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SPEED OF PROPAGATION FOR HAMILTON-JACOBI EQUATIONS WITH
MULTIPLICATIVE ROUGH TIME DEPENDENCE AND CONVEX
HAMILTONIANS

PAUL GASSIAT, BENJAMIN GESS, PIERRE-LOUIS LIONS, AND PANAGIOTIS E. SOUGANIDIS

ABSTRACT. We show that the initial value problem for Hamilton-Jacobi equations with multi-
plicative rough time dependence, typically stochastic, and convex Hamiltonians satisfies finite
speed of propagation. We prove that in general the range of dependence is bounded by a multiple
of the length of the “skeleton” of the path, that is a piecewise linear path obtained by connecting
the successive extrema of the original one. When the driving path is a Brownian motion, we prove
that its skeleton has almost surely finite length. We also discuss the optimality of the estimate.

1. INTRODUCTION

We consider the initial value problem for Hamilton-Jacobi equations with multiplicative rough time
dependence, that is

(1.1) du = H(Du,z)-dé in RY x (0,7T] u(-,0) = up in RY,

with

(1.2) H :R% x R? - R convex and Lipschitz continuous in the first argument
and

(13) €€ Co([0,T]),

where Cy([0,T]) denotes the space of continuous paths & : [0,7] — R such that £(0) = 0.

When ¢ is a C! or BV-path, (1.1) is the standard Hamilton-Jacobi equation that is studied using
the Crandall-Lions theory of viscosity solutions. For such paths, in place of (1.1) we will often write
(1.4) u = H(Du,z)¢ in R? x (0,7]  u(-,0) =up in R?

When ¢ is merely continuous, in (1.1) - simply denotes the way the path enters the equation. When
£ is a Brownian motion, then -d¢ stands for the classical Stratonovich differential.

Lions and Souganidis introduced in [13] the notion of stochastic or pathwise viscosity solutions for
a general class of equations which contain (1.1) as a special case and studied its well-posedness; for
this as well as further properties see Lions-Souganidis [13, 14, 15, 12, 16].

One of the questions raised in [16] was whether (1.1) has a finite speed of propagation, which is one
of the important characteristics of the hyperbolic nature of the equations for regular paths.
Roughly speaking, finite speed of propagation means that, if two solutions agree at some time in a
ball, then they agree on a forward cone with a time dependent radius.
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A partial result in this direction was shown in Lions and Souganidis [14] (see also Souganidis [16]),
while Gassiat showed in [5] that, in general, when H is neither convex nor concave (1.1) does not
have the finite speed of propagation property.

In this work, assuming (1.2) and (1.3), we establish finite speed of propagation in the sense formu-
lated precisely next.

Given T > 0 and H : R? x RY — R let
(1.5) pu(&,T) :=sup {R >0: there exist solutions u',u® of (1.1) and x € RY,
such that u'(-,0) = u*(-,0) in Bg(z) and u'(z,T) # uz(m,T)},

where Bg(z) is the ball in R? centered at x with radius R.

The classical theory for Hamilton-Jacobi equations (see Lions [9] and Crandall and Lions [2]) yields
that, if £ is a C''- or, more generally, a BV-path, then

(1.6) pu (&, T) < LI rv([o,17)
where
n—1
I€ll v 0,17y = sup D IEtiv1) — €(t)]
O=to<...<tn =T {Zp

is the total variation semi-norm of ¢ and L is the Lipschitz constant of H. It is easy to see that
(1.6) is sharp when £ = 1.
For general rough, that is only continuous, signal ¢ it was shown in [14], [16] that, if H(p,z) =
H,(p) — H2(p), where Hy, Hs satisfy (1.2) with Lipschitz constant L and H;(0) = H2(0) = 0, then,
for any constant A, if

u(0,-) = A on Bg(0),
then

u(t.) = A on By (0, for R(1) i= R~ L( max €(s) ~ min €(s))

This does not, however, imply a finite domain of dependence.

In fact, it was shown in [5] that when H(p) = |p1|—|p2| equality is attained in (1.6) for all continuous
&, a fact which implies that there is no finite domain of dependence if £ ¢ BV ([0,T]). In other
words, the counter-example in [5] shows that for non-convex Hamiltonian H, all of the oscillations
of £, measured in terms of the TV-norm, are relevant for the dynamics of (1.1).

In contrast, in this paper we show that, if H is convex, there is an estimate, which is better than
(1.6), and, in particular, implies that the rate of dependence pgy (&, T) is almost surely finite when
& is a Brownian path. This new bound relies on a better understanding of which oscillations of the
signal ¢ are effectively relevant for the dynamics of (1.1).

In this spirit, we prove that, if H is convex, then £ can be replaced by its skeleton. This is a reduced
path Ry r(€) which keeps track solely of the oscillations of £ that are relevant for the dynamics
of (1.1) without changing the solution to (1.1). Hence, in the convex case only the oscillations
of ¢ encoded in Ry r(§) are relevant for (1.1). In the one-dimensional setting and for smooth,
strictly convex, z-independent Hamiltonians a related result has been obtained independently and
by different methods in Hoel, Karlsen, Risebro, and Storrgsten [7].

We also establish that the reduced path of a Brownian motion has almost surely finite variation, a
fact which implies that pg (£, T) is almost surely finite.
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FIGURE 1.1. The (fully) reduced path

Given £ € Cy([0,T7), the sequence (7;)sez of successive extrema of £ is defined by

(1.7) To 1= Sup {t € [0,T], &£(t) = max &(s) or £(¢) = min f(s)},

0<s<T 0<s<T

and, for all ¢ > 0,

argmaxp,, m¢& if &(m) <0,
(18) ={ -

argming., 7§ if §(r) >0,

and, for all 7 < 0,

arg maxyg .. if ;) <0,
(1.9) . { gmax(g ,,] § ()

argming 1§ if () > 0.
The skeleton (resp. full skeleton) or reduced (resp. fully reduced) path R r(€) (resp. Ror(€)) of
€€ Cy([0,T]) is defined as follows (see Figure 1.1).

Definition 1.1. Let & € Cy([0,T]).

