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Abstract

The derivation of different models of non linear acoustic in thermo-ellastic media
as the Kuznetsov equation, the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation
and the Nonlinear Progressive wave Equation (NPE) from an isentropic Navier-
Stokes/Euler system is systematized using the Hilbert type expansion in the corre-
sponding perturbative and (for the KZK and NPE equations) paraxial ansatz. The
use of small, to compare to the constant state perturbations, correctors allows to ob-
tain the approximation results for the solutions of these models and to estimate the
time during which they keep closed in the L? norm. The KZK and NPE equations
are also considered as paraxial approximations of the Kuznetsov equation, which is
a model obtained only by perturbations from the Navier-Stokes/Euler system. The
Westervelt equation is obtained as a nonlinear approximation of the Kuznetsov equa-
tion. In the aim to compare the solutions of the exact and approximated systems
in found approximation domains the well-posedness results (for the Navier-Stokes
system and the Kuznetsov equation in a half-space with periodic in time initial and
boundary data) were obtained.
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1 Introduction.

There is a renewed interest in the study of nonlinear wave propagation, in particular
because of recent applications to ultrasound imaging (i.e. HIFU) or technical and medical
applications such as lithotripsy or thermotherapy. Such new techniques rely heavily on
the ability to model accurately the nonlinear propagation of a finite-amplitude sound
pulse in thermo-viscous elastic media. The most known nonlinear acoustic models, which
we consider in this paper, are

1. the Kuznetsov equation (see Eq. () and Eq. (2I])), which is actually a quasi-
linear (damped) wave equation, initially introduced by Kuznetsov|28] for the velocity
potential, see also Refs. [18] 23] B0} 25] for other different methods of its derivation;

2. the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation (see Eq. (&1l)), which can
be written for the perturbations of the density or of the pressure (see the systematic
physical studies in the book[d]);

3. the Nonlinear Progressive wave Equation (NPE) (see Eq. (@1]) and Eq. ([92])) derived
in Ref. [36];

4. the Westervelt equation (see Eq. (I46])), which is similar to the Kuznetsov equation
with only one of two nonlinear terms, derived initially by Westervelt[46] and later
by other authors|I], [45].

All these models were derived from a compressible nonlinear isentropic Navier-Stokes
(for viscous media) and Euler (for the inviscid case) systems up to some small negligible
terms. But all cited physical derivations of these models don’t allow to say that their
solutions approximate the solution of the Navier-Stokes or Euler system. The first work
explaining it for the KZK equation is Ref. [39]. Starting in Section 2lto present the initial
context of the isentropic Navier-Stokes system (actually, it is also an approximation of
the compressible Navier-Stokes system (B])—(@]) ), which describes the acoustic wave motion
in an homogeneous thermo-ellastic medium|[5], 18] B2], we systematize in this article the
derivation of all these models using the ideas of Ref. [39], consisting to use correctors in
the Hilbert type expansions of corresponding physical ansatzs.

More precisely, we show that all these models are approximations of the isentropic
Navier-Stokes or Euler system up to third order terms of a small dimensionless parameter
e > 0 measuring the size of the perturbations of the pressure, the density and the velocity
to compare to their constant state (po, po,0) (see Fig. ). As it is shown in Fig. [ the
Kuznetsov equation comes from the Navier-Stokes or Euler system only by small per-
turbations, but to obtain the KZK and the NPE equations we also need to perform in
addition to the small perturbations a paraxial change of variables. Moreover, the KZK
and the NPE equations can be also obtained from the Kuznetsov equation just perform-
ing the corresponding paraxial change of variables. We can notice that the Kuznetsov
equation (1)) is a non-linear wave equation containing the terms of different order on ¢.
But the KZK- and NPE-paraxial approximations allow to have the approximate equations
with all terms of the same order, i.e. the KZK and NPE equations.
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Figure 1: Schema of derivation of the models of the nonlinear acoustics. All models, the
Kuznetsov, the KZK and the NPE equations are approximations up to terms of the order
of & of the isentropic Navier-Stokes or Euler system.

The Westervelt equation is also an approximation of the Kuznetsov equation, but this
time by a nonlinear perturbation. Actually the only difference between these two models
is that the Westervelt equation keeps only one of two non-linear terms of the Kuznetsov
equation, producing cumulative effects in a progressive wave propagation|I].

The NPE equation is usually used to describe short-time pulses and a long-range
propagation, for instance, in an ocean wave-guide, where the refraction phenomena are
important[8, [35], while the KZK equation typically models the ultrasonic propagation
with strong diffraction phenomena, combining with finite amplitude effects (see Ref. [39]
and the references therein). Although the physical context and the physical using of the
KZK and the NPE equations are different (see also Sections B.2.1] and B.3.T] respectively),
there is a bijection (see Eq. ([@3])) between the variables of these two models and they can
be presented by the same type differential operator with constant positive coefficients:

Lu=0, L=20} —c10.,(0,")* — 0> £c3,, forteRT zeR, yeR"

Therefore, the results on the solutions of the KZK equation from Ref. [38] are valid for
the NPE equation. See also Ref. [21] for the exponential decay of the solutions of these
models in the viscous case.

The well-posedness results for boundary value problems for the Kuznetsov equation
are given in Refs. [24], 26] 37| and for the Cauchy problem in Ref. [12].

Let us make attention that ansatz (G4)—(GHl), proposed initially in Ref. [5] and used
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in Ref. [39] to obtain the KZK equation from the Navier-Stokes or Euler systems, is
different to ansatz (62)—([G3) in Subsection B.2T} this time it is the composition of the
Kuznetsov perturbative ansatz with the KZK paraxial change of variables[28] (see Figs. [
and[2)). Moreover, this new approximation of the Navier-Stokes and the Euler systems is an
improvement to compare to the derivation developed in Ref. (see Subsection B2 for
more details), as in Ref. the Navier-Stokes/Euler system could be only approximated
up to O(e2)-terms (instead of O(£3) in our case).

In Section [3, we validate the approximations of the compressible isentropic Navier-
Stokes system by the different models: by the Kuznetsov (Subsection B1l), the KZK
(Subsection B.2)) and the NPE equations (Subsection [3.3]).

In Section M we do the same for the Euler system in the inviscid case. The main
difference between the viscous and the inviscid case is the time existence and regularity
of the solutions. Typically in the inviscid case, the solutions of the models and also of
the Euler system itself (actually strong solutions), due to their non-linearity, can provide
shock front formations at a finite time[3], 12, 40 B8, [47]. Thus, they are only locally
well-posed, while in the viscous media all approximative models are globally well-posed
for small enough initial data[I2] 38]. These existence properties of solutions for the vis-
cous and the inviscid cases may also imply the difference in the definition of the domain
where the approximations hold: for example[39], for the approximation between the KZK
equation and the Navier-Stokes system the approximation domain is a half-space, but for
the analogous inviscid case of the KZK and the Euler system it is a cone (see also the
concluding Table [T]).

The main hypothesis for the derivation of all these models are the following

e the motion is potential;

e the constant state of the medium given by (pg, po,0) (0 for the velocity) is per-
turbed proportionally to an dimensionless parameter ¢ > 0 (for instance, equal to
107° in water with an initial power of the order of 0.3 W /cm?);

e all viscosities are small (of order ¢).

To keep a physical sense of the approximation problems, we consider especially the two
or three dimensional cases, i.e. R™ with n = 2 or 3, and in the following we use the
notation x = (r1,2’) € R" with one axis r; € R and the traversal variable 2’ € R"!.

In Sections Bl and @] we denote by U, a solution of the “exact” Navier-Stokes/Euler
system Ezact(U.) =0 (see Eq. (29)) and by U, an approximate solution, constructed by
the derivation ansatz from a regular solution of one of the approximate models (typically
of the Kuznetsov, the KZK or the NPE equations), i.e. a function which solves the Navier-
Stokes/Euler system up to €3 terms, denoted by e3R.: Approz(U.) = Exact(U,)—e*R =
0 (see Eq. B0)). To have the remainder term R € C([0,7T], L*(2)) we ensure that
Exact(U,) € C([0,T],L*(R)), i.e. we need a sufficiently regular solution U.. The
minimal regularity of the initial data to have a such U, is given in Table [ (see also
Table 2 for the approximations of the Kuznetsov equation).

Choosing for the exact system the same initial-boundary data found by the ansatz for
U. (the regular case) or the initial data taken in their small L?-neighborhood, i.e.

[U=(0) = Ue(0) 2@y < 6 <e, (1)
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with U.(0) not necessarily smooth, but ensuring the existence of an admissible weak
solution of a bounded energy (see Definition [Il), we prove the existence of constants C' > 0
and K > 0 independent of €, § and the time ¢ such that

forall 0 <t < g (U = Uo) (1)1 72(q) < K (7 4 6%)e™ < 9¢? (2)
with © a domain where the both solutions U, and U, exist (see Theorems [, [f and [0).

In the viscous case all aproximative models have a global unique classical solution for
small enough initial data in their corresponding approximative domains ({2 varies for
different models, see Table [)): it is equal to R™, T,, x R"! and R, x R*! for the
Kuznetsov equation, the NPE equation and the KZK equation respectively. If we take
regular initial data U.(0) = U.(0), the same thing is true for the Navier-Stokes system
with the same regularity for the solutions[34]. But in the case of the half-space for the
approximation between the Navier-Stokes system and the KZK equation, firstly considered
in Ref. [39], when, due to the periodic in time boundary conditions, coming from the initial
conditions for the KZK equation, we prove the well-posedness for all finite time. To obtain
it we use Ref. [39] Theorem 5.5. We updated it in the framework of the new ansatz (62))—
([63) and corrected several misleading in its proof (see Subsection Theorem [)), what
allows us in Theorem [B] of Subsection B.2.4] to establish the approximation result between
the KZK equation and the Navier-Stokes system following Ref. [39] Theorem 5.7 just
updating the stability approximation estimate.

To obtain estimate (2) we don’t need the regularity of the classical solution of the
Navier-Stokes (or Euler) system, it can be a weak solution (in the sense of Hoff[19] for
the Navier-Stokes system or one of solutions in the sense of Luo and al.[31] for the Euler
system) satisfying the admissible conditions given in Definition [ (see also Ref. [11] p.52
and Ref. [39] Definition 5.9).

For the inviscid case, given in Section [], we verify that the existence time of (strong)
solutions of all models is not less than O(2) and estimate (2) still holds.

As the KZK and NPE equations can be seen as approximations of the Kuznetsov
equation due to their derivation (see Figure[Il), we also validate the approximation of the
Kuznetsov equation by the KZK and NPE equations, and also by the Westervelt equation,
in Section [l [@ and [0 (see Table [2]).

To be able to consider the approximation of the Kuznetsov equation by the KZK equa-
tion (see Section [), we firstly establish global well-posedness results for the Kuznetsov
equation in the half space similar to the previous framework for the KZK and the Navier-
Stokes system in Subsection B.2.3] We study two cases: the purely time periodic boundary
problem in the ansatz variables (z,7,y) moving with the wave and the initial boundary-
value problem for the Kuznetsov equation in the initial variables (¢,x;,2") with data
coming from the solution of the KZK equation. We validate these two types approxima-
tions in Subsection for the viscous and inviscid cases. Finally in Sections [6] and [0 we
validate the approximation between the Kuznetsov and NPE equation and the Kuznetsov
and Westervelt equations respectively (see Table [2). We can summarize the approxima-
tion results of the Kuznetsov equation in the following way: if u is a solution of the
Kuznetsov equation and @ is a solution of the NPE or of the the KZK (for the initial
boundary value problem) or of the Westervelt equations found for rather closed initial
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data
[Vix(u(0) = u(0)) |2 < 0 <,

then there exist K >0, C; >0, Cy >0 and C > 0 independent on e, § and on time,
such that for all ¢ < % it holds

||vt,x(u - E)||L2(Q) S 01(52-[: + 5)602€t S K€,

2 Isentropic Navier-Stokes system for a subsonic po-
tential motion.

To describe the acoustic wave motion in an homogeneous thermo-ellastic medium, we
start from the Navier-Stokes system in R"

Op + div(pv) =0, (3)
plowv + (v.V)v] = =Vp + nAv + (C + g) V. div(v), (4)
pT[0,S + (v.V)S] = kAT + ((divv)?

