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SCATTERING IN THE WEIGHTED L2-SPACE FOR A 2D NONLINEAR
SCHRODINGER EQUATION WITH INHOMOGENEOUS EXPONENTIAL
NONLINEARITY

ABDELWAHAB BENSOUILAH, VAN DUONG DINH, AND MOHAMED MAJDOUB

ABSTRACT. We investigate the defocusing inhomogeneous nonlinear Schrédinger equation
2
i0pu 4 Au = |z|° (ea‘“‘ -1- oz\u\Q) u, u(0)=uo, x€R?

with 0 < b <1 and a = 27 (2 — b). First we show the decay of global solutions by assuming
that the initial data uo belongs to the weighted space Z(R?*) = {u € H'(R?) : |z|u €
L?(R?)}. Then we combine the local theory with the decay estimate to obtain scattering in

3. when the Hamiltonian is below the value Wi%b)'

1. INTRODUCTION AND MAIN RESULT
This paper is concerned with the scattering theory for the following initial value problem

{ i0u+ Au = |z|7° (e‘”“'2 -1- oz]u|2) u,

o (1.1)
U = Uuo,

where u = u(t,z) is a complex-valued function in space-time R x R?, 0 < b < 1 and a =
2m(2 —b).

The classical nonlinear Schrédinger equation (b = 0) with pure power or exponential
nonlinearities arises in various physical contexts, as for example the self trapped beams in
plasma, the propagation of a laser beam, water waves at the free surface of an ideal fluid and
plasma waves (see [21]).

From the mathematical point of view, the classical NLS equation, i.e., problem (1.1) with
b = 0, has attracted considerable attention in the mathematical community and the well-
posedness theory as well as the scattering has been extensively studied, see for instance
(2,3, 7,9, 19, 22]. We refer the reader to [8, 33] and references therein for more properties
and information on nonlinear Schrodinger equations.

In particular, in [9] a notion of criticality was proposed and the authors established in
both subcritical and critical regimes the existence of global solutions in the functional space
C(R,HY(R?))N L} (R,W!4(R?)). Later on in [19], the scattering in the energy space was
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2 ABDELWAHAB BENSOUILAH, VAN DUONG DINH, AND MOHAMED MAJDOUB

obtained in the subcritical case. Note that the critical case was investigated in [3] where the
scattering is proved in the radial framework.

The situation in the case b > 0 is less understood. Recently, in [5] the authors established
the global well-posedness in the energy space for 0 < b < 1. A natural question to ask then
is the long time behavior of global solutions, that is the scattering. This means that every
global solution of (1.1) approaches solutions to the associated free equation

10w + Av =0, (1.2)

in the energy space H! as t — £oo. The main difficulty is how to obtain the interaction
Morawetz inequality? Recall that the interaction Morawetz inequality is nothing but the
convolution of the classical one with the mass density. This in particular leads to a priori
global bound of the solution in L#(L%) which is the main tool for the scattering in the energy
space (see for instance [3, 19, 24]). Note that the interaction Morawetz inequalities were first
established for the NLS with power-type nonlinearity, and the proof depends heavily on the
form of nonlinearity. Of course the proof can be easily adapted to more general homogeneous
nonlinearities. More precisely, for linear combination of powers it suffices that all the powers
are quadratic or higher with positive coefficients. The problem with singular weight (or for
non-homogeneous nonlinearity) is much more difficult and should be investigated separately.
For instance, it was noticed in [11] that the interaction Morawetz inequality for the NLS
with singular nonlinearity N(z,u) = |z|~°u|/*u may not hold due to the lack of momentum
conservation law.

This is why we restrict ourselves to initial data belonging to the weighted L?-space ¥ :=
H' N L?(|z|?dx). Note that the scattering in ¥ for the NLS with N(x,u) = |z|™%u| was
considered by the second author in [10].

The scattering in the energy space will be investigated in a forthcoming paper, and we
believe that some ideas developed in [3] will be helpful.

Remark 1.1. We stress that the two-dimensional nonlinear Klein-Gordon equation with pure
exponential nonlinearity was studied in [16, 18, 17], and a similar trichotomy based on the
energy was defined. Recently, M. Struwe [30, 31] was able to construct global smooth solution

for smooth initial data and prove the scattering [29].

Before stating our main result, let us recall that solutions of (1.1) satisfy the conservation

of mass and Hamiltonian

M(u(t)) = [[u(®)]] 2, (1.3)

042 X
H(u(t)) = / Vult, )+ ;/ <e°‘“(t’$)2 1~ afu(t, )P ~ $fut, g;)|4> ;‘b (1.4)

Our main result is the following.
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SCATTERING IN THE WEIGHTED L2-SPACE FOR EXPONENTIAL NLS 3

Theorem 1.2. Let ug € ¥ be such that H(ug) < m Then the corresponding global
solution u of (1.1) satisfies u € L*(R,C/?) and there exist uT € ¥ such that

- —iA, o EN
lim e " u(r) — uf | = 0.

mﬁlasbao. Thus our

result extends the one in [19] for initial data in ¥. Second, the condition H(u) < m

illustrates the interaction between the wave function u and the potential |2|~°. More precisely,

Let us make some comments. First, we see that

a sufficient condition for scattering is when the energy of the wave is less than a fixed amount
depending on the sole parameter b that characterizes the weight function involved in the
Hamiltonian of (1.1). Finally, a natural question that one could raise is the following: is the
value m critical for scattering, in the sense that if the energy of the wave exceeds the

latter quantity, would one get scattering?

Remark 1.3. For all0 <b< 1, % < W < 1.