(i) The reduced path Ry r(&) is a piecewise linear function which agrees with £ on (7;);ez.

(ii) The fully reduced path Ry 7(€) is a piecewise linear function agreeing with & on (7_;)ien U {T'}.
(iif) A path & € Co([0,T1]) is reduced (resp. fully reduced) if &€ = Ro 7 (€) (vesp. & = Ror(£)).

Let u¢ be the solution to (1.1). We show in Theorem 2.9 in the next section that
(1.10) us(-,T) = ufor©( 1),

which immediately implies the following result.

Theorem 1.2. Assume (1.2). Then, for all £ € Cy([0,T1]),

(1.11) pu(§,T) < L [Roz(E)lv(o,r))-
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The second main result of the paper, which is a probabilistic one and of independent interest,
concerns the total variation of the reduced path of a Brownian motion. To state it, we introduce
the random variable 6 : [0,0) — [0, c0) given by

1.12 f(a) :=inf{t >20: max B —min B = a}.

( ) (a) { [0,¢] [0,¢] }
We prove that the length of the reduced path is a random variable with almost Gaussian tails. We
also show that if, instead of fixing the time horizon T, we fix the range, that is the maximum minus
the minimum of B, then the length has Poissonian tails

Theorem 1.3. Let B be a Brownian motion and fix T > 0. Then, for each v € (0,2), there exists
C =C(v,T) > 0 such that, for any x > 2,

(1.13) P (I1Bo.2(B)llgy o) > @) < Cexp (~Ca),

and

InP (|Ryg(1)(B) =2z
(1.14) lim (” 0,0(1) HTV([0,0(l)]) ) 1
T—00 xln(m)

We also study the sharpness of the upper bound. For simplicity we only treat the case H(p) = |p|.
Theorem 1.4. Let H(p) = |p| on R? with d = 1. Then, for all T > 0 and & € Cy([0,T1]),

(1.15) pr(&,T) = | Ro(&)|rv(jo,r)-
When d = 1, then
pu(&,T) = [Ror(&)|rv(o,1))-

The paper is organized as follows. In section 2 we improve upon results of [13, 14, 11] about
representation formulae, the control of the oscillations in time and the domain of dependence of
the solutions of (1.4) with piecewise linear paths. We then extend these estimates by density to
general continuous paths. In order to avoid stating many assumptions on H, we introduce a new
condition about solutions of (1.4) which is satisfied by the general class of Hamiltonians for which
there is a well-posed theory of pathwise solutions as developed in [12]. All these lead to the proof
of Theorem 1.2. In section 3 we discuss the example which shows that the upper bound obtained
in Theorem 1.2 is sharp. Section 4 is devoted to the study of “random” properties of the reduced
path of the Brownian motion (Theorem 1.3).

2. REDUCTION TO THE SKELETON PATH AND DOMAIN OF DEPENDENCE

Notation and preliminaries. For all £ € Cy([0,7]) and uy € BUC(R?), let S¢ be the flow of
solutions of (1.1). A simple rescaling shows that without loss of generality we may assume that

L=1
In view of (1.2) and the normalization of the Lipschitz constant we have

H(p,z) = sup {p-v—L(v,z)},
UGBl(O)

where L(v,z) = sup,ega {p-v — H(p,x)}.
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We assume that H satisfies all assumptions needed (see [2]) for uy = H(Du,z)€ to be well posed
when ¢ is smooth and we denote by Syp(t) : BUC(R?) — BUC(R?) the solution operator when
¢ = £1, that is, for ug € BUC(RY), S4 g (t)uo is the unique solution of

(2.1) uy = +H(Du,x) in R x (0,T]  u(-,0) = up in RY.

Moreover, for t <0, Sy (t) := S_g(—t).
Given S, 5" : BUC(R?) — BUC(RY), we say that S < S’ if Su < S’u for all v in BUC(RY).
In the sequel we write & ¢ := & — & for the increments of £ over the interval [s, ¢].
Let £ € C([0,T]) be a piecewise linear path, that is, for a partition 0 =ty < ... <ty =T of [0,T],
and a;,b; e R, i=1,...N,
—1

N
f(t) = Z 1[ti,ti+1)(ai(t - ti) + bZ)

i=0
We then set

S5(0,T) :=5% (tn_1,tn) 0 -0 S5 (to, t1)

and note that
S3(0.T) = S (€in_yin) 0+ 0 St (Eto,tr)-

We show later that & — SE(O, -) is uniformly continuous in sup-norm, which allows to extend
S% (0,T) to all continuous &.

Monotonicity properties. The control representation of the solution u of (2.1) (see, for example,
Lions [9]) with & =t and up € BUC(R?) is

t

u(z,t) = S (t)up(z) = sup {UO(X(t)) - J L(q(s), X(s))ds : X(0) =z, X(s) = q(s) for s € [O,t]} )
qeA 0
and

S_n(t)uoly) = in {anf(t)) + j L(r(s), Y (s))ds : Y(0) = y, ¥(s) = —r(s) for s € [o,ﬂ},

where A = L*(R,; B1(0)) is the set of controls.

The next property is a refinement of an observation in [11].
Lemma 2.1. Fizt > 0 and ug € BUC(R?). Then
SH(t) o SH(—t)’ILQ <ug < SH(—t) o SH(t)uo.

Proof. Since the arguments are identical we only show the proof of the inequality on the left.

We have

t t

Lir(s). Y (s))ds = [ L(a(s). X (s))ds :

Su(t) o Sg(—t)up(x) = sup inf {uo(Y(t)) + f .

geA reA 0

Y(0) = X(t), Y(s) = —r(s), X(0) = z, X(s) = q(s) for s € [o,t]}.
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a/Otl ..... ; aOtl .....

ool _ .

tll TI g ot { tll Y—, >

FIGURE 2.1. Reduction

Given g € A choose r(s) = ¢(t — s) in the infimum above. Since Y (s) = X (t — s), it follows that

t t

Su(t) o Sg(—t)ug(x) < sup {uO(X(O)) + f L(q(t —s),X(t—s))ds— | L(q(s),X(s))ds:
qeA 0 0

X(0) = 2, X(s) = q(s) for s € [O,t]}
= ug(x).