2
p=p(p,S), (6)

where the pressure p is given by the state law p = p(p,S). The density p, the velocity
v, the temperature 7' and the entropy S are unknown functions in system (B)—(@).
The coefficients 3, k and n are constant viscosity coefficients. The wave motion is
supposed to be potential and the viscosity coefficients are supposed to be small in terms
of a dimensionless small parameter ¢ > 0:

nAv + (C + g) V.div(v) = <C + %n) Av := BAv, with 8 =¢ep.

Any constant state (po, vo, So, To) is a stationary solution of system (B)—(@l). Further we
always take vy = 0 using a Galilean transformation. Perturbation near this constant
state (po, 0, S, To) introduces small increments in terms of the same dimensionless small
parameter € > 0:

T(z,t) =Ty +eT(x,t) and S(x,t) = Sy + 25 (x, 1),
pe(x,t) = po + epe(x,t) and v.(z,t) =ev (1),

where the perturbation of the entropy is of order O(g?), since it is the smallest size on ¢
of right hand terms in Eq (&), due to the smallness of the viscosities (see Eq. ().

Actually, € is the Mach number, which is supposed to be small[5] (e = 107 for the
propagation in water with an initial power of the order of 0.3 W /cm?):

p—po T—=To ||

—NE’

£0 Ty Co
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where ¢y = /p'(po) is the speed of sound in the unperturbed media.
Using the transport heat equation (&) up to the terms of the order of &3

e2poT00,S = 2 AT + O(e?), (7)
the approximate state equation
o1 . 5
p=po+cep. + 5(8§p)552p§ + (0sp) €S + O(?)
(where the notation (.)s means that the expression in brackets is constant in S'), can be

replaced [5], 32 [18] by

(y—1e

p=po+ciep +
2po

1 1
82,5? — €k (C—V — Fp) V.VE + O<€3>,

using T = p’—;% from the theory of ideal gaze and taking

S-S
p(p,S) = Rp'e Cv

Here v = C,/Cy denotes the ratio of the heat capacities at constant pressure and at
constant volume respectively.
Hence, system (B)—(6]) becomes an isentropic Navier-Stokes system

atps + diV(peve) = 07 (8>
pe[0ve + (ve - V) v = =Vp(p:) + evAv., 9)
with the approximate state equation p(p,S) = p(p.) + O(e?):

(v — 1)

e R OR (10)

p(p:) = po+ (p- — po) +

and with a small enough and positive viscosity coefficient:
1 1
87/—5—'—/{,(0—‘/—@)
3 Approximation of the Navier-Stokes system.

3.1 Nayvier-Stokes system and the Kuznetsov equation.

We consider system (§)—(I0) as the exact model. The state law (I0) is a Taylor expansion
of the pressure up to the terms of the third order on €. Therefore an approximation of
system (B)—(I0) for v. and p. up to terms O(e®) would be optimal. In the framework of
the nonlinear acoustic between the known approximative models derived from system (&])—
(1) are the Kuznetsov, the KZK and the NPE equations. In this section we focus on the
first of these models, i.e. on the Kuznetsov equation.
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Initially the Kuznetsov equation was derived by Kuznetsov [28] from the isentropic
Navier-Stokes system (§)—(I0) for the small velocity potential v.(x,t) = —Viu(x,t), x €
R™, te R*:

%a-&aa:@(mmf+7_1@@2+ﬂAé» (11)
2c? Po
The derivation was latter discussed by a lot of authors [I8] 23] 30].

In the difference to these physical derivations we introduce a Hilbert expansion type
construction with a corrector e2py(x,t) for the density perturbation, considering the
following ansatz

PE(X, t) = po T Ep1 (X’ t) + €2p2(X, t)’ (12)
ve(x,t) = —eVu(x,t). (13)

The use of the second order corrector in (I2)) allows to ensure the approximation of (@) up
to terms of order £* (see Subsection BI)) and to open the question about the approx-
imation between the exact solution of the isentropic Navier-Stokes system (§)—(I0) and
its approximation given by the solution of the Kuznetsov equation, as it was done for the
KZK equation|39].

3.1.1 Derivation of the Kuznetsov equation from an isentropic Navier-Stokes
system.

Putting expressions for the density and velocity (I2)—(I3)) into the isentropic Navier-Stokes
system (8)—(I0), we obtain for the momentum conservation ()

P[0V + (Ve - V) Vo] + Vp(pe) — evAv,. = eV (—podiu + cp1)

(v —1e?

+ &2 | —p1 V(Opu) + %V((Vu)z) + Vs + R
0

V(p}) +vVAu| +O0(*). (14)

In order to have an approximation up to the terms O(g®) we put the terms of order one
and two in € equal to 0, what allows us to find the expressions for the density correctors:

pr(x,1) :%&u(x, 1), (15)
po(y —2) Po v
p2(x,t) = — 2704(&“)2 - Q—Cz(Vu)2 - gAu. (16)

Indeed, we start by making eV (—podsu + ¢?p;) = 0 and find the first order perturbation
of the density p; given by Eq. (IH). Consequently, if p; satisfies (IH), then Eq. (4]
becomes

P[0V + (Ve - V) Vo] + Vp(p:) — evAv. = eV (—podiu + cp1)

—1
2V _p—co(atu)? + %(Vu)z + 2y + %(@u)z +vAu| +0(). (17)

Thus, taking the corrector p, by formula ([I6]), we ensure that
plOve + (ve - V) vi] + Vp(p.) — evAv. = O(&%). (18)
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Now we put these expressions of p; from (I3 and ps from ([I6) with ansatz ([[2)—(13) in
Eq. (§) of the mass conservation to obtain

Ope + div(peve) = z—:p—g [afu — P Au—
c

£d, ((vu)2 + 72_ 2 0u)? + p—”OAu) - 5utAu] +O(Y). (19)

2

c
Then we notice that the right hand term of the order ¢ in Eq. (I9) is actually the linear
wave equation up to smaller on ¢ therms:

O*u — AAu = O(e).

HGHCG, We exXpress

L a((w)?) + 0(),

1 2
EUtAU = 5gututt -+ O(E ) = 5@

and putting it in Eq. ([I3]), we finally have
Orpe + div(peve) = s% [07u — & Au—

ed, ((W)? + 72_ Low?+ iAu)] +O(E). (20)

2
¢ Po

The right hand side of Eq. (20) gives us the Kuznetsov equation

-1 v
0P — A Au = €0, ((Vu)2 + W—Z(Gtu)Q + —Au) : (21)

2c Po
which is the first order approximation of the isentropic Navier-Stokes system up to the
terms O(g®). Moreover, if u is a solution of the Kuznetsov equation, then with the

relations for the density perturbations (IH) and ([I6) and with ansatz (I2)—(I3]) we have

Op. + div(p.ve) = O(e?), (22)

pl0v. + (Vo - V) v + Vp(p.) — evAv. = O(&%). (23)

Hence, it is clear that the standard physical perturbative approach without the corrector
p2 (it is sufficient to take py = 0 in our calculus) can’t ensure (22)—(23]).

Let us also notice, as it was originally mentioned by Kuznetsov, that the Kuznetsov

equation (2I)) contains terms of different orders, and hence, it is a wave equation with
small size non-linear perturbations 9;(Vu)?, 9;(9,u)? and the viscosity term 9;Au.

3.1.2 Approximation of the solutions of the isentropic Navier-Stokes system
by the solutions of the Kuznetsov equation.

Let us calculate the remainder terms in (22)—(23), which are denoted respectively by
3pPNS—Kuz 3SPNS—Kuz .
e’ Ry and R, :

3RNS—Kuz _ 3 [C—IQatu (M@[@tu)?} n %&[(VU)Q] + C—I;@Au)

2c4
1
_%&u Au—Vpy.Vu — p2AU} + 645% (Vp2.Vu + p2Au), (24)
SRYSKuz _ 3 [%V[(VU)Q] — pzvatu} + 84%V [(Vu)?]. (25)



If u is a sufficiently regular solution of the Cauchy problem for the Kuznetsov equation
in R"
2 2N, — 2 | -1 2, v
82u — Au = €0, ((W) + L (O)? + p—OAu> , 26)
u(0) = up, u(0) = uy,
then, taking p; and p, according to formulas (I3)-(16), we define p. and V. by formu-
las (I2)-([I3)) and obtain a solution of the following approximate system

0,p. + div(p.v.) = e* Ry R, (27)
P[0V, + (V. V)V.] + Vp(p.) — evAv, = Ry 5 Fvs (28)
with p(p.) from the state law (I0). With notations U, = (p., p.v.)! and U. =

(P, p-v.)', the exact [B)-([@) and the approximated (Z7)-(28) Navier-Stokes systems
can be respectively rewritten in the following forms[IT], 39]:

- 0
OU. +320.,Gi(U.) — v [ Ave] —0, (29)
7 - TT O —Kuz
A0+ 320, Cu0) v | R (30)
NS—Kuz
with RNS_KUZ = |:]}§}V5Kuz:| from (m)i(m) and
2
PeVi
G:(U.) = . 9,,G4(U.) = DG,(U.)d,. U.. 31
(o) [peviva +p(pe)ei] (Ue) (Ue) (31)

The well-posedness results for the Cauchy problems (8])-(I0)[34] and (20)[12] allow us

to establish the global existence and the unicity of the classical solutions U, and U,
considered in the Kuznetsov approximation framework:

Theorem 1 There exists a constant k > 0 such that if the initial data uy € H°(R?)
and u, € HY(R3) for the Cauchy problem for the Kuznetsov equation (28) are sufficiently
small

||u0||H5(]R3) + ||u1||H4(]R3) < k’,

then there exist global in time solutions U, = (p., p.V.)! of the approzimate Navier-Stokes
system (30) and U, = (p., p-ve)' of the exact Navier-Stokes system (29) respectively,
with the same reqularity corresponding to

P = po, p=— po € C([0, +oof; H*(R?)) N C([0, +oof; H*(R?)) (32)

and
V., ve € C([0, +00[; H*(R?)) N C([0, +-00[; H'(R?)), (33)

both considered with the state law (I0) and with the same initial data
(ﬁe - pe)‘t:O - 07 (\78 - V€>|t=0 - 07 (34)
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where peli—o and V.|i—o are constructed as the functions of the initial data for the

Kuznetsov equation ug and wuy according to formulas (I3)-(13) and (13)-(18):

2 [poly —2)
2ct

\_/5|t:0 = —€VUO. (36)

14
Peli=0 = po + 5%% — € U% + %(VU0)2 + EAUO ) (35)

Proof: From one hand, Theorem 1.2 in Ref. [12] applied for n =3 with m = 4 ensures
that for uy € H*(R?) and u; € H*(R?) there exists a constant ko > 0 such that if

[uoll s msy + [[ur |l magrsy < Ko, (37)

then the Cauchy problem for the Kuznetsov equation (26]) has a unique global in time
solution

u € C([0, +oo[, H*(R?*)) N C ([0, +oc[, H*(R?)) N C*([0, +-o0[, H*(R?)). (38)

From the other hand, the Cauchy problem for the Navier-Stokes system is also globally
well-posed in R? for sufficiency small initial data (see Ref. [34] Theorem 7.1, p. 100): there
exists a constant k; > 0 such that if the initial data

p-(0) — po € HP(R?), v.(0) € H*(R?) (39)

satisfy

10(0) = pollsrs) + [[Ve(O)|| a3 msy < ka,
then the Cauchy problem (§)-(I0) with the initial data (B9) has a unique solution (p.,
v.) globally in time satisfying (32) and (33).

Thus, for the initial solutions of the Kuznetsov equation we need to impose ug €
H°(R3) to have Auy € H?*(R3) to be able to ensure that p. — poli=o € H*(R?). The
regularity u; € H*(R?®) comes from the well-posedness of the Kuznetsov problem and
obviously ensures v.|—g € H3(R?), what is necessary[34] to have a global solution of the
exact Navier-Stokes system (29]).

As p. and V. are defined by ansatz ([I2)-(I3]) with p; and py given in (IH) and (I6)
respectively, the regularity of w ensures for p. — py and V. at least the same regularity
as given in ([32) and ([B3)). To find it we use the following Sobolev embedding for the
multiplication (see for example Ref. [7] or [27]):

H*(R") x HY(R") — H*R") for s > g (40)
(u,v) — uv.

Moreover, considering formulas (24)—(25) with u as defined in (B8], all terms in R{* "2
and R)°™ %" are in H*(R®). Therefore, as 2 > 2, we use embedding (@0) to find that

RYSTE € ([0, +o00f, H*(R?)) and R e C([0, +oo[, H*(R?)).