The proof of Theorem 1.2 follows a standard strategy for the classical NLS equation. We
first derive a decaying property for global solutions by using the pseudo-conformation law. We
then show two types of global bounds for the solution v and its weighted variant (z + 2itV)u.
More precisely, we will show that

ullg1ry < 00, [l(z + 2itV)u| g0y < 00, (1.5)
where

ulls1 () := [[ullpoo a1y + l[ullLa@wray,  lullsom) = l|ull oo, L2y + [[ullLar,04)-

The proof of these global bounds relies on the decaying property, the singular Moser-Trudinger
inequality and the Log estimate. The main difficulty comes from the singular weight |z|~°
which does not belong to any Lebesgue space. To overcome this problem, we will take the
advantage of Lorentz spaces. Note that |z|~° € L%’OO(]RQ), where LP*° is the Lorentz space.
Once these global bounds are established, the scattering in weighted L? space X follows easily.

This paper is organized as follows. In Section 2, we recall some useful tools needed in our
problem. The pseudo-conformal law is derived in Section 3. The decaying property of global
solutions in Lebesgue spaces is showed in Section 4. Sections 5 and 6 are devoted to the
proofs of global bounds (1.5). We shall give the proof of our main result in Theorem 1.2 in
Section 7.

2. UseruL TooLs
In this section, we collect some known and useful tools.

Proposition 2.1 (Moser-Trudinger inequality [1]).
Let o € [0,4m). A constant cq exists such that

lexplalul?) = 1l @) < callullZsge, (2.1)
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for all uw in H*(R?) such that [Vullp2mey < 1. Moreover, if a > 4m, then (2.1) is false.

Remark 2.2. We point out that a = 47 becomes admissible in (2.1) if we require |[ul| g1 g2y <
1 rather than ||[Vu| r2me)y < 1. Precisely, we have

sup || exp(4n|ul?) — |1 m2) < o0, (2.2)

l[ull 1 <1

and this is false for o > 4mw. See [25] for more details.

Theorem 2.3. [26] Let 0 < b < 2 and 0 < a < 2m(2 — b). Then, there exists a positive
constant C' = C(b, ) such that

eAoF — 1 ju(e)
[§] u\x
/ —————dz < C o d, (2.3)
w1l P

for all uw € HY(R?) with || Vu| p2r2) < 1.

We point out that o = 27(2 — b) becomes admissible in (2.3) if we require ||u|| g1 g2y < 1
instead of ||V f2r2) < 1. More precisely, we have

Theorem 2.4. [27] Let 0 < b < 2. We have
afu(@)® _ 1
sup / ———dz <oo ifandonlyif o<2m(2-0). (2.4)
lull 1 g2y <1 JR2 |7
The following lemma will be very useful.

Lemma 2.5. Let0 < b < 2 and~y > 2. Then, there ezists a positive constant C' = C(b,y) > 0
such that

u(z
/ [u@)l" dz < Cllul| (R2) (2.5)
re ol
for all u € H'(R?).
Proof. Note that
2 _ . 2

2|~ bHLr <oo if b < lEd bHLT(Bc) <oo if b> o (2.6)

where B = B(0,1) is the unit ball in R? and B¢ = R?\ B. Write

[t Mu)rds = [ fal Mu@)Pde+ [ ol (o) de,

R2 B Bec

We have from the Sobolev embedding H'(R?) c LI(R?) for any q € [2,00) that
[ el ) de <l S s e

The first term is estimated as follows. Since 0 < b < 2, there exists € > 0 small such that
b < ﬁ We apply (2.6) with » =1+ ¢ and get

/B 2~ u@)de < el v llull, 1

Combining the two terms, we prove the desired estimate. O

Sl

(Rg (1+€)’y (R ~ H ”H1 RQ
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Remark 2.6. The inequality (2.5) fails for b > 2. Indeed, let u € D(R?) (the space of smooth
compactly supported functions) be a radial function such that w(z) = 1 for |x| < 1. Then,

u € HY(R?) and
¥ Lyd
/ @ G s on [ 79—
R |z[° o 1

We also recall the so-called Gagliardo-Nirenberg inequalities and Sobolev embedding.

Proposition 2.7 (Gagliardo-Nirenberg inequalities [12, 23]).
We have
lullgmes < Il oty 1V ullZy, (2.7)

where
_ pN(m —q)
(m+1D[N(p—q—1)+plg+1)]

(P*]\lf)j\;er if p<N
00 if p>=N

0<g<o—-1, g<m<o,

o =

In particular, for N = 2, we obtain
2 1-2
lullze S JulZ 1Vul2*7, 2 < q < . (28)

Proposition 2.8 (Sobolev embeddings).

We have
N 1 s 1 1
WP(RY) - LIRY), 1<p<oo, 0<s<—, ———=<=<-Z, 2.9
(R™) RY) 2 p NS4S, (2.9)
WLP@RN) < ¢ 75 (RY), p> N. (2.10)

The following estimate is an L* logarithmic inequality which enables us to establish

4r|ul?

the link between ||e — 1|1 (z2(r2)) and dispersion properties of solutions of the linear

Schrodinger equation.

Proposition 2.9 (Log estimate [15]).
Let 0 < < 1. For any A > ﬁ and any 0 < p < 1, a constant C > 0 exists such that, for
any function u € H'(R?) N CP(R?), we have

[ul|7ee < Allull?log ( Cx + 8 p " ulles : (2.11)
[[wlly
where
lull? o= [IVullZs + p?|lullZ.- (2.12)

Recall that C?(R?) denotes the space of S-Holder continuous functions endowed with the
norm

[u(z) — u(y)|
ul|cs(m2y = ||u|| oo (r2) + SUp ———=—
[ulles mey = llull Lo m2) o a =yl
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We refer to [15] for the proof of this proposition and more details. We just point out that
the condition A > ﬁ in (2.11) is optimal.

