
< / / (W, 5), ny, 8)) — T, ), (g, )| Wa y) | ()] dadyds,
0 12

which goes to 0 as n — oo, by dominated convergence theorem. In the case where
'0,0")=T-(0 —¢) is linear, we have firstly

((Wnl,5) = 0, 5) Walw, ), J(2) ) dedyds

R t
< swp ([ Wty 171 [ [ Wale.9) = otz dads

which goes to 0 as n — oo, by (2.25) and since we have convergence in C([0,T], L¥(I)).
Secondly,

12

bia,s), J(a)) (m,y) — W(a,y)) drdyds|.

(/y Wz, 5), J(@))? dx)l (/1 (Wa(a.v) —W(ac,y))Qdydx>éds

which goes to 0 as n — oo, by (2.36) and since v € C([0, T], L*(I)). Thirdly,

12

)

(Vn(y,5) = ¥(y,9)) , J(2)) Wy(z,y)dadyds

o0 / (/\wn Y, s y,s)|? dy)é (/,2 Wn(a:,y)Qdmdy)éds
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which goes to 0 as n — oo. Finally,

)

/Ot /I (Wn(ﬂ”’y) - W(ﬂ%y)) W(y,s), J(z)) dzdyds

< [ ([ |w<y,s>r%1y)é ([t - W(x,wfdxdy)éds,

which also goes to 0 as n — oo. These estimates altogether give the convergence of the
interaction term in (5.17). Putting everything together, we obtain that any accumulation
point of (6,,), =1 in C([0,T], L¥(I)) is a weak solution to (2.34). O

5.8. Identification in the compact case
We prove Theorem 2.19. Let = + J(x) be a regular (C!) test function on [0, 1]. Then,

/I<9n(x7t), J(z)) dz = ii: <9§f;), J <;>> , (5.18)

i=1
where .J (%) = nfﬁ;l J(z)dx. The expression J (%) is not an actual function of %, but
one can replace J (%) by J (%)

2

1 n) (¢ i 1 2|51 i
= ) — — < = \ [ -
E n;<9”t7j<n> J<n>>] \n;E o | V()=o)
C |7 (i i _ ClT
<= S I g < -2 Jeo
\nZJ<n> J<n> S 4n?

i=1

using (2.14). So the limit of [, (0,(x,t), J(z)) da as n — oo is the same as

1 n 1
Unal(J) =~ <9§7t> ,J (n)> = / (0, J(x)) v s(d0, da). (5.19)
Taking the limit as n — oo in (5.18), using Theorem 2.15, one obtains that, for all
t € 10,7,
[ W a@yaz= [ [ 6. 50w (5.20)
I I

Theorem 2.19 follows.
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A. Well-posedness and regularity results for the nonlinear Fokker-Planck PDE

The aim of this section is to prove Proposition 2.7, as well as some regularity estimates
concerning the solution v to (1.4).

A.1. Ezxistence of a solution to the nonlinear Fokker-Planck PDE

We prove here the existence part of Proposition 2.7 and the result of Remark 2.8.
Recall the definition of the set M in Section 2.2. For any m € M, consider the solution
to

07 = c(07)dt + / (07 )W (2, y)me(dd, dy)dt + 0d By, (A1)

with initial condition 6F ~ v§. Consider © : M — M the functional which maps any
measure m(df,dz) to the law O(m) of (6*,x), where 8* solves (A.1). The point is to
prove that © admits a fixed-point in M, which gives the existence of a solution v to (1.4).
Recall the definition of the Wasserstein metric in (2.12) and the definition of k¥ in (2.7).
Then, for two driving measures m; and mgy in M, for the coupling (01,602) with same
initial conditions and Brownian noise, using the properties on ¢ and I', we get

t
161, — 92,t|2 < C/ 01,5 — 0275]2 ds
+0 [ =0l [ 000D = 002D Wm0 )

e / 01— ba / (D (B0 1) — T (Ban,0) ) p(du, do)W () (dy) | ds,
0

where p¥(du, dv) is any coupling of my and mj. Hence,
t
01,0 — 02,1 < C (1 + ||W1||oo)/ 01,6 — 0,6 ds
0

t
e / O, — 0o / ot — o] p(du, dv)W (z, ) €(dy)ds.
0

Elevating everything to the power k > 1, using Jensen’s inequality and taking the supre-
mum in s < ¢ and the expectation, one obtains, for another constant C' = C(T)

t
E [sup |61, — 92,sl2k] <C (1 + ||W1||l§o) / E [Sup 01,5 — 92,s|2k] ds
s<t 0 u< s

t k
vofm [sup 61— em’“] { [1u- v|pz<du,dv>w<x,y>e<dy>} ds.
0

u<s

Using [ u(s)v(s) L3 u(s)?ds+1 [ v(s)%ds and Jensen’s inequality for the last term,
we obtain, for another constant C,

t
B [sup 61, — 00| < O (14 IWiIE) [ B sup 01, 02.] s
0

s<t u<s

+ C'/Ot { sup / |u — v| p¥ (du, dv)W (z, y)ﬁ(dy)}% ds.