Hence, the L?(R?) and L*®°(R?) norms of the remainder terms RYS7%"*(#) and RYS75"(¢)
are bounded for ¢ € [0, +oo|.
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Finally, it is important to notice that, as U.(0) = U.(0),

19=(0) — poll masy + || ve(0)[| 3rsy =[1P-(0) — pol| mawsy + [V (0)]] 3 ms)
<C(JJuoll z5®sy + llutll mrarsy)-

Thus, there exists & > 0 (necessarily k < ky) such that |luol/gs + [luif[z+ < k implies
the global existences of U, and U, . (]

The stability estimate which we obtain between the exact solution of the Navier-Stokes
system U, and the solution of the Kuznetsov equation presented by U. does not require
for U, to have the regularity of a classical solution and allows to approximate less regular
solutions of the Navier-Stokes system with initial data in a small L? neighborhood of
U.(0). To define the minimal regularity property of U, for which stability estimate (2
holds, we introduce admissible weak solutions of a bounded energy using the entropy of
the Euler system (system (29) with v =0)

v2 1 m?2
U(Uf-:) = peh(/)zs) + 057 = H(/)s) + p_77 (41)

which is convex [II] with A'(p.) = £ (pp;) , ve =21 Thus, the first and second derivatives
of n are

/ 1 m? ¢ v2 t
W (U.) = [H (pf)m_ 022 ] _ [H/(Pe) - 7] , (42)
pe Ve
" : m?> m " vio v
(U,) = [ (p )m+ ; {,g] _ [H (pezf e pgl | (13)
_E E Pe E

knowing that n”(U,) is strictly positive defined.

Definition 1 The function U. = (pe, p-v:) is called an admissible weak solution of a
bounded energy of the Cauchy problem for the Navier-Stokes system (8)—(10) if it satisfies
the following properties:

1. The pair (pe,ve) is a weak solution of the Cauchy problem for the Navier-Stokes
system (8)-(Id) (in the distributional sense).

2. The function U, satisfies in the sense of distributions (see Ref. [11, p.52])
Im(Ue) + V.q(U.) — evv.Av. <0, where g(U.) = ve(n(U.) + p(p:)), (44)

or equivalently, for any positive test function 1 in D(R™ x [0, 00[) the function U,
satisfies

T
/ / (Own(U.) + V.q(U,) + ev|V.v. [’y + evv..[V.v.VY)]) dadt
0 n
+ [ o onUL)d > 0
Rn

12



3. The function U, satisfies the equality (with the notation v. = (vy,...,v,))

Uz (t) ' -
— | —grdrt > Gi(U.)0,,U. — evV(pev;). Vo, | dads
R 0 JR* \ T

2
—UEQ(O) dr = 0.

R

Let us notice that any classical solution of (29), for instance the solution defined
in Theorem [ satisfies the entropy condition (@4]) by the equality and obviously it is
sufficient regular to perform the integration by parts resulting in the relation of point 3.
For existence results of global weak solutions of the Cauchy problem for the Navier-Stokes
system (29) with sufficiently small initial data around the constant state (pg,0) (actually,
po—p(0) is small in L*°, v(0) is small in L? and bounded in L?" ) and with the pressure
p(p) = Kp? with v > 1, we refer to results of D. Hoff[19, 20]. For fixing the idea of
the regularity of a global weak solution we summarize the results of Hoff in the following
theorem:

Theorem 2 [19/ Let for n =3 3 =10 and for n =2 [ be arbitrary small, N be a
giwen arbitrary large constant. There exists a constant Cy > 0 such that if the initial data
of (29) with p(p) = Kp" (v > 1) satisfies the following smallness condition

oo = 6O ey + [ [0 = p(0) + VO] (1 + oo < Co,
[v(0)|| 2n ey < NN,
then there exists a global weak solution (p,v) (in the distributional sense) such that
1. p—po € L>®(R" x [0, 00]),
2. ve HY(R") forall t >0,
3. forall t>7>0 v(-,t) € L*(R"),

4. forall T >0 v e C*%=2(R” x [1,00[) for all a €]0,1] when n =2 and v €
C25(R™ x [r,00[) when n =3,

5. evdivv + p(p) — p(po) € HY(R™) N CR™) for almost all t > 0 with a = 5 for

n=2 and a:% when n = 3.

In addition, (p,v) — (po,0) as t — 400 in the sense that for all q €]2,+00[

Jim (llp = poll@nxiroc) + V(5 T)llzaer)) = 0.

Therefore, from Theorem [2 it follows that a weak solution of the isentropic compressible
Navier-Stokes system (8)—(I0) is also admissible weak solution of a bounded energy in
the sense of Definition Il But in the following we only consider the question of the
validity of the stability estimate () for initial data closed to U.(0) in L? norm (thus

13



for initial data not necessarily satisfying Theorem [2]) and we don’t consider the existence
question of an admissible weak solution of a bounded energy of the Cauchy problem for
the Navier-Stokes system. Thanks to Theorem [I] for classical solutions of two models and
to Definition [Il containing the minimal conditions on U, necessary for saying that it is in
a small L?-neighborhood of the regular solution of the Kuznetsov equation, we validate
the approximation of U, by U, following the ideas of Ref. [39].

Theorem 3 Let v >0 and € > 0 be fized and all assumptions of Theorem[d hold. Then
there exist constant C' >0 and K > 0, independent on ¢ and the time t, such that

1. forall t < g
(U, — ﬁg)(t)Hiz(Rg) < Kedtelet < 4¢2;

2. for all b €]0,1[ during all time t < £1n(L) it holds
1(Ue = Ue) (t) || 2esy < 2¢".
Moreover, if the initial conditions for the Kuznetsov equation are such that
ug € HP(R™),  wuy; € H*THR™) for s > g, n>2

and sufficiently small (in the sense of Ref. [12] Theorem 1.2), then there exists the unique
global in time solution of the Cauchy problem for the Kuznetsov equation

P — po € C([0,+oo[; H*(R")) N C*([0, +oo[; H*"H(R")), (45)
. € C([0, +oo H*(R™)) N C*([0, +o0[; H*(R")) (46)

and the remainder terms (RYS™Kv= RYS™Ku=) *defined in Eqs. (24)-(23), belong to
C([0, +-oo[, H*7Y(R™)) .

If in addition there exists an admissible weak solution of a bounded energy of the
Cauchy problem for the Navier-Stokes system (29) (for instance if U.(0) satisfies condi-
tions of Theorem [2 there is a global such weak solution) on a time interval [0,Tns| for
the initial data

1U(0) = T.(0) | pagemy < 6 < <,

then it holds for all t < min{<,Tys} the stability estimate (3):
(0. =Tl ) < K 4+ 53R < 022

Proof : In terms of entropy system [0), having by the assumption the unique classical
solution U, , can be rewritten as follows

0m(U.) + V.q(U.) — eV AV, = &° (wbﬁsmz + VERQVSKW) -



with RNS-Kuz — (RNS=Kuz RNS=Kuz) defined in Eq. [@4)-(25). To abbreviate the nota-

tions, we denote the remainder term of the entropy equation in system (A1) by

FNS—KUZ o (ﬁ(ﬁ ) +p<p€>RNS Kuz v RNS Kuz) )
Pe
In the same time, it is assumed that for U, it holds (@) in the sense of distributions.
Let us estimate in the sense of distributions

9, — — —
= (n(0) = (0 = o/ (U (U. - T)) (48)
First we find from systems ([@4]) and (A7) that in the sense of distributions

9
ot

- —NS—Kuz

(n(Ue) = n(U.)) < = V.(a(U.) — q(U.)) + ev(ve.Ave — Vo AV.) — 'R

= - V.(qU.) = q(U.) + v Y 0,,(v.0s, Ve — Vo0, V)
=1
— 0 Y (00 Vel ve — 0,9.0,7.) — R
=1
Then we notice that

0
ot

where in the sense of distributions

( (ﬁ )(Ue - ﬁ5)) = _atU ( )(U U ) (ﬁe)(atUe - atﬁe)a

—0,U t ”( )(U8 — UE) = — [— Z D i(ﬁa)amﬁal n/,(ﬁa)(Ua - Ue)

and



Thanks to the convex property of the entropy we have
1"(U)DGi(U) = (DG,(U))""(U),
and consequently

(DGi(ﬁe)aﬂciﬁE)tﬁ”(ﬁe)(Ua - ﬁa) :axiﬁZ(DGi(ﬁe))tn”(Ue)(Ua - ﬁe)
=0, U (U.)DGy(T.)(U. - U.),

Moreover, we compute in the sense of distributions

t _
0 YT T7T ) — = =) — Pe = Pe =
_ LSI/AVJ n"(Ue) (U — Uy) = —ev AV (Ve — V) — eVAV, ﬁ (ve —V.)

n

==Y 0,00V (Ve — V) + e Y 0,70 (v. — Vo) —evAV e (v ),
i=1

=1 €
and

—1' (U )ev {Av 9 AV ] = — evv..(Av. — AV,)

==Y 0y (Vely,(ve = Vo)) + v Y 0, 9.0,,(v. — Vo).
=1 i=1

We integrate over R" expression (48]) and notice that the integrals of the terms in di-
vergence form in the development of (8] are equal to zero. For the regular case in the
framework of Theorem [lit is due to the regularity given by (32]) and (33]) and the following
Sobolev embedding|2]

H(R™) — Co(R") :={f € C(R")| |f(z)] = 0 as ||z|| = +oo} for s > g, (49)
which allows us to use the fact that

Vf e Co(R™), V.f(x) dx = 0.
RTL
In the case of a weak admissible solution U, it follows from its bounded energy property
(see Definition I point 3) which implies that p. — py and v. tend to 0 for |z|] —
+oo and also implies the existence of the integrals over R™. Therefore, we obtain the
following estimate in which each term is well-defined in the sense of distributions on
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— eV Oy, VeOy. Ve — 0, V.0, V. )dx 50
Z( 1 1 1 1

+ 261// Z 00, VeOy, (Ve — Vo )da + EI// AV, Pe — P (v. —v.)dz
RS

R3 Pe

_ 83 /]R;B (ENS—KUZ . n/<ﬁ€>RNSfKuz)dx o 83 /]R;B [RNSfKuz]tn/%ﬁe)(Ue o ﬁe)dl’

Now we study lower bounds of the left hand side and upper bounds of the right hand

side of (B0) in order to obtain a suitable estimate. For the right hand side of Eq. (50) we
notice that

3 3
o / S 00 vey Ve — 00, 7.0,,7.)dx + 220 / S 0,90, (v. — .)da
R3 =1 R3 =1

3
——ev [ 3 (On(v.~ v <0,
RS o1

hence this term can be passed in the left hand side of Eq.(B0) and omitted in the estima-
tion. As the entropy is convex it holds

35 >0: n(U.) —n(U.) -7 (U)(U. - U,) > 6|U. — U~
Then using also its continuity, we find

_ t g .
50/ U, - 0.2 (1)de < / i (/ 0(U.) — n(0.) — o (T.)(U, — Ue)dx) s
R3 0 ds R3
+Co/ |U. — U.*(0)dz.
R3
On the right hand side of (B0), by the Taylor expansion we also have
Gi(U,) — G;(U,) — DG;(U,)(U. - U,) < C|U, - U
With the boundness on [0;+o0o[ of Ri(t) and Ry(t) in the L? and L°° norms, and

thanks to the regularity of U. defined in (@) and @G) (see also ([B2) and (B3] for the
case U.(0) = U.(0)) and the energy boundedness of U, , we estimate the other terms in
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Eq. (B0) in the following way

EI// Avepe — P (V6 — Va)dl‘ S K5||U5 - ﬁg”%Q(RS),
R3

Pe
—53/ (ENS—KuZ _ n/<ﬁ€)RNS*K“Z)dx < K€3,
R3
—63 /RS [RNS—Kuz]tn”(ﬁa)(Ug - ﬁe)dx

< 0" (Uo) || poe ey RN 5| 2y [ Ue — Ue|2re)
< K€3HU€ — Ug”LQ(RS).