We also recall the so-called Strichartz estimates. We say that (q,r) is an L2-admissible
pair if
2o 2 (2.13)
q r
) is an admissible pair for any 0 < o < 1/2 and

0<

2 1
1-20’ o

In particular, note that (
Wbz (R?) < C1=%(R?).

Proposition 2.10 (Strichartz estimates [8]).
Let I C R be a time interval and let to € I. Then, for any admissible pairs (q,r) and (G, 7),
we have

lollpocrwir@ey S Totto)llmz) + 10w + Al o gy (2.14)

The following continuity argument (or bootstrap argument) will be useful for our purpose.

Theorem 2.11 (Continuity argument).
Let X : [0,T] = R be a nonnegative continuous function, such that, for every 0 <t < T,

X(t) <a+bX(t)?,

where a,b > 0 and 0 > 1 are constants such that

1 1 1
) <— .
@ (1 9) oot X0 S G
Then, for every 0 <t < T, we have
0
X(t) < .
)< g7

Proof. We sketch the proof for reader’s convenience. The function f : z — ba? — 2 + a is
decreasing on [0, (8b)'/(1=9] and increasing on [(#b)"/(1=9) o0). The assumptions on a and
X (0) imply that f((0b)"/(=9) < 0. As f(X(t)) > 0,£(0) > 0 and X(0) < W we

deduce the desired result. O

3. PSEUDO-CONFORMAL LAW

In this section, we show a decaying property of global solutions to (1.1). Note that the
conservation laws of mass and Hamiltonian give the boundedness of the L? and the H! norms
but are insufficient to provide a decay estimate in (more general) Lebesgue spaces. To obtain
such a decay we will take advantage of the pseudo-conformal law.

More precisely, we define the following quantities

Vi(t) ::/ 2|2 |u(t, z)|? de, (3.1)

M(t) = / T (alt, 2)z - Vul(t,z)) da, (3.2)
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K(t) := ||(z + 2itV)u(t)]|2, +

42 -10)

(0}

G(t) =

(07

42

= / g<|u<t,x>\2>§”‘i,,

where

e G

a

Proposition 3.1. Let ug € X and u the

Proof. A straightforward computation gives (3.6). Let N(x,u) :=

dv (t)
S dt
d*V (t)
dt2
dK(t)
dt

G(t)

Following [32] for instance, we find that

d*V (t)

2 2
8
—1—047—0;72>—a (eM(aT—l)-i-l—O; 72>.

4= (ea|u(t,x)|2 — 1 — alu(t, $)|2

- St

oju(t,z)|? 2 aQ 4 dx

8 2 a? dx
_2 alu(t,z)| 2 _1)+1-— — 4) 22
[ (e alute ) = 1)+ 1= Flute )l o

corresponding global solution to (1.1). Then

<

2M(t),

8H (uo) — G(2),

tG(1),

0, VteR.

where {f, g}, =R (fVg—gVf) is the momentum bracket.

Now compute the momentum bracket {N(z,u), u} . Expand N(z,u) in a formal series

= [a]” bz

Using the fact
—b
{l2] )" u, u}y =

one gets

o0

_ Py

B +2

—b
(|~ Jul*2) —

ok
{(N(z,u),ulp = > 5 R R (e

k=2
00

Zk

k=2

| b|u|2k+2

|2k

2

k:2

B+2

|| ~° <e°‘|“|2 —1—qf

2 —8/Vu|2dx+4/m {N (2, u),u}, dz,

V(a7 ul2,

|.CE‘ b)‘u|2k+2‘

(3.6)
(3.7)

(3.8)
(3.9)

u\z) u
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An integration by parts leads

/w{N@m%Mp—(/

2 dx
/(a“—l—wW—|4)mw

where we have used

(,i'f

o
|2k+2 / ‘2k+2 dj
2 P

2 d
m”wﬁ—w+1—r© ’
ToP

> aF 1 2 a?
k 2k+2 _ © o u 2_1q 1 — 4

> kg = g (¢l =) +1 -l
et k 1 2

> e = 5 (- 1 alup - Gult).

= (k+1)! a 2

Therefore,
Ja = SIVuOlEs + 5 [ (e ofu = 1)+ 1= Fult) 5

Using the conservation law
remark that

Hence

4b 2 s o L\ dx
+E (e“'“' —1—alu| —?\u| Tl

(1.4), we conclude the proof of (3.7). To prove (3.8), we first

dV (t)

K(t) = V(t) —tT+4t H(up)-
dK(t)  d*V(t)
7 = —t a2 + 8757'[(’&0),

and the conclusion follows. Finally, for the sign of G, a simple computation shows that (for

all 7 > 0)
g(r) =

Since ¢g(0) = 0, we get (3.9).

—8(awe®™ — e + 1) —4b(e™ — ax — 1) <0.

As a consequence of Proposition 3.1, we have

Corollary 3.2. Let ugp € X and u the corresponding global solution to (1.1). Then

o+ 2000022 + 2

2
d
(et 1~ afutta)? - G hutea)l)

t
_ ||xuoy§2+/ G dr.
0
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4. DECAY ESTIMATE

Theorem 4.1. Let uy € ¥ and u the corresponding global solution to (1.1). Then, for all
t#0 and 2 < q < o0,
(-2
lu(®)]lze < Colluolls [t~ 7,
where Cq > 0 is a constant depending only on q.