u<s
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Applying Jensen’s inequality to the probability measure (for fixed = € T) Wf (dy)

(recall (2.3)), we can bound the last term above by
I [ s [ = o g 0w o) ands.
Since this is true for all coupling, we obtain
B [sup 01— 00| < C WY [ B [sup 100, = 00 s I [ bl

Hence, by Groénwall’s Lemma, we obtain finally, for constant C' depending on 7 and

Wil
t
(575(@(7711),G)(mg))m€ < C/ 5s(m1,m2)2kds.
0

Iterating this estimate gives, for all [ > 1, §7(0" (1), ©!(10))? < CZ%Z(ST(G)(VO), o)k,
so that (@l(uo)) is a Cauchy sequence, and hence, converging to v, solution to (1.4).

A.2. Uniqueness of a solution to the nonlinear Fokker-Planck PDE

We now turn to the uniqueness part of Proposition 2.7. Let u = {:ut}te[o,T] be any
other weak solution to (1.5) in M such that vy = pg. The point is to prove that u; = vy
for ¢t € [0, 7.

Definition Al. For m € {v, u}, for (-almost every x € I, for any 0 < s < t, any § € R?,

denote by {5 (6,7} the unique soluti
enote by { ps " (6, x) scier e unique solution of

e — <c(191”’$) + / r (97, 0) W(ay)mt(dé,dy)) dt+odBr,  (A2)

with position x and initial condition s = 0 at t = s. In the case m = v, define finally,
for any test function f: 0 f(6), § € R? and (-almost every x € I,

P f(0,2) :=Ef (p2'(0,2)) . (A.3)

Let us suppose that ¢ is uniformly Lispchitz on R? (one can remove this assumption
by replacing c(-) by its Yosida approximation, we refer to [38], Section 7, where the same
procedure is carried out). Under the assumptions made on the model, the propagator P
satisfies the following Backward Kolmogorov equation (see [21], Remark 2.3): for § € R?
and x € I,

0,P, s f%vg. (007 V0Puur ) + (<c(9) + / (0, )W (2, y)vi(dd, dy)) - vg) Pyif 0.
(A4)
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For any regular test function f, applying Ito formula to ¢ — P, f(9}"",z), where 9#*
solves (A.2) for the choice of m = pu, gives:

Py o f(97 2) = Py f(91°, 2) + /0 ’ Oy Pyt (04 2)dw
+ [ Vo) (cor) 4 [T (987.0) Wi (adan)) ao
+s /0 v, (0019620 f) (017, 2)cdw + /0 Py f(97,2) - 0dBy. (A5)
Using (A.4), this simplifies into
Py f(0},x) = Pou f(95", ) + /0 S VoPouf(9",x) - 0dB,

T /0 WPy [0 ) / T (92%,0) Wz, y) (100(d0, dy) — v, (A6, dy))dv. (A.6)

Since the law of 94" is p%(df), taking the expectation w.r.t. the Brownian motion, we
obtain for s =t (recall that P, sf = f),

[ 00 = [ Roso.omo)
+ /Os / {/V@Pu,sf(ﬁ,x) T <0,9~) W(a:,y),uff(d@)} (110 (d6, dy) — v,(d0, dy))dv.  (A.7)

Furthermore, taking in (1.4) test functions of the form (0, x) = ¢(8)1y(x) shows that for
every regular test function 6 — ¢(0), for ¢-almost every z,

[ etowsao) = [ oo+ [ [ {;va (00 750(6)) + V060) ~c<e>} vE(df)du
+ /0 ) / Voo () - / W (z,y)T(0,0)v,(d6, dy)v= (d6)dw. (A.8)

From this, we get
By / Py f (0, 2)v7(d6) = / By Py f (6, )07 (d0) + / Pyt (6,2)0,07(d0) = 0. (A.9)
We obtain finally, for /-almost every x,
[ 10 ) - vz(@0)} = [ Rof(6.) L) - v5(00))
[T worcso.o T (0.8) wieuzian) | (uttad) - viadecane. (410