Now, by integrating on [0,¢], we obtain from (B0) the following inequality
t
| 0= TPe < [ [(CIVTLl + KU = Vel
0
K2 4+ KU, — Ty |ds + C / U. — T.[2(0)dz.
R3

Here K, C and () are generic constants of order O(g”) which do not depend on
time. Using once more the regularity properties (82) and (B3]), we have the boundness
of ||VU,.||z~ . But knowing that p. and V. are defined by ansatz ([[2)-([I3), we deduce
that ||VU,.||p~ < Ce. Therefore,

t
IU: — ﬁz-:”%? < / K<5HUE - ﬁ6”%2(11&3) +e'+ 53”U€ - ﬁEHLQ(RS))d‘S
0
+Cl/ U, — U.|*(0)du.
R3

Then applying the Gronwall Lemma we have directly
1(Ue = U)(O)I72ms) < K(7 + 6%)e™,

since Ket is a non-decreasing in time function and &3\/v < Kev for all v € RT. In
addition, to find the estimate of Point 2 for the regular case U.(0) = U.(0), we notice
that

||U5 - U5||L2(R3) <,

where v is the solution of the following Cauchy problem

{ (v?) = K(&3 + &3 + ev?),
v(0) = 0.

The study of this problem gives us




The boundness of the function arctanz implies

52 15
1<|>'U(t)+8i21)(t)2 Se\/j_jearcmn{7—463_64 (v(t)Jr?)}farctan(m)eKat

2e
—— T
<€ /4752 €§eK€t < Cg eKEt

2 us . . . .
with ¢2 = eVie2 which for instance is less than 3.5 . Therefore, the estimate
||U5 — ﬁaHLQ(R?’) S CO€€K€t

gives the result as soon as coeet™* < 2, with b < 1, i.e. for t < % when b =1, and
for t < <1In(L) in the case b < 1.

We finish the proof with the remark on the minimal regularity of the initial data for
the Kuznetsov equation such that the approximation is possible, i.e. the remainder terms
RNS=Kuz and RY5~5%% keep bounded for a finite time interval. Indeed, if uy € H*+?(R™)
and u; € H*t'(R™) with s > % then u € C([0, +oo[; H**?(R")) and

ur € C([0, +oo; HH(R™)),  us € C([0, +00f; H*H(R™)).

Since p. is defined by ([[2)) with (IH) and (0] and v. by (I3)) respectively, we exactly
find the regularity ([@3) and (#6). Thus by the regularity of the left-hand side part for
the approximated Navier-Stokes system (27)—(28]) we obtain the desired regularity for the
right-hand side. O

3.2 Nayvier-Stokes system and the KZK equation.

3.2.1 Derivation of the KZK equation from an isentropic Navier-Stokes sys-
tem.

In the present section we focus on the derivation from the isentropic Navier-Stokes system
of the Khoklov-Zabolotskaya-Kuznetsov equation (KZK) in non-linear media using the
following acoustical properties of beam’s propagation

1. The beams are concentrated near the z;-axis ;
2. The beams propagate along the x;-direction;

3. The beams are generated either by an initial condition or by a forcing term on the
boundary z; = 0.

The different type of derivations of the KZK equation are discussed in Ref. [39).
This time we perform it in two steps:

1. We introduce small perturbations around a constant state of the compressible isen-
tropic Navier-Stokes system according to the Kuznetsov ansatz ([I2)—(13):

Orpe + V.(peve) =€[0p1 — poAul
+ &%[0ipy — Vp1Vu — prAu] + O(£%), (51)

and we have again (I4]) for the conservation of momentum.
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2. We perform the paraxial change of variable[39)] (see Fig. 2):

TIt—ﬂ, z=cm, Y=+ e (52)
c

Navier-Stokes/ KZK (7, 2,y)

Euler (z1,%/,t)

t

I Z = €X1

Figure 2: Paraxial change of variables for the profiles U(t — z1/c, exq, /ex').

Since the gradient V in the coordinates (7,z,y) becomes depending on &

- 1 ¢
V= (gaz - 287'7 \/gvy) )
if we denote
u(x,t) = Ot — 21 /c, exy,Vexr') = BT, 2, y), (53)
we need to take attention to have the paraxial correctors of the order O(1):
pi(x,t) = I1(1,2,y), po(x,1) = H(7,2,y) = J(7.2,y) + O(e),

where actually H(r,z,y) is the profile function obtained from p, (see [Al Eq. (I53))
containing not only the terms of the order O(1) but also terms up to 2. Hence, we
denote by J all terms of H of order 0 on ¢ which are significant in order to have an
approximation up to the terms O(g?).

In new variables (7, z,y) Eq. (I4) becomes

pelOve + (v V)V 4 Vp(pe) — evAv. = eV[—pgd, @ + A1 (54)

= Pos (1
+ &% [-IV(0,®) + >V (E(&@)Q)

- -1 ,- ~ (1
+c2VJ + ’Y2702v<[2) + vV (E&fq))} +O(e%).
0

Consequently, we find the correctors of the density as functions of ®:

(1, 2,y) :ga@(ﬁ 2 y), (55)
—1 v
Iz == 2D g0 Ve (56)
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Indeed, we start by making 5@[—,0087(13 + ¢?I] = 0 and find the first order perturbation
of the density I given by Eq. (B3). Moreover, if p; satisfies (B3]), then Eq. (B4]) becomes

POV + (Ve - V) Vo] + Vp(pe) — evAv. = eV[—pp0.® + 1]

o | Po 2, Po 2, 2 (v — Dpo 2, Vo 3
eV 5.2 (0-P)° + 52 (0:D) +c°J + BT yoR (0-P)° + CQ&Q) +0(e%). (57)

Thus, taking the corrector J in the expansion of p.
pe(x,t) = po +el(7,2,y) +2J(7,2,y), (58)
by formula (56), we ensure that
p[0ve + (vo - V) ve] + Vp(p.) — evAv. = O(&%). (59)

Now we put these expressions of I from (B3) and J from (B6]) with the paraxial approx-
imation in Eq. (BI]) of the mass conservation to obtain

1%
Dupe + V.(pov.) =2 %(2@;@ — A, D) — %(7 +1)0,[(8,®)Y — gaicp]

+ O(£%). (60)

All terms of the second order on ¢ in relation (60]) give us the equation on @, which is
the KZK equation. If we use relation (B3]), we obtain the usual form of the KZK equation
often written[6, 39] for the first perturbation I of the density p. :

cO? I — Maﬁﬂ -

4po
We notice that, as the Kuznetsov equation, this model still contains terms describing
the wave propagation 921, the non-linearity 9*I% and the viscosity effects 921 of the
medium but also adds a diffraction effects by the traversal Laplacian A,J. This corre-
sponds to the description of the quasi-one-dimensional propagation of a signal in a homo-
geneous nonlinear isentropic medium. By our derivation (see also ([8)—(79)) we obtain
that the KZK equation is the second order approximation of the isentropic Navier-Stokes
system up to term of O(g3). In this sense, since the entropy and the pressure in Section 2
are approximated up to terms of the order of &3, the ansatz (B)-(G0) (for the KZK
equations) is optimal, as the equations of the Navier-Stokes system are approximated up
to O(&?) -terms.
Let us compare our ansatz

u(xy, x',t) = ®(t — 1 /c, exy, Vex), (62)
pe(x1,X' 1) = po +el(t — x1/c,exy,Vex) + 2 J(t — x1/c, exy, \/ex!) (63)

to the ansatz introduced in Ref. [39] by definning a corrector e?vy for the velocity per-
turbation along the propagation axis in the initial ansatz, proposed by Khokhlov and
Zabolotskaya [6]:

v

2
3 ¢ _
20%@[ b AT =0. (61)

pe(xluxlut) ZPO—FEI(t— %763:17\/EXI>7 (64>

Ve(ry, X' t) = e(vy + evg; Vew) (L — ﬂ, exy, vVex'). (65)
c
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This time, the assumption to work directly with the velocity potential ([62]) imediately
implies the following velocity expansion

1
ve(x,t) =—¢ (——&‘P +£0,9; \/Evyé) (1,2,¥), (66)
c
where we recognize the velocity ansatz of Ref. with

1 2
V=00 =1, w=V,b="0-V,I,
c Po Po
but for the corrector v, this time
2
vy = —0,P = ——8;1821
Po

instead of (see Ref. [39] and formula (G3) for definition of the operator 9-!)

2
—1
Ué{ozanova — _C 8;162[ + ("7 5 )c[2 —+ %87—[
po 2P0 CIOO

If we add the second order correctors vy for the velocity to J for the density, we obtain
exactly all terms of the corrector vizamove - But the ansatz ([64)—(GH) is not optimal since
the equation of momentum in transverse direction keeps the non-zero terms [39] of the
order of €3 .

3.2.2 'Well posedness of the KZK equation.
We use Ref. [38] to give results on well posedness of the Cauchy problem:

2¢2po

(v+1) v c? _ n—
2] — RO — 5500 — SA I =0o0n T, x Ry x R, (67)
I(7,0,y) = Iy(T,y) on T, x R*!

in the class of L— periodic functions with respect to the variable 7 and with mean value
Zero

/ C 1,2 gt = 0. (68)

The introduction of the operator 9!, defined by formula

T L
o 1 ey = [ 1zt [ LIz, (69)
0 0

allows us to consider instead of Eq. (€1]) the following equivalent equation

1 2
Ot Vg ¥ g1 Coia,r=0onT, xRy x R™,
4po 2¢%po 2

for which it holds the following theorem[21], [38]:

0,1 —
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Theorem 4 [38] Consider the Cauchy problem for the KZK equation:

{ c0.T — 90,1 — 5021 — 07" AT =0 on T, x Ry x R™™,

70
I(7,0,y) = Io(1,y) on T, x R"*, (70)

with the operator 971 defined by formula (69), v >0, and fOL Iy(¢,y)dl =0, the follow-

ing results hold true

1. (Local existence) For s > [2] 4+ 1 there exists a constant C(s, L) such that for any
initial data Iy € H*(T, x R"Y) on an interval [0,T] with

1
T

>
— Cls, Lol

H (T, xRn=1)
problem (Z0) has a unique solution I such that

IeC(0,T], H (T, x R*N)nC* ([0, T[, H**(T, x R™™1)),
which satisfies the zero mean value condition ([68).

2. (Shock formation) Let T* be the largest time on which such a solution is defined,
then we have

T
/ Sup(|87'[<7-7t7y>|+ |vy[<7—,t7y)|> dt = +o0.
0 Y

3. (Global existence) If v > 0 we have the global existence for small enough data: there
exists a constant Cy > 0 such that

1 o]

HS(TTXR"*I) S Cl = T* = 4+00.

4. (exponential decay)[21] If v >0, s € N and s > ["TH] , then there exists a constant
Co > 0 such that || Io|| gs(r, xzn-1y < Cy implies for all z >0

||I(Z) ”HS(TTX]R"—l) < CHIOHHS(’]I‘TX]Rn—l)eigZ’

where C'> 0 and ¢ €]0,1] are constants.

Remark 1 [38] We note that when v = 0, all the corresponding statements of Theorem[J)
remain valid for 0 >t > —C with a suitable C' .

Remark 2 In the study of the well-posedness of the KZK equation we inverse the usual
role of the time with the main space variable along the propagation axis z : for v > 0 the
solution I(1,z,y) = I(t — %, exy,+/ex’) is defined for xy >0, as it is global on z € R .
Hence if we want to compare the KZK equation to other models such as the Kuznetsov
equation or the Navier-Stokes system we need the well posedness results for these models
on the half space

{v; >0, t>0, 2R} (71)

taking into account the fact that the boundary conditions for the exact system come from
the initial condition Iy of the Cauchy problem (70) associated to the KZK equation.
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3.2.3 Entropy estimate for the isentropic Navier-Stokes equation on the half
space and the associated existence result.

We follow now Section 5.2 in Ref. [39] updating it for the new ansatz and correct the
proof of Theorem 5.5. See Ref. [39] for more details.
We consider the Cauchy problem for the KZK equation (0] for an initial data

I(t,0,y) = Iy(t,y) (7=t for x; =0)

L-periodic in ¢ with mean value zero. Theorem Ml ensures that for any initial data I,
defined in T; x R"! with small enough H* (s > [2] 4+ 1) norm (with respect to v ),
there exists a unique solution of the KZK equation (@l) 7, which as a function of (7, z, )
is global on z € R*, periodic in 7 of period L and mean value zero, and decays for

Therefore, see Remark 2, we consider our approximation problem between the isen-
tropic Navier-Stokes system (§)—(@) and the KZK equation in the half space (T1]).

By Iy we find [ and thus also ® and J, using Eq. (B3)—(E4). This allows us to
construct the density and velocities p. and V. in accordance with the ansatz (B8]
and (66). Thus, by I we construct the function U, = (5., p.V.)".