Proof. Set v(t,z) = e_z%u(t,x). We see that ||(z + 2itV)u(t)]|3. = 4¢3 Vu(t)]|7.. Hence,
by Corollary 3.2,
¢
1H(w(t) = owl: + [ 7G(r)dr.
0

Using (3.9), we get
48| Vo(t)]|72 < [lwuolZ.,
or equivalently
IVo®)llze < [t

The conservation of mass, the fact that |u| = |v| and the Gagliardo-Nirenberg inequality
(2.8), yield, for all 2 < ¢ < oo,

(12
lu(®)]lpe = [o®)]lra S 11779,
The proof is complete. O

A natural and useful consequence from the previous theorem is the following bound esti-

mate.

Corollary 4.2. Let ugp € ¥ and u the corresponding global solution to (1.1). Let 1 < p <

00, 2 < q < oo be such that
2
p<1—> > 1. (4.1)
q

1,2
1,29
Tr'aq
<

SOy

For bounded time intervals, the local theory allows us to remove the assumption (4.1) to

Then, for all T > 0, we have

HUHLP([T,OO);Lq)

obtain

Corollary 4.3. Let ug € ¥ and u the corresponding global solution to (1.1). Let 1 < p <
00, 2<g< o0 and 0 <T < S <oo. Then

1wl r(i7,57:09) < C,s

where C' > 0 depends only on p, q, T, S, |uols.
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Another important consequence that will be used to obtain global bounds asserts that one
can decompose any time interval (7, co) with 7' > 0 into a finite number of intervals on which
the LY(L%) norm is sufficiently small for every (p, q) satisfying (4.1). More precisely, we have

Corollary 4.4. Let ug € ¥ and u the corresponding global solution to (1.1). Let 1 < p <
00, 2<qg<o0,e>0andT > 0. Assume that the condition (4.1) is fulfilled. Then there
L

exists L > 1 not depending on u and time intervals I, Ia,--- , I, such that U Iy = [T, 0)

=1
and

HUHLP(Ig;Lq) <eg, vV £=1,2--- L. (42)

Proof. From Corollary 4.2, one can choose S > T sufficiently large (not depending on u) such
that ‘|U||Lp([57w);Lq) < ¢. Define

-T
Tg:T+€L, (=01, ,m,
m

where m > 1 to be chosen later. Using Hélder’s inequality in time, we obtain that
m

S—T\2
m

< g

S—T\%
HUHL”(TATZH];L") < I ||UHL2P([T,S];L¢1)

A

for m > 1 sufficiently large and for all £ = 0,1, --- ,m —1. This finishes the proof of Corollary
4.4. O

5. GLOBAL BOUNDS 1

In this section, we give the proof of the first global bound in (1.5). For a time slab I C R,
we define S1(I) via

lwllsrry = llullzoo (r,my + lull Lacrwray.-

By the Strichartz estimates, we have

lullgrry S lu(T) [+ i0pu + Aull, (5.1)

2 11,
1+25(I,W ’ﬁi)

forany 0 < 0 < 1/2and T € I. Note that ( 2 1 ) is the conjugate pair of the Schrédinger

1+20° 1-6
admissible pair< 2 l).

1-20’ o

Theorem 5.1. Let ug € X be such that H(up) < m. Then the corresponding global
solution u to (1.1) satisfies u € S*(R).
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1 Proof. It suffices to estimate the nonlinear term in some dual Strichartz norm as in (5.1). We

2 have
VN (@ w)] S lel ! 9uluf? (e = 1) + ol u] (" — 1~ afuf?) == A+ B.

3 Let 0 <6 <3 1 to be chosen adequately, and let I be a time slab. Let us first estimate the

4 mnorm ”A”LW(IL iy By Holder’s inequality,
eolul® — 1
A o SIVal 2 flully ||| . -
L1=% L1=0 L3 |:L‘| T2
2
The term alf;‘ |b_1 , can be estimated using Lorentz spaces. Indeed, by (A.1), we get
L1=25
aful> _ 1
| Sl =1 et — 12l
’$| L T=25 Lb

2
< Jle® = 1|7,

where 0 := § + 1T+b. Note that we can choose 0 < § < % so that § € (0,1). Here

alul?

we have used the Moser-Trudinger inequality (2.1) to obtain that ||e —1|z1 < 1 since

[Vull2, < H(uo) < m < 1. Hence

2 0
full 4 le®* = 1)

L1+26 I,LT LT— 25

Y 2 '
5) LT+25 (I)

|15l 2l e = ]| s
LT3 L3 LTF25 ()

where I = {t € I/||u(t)||r~ <1} and J = {t € I/ ||u(t)|z= > 1}. The first term in the right

hand side can be easily estimated as follows

2 alul? 1 0 H < 2
19l o2 ol o = 1| ) SNVl 2
< jw u , 5.2
< Wl - (2
where the following interpolation inequality is used
s 5
IVl < IVl o 1Vl B . (5.3)

L§(I, LTS 6

Let us turn to the second term. For ¢ € J, we obtain using (2.11) with 8 = % — % that