O

The next result is an easy consequence of Lemma 2.1 and the definition of S% for piecewise linear
paths.

Lemma 2.2. Let § = ly[o,1,1(aot) + Liepe, ry(a1(t —t1) +aot1). If ag = 0 and a; <0 (resp. ap <0
and a1 = 0), then

Sf'—I(OaT) = Su(&o,1) (resp. S%(QT) < Su(éo,r).)

Proof. Since the claim is immediate if ag = 0 or a; = 0, we assume next that ag > 0 and a; < 0
(see Figure 2.1).

If &o,7 < 0, then
SH(al(T - tl)) = S,H(—al(T — tl)) = S,H(—al(T — tl) — aotl) o S,H(aotl)
=S_u(=&o,r)oS_m(aotr) = Su(8o,r) o Su(—act1),

and, hence, in view of Lemma 2.1,

S51(0,T) = Su(&o.r) o Su(—aotr) © Su(agty) = S (o,r)-
If &, = 0 (see Figure 2.1), then, again using Lemma 2.1, we find

55,(0,T) = Spr(ar (T — 1)) 0 Spr(—ar (T — t1) + aoty + ay (T — t1))
= SH(al(T - tl)) ¢} SH(—al(T - tl)) (¢} SH(a0t1 + al(T — tl)) < SH(&O,T)

For the second inequality we note that S_5,(0,T) = S5,(0,T), S_z(—t) = Sg(t). It then follows
from the the first part that

S5(0,T) = S=5,(0,T) = S_pr(~o,7) = S (€o.1)-
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The next observation provides the first indication of the possible reduction encountered when using
the max or min of a given path. For the statement, given piecewise linear path £, we set

max ‘= te|0,T]: = s d Toin = te|0,T]: = i st
T sup{t € [0,T]: & 82[1%]5} and T sup{t € [0,T]: & sg&g]ﬁ}

Lemma 2.3. Fiz a piecewise linear path €. Then

St (Tmaz: T) © St (60.7,00.) < S57(0.T) < St (6r,i7) © S57(0, Toin)-
Proof. Since the proofs of both inequalities are similar, we only show the details for the first.
Note that without loss of generality we may assume that sgn(&,_, ) = —sgn(&,.,,,) for all
[ti—1,ti+1] S [0, Tmaa]-
It follows that, if o ,,,.] is linear, then S%(O,Tmax) = S (0,700 )-

If not, since & r,,,, = 0, there is an index j such that &, = 0and &, _,+; < 0. It then follows

from Lemma 2.2 that

tj+1

SgH(Oy Tmax) < S?—[(Ov Tmaw)7
where £ is piecewise linear and coincides with ¢ for all ¢ € {t;: i +# j}.

A simple iteration yields S5, (0, Tmaz) < St (0.7, ), and, since S5(0, T) = S (Tmaz, T)0S5; (0, Tmaz),
this concludes the proof.
([l

We combine the conclusions of the previous lemmata to establish the following monotonicity result.
Corollary 2.4. Let £, ¢ be piecewise linear, £(0) = ¢(0), &(T) = ¢(T) and € < ¢ on [0,T]. Then
(2.2) S5.(0,T) < 85,(0,T).
Proof. We assume that £ and ¢ are piecewise linear on each interval [¢;,¢;11] of a joint subdivision
0=ty <...<ty=Tof [0,7T].
If N =2, we show that, for all v > 0 and all a,b € R,
(2.3) Su(a+ 7)o Su(b—7) < Su(a)o Su(b).
If a = 0, this follows from the fact that, in view of Lemma 2.2,

Su(y) 0 Su(b—7) < Su(b).
If a + v < 0, then again Lemma 2.2 yields

Su(a)o Sp(b) = Sula+ 7)o Su(—y) o Su(b) = Su(a+7)oSu(b—7).
Finally, if a < 0 < a + v we have
Si(a) o Su(b) > Sula+b) > Sula+7) o Sulb—7).

The proof for N > 2 follows by induction on N. Let p be piecewise linear on the same partition
and coincide with ¢ on tg,t1, and with £ on t¢5,...,t5. The induction hypothesis then yields

S5,(0,t2) < S%(0,t5) and S, (ty, T) < S (t1,7T)

from which we deduce
S5.(0,T) < 8%,(0,T) < 85,(0,T).
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A uniform modulus of continuity. To extend the information obtained about the possible
cancellations and oscillations from piecewise linear to arbitrary continuous paths, we need a well-
posed theory for the pathwise viscosity solutions. Such a theory has been developed by the last
two authors in [11] and [12]. The former reference imposes conditions on the joint dependence of
the Hamiltonians in (p,x) but does not require convexity. A special (resp. a more general) class of
convex or concave Hamiltonians, which do not require such conditions, is studied in Friz, Gassiat,
Lions and Souganidis [3] (resp. Lions and Souganidis [15]). An alternative, although less intrinsic,
approach is to show that the solution operator has a unique extension from piecewise linear paths
to arbitrary continuous ones.

To avoid stating additional conditions and since finding the optimal assumptions on the joint
dependence on (p, z) of the Hamiltonians is not the main focus of this paper, we bypass this issue
here. Instead, we formulate a general assumption that allows to have a unique extension of the
solution operator to all continuous paths, which is enough to analyze the domain of dependence.
We only remark that this assumption is satisfied by the Hamiltonians considered in [12] as well as
some other ones that can be analyzed by the same methods.

For t € (0,T), the minimal action, also known as the fundamental solution, associated with Hamil-
tonians satisfying (1.2) is given by

t

L(x,y,t) := inf{ . L(%(s),7v(s))ds : v e C%([0,T]) such that v(0) = z,v(t) = y};

when we need to emphasize the dependence of £, we write £.
We recall (see, for example, [9]) that, for all £, s > 0 and z,y, z € R?,

(2.4) L(z,z,t+ s) < L(z,y,t) + L(y, 2, 5).