Let us recall the definition of the Wasserstein metric wi(+,-) in (2.8). By the Kantorovich-
Rubinstein duality, an equivalent expression of this distance is

[ rau= [ sav

wi(p,v) = . (A.11)

sup
1fllpip <1

48



An important point is to note that there exists a constant C' > 0 such that, uniformly in
(0,), [VoPu,sf(0,2)| < C, where C'is uniform on v, s € [0, T] and f such that || f||,, <1
(see [38], Lemma 4 4 for more details). Thus, for fixed z,y € I and v,s € [0,T], the

function 0 v I, ,(0) := [ VeP,sf(0,2)-T (9, 0~> W (z,y)us(dd) is Lipschitz:

Ly (61) — L,y (62)] = 1 [ VoPos@.0) - (0 0.0~ 0.0 W, y)uﬁ(d@‘
< CLrW(x,y) |61 — 02].

Hence, we obtain

] [ 10 tuzcan) - v?(df))}' < ‘ [ Poaro.0) (u(an) - vff(df))}'
+CLy / / sup w (s, V)W (2, )(dy)do. - (A12)
Taking the supremum on f with [|f|/,,, <1 and using the fact that o = v, we obtain
wi (%) < COLp / / sp w1, V)W (2, )y

By Cauchy-Schwarz and Jensen inequalities,

wy (4, v8)? < C°L} (/ (/Sgwl(uuwﬂ)%(dy)f (/ W(ﬂc,y)%((ll@/));dv)2

< C2LRT Wl / [ s wnlutve(n)a.

u<v

Taking the supremum in s < ¢ and integrating w.r.t. = gives

[ supwn iz v (o) < CLET W / [ sup s vt

s<t u < v

so that Gronwall’s Lemma gives uniqueness.

A.8. A priori estimates and spatial reqularity

We now gather some estimates concerning the solution v to (1.4). Recall Definition A1:
in the following, for 6 € R?, 2 € I, we set ©L(0,z) := ¢ (0, z) (now m = v).

Lemma A2. For all 01,02 € R, x,y € I, t < T, consider ©}(01,z) and @} (02,y) coupled
in such a way that they are driven by the same Brownian motion B in (A.2). Under the
Assumptions 2.1, 2.4 and 2.0, there exists a constant C1 depending only on I',o,c, W, g
such that for allt > 0,

E | sup |¢g(01,x) — <p8(92,y)\2

< Cpelit (5W(:c,y)2 + 16 — 02\2) , (A.13)
u€[0,t]

where we recall the definition of SV in (2.28).
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Proof of Lemma A2. Set for simplicity ®,, := ¢ (61, ) and ¥, := ¢ (62,y). Then, for all
s < ¢,

|y — U, |% = |6 — 05> + 2/ (D, — WUy, c(Py) — c(Ty,)) du
0
+ 2/ <c1>u —,, / (W(:p, 2)D(By, 0) — W (y, 2)T(Ty, é)) vy (d0, dz)> du. (A.14)
0
Since ¢ is one-sided Lipschitz (2.6), taking the supremum in s € [0, ¢]

t
sup |8 — 0,2 < |91—92|2+(2Lc+1)/ sup @, — Wy [ du
0

s€[0,t] v€([0,u]
t
<,
0
(2)

2
[ (W20 (@00) - W20 (0.0)) (. 02)
The last term within the last integral can be estimated above by 2(@1(}) + ay, ') where

du. (A.15)

2

o) = ‘/W(x,z) (P(@0,0) = T(W,, 8)) valdd,az)| < LR IWIZ sup @, — 0, %,

veE[0,u]
and where
3 3 2
o = ([{ [ rovowiaad | W - w2l aes)
< L <1 +|W,)* + sup E [sup ‘05@) SW(z, )%
z€l v u
Taking the expectation, using (2.13) and Gronwall’s Lemma, one obtains (A.13). O

Lemma A3. Let f : 0 v f(6) be such that |£(0) — f(0)] < V10— ¢/ and |£(9)] < ¢ (1+ |0).
Then, Under the Assumptions 2.1, 2.4 and 2.6, for the same constant Cy as in (A.13),
for allt >0, for x,y € [0,1],

’ / F(O)vE(d6) - / f <e>uty<d9>\ < e (W(a,y) +wi (8, ). (A16)