Il ol

5 for some 0 < < 1 and A > ﬁ to be chosen later. Since ||ull? = [[Vull3, + p?[|ul7. <
6 H(uo) + u M(ug) =: K*(11), we bound

a‘u|2 , HUHC%,g CVG)\KQ(H)
He — ].||Loo 5 1 + T .
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Since K?(p) — H(ug) < m as u — 0, we can choose 0 < p < 1 sufficiently small so

that K2(u) < 5. Moreover, as % — P K2(1) < 515 as 6 — 0, we choose 0 <

2
175 (2=b
2
0 < %b sufficiently small such that 6%%”) < 2%1)‘ At final, we choose ﬁ <A<
so that afAK?(u) < 2. Tt follows that

__2
b K2 (1)

alul2 _ 1116 < 2 < 2
e Uzeo S (14l 3-4)7 S Hlully g

where we have used the fact that ||u(t)]|

ch-4 > |lu(t)||z > 1 for all t € J. Therefore,
2 0
19l 2 el glle® =1 | oS|IVl 2l a2,
L1425 (J) L1- 6 L1+26 (1)
SIvall 2 2 Jull?s s HUH27 18
L5 (I1,L1-9) Ls(I,L9) 1-8§(1,C272)
< 2 3
S lull3,, 4 ol (5.4)
The last estimate follows from (5.3) and the fact
lull Slull oy
rer=8) ~ s g wh )
) 1-46
Sl e 1,1y H“||L4(1,W1»4)
S HUH51(1)~
Combining inequalities (5.2) and (5.4), we end up with
< 2 3
L e L AP PR (55)
Let us now estimate the term ||B]| 2 1. Taking 115 < p,q < oo such that —1—7 =1-4
L1256 ([,LT-7) 1
and applying Holder’s inequality, we get
lul> _ 1
—b-1 e®
18I, ey [l (e = 1) |, < s S
Lr
Clearly,
2 p 2
el — 1" appuze [T -1
|$‘b+1 ~ |z |P(+D)
LP
Since <grpfor0<o < 128 we choose 1 < p < 2. Hence we can apply the singular
1— 6 b -9 b+1°
Moser-Trudinger inequality for the term / T ||p(‘b ;} dx to obtain
—1 —1
I P o |
LTH25 ([,[,T-5) LTH25 (1) LTH2 (J)
Note that the choice of p leads to ¢ > ﬁ. Therefore,
< ap;lllUII%o’
IBI, s gy S Ml o+ Il o5 0=
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where —2 5 < 7, p < oo such that % —{—% = # Let t € J. An application of the Log

142
estimate (2.11) with 8 = 1 gives

a2t A Ju2
eaP 1HUH200 < 1 + HUHC% p 12
)
i

for some 0 < 1 < 1 and A > 1 to be chosen shortly. Since ||u||ﬁ < K?(u), it follows that

aPoI XK ()
et < (1 1t ) '
K(u)
2(2-b)

Choose 0 < i < 1 sufficiently small such that K?(u) < m < 1. Since 15 < b1

for 0 <6 < 2(2 b)’ we choose 1 5 <p< 2(2(2b)b) In particular W >1> K2(p). At

final, we choose 2 < A < m so that Q%AKQ(M) < 1. We thus get

=1 10,012
e lullioe < ull .3 < llullwa,

where we have used ||u(t)|y1.a 2 Hu(t)HC% > ||u(t)|| > 1 for all ¢t € J. Therefore, choosing
H% < p < 4, one gets

1655 0 | 1) S el
This finally leads to
4
18I, 2 g sy S Tl s oy + Izl
Note also that this choice of p leads to 0 < § < ﬁ and g > #&b_)b). Arguing similarly
1, we conclude that

for | N(x,u) L (1 1)

2 2 3
iy Dl + oo Il o+ 2y gl

4
el 2y o sy (5.6)

b1 2 1 2(2-b)
where 0 < § < min {T 22-0) }, Y > 155 and ¢ > maX{l—b—%’ 1-25(2-b) }

Since 0 < § < min {Tb, 2(2_b)} and vy > 1+26, it is easy to check that the condition (4.1)

pare {(15 ) (20). (2p50) 0 o

provided that ¢ satisfies an additional condition g > ﬁ. We thus obtain by Corollary 4.2
that ||l 1r((4,00),09) < 00 for all a > 0 and (p, q) in (5.7).

is satisfied for
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1 1 2 1 2(2-b)
Now let0<5<m1n{7,m},'y> 525 andq>max{1 =35 To2s(=0)" 1= 26} We
choose T > 0 so that |lu? 4 , <3 Set A:=|u < 00. We have
LT+3 ((T,00),L3) LT ((T,00),L)

2 2 3
i S Dl + Bl o 2 gy g+ 2yl e
4

P P W A

Bounding ||u(T)||z1 by a constant C(H(ug) + M(up))) depending only on the mass and
energy of the initial data, one infers

2
ulls1((r,00)) S C(H(uo) + M(up))) + A+ HUHM (@oorLH) [l (700

4
+HUHL“/((T,OO),L‘1)Hqul((Tpo))'

Using Corollary 4.4, one can pick € > 0 small (to be determined later) and a finite number

of intervals {Iy}s=12,... 1, Iy C (T, 00) such that , for all ¢

lell o,y Null g, 13 <e

Thus, by (5.6) and since % > 1, we get

4
st 1) < C(H(uo) + Muo)) + A+ eull3s gy + lull -

A continuity argument allows us to pick e > 0 sufficiently small depending only on C(H (up)+
M(up))+ A such that [[ul|g1(7,) < C(H(uo), M(uo), A). Since the number of intervals is finite
and the conclusion can be made for all I,’s, we get ||ul|g1((r,0)) < 00. A similar argument
applies for negative times, and we get |ul[g1((—c0,—g)) < o0 for some S > 0. We conclude the
proof by the local theory. O

6. GLOBAL BOUNDS 2

In this section, we prove the second global bound in (1.5). For a time slab I C R, we define
S°(I) by

lullsory = llull oo 1,22y + llullLacr, ay-

Theorem 6.1. Let ug € ¥ be such that H(ug) < m. Let u the corresponding global
solution to (1.1) and set w(t) := (z + 2itV)u(t). Then it holds that w € S°(R).