Moreover, for any ug € BUC(RY), t > 0 and z € RY,

(2.5) u(z,t) = Sp(t)uo(z) = sup [uo(y) — L(z,y,1)].
yeRd

Finally, since —S_ g (t)up = Si(—uo) with H(p,z) = H(—p, z), we also have, for any uy € BUC(R?),
t>0and z € R?,

(2.6) S_p(tyup = inf [uo(y) +£H(x,y,t)].
yeR4
We assume that, for all r > 0,
(2.7 limsup inf L(x,y,0) = +oo,
-0 T<|z—y|
and
(2.8) lim lim sup L(z,y,6) =0.
6—07r—0 le—y|<r

Note that (2.8) is some sort of controllability assumption, while (2.7) follows from a uniform in z
upper bound on H.

Proposition 2.5. If (2.7) and (2.8) hold, then, for each uy € BUC(RY) and T = 0, the family
{Sg(QT)uO : & piecewise linear}

has a uniform modulus of continuity.
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The claim above is a consequence of the following estimate.

Proposition 2.6. Let u = Sg(O,t)uo with & piecewise linear and vy € BUC(R?). Then, for all
t>0 and all z,y € RY,

a:’,y'ERd

(2.9) u(z,t) —uly,t) < (isgg (E(y,x, §)+ sup [uo(a") —uo(y') — L, 2, 5)]) .

Proof. By induction it is enough to prove the estimate for u = Sy (t)ug and u = Sy (—t)uo.

We begin with the former and we fix x,y and z; € R?. Assuming in what follows the inf in the
definition of £ is attained, otherwise we work with approximate minimizers, we choose « to be a
minimizer for L(y,x1,t + 0) and set g1 = v(¢). It follows from (2.4) that

t

t+6
L(y,2.6) + Llz,z1,t) > Lly. a1t +6) = f L(3(s).7(s))ds + f L(3(s)7(s))ds

= ‘C(ya glat) + L(glaxlvé)-
Hence

(uo(z1) — L(z,21,1)) — Sup, {uo(y1) = L(y, y1,1)} — L(y, 2, )
0(1‘1) - uo(gl) - ,C(J?,J?l,t) + [’(y7gla t) - E(y,x, 6)
o(z1) —uo(91) — L(G1,71,0) < sup  {uo(z) —uo(y) — L(y',2",9)} .

I’,y’GRd

u
u

NN

It follows that

U(Ia t) - u(ya t) - E(ya €z, 5) < sup {UO(II) - UO(y,) - ‘C(yla 1'/7 5)}

m/yy/
and we conclude by taking the inf over §.

In view of (2.6), a similar argument gives the estimate for u = S_ g (¢)uo.

Proof of Proposition 2.5. Fix ug and let
n(8) == sup (uo(z') —uo(y’) — L(y',2',9))
z’,y’€R?
and

v(w,y) = nf (L(y,2,0) +0(9)), w(r):= sup max[v(z,y),v(y.z)].
>0 le—y|<r
If follows from Proposition 2.6 that, if v = Sﬁluo, then |v(z) —v(y)| < w(]z — y|). On the other
hand, in view of (2.7), (%in%n(é) =0, and, hence, using (2.8) we conclude that lin(l)w(r) =0.

O

Extension and reduction. The extension result is stated next. In this subsection, we always
assume that either H is independent of x or that (2.7) and (2.8) hold. In what follows we write
| - [o0,0 for the L®-norm over O.
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Corollary 2.7. The map £ — Su (&) is uniformly continuous in the sup-norm in the sense that, if
(§™)nen 1is a sequence of piecewise-linear functions on [0,T] with limy, ym o | — ™ |0 0,77 = 0,
then, for all w e BUC(R?),

(2.10) lim |55 (0, T)u— S5 (0, T)t]oo s = O.

7n,Mm—00

It follows that we can extend £ — Sy (£) to all continuous paths. Indeed " — ¢ in sup-norm as
n — o0, then

(2.11) S5.(0, T)u := 11%515;’ (0, T)u.

Proof of Corollary 2.7 Fix § > 0 and let £, ¢ be piecewise linear such that [§ — (|s < § on [0,T7].
We extend &, ¢ to all of R as constants on (—o0,0) and (T, +00) and choose n € [—1, 1] such that

§(T) = ¢(T) + nd.
Let €% be defined by

et &+4 on [0,T7,
"l on (=00, —8) U (T + 6, +o0),

and ' _
9= 41 on (=6,0) and £ = F1—non (T,T +9).

It follows that ££(—68) = ((=0), EX(T +0) = ¢(T + ), £7° < ¢ < &%, and, since Sf{ié(—&T +4) =
SH(Fd—nd)o S5 (0,T) o Sp(+6), Corollary 2.4 yields

Su(8(1 = n) 0 S5 (0,T) 0 S(=08) < S5 (0,T) < Sar(—6(1 +1)) 0 55(0,T) 0 Sz (8)
which implies that
S50, T) = S (=d(1 +m)) 0 55(0,T) 0 Su (3) < 5(0,T) = 55(0,T),
and
S5(0,7) = $5(0,T) < S5(0,7) = Su (8(1 — ) 0 §5,(0,T) © S (=)
We now need to check that both sides of the above inequality go to 0 as § — 0. This follows if
1 [814(6) 0 55 (0, T)u — 11 (~8) © S5 (0, T s = 0

independently of £, which is a consequence of Proposition 2.5.

The next conclusion is an immediate consequence of Lemma 2.3 and Corollary 2.7.
Corollary 2.8. Let § be a continuous path such that {r = maxpg 71§ and & = minf 71 §. Then,
SEI(O,T) = Su(o,7)
Similarly, if & = mingg 71§ and §o = maxo 1§, then
S5(0,T) = S_p(—€o.7)-

It follows that we can have a general representation for the solution to (1.1) as a (countable)
composition of the flows Sy (t), Sy (—t).

Theorem 2.9. Let & be a continuous path. Then
5(0,T) = §Tor@ (0, T).
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Proof. We apply Corollary 2.8 inductively to the successive extrema as defined in (1.7), (1.8), (1.9).
It only remains to show that this procedure converges for i — +o00. This follows from the continuity
of £ in combination with Corollary 2.7.