Proof of Lemma AS3. Recall Definition A1l (in particular the definition of P in (A.3)) and
the calculations made in the proof of uniqueness in Section A.2. Apply (A.10) to the case
u = v: for any regular test function f satisfying the hypotheses of Lemma A3,

/ F(0)(d0) = / Po o f (60, 2)vE (40). (A17)

In particular, for x,y € I,
[ san - [ 0p21a0)| < [ 1Pueso.0) - Puaso.0) 500 (A1)

+ ‘ / Po o f (0, 4 (46) — / Pocf(0,9)4(d0)]. (A.19)
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For the first term (A.18), we have
/!Po,tf(&x) — Pof(0,y)| v5(do) = / E [f(5(0,2))] —E [f(#5(0,9)]| v5(d0),
< [Elei0.0) - A0.0)|50),  (A20
where the coupling (©(6, ), ©5(0,y)) is given by Lemma A2. By (A.13), one obtains that
/ (P f(6,2) — Pouf(6,9)] v (46) < D CreCrtow(a, y). (A.21)

As far as the second term (A.19) is concerned, for any fixed (61, 6s3), applying once again
Lemma A2 gives |Py.f(61,y) — Porf(62,v)] < cgcl)C’leClt |01 — 02|. In particular, for any
coupling (6%, 6%),

’/Po,tf(&y)vg(d% - /Po,tf(&y)vg(d@)' = [E [Rotf(05.,y) — Porf(03.9)]|,

<E|Pof(05,y) — Poaf(04,1)| < Cre B0 — Y.

Since this true for all coupling of the initial conditions (6%, 6Y), one obtains finally that

' / Potf(0,y)v (d6) — / Poy f(e,y)yg(de)' < o1t (v, ) (A.22)

This concludes the proof of Lemma A3. O

Lemma A4. Recall the definition of [I'], in (2.21) and of T, in (2.22) (uw > 0). Under
the Assumptions 2.1, 2./ and 2.6, there exists a constant C' > 0 (that depends only on T,
¢, T and o) such that for allw € [0,T), 8 € RY, z,y,9/, 2,2 €1,

sup_sup|[T], (6, 2)] < C(1 + 0], (A.23)
wel0,T] zel
sup sup |Tyu(z,y,2)| <C (A.24)
u€el0,T) z,y,z€1
as well as
e [Tu(8,2) = [[u(0, y)| < C (W (2,y) + wr (15, 5)) (A.25)
ue|0,
sup sup |Yu(z,y,2) — Tulz,y,2)| < C (5W(y,y/) + w1 (v, Vé/)) , (A.26)
w€([0,T] z,z€l
sup sup |Tu(z,y,2) — Tulz,y,2)| < C (51/\/(2, 2 + w1 (v, I/(')ZI)) . (A.27)
we[0,T] z,yel

Proof of Lemma Aj. The estimates on T are an easy consequence of the estimates on [I'].
The bound (A.23) on [I'] is a direct consequence of (2.5) and the uniform estimates we
have on # (2.13). Let us now prove (A.25): apply the results of Lemma A3 to the test
function f := 6 — I'(6,0) (for fixed § € R?). The test function f satisfies the hypothesis
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of Lemma A3 for cgcl) := Lr (and some cgfz) that depends on 8, but note that 0;2) does not

enter into account in the estimates of Lemma A3). In particular, uniformly in 6,

[T]u(6.2) — [Tu(6,9)] = ' [rw.awian - [ r<9,é>uz<dé>' < C(W(ay) + wi (7).

which gives the result. O

B. Identification in the general case: proof of Theorem 2.20

The point of this section is to prove Theorem 2.20. Recall that I = RP endowed with

a probability measure £(dz) := /(x)dz with a C! density /. We fix a C!-kernel W (x,y) on

RP x RP. We proceed by truncation from the compact case (Theorem 2.19): fix M > 0,
define

BM = [—M,M]p and AM = BMXBM, (Bl)

and introduce the following probability measure, whose support is Bj;:

(M) (Az) = 6D (2)dx == 0(2) 16?% (x)) dz. (B.2)
M

In what follows, we choose M sufficiently large so that

(B.3)

L\DM—~

{(Bur) >

What has been done in Section 5.3 for I = [0, 1] with deterministic regular positions can
be transposed without difficulties (up to obvious notational changes) to I = Bjy, endowed
with its renormalized Lebesgue measure | g E where |Bys| = (2M)P. Hence, we can apply
the result of Section 5.3 for I = Bj; and determlnlstlc positions, for the choice of kernel
on BJQW