In particular, for ¢ = 0 we have functions defined for x; > 0 because [ is well-defined
for any z > 0

ﬁ€<07$1, xl) = fPo + 81—(_%7 €Ty, \/Ex’) + 82J(_:E_C17 €Ty, \/gx/)7

_ _ X
V€<0,.§U1,$U/) - <U17V;)<_?178x17 \/gx/)7

where
2

V0
Po

c 202 1 /
vy =e—I+e"—0.0;'1, V.=+/e
Po Po

and for z; =0 we have L -periodic functions with mean value zero

p.(t,0,2") = po + el (t,0,/ex') + €2 (t,0,/z2'), (72)
V.(t,0,2") = (v1,VL)(t,0, ex'). (73)

[t is important to notice that the solution ¥, in system (§)—(d) is small on the bound-
ary: Ve|g,—o = €Ve|y,—0. Therefore, we have |V.|;,—o| < ¢, which corresponds to the
“subsonic” boundary case. More precisely, when the first velocity component is positive
U1lzy=0 > 0, we have a subsonic inflow boundary condition, and when it is negative
U1]zy=0 < 0, we have a subsonic outflow boundary condition, see Fig. Bl We also notice
that, due to Eq. (@0]), the first component of the velocity ¥; on the boundary has the
following form

Tilaymo = (géz + 520(1)) (t,0,/e2') = (giz + 52G(I))

Po

z=0

C
_ gglo(t, y) + *G(1)(t,y),
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ty..
’Ulym_g <0 ) J—
................................ - 0
V1lzy=0 > 0 (v Y>|$1 0
__________________ T (o Pllumo=0
V1]e=0 <0 — (V—=V)|5=0=0
Ul‘xl—o >0 +
. - —
x>0

Figure 3: Periodic subsonic inflow-outflow boundary conditions for the Navier-Stokes
system.

where

2 2
G(I) = =8.07' 1 = =" ((W Oty ¥ gpy S07'A 1) (74)

Po po " 4epo 203,00

Therefore, the boundary conditions for Vv; are defined by the initial conditions for KZK
equation and are L-periodic in ¢t and have mean value zero. In addition, the sign of
Vi|z,—0 is the same as the sign of Iy (because the term G([y) is of a higher order of
smallness on ¢).

Remark 3 As the viscosity term evv., where € is fived small enough parameter, v is
a constant, and in our case V. is of the order of €, the boundary layer phenomenon can
be excluded.

Theorem 5 Let n < 3. Suppose that the initial data of the KZK Cauchy problem
Iy(t,y) = Ly(t, \/ex") is such that

1. Iy is L-periodic in t and with mean value zero,

2. for fized t, Iy has the same sign for all y € R"' and for t €]0,L[ the sign
changes, i.e. Iy =0, only for a finite number of times,

3. Iy(t,y) € H(T, x R™™) for s > 10,
4. Iy is sufficiently small in the sense of Theorem[] such that[38, p.20]

v Cy(L)

Iyllgs < .
Holle < 320, G

Consequently, there exists a unique global solution in time I(7,z,y) of (Z0) for z =
exy > 0, moreover, the functions p., . = (01,7.), defined by the ansatz ([58)-(68) and
Eq. (Z3)-(&0) in the half space (71) are smooth with Q =T, x Ry~"

pe € C ([0, 00[, H*~* () N C" ([0, 00[; H*7° (), (75)
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v € C ([0,00[; H*(Q2)) N C" ([0,00[; H°(2)) . (76)

The Navier-Stokes system (8)-(9) in the half space with initial data (37) and following
boundary conditions

(Ve = Ve)|z1=0 = 0,

with positive first component of the velocity vi|y,—o > 0 (i.e. at points where the fluid
enters the domain) has the additional boundary condition

(Pe = Pe)|z1=0 = 0.

When v1|z,—0 < 0 there is no any boundary condition for p. .
Then, for all finite times T > 0 there exists a unique solution U. = (pe, peue) of the
Navier-Stokes system (8)-(3) with the following smoothness on [0, T

p- € C([0,T), H® ({z1 > 0} x R* ™)) nC* ([0,T], H* ({z1 > 0} x R*™1))
and
u. € C ([0, 7], H* ({z1 > 0} x R M) N C ([0, 7], H" ({z1 > 0} x R* 1))

Remark 4 [39] The restriction to have the same sign for Iy for all fized time avoids a
change in the type of the boundary condition applied to the tangential variables for the
Navier-Stokes system. Moreover, Zabolotskaya [0] takes as the initial conditions for the
KZK equation (which correspond to the boundary condition for vy ) the expression

I(1,0,y) = —F(y)sint
with an amplitude distribution F(y) > 0. Especially, for a Gaussian beam [6]
F(y)=e,

while for a beam with a polynomial amplitude [6]

1_22’ <1’
F<y):{é 5>)1 T

Proof : As previously, we use the fact that the entropy for the isentropic Euler system
n(U.), defined by Eq. 1) is a convex function[IT].
Let us multiply the Navier-Stokes system (29), from the left, by 2UZ7"(U.)

2UT"(U.)0,U. + Y 2Ul'y'(U.)DG,(U.)d,, U, — ev2UL " (U.) [ AOV } = 0.
i=1 c

We notice that
T, I 0 _
| ., | =0
and, therefore, we have

2UT"(U.)0,U. = 6,[Uly"(U.)U.] — Uloy"(U.)U..
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Moreover, by virtue of " (U)DG;(U) = (DG;(U))"n"(U) we find
2U!"(U.)DG;(U.)0,,U. = 8,,[Ul"(U.) DG;(U.)U.] — U!'9,,[n"(U.)DG;(U,)]U..

Integrating over [0,¢] x {z; > 0} (2’ € R"!), we obtain

t
/ 0,[Uly"(U.)U,|dxds + / / Zaﬁ [Ul9"(U.)DG;(U,)U.]dxds
0 x1>0 1‘1>0

t t n
- / ULom"(U,)U.dzds — / / > " UT0,,[n"(U.)DGy(U.)|U.dads = 0.
0 x1>0 x1>0

Integrating by parts we result in

Uy (U.)U.dz — Ul (U) U, |i—oda

x1>0 J11>0
/ / (05 [atn” +Zaxl " G5(UL)]| U.dzds
r1>0
— / Uy"(U.)DG,(U,)U,|,,—odz'ds = 0.
0 JRn-1

We recall that 7”(U.) is positive definite, consequently for some C' > 0 and dy > 0
C‘U ‘2 T //(UE)U€ > 50‘U€|2'

Therefore, we obtain for the initial data

Yo = [ e (po + el + %) (p—col G, \/Ew) (_? e, Ve ) (77)

and the relation

t
o Udz — C Uldr— / Uly"(U.)DG,(U,)U,|,,—odz'ds
z1>0 z1>0 0 Rn—1
t
<, / Ugdx ds.
0 x1>0
As in Ref. [I7], C; is an upper bound for the eigenvalues of the symmetric matrix

! U.) + Z o [n//(UE)DGi(UE)]-

Let us now consider the integral on the boundary. With notation v. = (vy,v.)" for the

27



velocity and H"(p) = &p’)), we see with DG (U.) coming from (BI]) that

Ul (U.) DG, (UL) U,
" V2 V.
H"(p)+ % - 0 1 0 ,
= (pe peve)” —vi+p(p:) 201 0 ( pev )
—¥e p—lgldn —v v, vl wvld, eve
vZopp)\ v pllee) VL
! (gf Pe ) Psl + Pe U Pe Pe
= (pespevr, pevl) | iy p—'/(ff) = 0 X
£ £ £ ,
—v15 0 U Tdy PeVe

= pp'(p=)v1.

Let us consider the initial condition Iy(¢,y) for the KZK equation of the type described
in Remark @l We suppose (without loss of generality) that Iy = 0 for ¢ €]0, L] only once.
More precisely, we suppose that the sign of v; is changing in the following way:

e v; <0 for te[0+ (k—1)L, L+ (k—1)L] (k=1,2,3,..),
e v; >0 for t €]+ (k—1)L,kL[ (k=1,2,3,..).

If t €[0,%] (for k= 1), the first component of the velocity vi|,—o < 0 is negative,
and thus we have

p=p'(pe)v1 < 0.

If t E]é, L[, the first component of velocity is positive vy|,,—o > 0, then we also impose
Pelei—0 = po+elo(t,y) +2J, where Iy(t,y) is the initial condition for the KZK equation
and J coming from Eq. (B6]). For the term

psp/ <p€>vl > 0

we see that on the boundary it has the form

c 2
p-p (po)v1 =¢ (%fo + %&z@ 110) (po +elo(t, y) + 2 D)p (po + elo(t,y) +£°J)

<Coely

k

> [ bt i
1 s +G-DLgL] JrRe

for some constant Cy > 0 independent on €. Consequently, for £ > 1
j_

kL
/ / pep/(pg)v1|$1:0dl’, dS S
0 Rn—1 —
k

< / / 00610 < Kk?€||]0|
; | L+G-DL L[ JRo1

Hsy
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where K = O(1) is a positive constant independent of k.
However for ¢ > 0 we have k > 1 such that ¢ € [(k — 1)L, kL[ and it implies on one
hand if ¢ € [(k—1)L,(k— 1)L+ £]

t (k—1)L
// %mmmmwf@s/ / 0t (02010l ds
0 Jrr-1 0 Rn—1

and on the other hand if ¢ € [(k— 1)L+ % kL[

t kL
// wmwmmms// 9 (0201 o ds.
0 Rn—1 0 Rn—1

As a consequence, we obtain for all ¢ > 0

t t
[ [ owtrntcas s < 5 (1] +1) cliala
0 Rn—1

Therefore we deduce the estimate, as g > 0

K ([t t
UZdx < — Uldr + e— ([—] + 1) | Lol s + g/ UZdx ds.
x1>0 x1>0 5 L 50 0 x1>0

By Gronwall’s lemma we find
Hs) e%t

01500 < 5 (100l 425 (| 7] +1) 15
U. € L= ([0, 7], L* ({z1 > 0} x R"1)).

0;

remainning bounded for all finite times.
Thus, for all T'< +00 we obtain that

If Iy =0 for ¢ €]0, L[ a finite number of times m , we obtain the same result for U, .

Hence, by Ref. [I7] we have proved that the chosen boundary conditions ensure the
local well-posedness for the Navier-Stokes system in the half space, which can be viewed as
a symetrisable incompletely parabolic system. We apply now the theory of incompletely
parabolic problems [I7, p. 352| with the result of global well-posedness of the Navier-
Stokes system in the half space with the Dirichlet boundary conditions[33] for the velocity
and with the initial data p.(0) — po € H*({z; > 0} x R"™ 1)) and v.(0) € H*({z; >
0} x R™!) small enough. Hence, for sufficient regular initial data Uy € H3*({x; >
0} x R™') (n < 3) for all finite time 7" < oo, we obtain by the energy method that
U, € L>([0,T], H3({z; > 0} x R*™1)).

To ensure that Uy defined in Eq. (T7) belongs H3*({z; > 0} x R"™1) we need to take
Iy € H*(T; x R*1) such that

pe € C([0,+oof; H*({21 > 0} x R"™), ¥ € O([0, +o0f; H ({21 > 0} x R"1).
By Theorem @] I, € H*(T; x R"™') implies while s — 2k > 0 that
I(7,2,y) € C*({zy > 0}; H* (T, x R"1)),
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but we can also say[21], thanks to Point 4 of Theorem @], that
OFI(r,z,y) € L*({y > 0}; H (T, x R"1)).

Considering the expressions of p. and V.

2 o 1 2
5= potel — (7—12 . KzaTz) v.= & (fz _ 520;1@1;5%8;1%1) ,
po \ 2 ¢ po \¢

the least regular term is 97'0,1. Thus we need to ensure
0.1 € C([0, +o0f; H*({zy > 0} x R™™1),
which leads us to take s > 10 in order to have
OFI(r,2,y) € L*({x1 > 0}; H (T, x R 1))

for k£ <4 with s —2k > 2 as we want to have the continuity on time. This choice of the
regularity for I allows us to control the boundary terms appearing from the integration
by parts in the energy method. Indeed, we can perform analogous computations as in
Ref. [I1] p.103 to control the spatial derivative of U, of the order less or equal to 3 and
directly verify that all boundary terms are controled by t|[y||gs, what is actually is a
consequence of the well-posedness[33] in H?.