Proof. Let T > 0 and set I = (T, 00). Since z + 2itV commutes with i9; + A, the Duhamel

formula implies

. t .
w(t) = el(t—T)Aw(T) — z/ e’(t_s)A(x + 2isV )N (z,u) ds.
T
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Jz|?

Let v(t,z) := e "2t u(t, x). It is easy to see that |v| = |u|, |(x+2it V)N (z,u)| = 2|t||VN (z,v)|
and 2[t||Vv| = |w|. We thus bound

(@ + 2isV)N (@, w)] S 2l *2slIVoDlul? (" = 1) + o~ sl uf*) (X" ~1) =€ + D,

where we have used the fact that for all z > 0, ¥ — 1 — 2 < x(e” — 1). It follows from the
pseudo-conformal law that ||w(T")| ;2 < ||zuol|| 2. Thus, Strichartz estimate yields
Jollson S houollzs + e +20sVIN Gl o

<
S llowollze + PASIVN @O, a2

As above, one gets

< 2 2 2
HCHL%QS(LLﬁ) ~ Hw”sO(I)HUHL%(LL%) + ”UHLg(LL%)||7~UHSO(1)HU||51(1)

and
4
3 3 »
HDHLﬁ(LL%J) S lslful ”L%m,m) + lslful o,z lull g1 )

. _ 2(2—b
where 0 < § < mln{%,ﬁ}, v > ﬁ and ¢ > max{l_bl_%, 1756(22@}. The last

inequality can be written as

4
1 1 >
DI, 2 1 5H|S|SIU|Hi + {1113 [ulll 730 (7, Loy 2l G 1y

25 (,1,T-9)

6
TH (1,139)

As in Corollary 4.2, we note that for all a > 0, the norm H|S’%uHLm((a7oo)’Ln) < oo provided
that 1 < m < 00, 2 < n < oo satisfying

m@—i> > 1. (6.1)

Since vy > ﬁ, the condition (6.1) is fulfilled for (m,n) = {(1#%573‘]) ,(37,3(])} provided
that g > ﬁ. Under the conditions

s ommfiob 1 L2 _— 1 2(2 - b) 4
Y2 22—y 0 T T w2 T TS —2001-20(2-0)'3-23 )

we argue as above to obtain [|w|[go((1,0c)) < o0 for some 7" > 0. By the same argument,
we prove as well that [|wl|go((—oo,—g)) < o0 for some S > 0. It remains to show that w €
SO([-8,T)). The proof of the latter claim follows the same argument as in [32]. To see this,
set H(t) = x + 2itV. We are going to prove that ||Hul|go_s ) < co. Divide [-S,T] into a
finite number of intervals J = [tg, tx+1] such that |Ji| < e, where € > 0 is to be chosen later.
The Duhamel formula reads

H(t)u(t) = A H (1 ) u(ty) —i / t A H ($)N (x,u) ds.

tg
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By Strichartz estimates,
[Hullsos,) < I1H Er)ulte)l 2 + HH(S)N(LU)HLﬁU 15

S IHEut) | +12sNVN @I 2y 1

Note that in the following all constants involved in < are independent of k. Using the fact
that, for all z > 0 and all n > 0, z(e® — 1) < M, and that |v| = |u|, we bound

U2 —0— [e% ul?
203V (2, 0)] Sy lo| P @lsl|Wo]) (XM — 1) 4 o] 01 (2fs]|ul) (e2H* 1)

The first term in the right hand side is estimated as follows. By Holder’s inequality,

eo(1+n)ul> _ 1 e(I+n)ul> _ 1

2|s||Vol S 12IslVolll 2

|| L b =
Hence
ca(l+mlu? _ ca(l+muf® _
2[s||Vol o , .S H?!SHVUH\L(S st P PR
LT (Jy, LT) : LT (Jy, LT50)
By (5.3), ||2|SHVU|||L%(Jk7L%) = HHUHLg(Jk’Lﬁ) [Hulls0(,)- Write
Ln)ul® _ 1| 155 140 1) ul? _
AUl — 1|17 amlulze _ ()T [T
‘l‘|b 2~ _2b_
L1=5 |$|175

Since ;=5 — 2b <2 as § — 0 and ( 5 > 1, one can choose 0 <6 < 3 L and n > 0 sufficiently
small such that 22 < 2 and 0 < n < H( 5 — 1. This guarantees that IV(VI+nu)| <
VI+ny/H(ug) < 1 Hence we can apply the singular Moser-Trudinger inequality for the

ea(1+m)ul? _
term/ ( nébl Ldz. Thus

|I‘15
a(l4n)|u* _ +5 5
1 1 =
S| e Sl g ettt g
1“'—OF(JIWLI‘_&)

where Iy, := {t € Ji/ ||u(t)||ree < 1} and Jy := {t € Ji/ ||u(t)|| > 1}. Let t € I,. We have
ea(1+7l)||“H2Loo 1 <0”7 1.
Thus
e A+mlul2es _ 1‘|L1(Ik) < |l

Let t € Jx. An application of the Log estimate (2.11) gives

)