Wiz, y) == W(x, y)é ( )|Bul, x,y € By (B.4)
Indeed, the kernel (z,y) — Was(z,y) is bounded and C' on B2, so that Wy, satisfies the
assumptions of Section 2.1. Moreover, we see from Section 3.3 that Wj; can be realized
as the macroscopic limit of a graph (G, k(™) constructed as in (3.7) and (3.9). Since
W and ¢ are regular, Assumptions 2.9 and 2.11 are satisfied. Hence, both solutions v(M)
to (1.4) (with initial condition I/(()M) (d,dz) = v¥(d0)¢M)(dz)) and M) to (2.34) (with
initial condition ¢(()M) (z)=[ ng’(M) (df)) in the case I = Bj; endowed with “éi—fll, for the

kernel Wy are well posed and satisfy the identification

/B]\/[ <1/J(M)(af,t) IBM! /BM/ 0, J(x (dg)éj\;” (B.5)

for all regular test functions J on Bjs. The point of the remaining is to make M — oo in
(B.5). We treat the two sides of (B.5) separately. Concerning the lefthand, ™) is the
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unique weak solution to

[, @0, aw) g = [ (0w, aw) g

+ /ot/B <c(w(M)(x, s)), J(x)> ‘;fﬂds

N /Ot /32 <I‘(¢)(M)(='Ea s), v (y, 5)), J(;p)> W (z,9)

dy dx
|Bum| | Bl

ds. (B.6)

Multiplying everything by |Bas| and choosing test functions of the form .J (z)¢M)(z) gives,
by definition of Wy,

[ (0000, @) 00) = [ (cw (a0, I(@)) €00 (do)
e dt RP
+ / / (P@OD @, 0), v (y,1)) , T(@)) W a, )€ (dy) e (dz). (B.7)
Rr JRP
We first give some a priori bound on ¢»(™): by density, (B.7) is also true for all test functions

J(x,t) and for J(x,t) = W(M) (m,t)!Qk_2 M) (z,t), we obtain, using the properties on ¢
and I'

WD (g t))% () () = / () ()

‘2k72
RP

(e@™ (@,1)), ¥ (@,1)) [0 (2, )
[P0, 00, 0), 00w ) [0 a0 W e ) ) ) ),
R2p

2k |c(0)]?
¢<M>(g;,t))j (00 (da) + =0 5

#5000 ) W00 e )

M 1)) e (da)

‘Qk—2

M) (2, 1)

+ Lr /
R2P

The last term in (B.8) is bounded by

I,

‘Qk—l

‘Qk—l W (2, y) (M) (dy)e™)(dz). (B.8)

PO (g, 0)| [ ()

w00 ([ [o0of 6 <dy>)é ([ W) 0 ),

<vamalk ([ ool @0@n)" [ oo 0 @),
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2k

where we used (B.3) and (2.2). Applying Young’s inequality for p = 2k and ¢ = p* = 575,

the last quantity is smaller than

1 [ 1 2 kook 1 2%k—1 by
V2 ([Wal|Z {2k: (/Rp ’w(M)(y,t)‘ g(M)(dy)> + 55 (/Rp ¢(M)(g;,t)‘ g(M)(da:)> }
1 (1 2%k 2% — 1 2k
<VEMR {5 [ 0| @0 @ + 2 [ e [ 60D ) |
2k RP Qk Rp

1 2k
= V2Wall& [ [0, | " (0 (ay),
Rp

by Jensen’s inequality. Using this bound in (B.8), the fact that there are constants cg, c; >
0 such that |72 + |z|** ' + |2** < co+ ¢1 |2/** and Grénwall’s Lemma gives

sup sup/
te[0,T) M > 1 JRp

We now prove that (w(M)lBM) is Cauchy: for N > M, set

D) (as,t)’% ¢ (dz) < +oo. (B.9)

(e, t) = pvaa (1) 2= 60 (@, )1y (@) — 0 (0,015, (2). (BO)
Multiplying by ¢(Bjs) in (B.7), we have,
| 5 (000015, @), T tidn) = [ (e @015y (0), Tat)) i)