Thus, we obtain the existence of the unique local solution of the Navier-Stokes system
with

p- € C([0,T),H® ({z1 > 0} x R* 1)) nC* ([0, T], H? ({z1 > 0} x R 1))
and

u. € C([0,7), H? ({zy > 0} x R*))nC* ([0, T], H' ({z1 > 0} x R* 1))

3.2.4 Approximation of the solutions of the isentropic Navier-Stokes system
with the solutions of the KZK equation.

Knowing from Subsection [B.2.T] that the KZK equation can be derived from the com-
pressible isentropic Navier-Stokes system (§)—(@) using the ansatz ([62)-(63) with / and
J given by (B3] and (B6) respectively, we obtain the following expansion of the Navier-
Stokes equations
_21Po 2 2 Po 21 _ Y o3
Oupe + V. (peve) =e7[ 52002, ® = Ay®) — o5 (v + 1)0:((0:2)7] — 0.0
+ el RYSTRIR (78)

and

pe[Ove + (v V)V 4 Vp(p.) — evAv, = eV[—pgd, @ + 1]

(v =Dpo

2% | 2
V (c*J
+e cJ+ 52

(0:@)? + 5020 | + "RYSTHIK, (79)
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where RYSKZE and RYSZK are the remainder terms given in[Al So, as it was previ-
ously explained for the approximation of the Navier-Stokes by the Kuznetsov equation in
Subsection B.1.2], if we consider a solution of the KZK equation I and define by it the func-
tions ® and J, then we define according to ansatz ([62)—([63) p. and V. (see Eq. (66)),

which solve the approximate system (27)-(28) with the remainder terms RYSKZK and
RYS™HZE and, as previously, with p(7.) from the state law (I0) :
0,p. + div(p.v.) = e RNVS-KZK (80)
P[0 + (V. V)V + Vp(p.) — evAV, = RYS 7K, (81)

As usual, we denote by U. = (p. , p.v.)" the solution of the exact Navier-Stokes
system and by U, = (p. , p.V.)! the solution of (80)-(&I).

We work on Ry x R"™! (n = 2 or 3) due to the domain of the well-posedness for
the KZK equation. In this case the Navier-Stokes system is locally well-posed with non
homogeneous boundary conditions of Uy, as they are directly determined by the initial
condition Iy of the KZK equation ([{0]) according to Theorem [ Knowing the existence
results for two problems, we validate the approximation of U, by U, following Ref. [39]
and Subsection

Theorem 6 [39] Let n = 2 or 3, s > 10 and Theorem [A hold. Then there exist
constants C' >0 and K > 0 such that we have the following stability estimate

C —
0<t<—, U — UellZ2m, wmn-1)(t) < Kt < 92,

Remark 5 The regularity of Iy € H*(T; x R"™ 1) with s > 8 (see Table[) is minimal
to ensure that RNS57K and RYS™8ZK see[d] belongs to C([0, +oof; L2(Ry x R*1)).
Indeed, if Iy € H*(Ty x R*™') with s > max{8,%}, then for 0 <k <4

I(7,2,y) € C*({z > 0}; H*2*(T, x R"™)).

Let us denote Q = T, x R"'. Given the equations for p. by (28) with (53) and (30)
and for v. by (64) respectively, we have for 0 < k < 2

0:7:(m.2,y) € C({z > 0} H*77(Q)), 957, 2,9) € C({2 > 0} H*7H(Q)),
but we can also sayf21)] thanks to Point 4 of Theorem[{] that

0:p:(7.2,y) € L*({z > 0} H*7'7(Q)), 007, 2,9) € L*({2 > 0} H**7(Q)).
This implies for 0 <k <2 (as s >8) that s —2 —2k > 2 and

0:7.(7, 2,y) €C(Tr; L*({z > 0} H' T H(R")),
0:(7, 2,y) €C(Tr; L*({z > 0} H***H(R"7))).

Hence we find

p(t, 1,2"), Be(t,1,2") €C([0, +ool; H* ({1 > 0} x R"™Y).
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As in addition for 0 < k <1, considering p. and V. as functions of (7,z,y),
0:0,p. € C({z > 0}; H*7*74(Q)), 9L0,¥. € C({z > 0}; H*°7*(92)),
we deduce in the same way that
oip.(t,z1,2'), Ov.(t,m1,2") €C([0, +oof; H ({z1 > 0} x R*™1)).

These reqularities of p. and V. wviewed as functions of (t,z1,2") allow to have all
left-hand terms in the approximated Navier-Stokes system (80)—(81) of the regularity
C([0,T); L*({z1 > 0} x R"™1)) and the remainder terms in the right-hand side inherit it.

3.3 Nayvier-Stokes system and the NPE equation.
3.3.1 Derivation of the NPE equation

The NPE equation (Nonlinear Progressive wave Equation), initially derived by McDonald
and Kuperman [36], is an example of a paraxial approximation in the aim to describe
short-time pulses and a long-range propagation, for instance, in an ocean wave-guide,
where the refraction phenomena are important. To compare to the KZK equation we use
the following paraxial change of variables

u(t,xy,2') = V(et, 1 — ct,\/ex') = V(7, 2,y), (82)
with
T=c¢ct, z=x1—ct, y=+c2. (83)
Navier-Stokes/ NPE (7,2,y)
Euler (z1,%/,t)
t
=
X/
T z=x1 —ct

Figure 4: Paraxial change of variables for the profiles U(et,z — ct, \/ex').

For the velocity we have
ve(t,xy,2") = —eVu(t, z1,2") = —£(0,V, VeV, 0)(7, z,y). (84)

If we compare the NPE equation to the isentropic Navier-Stokes system this method of
approximation does not allow to keep the Kuznetsov ansatz of perturbations (I2)—(I3)
imposing (I5)-(I6) just by introducing the new paraxial profiles ¥ for u, £ for p; and
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x for p; and taking the term of order 0 in ¢ as it was done in the case of the KZK-
approximation. This time the paraxial change of variables (R3] for p; and p, defined in

() () gives
P1 = — @az\ll + Ep_gaﬂ'\l[7
& C

Py = — M(@\P)Q _ 2p_602<az\p)2 Yy

2c? Po
po(y —2) Po 2 YV
+e |:27038Z\I’87—\I’ — Q—CQ(Vy\II) — gAy\I]
2 _po(v=2) 2
o (BOZD) g
Thus one of the terms in the p; -extension takes part on the second order corrector of p. :
pe(t,x1,2) = po + €€(7, 2,y) + ¥X(7. 2, y), (85)
with
§(ro2y) = - 2o.v, (86)
c
Po po(y —1) 2 Vo
==0, ¥V — ———=(0,¥)° — 0. V.
X(7,2,y) =50 o (0:9)" = 50 (87)

The obtained ansatz ([84)—(R85) applied to the Navier-Stokes system gives

v

2po

2 1
Orpe + div(pove) :52(—%) <8§z\11 - (71_ )

+ EgR{VS_NPE

9,(0. )2 PV + gAy\I/)

)

pe[O0ve + (Ve V)V + Vp(p:) — evAv, = eV <§ + p—coﬁz\ll>

—1
i CQEQV[X _ @87\11 i po(y )(82111)2 + K@zllf] +€3RéVS—NPE.
c? 2¢? c?

The remainder term in the conservation of mass is given by

SRYSNPE =3(0,x =V, VU — £ AU — 0,x 0.0 — x O20)
+e*(=V,x V,¥ — x A,U), (88)

while in the conservation of momentum along the x; axis it is given by

SRYSNPE g = &8 [ — %az\lf 02 + %az(vyw +v0,A, U + gaz(azw
+ ex 2w + ¢ (gaz(vyxp)? — XL+ %az(az\p)?) + 030V, 0), (89)
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and along all transversal direction x; to the propagation x;-axis

SRYS-NPE . — e3 [ - p—coazllf 83%_\1/ + %Gyj(vy\y)Q + 0, A,V + gayj(ﬁz\l/)2
coxd® W] 423 (Lo, (v, 02— 2 0+ Lo, (0.0)) + 5 X0, (V02 (90
X 2Yj € 2 yj( Y ) X TYj + 2 yj( z ) +€ 2 yj( Yy ) . ( )
As all previous models, for this ansatz, the NPE equation
2 (v+1) 2V .3 ¢
o;,v — 0,(0,¥)" — —0 ¥+ -A, ¥V =0 (91)
4 20 2

appears as the second order approximation of the isentropic Navier-Stokes system up to
the terms of the order of O(g?). In the sequel we work with the NPE equation satisfied
by ¢ (see Eq. (86) for the definition)

+1)c v c

o2e+ O e = Lope 1 Saje—o. 92
Looking at Figs 2 and @ together with (€Il) and (@Il) we see that we have a bijection
between the variables of the KZK and NPE equations defined by the relations

ZKZK
ZNpE = —CTkzk and Tnpg = ETkzK + PR (93)
which implies for the derivatives
1
87'NPE = CaZKZK and aZNPE = _EaTKZK'

Thus, as it was mentioned in Introduction, the known mathematical results for the KZK
equation can be directely applied for the NPE equation.

3.3.2 Well posedness of the NPE equation.

We consider the Cauchy problem:

1)c v c n—
02,6 + T 02((€)?) — 2508 + 0,6 =0 on Ry x T, x R, (04)

£(0,2,y) = &o(z,y) on T, x R*1,
in the class of L— periodic functions with respect to the variable z and with mean value
zero along z. The introduction of the operator 97! defined similarly to ;! in Eq. (69)

allows us to consider instead of Eq. (02) the following equivalent equation

(v+ 1)c
4po

14

0:& +
¢ 2po

0:((6)°]

0% + gAyaglg —0onR, x T, x R"1,

As a consequence we can use the results of Subsection [3.2.2]if we replace 7 by z. In the
same time for the viscous case it holds the following theorem:
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Theorem 7 Let n > 2, v > 0, s > max (4, [%} + 1) and & € H*(T, x R"™1) with
zero mean value along z. Then there exists a constant ko > 0 such that if

1€o]

H(T. xR2) < kKo, (95)
then the Cauchy problem for the NPE equation (94]) has a unique global in time solution
2
¢ €[ CH([0, +ool, H (T, x R?)) (96)
i=0

satisfying the zero mean value condition along z . Moreover for W according with Eq. (86)
we have

U= STl e ﬂcz [0, +o0[, H*"%(T, x R?))
Po =0
and it also satisfies the zero mean value condition along z, i.e. fo (1,1,y)dl = 0.

Proof: For & € H*(T. x R"!) small enough, the existence of a global in time solution
é-e ﬂc«z +OO Hs 22(']1‘ « R 1))

of the Cauchy problem for the NPE equation (04)) comes from Theorem [l We also have
the desired regularity by a simple bootstrap argument. Moreover the formula for 9! (see
the equivalent definition of 97! in Eq. ([69)) implies for s > 1 by the Poincaré inequality

107 €Nl s xmn-1y < Cl0:0; €l gra(r. xrn-1) < CllEl mrs(r. xrn-1y,

which gives us the same regularity for . O

3.3.3 Approximation of the solutions of the isentropic Navier-Stokes system
by the solutions of the NPE equation.

By Subsection B.2.2] this time the approximation domain is T,, x R*!. Let £ be a
sufficiently regular solution of the Cauchy problem (@4]) for the NPE equation in T, x
R"~!. Then, taking ¢ and x according to formulas (86)-(87), with ¥ defined using the
operator 0, equivalent to - (see Eq. (69)), we define p. and v. by formulas (84)—
[BA). For p. and ¥. we obtain a solution of the approximate system (27)—(28) defined
on Ry x T,, x R"! with p(p.) from the state law (I{), but with the remainder terms
RY i “NPE and RYS™NPE defined respectively in Eqs. (88)-(@0) instead of RYS~K%* and
Ré\f —Kuz )

In what following we consider the three dimensional case, knowing, thanks to the
energy method used in Ref. [34] on R?, that the Cauchy problem for the Navier-Stokes
system is globally well-posed in T,, x R? for sufficiency small initial data (see Ref. [34]
Theorem 7.1, p. 100 or Ref. [9]):
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Theorem 8 There exists a constant ki > 0 such that if the initial data
p-(0) — po € H*(T,, x R?), v.(0) € H*(T,, x R?) (97)
satisfy
1(0) = pollms(r,, xr2) + [[Ve(0)[[mr3(m,, xr2) < K1,

and p-(0)—po and v.(0) have a zero mean value among 1 then the Cauchy problem (8)-
(Id) on T,, x R* with the initial data (97) has a unique global in time solution (p., V.)
such that

pe — po € C([0, +oof; H*(Ty, x R?*)) N CH([0, +o0[; H*(T,, x R?)), (98)
which implies
p. — po € C([0, +o0f; H*(T,, x R2) 1 CL([0, +oof; H(T,, x R?)) (99)

and
v. € C([0, +ool; H¥(T,, x R?)) N C*([0, +ool; HY(T,, x R?)). (100)

Moreover for all time for p. — py and v. have a zero mean value along x; .