O

3. THE OPTIMALITY OF THE DOMAIN OF DEPENDENCE

We consider the initial value problem
(3.1) du = |Du| - d¢ in R? x (0,T] u(-,0) = up(-) in R?

and prove Theorem 1.4.
We remark that, in view of the geometric properties of (3.1), it is enough to consider the evolution
of the level set

PH(t)={reR: u(z,t)=0}.
Indeed, (3.1) is a level-set PDE, that is, if u is a solution, then also ®(u) is a solution. At this point
the choice of the Stratonovich differential in (3.1) is important (see Souganidis [1], [16] and Lions,
Souganidis [11]). It follows that P*(¢) depends only on P*(0) and not on the particular form of
ug. In fact, in the case of (3.1) this can be read off the explicit solution formula, for all § > 0,

Sp@)u(z) = sup uly), Sy (=0)u(xr)= inf u(y).

le—y| <& le—y| <&
In particular, in d = 1 and with the convention that [¢,d] = & if ¢ > d, it follows that, for all 6 € R,
(3.2) S11(0)([a,b]) = [a — 0,b + 4]

We notice that, informally, for general initial conditions, Pt expands with speed |d¢| when d¢ > 0,
and contracts with speed |d¢| when d§ < 0.

The key behind the construction of the lower bound is the observation, already made in [11], that
there is some irreversibility in the dynamics. For example, once a hole is filled, that is two connected
components of P' are joined by an increase in £, it cannot be recreated later when £ decreases.
Symmetrically, if a component of P is destroyed by a decrease in £, it does not re-appear later.
This intuition leads to the lower bound for pg (&, T) derived below.

In what follows, to simplify the notation we omit the dependence of the solution operator and the
speed of propagation on H, that is, we simply write S, S¢ and p(&,T). We fix d = 1 and establish
first the lower bound in Theorem 1.4, and then look at the upper bound. Note that considering
initial conditions depending only on the first coordinate implies that the lower bound also holds for
d=2.

Lower bound for the speed of propagation. The result is stated next.
Proposition 3.1. Let & be a continuous path. Then
(3.3) pr(€,T) = | RS(0,T) v (jo,r)-

Proof. Without loss of generality we assume that £ is a reduced path. Moreover, since the claim
stays the same if we replace £ by —¢, we further assume that £(79) = maxo<s<r £(5)-
We first consider the case where N := max{n < 0: 7, = 0} is finite. Since £ is constant if N = 0,

we further assume N < —1 and fix a sequence x;, N —1 < ¢ < 1 such that x; = 0 and, for all
N <k<0,

(3.4) 2 !ﬁo,m,g ‘ < Tppr — Tk < 2[o.r, |-
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t=1 t=2 t=3
] — L —
I]S'_l Ito '1’1 =0 513'_1 i’o iL‘l =0 13'_1 i’o il‘l =0 513'_1 j?o '1‘1 =0
— A — —
LL",l i‘o fL‘l =0 a:'_1 .1'70 '1‘1 =0 a:'_1 J‘)o 'l‘l =0 l"_l mlo '331 =0

FIGURE 3.1. Lower bound

Set
_ [Tog—1,2or] if2k—1>N
(39 fe = { %] otherwise,
and
(3.6) P! = U I, U [0, 400), P2 = (—o0,2n] U pt.

k<0
Since ¢ is a reduced path and due to (3.2), the evolution of P!, P? can be easily described by
induction on k as follows.

The component I evolves individually, that is it does not intersect any other connected components,
before To5. This follows from the fact that |xor_1 — or—2| and |zar — x2k+1| are smaller than 2&g ,,, .

Since —2&0 s < |T2k — Tok—1| < —2&0.7p,_,, the component Ij, of P! disappears at time o,_1
but not at any of the earlier 7;’s.
Finally, given that xop_1 — Tag—2 < 2£0,7,,_,, the component I of P? has joined the components
Ij with ] <k by the time T2k—2.
It follows that
S(&70)(P') = [~€o,rp, +90) and S(0,T)(P') = [~o,r, +0)
and
S¢(0,T)(P?) =R.

Since P! and P? only differ for z < 2, this implies

pu(&,T) = (=07 —oN), -
Choosing the (zy — x_1) as large as possible in (3.4) we obtain

p&,T) = ~bor +2 ). o] = errl + D) Lol + D) 1omel-

k<0 k<0 k<—1

Finally, using that, for k£ < 0, |§Tk717m| = €0, 7. | + |§077,€71 |, we obtain

PET) 2 el + ) rain] = |Ror(©)]

k<0 v

which concludes the proof in the case where 7y = 0 for some N.
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Next we treat the general case. We fix N < —1 arbitrary, and as before we define x, I;, and P,
P? satisfying (3.4), (3.5) and (3.6). Now since (3.4) implies that

Top — Top—1 > — inf &, @opy1 — ok > sup &,
[0.7x] [0,7x]

the I;’s do not interact before time 7.
Let ), = o5 + (—1)¥& -y and

I — [Zog—1,Z0k] if2k—1>N
b 10/] otherwise.

Then

S50, 78)(PY) = Ukcoly U [<€o.ry, +0), S (mn, T)(P?) = (=00, &n] Un<o Ii-
Note that

Epi1 — Fp = Tpq1 — 2p + (—1)"280 7y
is bounded from above by
2| fO,Tk-‘ + (71)k2§07TN = 2| 57N77k|

and, when k > N + 2, from below by 2| &y, |-
Hence, the evolution on |7y, 7] is then given as in the case 7y = 0, and we obtain again

S4(0,T)(P') = [~éor, +0) and S°(0,T)(P?) =R.
Taking again txy — xx_1 as large as possible yields

P& T) > |Ror(©)|

and letting N — —oo finishes the proof. ]

TV ([rn,T])

Optimality in one space dimension. We assume d = 1 and consider z-independent Hamilto-
nians. In this case the representation obtained in Section 2 is even simpler, since only the fully
reduced path is needed.