1
5 L, (T @060 00). T 0) W)L, (o.9) () (),

Use the notation ¢(#) = ¢(f) — ¢(0). Note that ¢ also satisfies (2.6) for the same constant
L.. Since ¢(0) = 0, one has ¢(0)1p,,(z) = é(01p,,(x)). In a same way, for all 0;,6s,
T (61,02)1p,,(x,y) =T (011p,,(x),021p,,(y)) 1a,,(z,y). Hence, we can write

| 5 (000018, @), T tidn) = [ (6000 @015, @), T.t)) )
+ [ 16(0), I@6) Ly (@)t(d)
Rp

s L (O @01, 0. 000 L, () T 0)) W)Ly (o )l ()
R2P

+E(BM)

LY



Taking the difference between ¢ and ™) gives for J(z,t) = p(z,t) |p(z, t)|" >

= D) (@, )15, (2), ¥ (5, 1)1, (9) - J (1) )W (2 9) Ly, () (dy) ()
= (I)+ (II) + (III) + (IV) + (V). (B.11)

Concerning the first term in (B.11), we have, by the property of ¢, |(I)| < Le [, [p(z, )% ¢(dx).
The second term is controlled as

1_,
(a0l < ) ([ ool oan)) " assimnt < e {55 [ lpte0f o) + o8\ B |

We now turn to (/1I): by (B.3) and (2.5),

(TID] < 2Ee [ ol 07 W @) Lagay (o) d)da)

+2Lr /
R2p

+ 2Ly /
R2p

The term (i) is bounded by

(i) < 2L ( [ |p<x,t>|’“e<dx>)l'l“ ( | ( [ Wi
<z(k—l)Lp/ » OLr :
RP

O, )Ly (@) Lo, O W, y) L g (@ 1)) (dy)

SN )Ly 0)] ol DI W (@, ) Lagn, (2, 9)(dy)(da)
= (i) + (i) + (35). (B.12)

1
k

k
1AN\AM<x,y>e<dy>) z(dar))

)
p:c,t)]kﬁ( )+7||W2Hoo (AN \ Au)2.

k
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Secondly,
k
(i) < 2¢'Lp / (w““(x,t)\ <
By

+okLy / 6™, 1) ‘w(M)(x,t)‘k_l (
By
< 2Ly (/BN )z 1)
2 ([ [ q,,g(dw)ya (/

(/Rp ( » Wz, y)1p\Ans (x,y)ﬁ(dy))q* g(dx)> 7

by two successive applications of Hdélder’s inequality for the last term. Choosing ¢ =
¢* =2 and (r,7*) = (k, ﬁ), using (B.9), we see that the term (4¢) is finally bounded by

1
C[Wa||& (AN \ AM)%. Finally, the last term in (B.12) is controlled as

W, y)Lans, (2 Mdy)) (dz)
RP

W)Ly (o)) ) (o),
RP

2k % 1 1
" tan) el ean 2

1
r*(k—1) qr®
$O0 (2, )" e<dz>> "

o

(ii) <27 Lr [ 000 [p ) 0] Wty (o))

+2k_1L1“/]3 /B ‘w(N)(y,t)( ‘w(M)(:E’t)
= (a) + (b).

‘kfl W(z, y)lAN\AM (xz,y)e(dy)l(dz),

T

r(k—1)

E(dx))

By Hélder’s inequality, the term (a) is controlled as
1
@< ([ ool wan) ([ s
BN BN
1

( L(L W o) ’ e<dx>) N

For the choice (r,7*) = (kz—_k17 kQTI_“l), (¢,q%) = (%, 2—4) for § € (0,1),

1—

k+1

<2 ([, pwe )" ([, o )

o s RG] 2%
R R W(xa y) 1AN\AM (‘Ta y)g(dy) g(dl’) :

Choosing § sufficiently small so that % < 2k (possible since k > 1), we obtain

>

1
K1 (N) 2k ’ 2 0(An N\ A )T
(a) <2"7'Lp sup sup P (y,t)| (dy) ) [WVell& £(AN \ Aar) :
N > 1te0,7] \JBy
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The same calculation gives the same estimate for (b). Concerning the term (IV'), we have
obviously ’m - m’ < 44(Bp \ Byy) so that it only suffices to have a uniform bound

on the integral term in (V). This is indeed true, by the same calculations as for (/1)
(with 1p\a,, (2,y) replaced by 1a (7,y) < 1). It remains to control (V): by (2.4),

(V)] <2Lp /() o ) W, ) Ly ) (dy) (ko)
w2Le [ oy ol W (o)L, (2,0)(dy) (o).
(RP)

The first term in the sum above si easily bounded by 2L [W1|| o Jr» (2, )|" ¢(dz). The

second is controlled by
1
3 2 2 k-1
2Lr [Wall% p(y, £)]” £(dy) |p(z, )" £(dx)
RP RP

<2Lr Wil {]1 ([ ok ean)” + 52 ([ oteop e<dm>)“}
<2e el [ ot 0l (ao),

by Jensen’s inequality (since k > 2).