The existence results for the Cauchy problems of the Navier-Stokes system ([])-(I0)

and the NPE equation (@4]) allow us to establish the global existence of U. and U,
considered in the NPE approximation framework:

Theorem 9 Let n = 3. There exists a constant k > 0 such that if the initial datum
&0 € H(T, xR?) for the Cauchy problem for the NPE equation (93) (necessarily k < ks,
see Theorem[q) is sufficiently small

|’§OHH5(Tz><R"—1) <k,

and has a zero mean value then there exist global in time solutions U, = (p., p.v.)! of the
approzimate Navier-Stokes system (30) and U, = (p., p.ve)" of the exact Navier-Stokes
system (29) respectively, with the same regularity corresponding to (99) and (I00) and a
zero mean value in the xy -direction, both considered with the state law (1) and with the
same nitial data

(ﬁe - p5)|t:0 = Oa (‘78 - V8)|t:0 = 0, (101)

where peli—o and V.|—o are constructed as the functions of the initial datum for NPE
equation &, according to formulas (84)—(57).

Proof : The proof is essentially the same as for Theorem [[ According to Theorem [7]
with s =5, the datum &; is regular enough so that

pe — poli—o € H*(T,, x R?) and v.|—g € [H*(T,, x R*)]?

constructed with the help of formulas (84)—(87) in order to apply Theorem [ These
formulas together with Theorem [7] imply that p. and V. have the desired regularity. [J

Thanks to Theorem [ we validate the approximation of U, by U, following Ref. [39]:

36



Theorem 10 Let v > 0 and ¢ > 0 be fized and all assumptions of Theorem [ hold.
Then estimates of Theorem[3 hold in L*(T,, x R?).

The proof being the same as in Theorem [ is omitted. In fact it is due to the same
Egs. (29) and (B0) with just different remainders terms of the same order on .

It is also easy to see using the previous arguments that the minimum regularity of the
initial data (see Table[I)) to have the remainder terms

RYSTNPE and RYS™MPE € C([0, +o0[; L*(T,, x R?))
corresponds to & € H*(T,, x R?) with s >4 since then for 0 < k < 2
(7, 2,) € CH([0, +ool}; H*H(T, x R?)),
which finally implies with formulas (84])—(&) that

p=(t,21,2") € O([0, +o0f; H*(T,, x R?)) N C([0, +o00[; L*(T,, x R?)),
V.(t,21,2") € C([0, +00[; H3(T,, x R?)) N CY([0, +ool; HY(T,, x R?)).

4 Approximation of the Euler system.

Let us consider the following isentropic Euler system:

Oype + div(peve) =0, (102)
pe0rve + (ve.V)v] + Vp(p) =0 (103)

with p(p-) given in Eq. (I0). We use all notations of Section [B] just taking v = 0.
Let us consider two and three dimensional cases. The entropy 1 of the isentropic Euler
system, defined in Eq. (), is of class C* and in addition 7”(U.) is positive definite for
p- > 0. Moreover, from ([29) we see that G; € C*° with respect to U. for p. > 0. Then

we can apply Theorem 5.1.1 p. 98 in Ref. [I1] which gives us the local well-posedness of
the Euler system:

Theorem 11 [71]/ In R™ for n =2 or 3, suppose the initial data U.(0) be continuously
differentiable on R™, take value in some compact set with p.(0) >0, and

fori=1,..,n, 0,U.(0) € [H*R")]""" with s > n/2.

Then there exists 0 < T, < 400, and a unique continuously differentiable function U,
on R3 x [0,Ty[ taking value with p. > 0, which is a classical solution of the Cauchy
problem associated to (29) with v = 0. Furthermore for i =1,...,n

0, Uc(t) € () CH([0, To[; [H*H(R™)]").

k=0

The interval [0, To| is maximal in that if Ty, < 400 then

.....

and/or the range of U.(t) escapes from every compact subsets of RY x R" as t — T .
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Remark 6 A sufficient condition for the initial data to apply Theorem [I1l is to have
p=(0) — po € H3*(R") and v.(0) € (H*(R™))" with p-(0) > 0.

To approximate the solutions of the Euler system and the Kuznetsov, the NPE or the
KZK equations, we need to know for which time (how long) they exist. In the difference
to the viscous case, the inviscid models can provide blow-up phenomena as indicated in
Theorem [I1] for the Euler system, in Theorem [[H] for the Kuznetsov equation and for the
KZK and the NPE equations see Theorem 1.3 in Ref. [38]. Let us start by summarize
what is known on the blow-up time for the Euler system|3], [40, [41) 42} 43, [47].

Due to our framework of the non-linear acoustic, it is important for us to have a
potential motion (the irrotational case) and to consider the compressible isentropic Eu-
ler system (I02)-(103) with initial data defining a perturbation of order e around the
constant state (pg,0):

Theorem 12 (Ezistence time for the Euler system)

1. In R™ for n=2 or 3, suppose the initial data

U.(0) = (peo, peoVen)"

be a perturbation of order £ around the constant state (po,0) (see Eq. [I04])) and
take walue such that for i = 1,...n, 0,U.(0) € [H*R™)]"™ with s > n/2.
Then according to Theorem[I1] there exists a unique classical solution of the Cauchy
problem associated to (29) with v = 0 with a regularity given in Theorem [I1.
Moreover considering a generic constant C' > 0 independent on ¢, the existence
time T. is estimated by T. > g

2. 40, 41, 42, F3] If V x v.o =0 and if

L_l
2
(ﬂ) — 1 and v.y belong to the energy space X™
Po
a dense subspaces of H™(R™) with m >4 (for instance they can belong to D(R™),
see p.7-8 in Ref. [42] for the exact definition of X™ ) then

C C
T€2—2f0rn:2, and T, > exp (—) — 1 forn = 3.
€ €

The reqularity is given by energy estimates on X™ which implies at least the same
reqularity as in Theorem[I1 if for i =1,...,n, 9,,U.(0) € [H™ 1 (R")]"*!.

Proof : The first point is a direct consequence of the proof of Theorem 5.1.1 p. 98 in
Ref. [I1]. For the second point we refer to Refs. [40], 41l 42], 43] in order to have estima-
tions of 7. with the help of energy estimates in the considered energy spaces which are
dense subspaces of the usual Sobolev spaces. (]

Let us pay attention on the optimality of the lifespan in the previous results for two [3]
and three dimensional cases [47]. The following theorem tells us that the lowerbound for
the lifespan of the compressible Euler system in the irrotational case found in Theorem
is optimal:
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Theorem 13 (Blow-up for the Euler system)
1. [3] In R?, we consider the initial data given by

p:(0) = po +€peo and v.(0) = v, (104)
with pep and v.o of reqularity C* with a compact support. Moreover
Veo(r) = Ur|x|2?r + U0|$|2?9,

with peo, ve, vy € D(R?) depending only on r = |x|y = /a2 + 23 for z =
(.Tl, l’g)t .
Then the Euler system (102)-(103) with initial data (10]]) admits a C* solution
for t € [0,T.] with

lime*T. = C > 0.

e—0

2. [{7] In R3, we consider the initial data given by (I0) with p.o and v.o of requ-

larity C°° with a compact support. Moreover

VS,O(x) = ,UT‘|'I|3€>T‘5

with p.o and v, € D(R3) depending only on r = |z|3 = \/2? + 23 + 23
for x = (x1,29,23)". Then the Euler system (I03)-(I03) with initial data (107)
admits a C* solution for t € [0,T.[ with

limeln(7;) = C > 0.

e—0

Now let us consider the derivation of the Kuznetsov equation of Subsection 3. I.1lin the
assumption v = 0. Taking ansatz (I2)—(13) for p. and v. and imposing (IH)—([I6) for
p1 and py with v =0, we derive as in Subsection B.I.T] the inviscid Kuznetsov equation
with the notation a = 'Yc—}l

{ Ou— AAu=ed, (Vu)? + $(0u)?)

uw(0) = up, u(0) = uy. (105)

Thanks to Theorem 1.1 in Ref. [12], we have the following local well posedness result:

Theorem 14 (Local well posedness for the inviscid Kuznetsov equation)[12] Let
v=0,neN and s >2+1. Forall up € H*"'(R") and uy € H*(R™) such that

1
||U1||Loo(Rn) < ng, ||u0||L°°(R”) < M; and ||VU0||Loo(Rn) < MQ,

with My and My in RY, the following results hold:

1. There exists T > 0, finite or not, such that there exists a unique solution u of the
inviscid Kuznetsov system (I03) with the following regularity

we C([0, T H*T 7 (R™)) for 0 <r<s, (106)
1
vVt € [O,T*[, Hut(t)HLoo(Rn) < E, HuHLoo(Rn) < Ml, HVUHL‘”(R") < M,. (107)
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2. The map (ug,u1) — (u(t,.),0u(t,.)) is continuous in the topology of H**' x H®
uniformly in t € [0,T*].

Ref. [12] allows us to give a result on the lower bound of the lifespan T. of the Kuznetsov
equation. The method is similar to the case of the Euler system (I02)—-(I03]). It is based
on the using of a group of linear transformations preserving the equation uy — Au =0,
initially proposed by John[22]. We formulate the lifespan and blow-up time results for
the inviscid Kuznetsov equation in the following theorem:

Theorem 15 1. [19] Let m € N, m > [2+2] . For up € H™™(R") and uy €
H™R™) such that the results of Theorem [I]] hold for s = m, let uy and u; be
also small enough in the sense of an energy defined in Point 3 of Theorem 1.1 in
Ref. [12]. Then there exists a generic constant C' > 0 independent on € such that
T.> <.

2. [12] Let m € N, m > n+2 if n is even and m > n+ 1 if n is odd. For
ug € H™(R™) and u; € H™(R™) such that the results of Theorem [I]] hold for
s =m, let ug and wuy; be also small enough in the sense of a generalized energy
defined in Theorem 3.3 in Ref. [I2]. Then there exists a generic constant C > 0
independent on € such that

C
TEZ%fm’n:Q, T. > exp (—) —1 form=3 and T, = +oo forn > 4.
€ €

3. [l In dimension n = 2 and 3, there exist functions uy € D(R") and u; €
D(R™) such that the solution u of the Cauchy problem for the inviscid Kuznetsov
equation (I0A) has a geometric blow-up for the time of order T, = O (6%) and
T.=0 (exp (%)) respectively.

Remark 7 In R? and R® we see that the lifespan of the inviscid Kuznetsov equation
corresponds to the blow-up time estimation for the compressible isentropic Fuler system
in Theorems[I2 and[13, a result in accordance with the fact that the inviscid Kuznetsov
equation is an approzimation of the Euler system.We also notice that in the two cases
(for the Euler system and the Kuznetsov equation) having a longer existence time requires
more reqularity on the initial data.

Theorem 16 Let n =2 or 3. If the initial data ug € H*(R") and u; € H¥(R™) for
the Cauchy problem for the inviscid Kuznetsov equation (103) satisfy

[uol| ragrny + luall s ey <1
with | small enough, there exists T >0 and C > 0, independent on ¢, satisfying

> <
£

such that there exist local in time solutions

U. = (p., p.¥.)" and U, = (p., p-ve)' on [0, T7]
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of the approximate Euler system given by (30) and of the exact Euler system given by (29)
with v =0, both considered with the state law (1) and with the same initial data ([34).
In addition, the solutions have the same reqularity corresponding to

(po,0)t € ﬂck ([0, T2 [; [H3#(R™)]H). (108)

Here peli—o and v.|i—o are constructed as the functions of the initial data for the Kuznetsov

equation ug and uy by formulas (33)-(38) according to (I2)-(13) and (I3)-(18) taken

with v=20.

Proof : Taking uy € H*(R") and u; € H*(R") with |Juo|lgan) + [Jur]lme@ny < 1
and [ small enough, the Cauchy problem for the inviscid Kuznetsov equation (I05])
is locally well-posed according to Theorem [[Hl Moreover the solution u belongs to
Mi—o C*([0, T-[; H*(R™)) with T., > & and Cy > 0 independent of ¢.

As uy € H*Y(R") and u; € H*(R™), it ensures that

— poli—o € H*(R™) and v.|—¢ € [H*(R™)]3.

Therefore p.|i—o > 0 if ug and w; small enough.