Proposition 3.2. Let H : R — R be continuous and convex. Then

(3.7) u(-,T) = §4(0,T) = $70r)(0,T),
and
(3.8) pr (&, T) < [H' oo Bo,z(6) | v (fo.1)-

Proof. The claim is shown for H smooth and strictly convex in [7] using a regularization argument.
The result extends to convex H by approximation, since (1.1) is stable under the passage to the
limit in H by standard viscosity theory; see [11]. |

When d > 2, (3.7) is not true in general. Indeed, this can be easily seen by the counter-example
depicted in Figure 3.2 and Figure 3.3, which correspond to the continuous, piece-wise linear path &

with or 0.1
4 or (0,1 )
§(t) = -2 on(1,2) and RO,B(f) _ { 4 on (0,1)
1 on (2,3)
S¢.(0,3) # 579 (0,3).

it is easy to observe that in this case |
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. e - oo

FIGURE 3.2. Evolution of Sfl(o,t) att=0,t=1t=2t=3

FIGURE 3.3. Evolution of §7¥(0,¢) at t =0, £ =1, 1= 3

Note however that the claims in Proposition 3.2 hold in arbitrary dimension for H(p) = 3|p|?
(cf. Gassiat and Gess [4]) and more generally for a class of uniformly convex H (cf. Lions and
Souganidis [10]).

Since (3.7) is not valid in general in dimension d > 2, the speed of propagation may depend on
the total variation of the full reduced path Ry r(€). Note that we do not know, even for H = | - |,
if one always has equality in (1.11) in that case. The following proposition gives an example of a

situation where pg (€,7) = |Ro,r () v (o.r1) > [Ro.7(E)|rv (jo.1))-

Proposition 3.3. Let §; > 02 > 03 > 0 and & continuous on [0, 3] with

. o on (0,1),
E =4 =62 on(l,2),
+d3  on (2,3).

Then
p1(€,3) = 01 + 02 + 03 = [ ]l (jo,3))-

Proof. Fix 0 < L < 2§9 and n > 0, and consider initial conditions (see Figure 3.5 and Figure 3.4)
P = [O,L] X {—51, +(51}, P,=Pu ({—51} X R)
Then (—n,0), (L +7n,0) ¢ S|§_|(O, 1) Py, and, hence,
(B52 (_7770) o B52 (L + 7770)) N Sﬁ(oa 2)P1 = @

Since L < 20,, for n small enough, the interior of By, (—n,0) n Bs, (L +n,0) is non-empty. It follows
that, for all n; € (0,7) small enough,

B53(L - 62 + 63 - 77170) = B(Sz(*nvo) o B(Sz(L + 7770)3
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M

FIGURE 3.4. Evolution of Sf (0,-) Py

FIGURE 3.5. Evolution of Sﬁ(O, )Py

and, consequently,
(L =02+ 05 —m1,0) ¢ S,(0,3) P

We next note that [—2d1, L] x [—261,28,] < SEI(O’ 1)P» and thus

[—26) + 09, L — 83] x [—261 + 02,26, — 02] < S°,(0,2) Ps.

Il
It follows that
Bs,(L — 02 4 3 —n,0) N SE|(Oa2)P2 # J,
and, hence, for each n > 0,
(L — b2+ 85 —n,0) € SF,(0,3) Py.

In conclusion, for all n > 0 small enough,

(L = b2 + 63 —1,0) € SF|(0,3)(P*)\Sf, (0, 3)(P")

so that p|,|(§,3) = 61 + L — 62 + 03 — 7. Letting L — 253 and i — 0 finishes the proof.

4. THE BROWNIAN CASE

We begin with some preliminary discussion and a few results that are needed for the proof of

Theorem 1.3.

15

The key observation in the proof of Theorem 1.3 is that the length of Ry r(B) on [0, 7], where 79
is given by (1.7), is the same as that of a left-continuous path obtained by removing all excursions

of B between its minimum and maximum.
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We fix an arbitrary continuous path B : [0, +00) — R with B(0) = 0. Let M(t) := sup,; B(s),
m(t) := infs<; B(s), R(t) := M(t) — m(t), recall that for a > 0
0(a) = inf {t > 0, R(t)=a},
and, r = 0, define
S(r) := B(O(r)).

Then S is a left continuous process with right limits, the dynamics of which are simple to describe
(see the proof of Lemma 4.1 below): Away from the jumps, S has a drift given by sign(S(r)), and
the jumps are given by AS(r) := S(r*) — S(r) = —sign(S(r))r. In particular,
(4.1) L(r) == HSHTV([O,T]) =r+ Z 51A8(s)0-
0<s<r

The following lemma relates L and Ry r(B).
Lemma 4.1. For allT >0

HRO,T(B)HTV([OJO]) = L(R(T)).

Proof. Recall (1.7), (1.8) and (1.9) and note that
|Ro. 2By (fo.70p) = 24 IR0 Bl gy (pr_y ) = 2 |1B(Ti-1) = B(mi)] -
<0 1<0

Fix ¢ < 0 and assume that B(r;—1) = m(7;—1) < 0. If r € (R(7;-1), R(7;)], then monotonicity of ¢
and the definition of 7; give 0(r) < 0(R(7;)) = 7;, and, hence, m(0(r)) = m(7;—1).
)

Moreover, for r € (R(7;—1), R(7;)], we have B(6(r)) = M(0(r)) and thus
R(6(r)) = M(0(r)) — m(7i—1) = B(0(r)) — B(7i-1).
In conclusion, for all r € (R(r;_1), R(7:)],
S(r) = B(0(r)) = B(1i—1) + r = S(R(1;-1)) + 1,

that is S has a jump of size R(7;—1) at r = R(7;—1) and is affine with slope 1 on (R(7;—1), R(7:)].

If B(r;—1) = M(m—1) > 0, the same reasoning shows that S has a jump of size —R(7;,_1) at
r = R(1;—1) and is affine with slope —1 on (R(m—1), R(7:)].
Finally we get

L(R(70)) = ISlrv fo.m0)) = 24 ISV ([R(ree) B
i<0
= YR +|R() = R(7i1)| = Y R(m) = Y} |B(7:) — B(rio1)] .
i<0 i<0 i<0
In view of the definition of 79 and R we have R(7y) = R(T") and thus L(R(T)) = L(R(70)), which
finishes the proof. |

Next we assume that B is a linear Brownian motion on a probability space (2, F,P) and we describe
some of the properties of the time change S that we will use below. The results have been obtained
in Imhof [8, Theorem p. 352] and Vallois [17, Theorem 1].