Gathering all these estimates into (B.11), by a Gronwall’s Lemma and the fact that
(AN \ Apr) < L(AS,) Sy 0, we see that the sequence (w(]\/[)lBM)M2 | is Cauchy
in C([0,7],L¥(I,¢)) and hence converges to some (-, t). By the same argument as be-
fore, it is easy to show that ¢ is a weak solution (and hence, by Proposition 2.17 the
only solution) to (2.34). Moreover, the convergence in C([0,T], L*(I,¢)) implies that

Jop (WM (2,8), J(2)) dz = Jgp ((,t), J(x))dx for all t € [0,T] and every test

functions J with compact support.

We now turn to the righthand side of (B.5): we apply the same propagator technique
as in Section A.2 to the process (M) in (B.5). By the same procedure as in Section A.2,
it is possible to prove that, for all test functions 6 — f(6), for (M) _almost every ,

/ 1) ”s(M)’Wd@)fv?(de)} = / Posf(6,2) {5 (d9) ~ v (d6)}

+/OS /Rdep { Vol tf 9 x) (0 é) yéM)’x(dO)} W(:c, y)y}j(dé) { lf?gj\(/[x)) o 1} f(dy)dv
= (A)+(B). (B.13)
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Concerning the first term: it is bounded by

|(A) CLF / /sup w1 M )y u}j) W (z,y)l(dy)dv

u LU

£ 1

CLr H)/v2||go s ), P
< Yy Y .
S T UBw) /0 /flilz,wl ( U ) ((dy) ) dv

Concerning the second term, using the fact that supg < 7.7 > 1 yer /16| Vé\/[’y(dH) < o0, for
some constant C' > 0

y\c/ 1BM—1‘// +|9\+] )) (M) (49)0¥ (A8)W (2, y)€(dy)dw

<C Wil 1](3%;4; - 1‘

These estimates and Gronwall Lemma gives that sup, sup,co 7] [ £(9) {VgM),z (dg) — v (dQ)} M_}
—00
0.

C. Convergence of graphs: proof of Proposition 2.22

The point of this section is to prove Proposition 2.22. To do so, define first two other
auxiliary (directed and weighted) graphs:

1. Hgn), with vertex set [n]: in ’Hgn), for all i # j € [n], both directed edges i — j and
(n) .(n)

J — 1 are present and associated with the respective weights Iign) W (z, X ) and
K;;") W (2", xEn) ),

2. ’Hé"), with vertex set [n]: in 'Hén)a for all i # j € [n], the edge i — j (resp. j — i) is
present and associated with the weight W (x, (n ), gn)) (resp. W(z; " ) (n)))-

C.1. Some distances and norms on graphs and kernels

Before proving Proposition 2.22, we need to introduce the necessary definitions coming
from graph convergence theory (see [36, 9, 6] and references therein). Concerning the
notion of cut-off distance considered in Proposition 2.22 and other related definitions, we
follow here closely [7, 8]. In particular, we generalize here the definitions of [8], § 2.3
to the case of directed graphs and non-symmetric kernels: let G = (V(G), E(G)) be a
possibly directed weighted graph, where each vertex i € V(G) is associated to a weight
a; and each edge i — j is associated to a weight f3; ; (where possibly 8;; # B;:). We
define ag = ;e () @ and the kernel WY on [0,1]? in the following way: divide [0, 1]

into intervals Iy, ..., Ijy(q) of length |I;| = 2 and define
Z /81,] zy)eljxI;- (Cl)
1,j€V(G)

For one kernel W define

W(z,y)f(z)g(y)dzdy (C.2)
[0,1]2

sup
Iflloorllglloe <1
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as well as the cut norm

[Wllg = sup
S,7Cl0,1]

W(x,y)dxdy‘ . (C.3)
SxT

Note that the norms ||-||_,; and ||-||5 are equivalent (see [8], Eq. (2.3)): for some C > 0,
for any kernel W,

Wl < Wllaouy <ClIWg- (C4)

For any weighted directed graphs G and G’ with vertex set [n], the same nodeweights
and with respective weights (8; )i jen) and (8; ;)i je[n), define the cut-off distance

co—1

do(G,G') = HWG—WG’ — max 6Y (5, — g C5
o(G,G) o = Jmax SZT oz B = Biy) (C.5)

Finally, we define the following L!-distance between two kernels W and W’ (not necessarily
symmetric):

)

LW, W) o= [W - W], = /[ W) — W', y)| dady. (C.6)

C.2. Proof of Proposition 2.22
Proposition 2.22 is a direct consequence of Propositions C1, C3 and C4 below.