]| .1 a(14+mAK?(p)
2 1
e O ) S (14

K(p)
where K2(p) = H(uo) + p®M(ug), 0 < p < 1 and A > L. Choose b% <o <4 We
next choose 0 < p < 1 sufficiently small such that K2(u) < 3m-p- Lhis is possible since

K2(u) — H(ug) < (1+b)2(2_b) < 55 Choose n > 0 sufficiently small such that 1+ 7 <
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senRG LS 1< sopaimreg-

a(1+n)AK?(u) < 0. As above, one comes to

One can thus choose % <A< m so that

ot ulZee _ 1‘

< 1-Z o
LYy ™ 7l Hu||L4(Jk,W1’4)'

Therefore,

(148)0
2
SH(Jy)"

ol ul? _ 1

146 1—2)1ts
o7 S+ 1O )

_2 _2
L1+o (Jk’L 176)

Conclusion

ea(l+mul® _q
|z[°

1

1+8 _oyigs (DO
25| Vo) S Wl (19 + 100D F Jullgfy) )

2
LT1+25 (J,, LT-3)
For the second term, we estimate

ol ul? _ 1 (L) ul? _

]|l

N H|5HU|HLW(J;€7L‘1)

b+1 b+1 J
1,1 _1_ 11 _ 1425
where 5 + 7 1—6 and 5 + - 5. Write
a(l+n)|ul® _ p _ a(1+46)|ul? _
et -1 (et _ 1) [e R
|z|p+T o |x|p(b+1)

Since %—6 - 1< b% and m > 1, one can choose 0 < § < % and n > 0 sufficiently

small such that 5 < b% and 0 <n < % — 1. This guarantees that |V(v/I+nu)|/z2 <

VI+ny/H(up) < 1. Choose 1%5 <p< b%. Hence we can apply the singular Moser-
(o3 u 2
Trudinger inequality for the term / DI —1 g0 Thus

‘x|17(b+1)

—1

p—1
(ea<1+n>uuuiw _ 1) Z

p—1

1+ 2 p—1
et — 1 +H (eottmbi 1)

’x‘b—‘rl

<|

Lo(Ji LP) Le(y) Lo@y)

Let ¢t € Ij,. Since

p—1
a(14+n)||lul|2 e
(et —1) 7" S0 01,

we get
P
S [kl

-1
H (cotenletie — 1) s
Le(Iy)

Let t € J;. An application of the Log estimate (2.11) with § = % gives

)

O\ @ B pAK3 ()
K(p)

-1
Hea(1+n)|u|2 . IHZT.OP < (1 + HuH07

for some 0 < p# < 1 and A > 1. Choose 0 < p < 1 sufficiently small such that K?(p) < 1.

Since 1—; 1< A a5 0, one can choose 0 < § < % sufficiently small such that

202—b)-1
—b —b .
5 < 2(22(313)21. Choose 15 < p < 2(22(317)21. In particular W > 1> K?(u). Choose
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0 <n < 1suchthat 14+1n<

At final, we choose % <AL

_____p p
2(2-b0)(p—DK3(p) a(l+4n)(p—1) K= (u)

Therefore, choosing ﬁ < p < 4, one gets

(1+ 2 E=tp 4
e 12" < (14l )

Using the fact that 1 < [lu(t)l|ze < [[u(®)] 3 < [[u(t)]nra for all £ € Iy, one gets

(4n)lu2

et 1HL°° S Mlulljys.

We come to
-1

p=1 ||p
<ea<1+n>||u||iw _ 1) Z

S Hquﬂ T, W14y
Lp(.]k) ~ ( k> )

Thus
ea(ln)ul> _ 1

1
4
p S (16l + el )

Le(Jy,LP)
By the sobolev embedding, one has

L_i'_l
slfelll (g nay S Null oo g mllsllea ey S el

y+1_ v+l
where we have used the conservation laws and the fact that ||s|[z+(s,) = <t"‘“7+t1’“> <
a4l pn
(tks1 —tr) * = |Jk| » . Therefore,
eo(14n)ul® _ 1
sl e |, ST ()
LTH25 (], LT-3)

Collecting the above estimates, we obtain

14+ 146 (A+d)o
[ Hullgo(s,y S I1H (tr)ulte)l 2 + [[Hullso(z,) (|<]k| 2 450755 [ll g1y, )
1

14l (1] + el dag,))

146 o\ 146 (1+6)o
St le + [Hulogy (25 + 0D Jul oy )

7+1

+e (e HuHéwk)); :
Since [|ul|g1(r) < 0o, we can choose ¢ > 0 small enough depending on S,T" and [[ul/g1(g) to
get
[Hullso() < ClIH (t)u(tr)| 2 + C,
for some constant C' > 0 independent of S and 7. By induction, we obtain for each k,

[Hullso(s,) < CIH(=S)u(=5)|r2 + C.

Summing over all subintervals Ji, we prove ||Hul go(—g]) < 00. The proof is complete. [
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7. SCATTERING IN WEIGHTED L2 SPACE

In this section, we give the proof of our main result in Theorem 1.2.
Proof of Theorem 1.2. Let ug € ¥ and u the corresponding global solution to (1.1). By
Duhamel formula, we have

t
e A u(t) = ug — Z/ e AN (x, u)ds.