The first result is that

d
(4.2) {s>0, AS(s) # 0} is a Poisson point process on (0, +00) with intensity measure il
s
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For fixed r > 0 set oo(r) := r and, for all k € N, define the successive jump times by
oks1(r) = sup{s < op(r) : AS(s) # 0},
It follows from (4.2) that

(4.3) (@ns1(r)/on(r))ns0 £ Un)nso,
where (Up,)n>0 is a sequence of i.i.d. random variables each with uniform distribution on [0, 1], and
@ denotes equality in the sense of distributions.
Moreover, if
0, (r) :=1inf {t = 0, R(t) = on(r)},
then

(4.4) (IB((Ont1(r) +1) A On(r)) = B(Onsa(r))] - 62 0),50 = (X™(E A Cu(r));t 2 0),29

where the processes X" are i.i.d. 3-dimensional Bessel processes, independent from .S, starting from
0 and

—~
=

Co(r):=mf {t >0: X"(t) = on(r)}.
At this point we recall that, in view of the scaling properties of the Brownian motion, it is enough
to prove Theorem 1.3 with T' = 1, that is to study the reduced path Ry 1(B).

To prove (1.13) we need the following two lemmata.

Lemma 4.2. There exists C > 0 such that, for all v,z =0,

(4.5) P(R(1) > r|L(r) —r > 2) < Cexp (—C2?).

Proof. Note that R(1) = r is equivalent to §(r) < 1.

It follows from (4.3) and (4.4) that there exist i.i.d. uniformly distributed in [0, 1] random variables

U,, such that

[ee]

r)=r+ Z on(r)=r <1+ Z U1~-~Un>.

n=0

Moreover, in view of the scaling properties of the Bessel processes,
(d) (d) p
9(7“) = Z (en(r) - n+1 Z Cn = Z (On(r))zg’m
n=0 n=0 n=0
where
¢, = inf {t >0: X"(t) = 1}.

Since the i.i.d. Bessel random variables X" are independent from the random variables U, it follows

that
(wmmﬂ%ﬂZw <WG+ZM ».

n=0
Using once again scaling and the fact that Bessel processes have the Gaussian tails, we also find
that, for some Cy > 0 and all n € N,

(4.6) P (C 12 > y) P ( sup XI' > y) < exp(—Coy?).

0<t<1
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Then, Jensen’s inequality yields that, for any nonnegative sequence a,,

3 —2
( 3 aién) . ( 5 ) ( 5 a:/%;m) |
n=0 n=0 n=0

J- 3/2
P (Z Oéién < 8) <P Z a;/2§;1/2 S 512 (Z an)

n=0 n=0 n=0

and thus

On the other hand, (4.6), the independence of the C» and a straightforward Chernoff bound yield,
for all y > 0 and some C > 0,

2
Z al/QC 12 5 y exp( C Y >
n=0 ZnZO Qn,

2
IP’( « Cn < > exp [ —Cs™t (Z ozn>
n=0
U, .
>x) <

for some C > 0, so that

2

Applying the inequality above with a,, = ..U, and s =r7~, we get

P(O(r) < 1|L(r) — exp (—Cr?(z/r)?) < exp(—Ca?).

Lemma 4.3. There exists C > 0 such that, for all x = 2r = 0 and 6 € (0, 1],
(4.7) P(L(r(1+06) — L(r) — 10 > ) < Cexp (—2”7\ ln(5)|> .
Proof. Note that

Lir(1+08) = L(r)—rd = > slaszo

r<s<r(1+4)

< 2r#{se[r,r(1+9)), AS(s)# 0}.
In view of (4.2), #{se [r,r(1+ 7)), AS(s)# 0} is a Poisson random variable with parameter

r(1+5)
J d—u:ln(l+5)<5.

r u

In addition, any Poisson random variable P with parameter ¢ satisfies the classical inequality
P(P > y) < inf {E[e""]e™¥} = infexp(—vyy + d(e” — 1)) = exp(—yIn (%) +y—9)
2t 2t

< Cexp(—y|n(9)).
It follows that

P(L(r(1+4) = L(r) =10 > z) < Cexp (—5-|n(8)]) -

We are now ready for the proof of Theorem 1.3.
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Proof of Theorem 1.3. We begin with (1.14) and note that on the interval [0,60(1)] we have 79 =
6(1).
It then follows from the definition of #(1) that R(7p) = R(f(1)) = 1 and thus, using Lemma 4.1, we
find

HROﬂ(l)(B)”TV([o,g(l)]) = L(R(G(l))) = L(l)-
We further note that, in view of (4.3), we have that

D1 4 Uy + UgUy + UgUrUs + .. .,

L(1)
where the random variables U; are i.i.d. uniformly distributed on [0, 1].
It now follows from [6, Theorem 3.1] that L(1) has Poissonian tails, that is,
>
lim InP(L(1) > z) .
T—00 zlnx

—1.

We present now the proof of (1.13). Throughout the argument below, C' will denote a constant
whose value may change from line to line.

We first note that
HROJ(B)HTV([OJ]) S |‘R0,1(B)HTV([0770]) + HROJ(B)”TV([T_M]) :
Moreover, the symmetry of Brownian motion under time reversal gives

(@)
HROJ(B)”TV([LMD = HRO,l(B)HTv([oJO])‘

It follows that it suffices to bound the tail probabilities of [Ro,1(B)|zy ((o.5,)) 2nd, hence, in view
of Lemma 4.1, the tail of L(R(1)).
2(1+a)

Fix v € (0,2) and let o < v be such that vy = =—5=. For a fixed > 0, let 7o := 7 and, for

xT
4
keN, rppi=rp(1+ e*"’?a)*l. It is immediate that there exists an N such that N < Ce€*” and

rN <z L

Moreover,
N—-1
P(L(R() > 2) < ) P(res1 < R(1) <7y L(ri) > 2) + P (3(1) > Z) +P(L(ry) = ).
k=0

The second term on the right hand side is bounded by exp(—Cz?) since R(1) has Gaussian tails.