Proposition C1. Under the hypotheses of Section 2.7, we have
%(@qygv_:%q with probability 1. (C.7)

Proof of Proposition C1. Let S,T C [n]: we have

1 (n) 7 1 (n) 7 € 1 (n) €
P ﬁ Z K; fi’j >e | <P ﬁ Z K; fi,j > § + P ﬁ Z K, f@j > 5
i€S,j€T i€S,jET i<j i€S,jET >

Let Uy :={(i,j) € [n]%, i € S, j €T,i < j}. Wehave [U;| < |S||T|. We use the follow-
ing result ([17], Th 3.3):

Proposition C2. Let Xy,..., X, be independent random variables with X; ~ B(p;). For
X =3" 1 a;X; with a; > 0, define v=">""_, a?p;. Then, for a = max{ay,...,a,},

i=1%
P(X —E[X] < —)) < e, (C.8)
P(X — E[X] > A) < ¢~ 53075, (C.9)
Since, by definition the variables (&; ;) j)ev, are independent (recall that &j=6&j—
W (24, 2;), apply (C.8) with a; = /12(»”), so that

e2nt

1 n) =
P 2 Z /-{E )fi,j < —% <exp|— 2
(6,5)€U+ SZ(i,j)eU+ <"‘3in ) W (i, 25)
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Since

n21,€ Z (Ii,(-n)>2W (w4, 5) 3 Z Kk Wh(zi, i) < 6n(z) +7 Z W (x4, ),

" (7’7])6U+ 5,5=1 3,j=1

using the fact that >t je1 Wi, ) — JW(z,y)dady = ||[W]|;1 > 0, we have for

n sufficiently large,

21 Z (K(n))Q Wh(zi, ;) <1+ %

n ! 2
" (i5) €U+
For such n,
1 (n) = € e2n?
Pl — K, &< —z | <exp|—
" (i,j)ZE:U+ Z 2 8K (1 + 3”WHL1)

Moreover, by similar arguments, for n sufficiently large and € < 6, we have

1 - 5 _ en2 £2n2
Plo 2 wVG>g ) =P 3w > 5 ) <ew | - AW
(i) €U+ (i))eUs 8k (2 n T)
Putting things together, we obtain
202

1 (n) 7
P E Ky & 5| > < 2exp
5 i Siyj 3w
n (et Sk <2+ I ||L1>

| ™

By the same argument on U_, we have

1 - e2n?
P o) Z ﬂgn)fi,j >e| <4dexp | — W
i€S,jeT 8k (2 + TL>

Writing wy, k2 = u, log”(n) with uy, — 0 (recall (2.18)), we have from é < wy, (recall

l
(2.17)) that K, < up log(n) Hence, for ¢ := ¢,, = u3 —— 0, a union bound on S,T" C [n]

n—oo
gives:
1
P| max |— Z m(n)ﬁw >en | <4 lexp n O?:gll(Wl)l
S,TC[n] n?2 icSjeT 8 (2 4 Ll)
Borel-Cantelli Lemma gives the convergence (C.7). O

Proposition C3. With the previous definitions, assuming that (2.19) holds, we have

do (’H(”) H(”)) — o (C.10)

n—0o0
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Proof of Proposition C3. For the norm (C.2), we have

= sup
L fllosllgllee < 1

n
S Z /]kxll

k=1

I

o e

/ (WH(ln) (QZ‘, y) - WH(;) (J?, y)) f(x)g(y)d$dy
[0,1]2

(n) (n)
wHi (x,y) — WHa (:U,y)’ dzdy < () —— 0.

n—0o0

Hence, we obtain from (C.4) and (C.5) the required convergence (C.10). O

Proposition C4. Under (2.40), we have

do (HE", W) —— 0, (C.11)

n—oo

Proof of Proposition C4. Note that by (C.2), we have that ||W||__; < |[W];, so that,
by (C.4), the convergence w.r.t. the distance d(-,-) implies the convergence w.r.t. the
distance dp(-,-). This, it suffices to prove that

n—o0

d (HS”,W) — o (C.12)

But this is exactly equivalent to (2.40). O
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