0
Let 0 < t1 < t9 < +o00. It follows from Strichartz estimates that

e u(ty) — o= u(t) | = \

to )
/ e AN (x, u)ds

t1
SN (@, u)|

H1
L 4 |[VN(z,u)| 2 .
) L1+23 ((t17t2)7L 175)

2
L1+26 ((tl,tg),L 1-9

Arguing as in the proof of (5.6), we obtain

—ita A —it1A
le™™22u(ty) — e 2 u(ty)|| g < Huﬂsl((tl,t2))Huﬂi%ﬂs((tl o) + Hu”i%((tl t2) L%)Hqul((tl,tg))
4
P
el s oy gy T I @tz el e (T

. _ 2(2—b :
where 0 < 6 < mm{lTb,ﬁ}, v > H_% and g > max{l_bl_%, 1—2(5(2—)19)}' By adding

an additional condition g > 1%25, we learn from Corollary 4.2 that [|ullzs((q,00),00) < 00

for all @ > 0 and (p,q) in (5.7). In particular, HUHLH%((t 1) — 0 as t; — 4o0. Since
1,t2),

|ul|$1(r) < 00, we infer that the right hand side of (7.1) tends to zero as t1,t2 — +o0 provided

: 1-b 1 2 1 2(2-b) 4 :
that 0 < 6 < min {T? m}, Y > 1555 and ¢ > max { T=5=25° T-23(3-0) 1_25}. This shows

that e~#*Au(t) is a Cauchy sequence in H' as t — +oo. There thus exists uj € H' such that
e HAu(t) — ug as t — +o0o. It remains to show that this scattering state uj belongs to .
Since x 4 2itV commutes with i0; + Au, the Duhamel formula gives

t
(z + 2itV)u(t) = e rug — z/ =92 (1 4 2isV)N (z, u)ds.
0
Using the fact that  + 2itV = e®®ze~ 2 we write
t
ze *Au(t) = zug — z/ e B2 (x + 2isV)N (z, u)ds.
0
By Strichartz estimates, we have
to )
/ e A (z + 2isV)N (z,u)ds

t1

S (x4 2isV)N(z, u)||

er_“QAu(tg) — xe_itlAu(tl)HLz = ’

L2

2 1
L1+25 ((t17t2)7L 1= )

S 2IslIVN (@, 0)lll | 25 s
((t17t2)7Ll 6)
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Lol N . .
where v(t,z) := e " 2 u(t,z). Estimating as in the proof of Theorem 6.1, we get

—ita A —it1 A
lwe™ R uts) —ze™ uti)llpe S lwllsonllull® oy +lull?s o lwllsoqnlulls: o

L?3) L3(I,L3)

)

4
1 1 >
s fulI? + st ull 2o 7, ooy 1l 61y (7:2)

6
T (1,199)

where w(t) = (x + 2itV)u(t), I = (t1,t2), 0 < § < min{%,ﬁ}, v > ﬁ and

q > max{l_bl_%,lfg(_ﬁb)}. Since 0 < 0 < min{%,ﬁ}, Corollary 4.2 implies

that the norms HUHLﬁ d ||ull 4 are finite for any a > 0. More-

(@oordy M 1L (@oo)Ld)
over, adding an additional condition ¢ > 3:%, the condition (6.1) is satisfied for (m,n) =

1 1
{(55.34) . (3.3) }. Thus the norms ||s|%full, o and ][5 ul]| 5 (a.00) L79)

L1+23 ((a,00),L39)

are both finite for any a > 0. In particular, |||s|%|u]|| 6 — 0 as t; — +o00. Since
LI+25 ((t1,t2),L39)

[l 51y < 0o and |[w||gom) < 00, the right hand side of (7.2) tends to zero as t1,t — +o0.
This implies that xe*imu(t) is a Cauchy sequence in L? as t — +o00. We thus have xuar %

and so uar € 3. Moreover, we have
+o0 )
ug (t) = ug — 2/ e AN (x,u)ds.
t
Repeating the above argument, we prove that
le" A u(t) — uf ||z — 0 as t — 4oo.

This completes the proof for positive times, the one for negative times is similar. O

APPENDIX A. LORENTZ SPACES

We recall some basic facts about the Lorentz spaces which are relevant to our study. We
refer the reader to [6, 13, 20, 14, 28] and references therein for more properties and information
on Lorentz spaces.

Definition A.1. Let u : RN — R be a measurable function. The distribution function of u
s given by

du(\) = {z e RY; Ju(z)] > N}, A € (0,00).

Here, the notation |E| stands for the N -dimensional Lebesgue measure of E. The (unidimen-

sional) decreasing rearrangement of u, denoted by u*, is defined by
u*(s) =inf {A>0; d,(\) <s}, s> 0.

It is clear that d, and u* are non-negative non-increasing functions. The Lorentz spaces
LP4(RY) are defined as follows.
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Definition A.2. Let 0 < p < o0 and 0 < ¢ < co. Then
LPAYRY) = {u measurable; ||upa < 00},

1 where

1
(% [ (sMPur(s))* %) f if 0<p,qg<o
lullzra =

sup (sl/pu*(s)> if 0<p<oo, ¢gq=o00
s>0

We have LPP = LP and by convention L% = L[°°. Another way to define the Lorentz

space LP? is via real interpolation theory as follows (see [4])

Lp,qz[Llew]l L s 1<p<oo, 1<g<oo
_;7(]

> One of the difficulties in our problem is the singular weight ||~ in the nonlinearity. Since
3 this weight does not belong to any Lebesgue space we have to treat it differently. Fortunately,
4 |z|7® belongs to the Lorentz space L (R?) which plays an important role in our proof.

5 The following lemma will be useful.

Lemma A.3. Let 1 <p< oo, 1 <p; <o and 1 < ps < oo be such that

1 1 1
p p1 P2
6 Then
—0 0
I £gllee < ClFIZE 1 F1ITo0 lglloe-e (A1)
7 where § =1— L.
P
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