Moreover, Brownian scaling implies that L(7t) @ TL(t) for all 7 > 0 and thus

P(L(ry) = z) <P (L(i) > 33) < P(L(1) = 2°) < exp(—Ca?).

In addition, we note that, for k € {0,..., N — 1},
P(re+1 < R(1) < rg; L(rg) > @)
x x
<P (rian < R Lirisn) = 5 ) + P (ren < RO L) = L) > 3) -
Lemma 4.2 implies that

x
P <Tk+1 < R(1); L(rg+1) = f) <P (rk+1 < R(1); L(rg41) — Tig1 = Z) < Cexp(—Cx?).

N R
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Then, the Cauchy-Schwarz inequality and Lemma 4.3 give

P (v < RO L(m) = Liresn) = ) < P(risa < ROV B (L) = Liresn) > g)m

plto
< Cexp(—Cri,)exp (—C — )
2(1+a)

< Cexp (—C’xf> .

It follows that

P(L(R(1)) = z) < CeC% e %" < Ce™ ",

ACKNOWLEDGEMENTS

Gassiat was partially supported by the ANR via the project ANR-16-CE40-0020-01. Souganidis
was partially supported by the National Science Foundation grant DMS-1600129 and the Office for
Naval Research grant N000141712095. Gess was partially supported by the DFG through CRC
1283.

(1]

S

=)

[10]
11]
(12]
(13]
(14]
(15]

[16]

REFERENCES

M. Bardi, M. G. Crandall, L. C. Evans, H. M. Soner, and P. E. Souganidis. Viscosity solutions and applications,
volume 1660 of Lecture Notes in Mathematics. Springer-Verlag, Berlin; Centro Internazionale Matematico Estivo
(C.ILM.E.), Florence, 1997. Lectures given at the 2nd C.I.M.E. Session held in Montecatini Terme, June 12-20,
1995, Edited by I. Capuzzo Dolcetta and P. L. Lions, Fondazione CIME/CIME Foundation Subseries.

Michael G. Crandall, Hitoshi Ishii, and Pierre-Louis Lions. User’s guide to viscosity solutions of second order
partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

Peter K Friz, Paul Gassiat, Pierre-Louis Lions, and Panagiotis E Souganidis. Eikonal equations and pathwise
solutions to fully non-linear spdes. Stochastics and Partial Differential Equations: Analysis and Computations,
5(2):256-277, 2017.

P. Gassiat and B. Gess. Regularization by noise for stochastic Hamilton-Jacobi equations. arXiv:1609.07074,
September 2016.

Paul Gassiat. A stochastic Hamilton-Jacobi equation with infinite speed of propagation. C. R. Math. Acad. Sci.
Paris, 355(3):296-298, 2017.

Charles M. Goldie and Rudolf Griibel. Perpetuities with thin tails. Adv. in Appl. Probab., 28(2):463-480, 1996.
H. Hoel, K. H. Karlsen, N. H. Risebro, and E. B. Storrgsten. Path-dependent convex conservation laws.
arXiv:1711.01841, November 2017.

J.-P. Imhof. A construction of the Brownian path from BES? pieces. Stochastic Process. Appl., 43(2):345-353,
1992.

Pierre-Louis Lions. Generalized solutions of Hamilton-Jacobi equations, volume 69 of Research Notes in Math-
ematics. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1982.

Pierre-Louis Lions and Panagiotis E. Souganidis. In preparation.

Pierre-Louis Lions and Panagiotis E. Souganidis. Stochastic viscosity solutions. Book, in preparation.
Pierre-Louis Lions and Panagiotis E. Souganidis. Stochastic viscosity solutions of spatially dependent hamilton-
jacobi equations with multiple paths. In preparation.

Pierre-Louis Lions and Panagiotis E. Souganidis. Fully nonlinear stochastic partial differential equations. C. R.
Acad. Sci. Paris Sér. I Math., 326(9):1085-1092, 1998.

Pierre-Louis Lions and Panagiotis E. Souganidis. Fully nonlinear stochastic partial differential equations: non-
smooth equations and applications. C. R. Acad. Sci. Paris Sér. I Math., 327(8):735-741, 1998.

Pierre-Louis Lions and Panagiotis E. Souganidis. Stochastic viscosity solutions. Lectures in College de France,
2009.

Panagiotis E. Souganidis. Fully nonlinear first- and second-order stochastic partial differential equations. CIME
lecture notes, pages 1-37, 2016.



SPEED OF PROPAGATION FOR STOCHASTIC HAMILTON-JACOBI EQUATIONS 21

[17] P. Vallois. Decomposing the Brownian path via the range process. Stochastic Process. Appl., 55(2):211-226,
1995.

CEREMADE, UNIVERSITE DE PARIS-DAUPHINE, PLACE DU MARECHAL-DE-LATTRE-DE-TASSIGNY, 75775 PARIS CEDEX
16, FRANCE
E-mail address: gassiat@ceremade.dauphine.fr

MAX PLANCK INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTRASSE 22, 04103 LEIPZIG AND FACULTY OF
MATHEMATICS, UNIVERSITY OF BIELEFELD, 33615 BIELEFELD, GERMANY
E-mail address: benjamin.gess@gmail.com

COLLEGE DE FRANCE, 11 PLACE MARCELIN BERTHELOT, 75005 PARIS, AND CEREMADE, UNIVERSITE DE PARIS-
DAUPHINE, PLACE DU MARECHAL DE LATTRE DE TASSIGNY, 75016 PARIS, FRANCE
E-mail address: 1lions@ceremade.dauphine.fr

DEPARTMENT OF MATHEMATICS UNIVERSITY OF CHICAGO, 5734 S. UNIVERSITY AVE., CHICAGO, IL 60637, USA
E-mail address: souganidis@math.uchicago.edu