By Theorem [2lit is sufficient to have a local solution U, on [0, 7. 5] of the exact Euler
system (see (29) with v = 0) verifying ([08) with 7 corresponding to ., Tt > <2
with C5 > 0 independent on ¢.

Now we consider 77 = min(7%;,7. ), and we have T > € with C' > 0 independent
on €. As p. and V. are defined by ansatz ([I2)-(I3) with p; and pe given in Egs. (I3])-
(@G), the regularity of u implies for U, at least the same regularity as given in (I0S).
To find it we use the Sobolev embedding (40) for the multiplication. OJ

Knowing the existence results for the two problems, we validate the approximation of
U, by the solution of the Kuznetsov equation, i.e. by U., following Ref. [39].

Theorem 17 (Approxzimation of the Euler system by the Kuznetsov equation)
Let n=2 or 3 and ug € H'(R"), uy € H*(R") be the initial data for the Kuznetsov
equation and U.(0) = U.(0) for the Euler energy respectively. For

ol ey + lJua||as@ny <1

with | small enough, there is the local existence of U, and U, for t € [0,T[ with T*
given by Theorem [I8 and the same regularity (I08). Moreover there exist C' > 0 and
K > 0 wndependent on € and on the time t, such that

C _
vt < ~ 1(Ue — Uo) () |72 sy < Kte®e™" < 4e?. (109)

Proof : The local existence of U, and U, comes from Theorem
We make use of the convex entropy as in Ref. [I1] for the isentropic Euler equation
and the rest follows exactly as in the proof of Theorem [3] except that v = 0.
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We finish the proof with the remark on the minimal regularity of the initial data for
the Kuznetsov equation such that the approximation is possible, i.e. the remainder terms
RNS=Kuz and RY575%# keep bounded for a finite time interval. Indeed, if uy € H*+?(R™)
and u; € H**(R") with s > 2 then w e C([0,T*[; H***(R")) and

up € C([0, TZ[; HH(R™)),  uy € C([0, T7[; H(R™)).

Since p. is defined by ([2) with (IH)-(I8) and v. by ([I3]), with v = 0, respectively, we
exactly find the regularity

p. € C(0, T2 H* P (RM) N CH (0, T2 [; H'(R™)),
v. € C(0, T2[ H*\(R") 0 OV ([0, T2 H*(R™)).

Thus by the regularity of the left-hand side part for the approximated Navier-Stokes
system (27)—(28) we obtain the desired regularity for the right-hand side. O

Theorem 18 (Approximation of the Euler system by the NPE equation) Let
n =2 or 3. There exists a constant k > 0 such that if the initial datum & € H°(T,xR?)
for the Cauchy problem for the NPE equation (93)) with v =0 is sufficiently small

[€0ll 25 (1. xrn-1y < ke,

and has a zero mean value then there exist local in time solutions U, of the approzimate
Euler system (30) and U, of the exact Euler system (29) with v = 0 respectively, with
the same regularity corresponding to (949) and ({I00) on [0,TF] instead of [0,+o00] and a
zero mean value in the xy -direction, both considered with the state law (I00) and with the
same nitial data (I01) where peli—o and V.|i—o are constructed as the functions of the
initial datum for NPE equation & according to formulas (84)-(87) with v = 0. Moreover
there exists C' > 0 independent of € such that T > % and for t < % we have inequality

(I1d) on T,, x R*1.

Proof : The work of Dafermos in Ref. [TIT] can always be applied on T,, x R*"! for
n = 2 or 3 instead of R™ so we have an equivalent of Theorem [I1] and we also have
the same equivalent of Theorem [[21 This is due to the fact that the energy estimate
in the articles of Sideris[40, 41, 42, 43| are always true on T,, x R and T,, x R*. In
all this cases we must also suppose that we have a mean value equal to zero in the
direction x;. As by Theorem @l the NPE equation is locally well posed on [0, T.[ with
T. > % if [|&o|lms(r. xmn-1y < ke, we have an equivalent of Theorems and [I7 for the
exact compressible isentropic Euler system and its approximation by the NPE equation
on T, x R" for n=2 or 3 as § € H°(T, x R*1) also implies p.|—o and v.|—o in
H3(T,, x R*1).

It is also easy to see using the previous arguments that the minimum regularity of the
initial data (see Table[) to have the remainder terms

RYSTNPE and RYSNF € ([0, T;[; L*(T,, x R"™))
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corresponds to & € H*(T,, x R"™!) with s >4 since then for 0 < k <2
(7, 2,y) € CF([0, T2 [} H7?M(T. x R™1)),
which finally implies with formulas (83]), (84]), (86) and (87) with v = 0 that

po(ta1,2') € C(0, T2 [ HA(Tay x R™) 0 CH([0, T2 LA(Tay x R™)),
Vet @) € CUO, T2 HY Ty x R™) N CU(0, 25 H' (T x R))

O

Remark 8 If we allow the Euler system to have not the classical, but an admissible weak
solution with the bounded energy (see Definition[d and take v = 0 ) taking the initial data
in a small on & L?-neighborhood of U.(0), then we also formally have estimate (3).
But, thanks to Ref. [31)] it is known that the Euler system can provide infinitely many
admissible weak solutions, and thus there are no sense to approximate them.

For the approximation by the KZK equation the inviscid case has already been studied
in Ref. [39]. The key point is that we must restrict our spacial domain to a cone in order
to take into account the fact that the KZK equation is only locally well posed.

Theorem 19 [39] Suppose that there exists the solution I of the KZK Cauchy prob-
lem (Z0) with I, € H*(T, x R"') for s > max{10, [2] + 1}, and v = 0 such that
I(7,z,y) is L— periodic with respect to T and defined for |z| < R and y € RZ*I . Also
we assume

2 I(r,2,y) € O = R R HY(T- x Ry™)) N CH(] = R, B[ H**(T, x Ry™))

(the uniqueness and the existence of such a solution is proved by Theorem ).

Let U, = (p.,p.v.)! be the approzimate solution of the isentropic Euler system (80)-
(87) with v = 0 deduced from a solution of the KZK equation. Then the function
U.(t,71,2") is defined in

R
T; x (Q = {z1]71 < — —ct} x R
£

and is smooth enough according to the regqularity of I .
Let us now consider the solution U, of the Euler System (29) with v =0 in a cone

Clt) = {0 <5<t} xOu(s) = {2 = (x1,2) : 11| < g _ Ms,M > ¢,z € ™1}

with the initial data
(pe = P)li=0 =0, (Ve = Ve)|s=0 = 0.
Consequently, (see Ref. [T1] p. 62) there exists Ty such that for the time interval 0 <

t <L there eists the classical solution U, = (p., pv.) of the Euler system (29) with
v=0 1in a cone

C(T) = {0 <t <T|T < %} X Q. (1)
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with )
||VU5||L00([07%[;Hs—1(QE)) < EC fO'f’ S > |:§i| —+ 1.

_ Moreover, there exists K > 0 such that for any € small enough, the solutions U, and
U, which where determined as above in cone C(T') with the same initial data, satisfy the
estimate for 0 <t < %

(U — U) ()1 22000 < coe’te?™ " < 4e?
with ¢§ > 0.

Remark 9 The regularity of Iy € H*(T; x R"™ 1) with s > 8 (see Table[) is minimal
to ensure that RYS™™7% and RY®™"7% seeld] are in C([0,2[; L*(Q.)) .

I(7,2,y) € C*( — R, R[; H*2*(T, x R"™1)).

Let us denote Q = T, x R"™'. Given the equations for p. by (28) with (53) and (30)
and for v. by (60) with v =0 respectively, we have for 0 < k <2

5p.(7,2,y) € O(] — R, R[; H?*(Q)), otv.(1,2,y) € C(] — R, R[; H* > *(0)),
but we can also say that
9%p.(,2,y) € L*(] = R, R[; H*"*(Q0)), 88w.(7, z,y) € L*(| = R, R[; H**7**(Q2)).

This implies for 0 <k <2 (as s >8) that s —2 —2k > 2 and

R
0:P:(7,2,y) €C(T; L ({anfar < — — et} HHR™)),
OM.(1,2,) €C(T,; L*({x1]2; < g —ct}; H22R(R™1Y).

Hence we find

1o

ﬁa(tv 21, .T/), T)€(t7 L1, .T/) EC([O, ?[7 H2(Q€))

As in addition for 0 < k <1, considering p. and V. as functions of (1,2,y),
o¥0.p. € C(] — R, R[; H*'72%(Q)), 0¥0,%. € C(] — R, R[; H372*(Q)),

we deduce in the same way that

T
8tp5(t7 T, .T/), atT%(tv Iy, xl) EC([O7 ?0[7 Hl(QE))

These regularities of p. and V. viewed as functions of (t,xz1,2") allow to have all left-
hand terms in the approzimated Euler system (80)-(81) with v = 0 of the regularity

C([0, 2[; L*(Q.)) and the remainder terms in the right-hand side inherit it.
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5 The Kuznetsov equation and the KZK equation.

5.1 Derivation of the KZK equation from the Kuznetsov equa-
tion.

If the velocity potential is given[28] by Eq. (B3]), we directly obtain from the Kuznetsov
equation (2I)) with the paraxial change of variable (52]) that

v—1 v
O*u — *Au — €0, <(Vu)2 + 5 (Ou)* + %Au>

= [wﬁzq) 2ty a2 - L opa — cmy@} + 2 REwKZE  (110)

2¢? poc® T

with

o (—c283<1> + %&(&cbazcb) —0,(V,®)* + 0271/8382(1) - piaTAycp)
0 0

+ 3 (—&(@CI))Q - p—VO&TafCI)) . (111)

Therefore, we find that the right-hand side e-order terms in Eq. ([I0) is exactly the
KZK equation (6I)). Due to its well posedness domain, to validate the approximation
between the solutions of the KZK and the Kuznetsov equations, we need to study the
well posedness of the Kuznetsov equation on the half space with boundary conditions
coming from the initial condition for the KZK equation.

5.2 Well posedness of the models.

5.2.1 Well posedness of the Kuznetsov equation in the half space with peri-
odic boundary conditions.

Let us consider the following periodic in time problem for the Kuznetsov equation in the
half space R, x R"™! with periodic in time Dirichlet boundary conditions:

{ wy — AAu — veAu, = agu; uy + BeVu Vu,  on Ty x Ry x R*L,

Ulgy—o =9 on T; x R*1 (112)

where ¢ is a L-periodic in time and of mean value zero function. For this we use Ref. [10]
and thus we directly obtain the following result of maximal regularity:
Theorem 20 [I0] Let n = 3, Q = R, x R*! and p €]|1,+o00[. Then there exits a
unique solution u € W2 (Ty; LP(Q)) N W (Ty; W(Q)) with the mean value zero
Vo e Q / u(s,x) ds =0 (113)
Ty

of the following system

{ Uy — AU —veAu, = f on T, x Q,

u=g9 on T;x 0N (114)
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if and only if the functions

[ € /(T L7() and g € Wy (T LP(00) NWATA Wy 7(09))  (115)

and are of mean value zero:
Ve € Q / f(l,z) dl =0 and Vz' € 99 / g(l,2") dl = 0. (116)
Tt Tt

Moreover, we have the following stability estimate

lullwz (Lo @prw ez < C (ILf |l ooer,o))

+ _ 1 .
Hg”wﬁ ?l?(m;m(aﬂ))mwz}(m;wﬁ IIJ(BQ)))

Proof : On one hand, if f and g satisfy (II5)-(II6]), the necessity of the conditions
is shown in Ref. [I0]. On the other hand, the conditions (I15)-(I6) are sufficient by a
direct application of the trace theorems recalled in Ref. [10] and proved in Ref. [13] for
example. O]
The results of Ref. [I0] allow to see that Theorem 201 does not depend on n, moreover
if we look at the case p = 2 the linearity of the operator 9} — ¢*A — vAQ9, from (1)
implies that we can work with H*(Q) instead of L*(Q) :

Lemma 1 Let n € N*, Q =R, x R"! s> 0 then there exits a unique solution
ueX:{ueH%EJP@»OH%EJP“@»MMHI/u@wﬁkzo} (117)
Ty

with the mean value zero (see Eq. (I13)) of system (I13)) if and only if
f € L*(Ty; H¥(Q)) and g € Fy = Hi(T,; H*(0Q)) N H'(Ty; H*2(09Q)) (118)

both satisfying (110).

Moreover we have the following stability estimate

lullx < CUAN 2 @) + lglle-)-

Here H?*(Ty; H*(Q)) N H(Ty; H2(Q)) is endowed with its usual norm denoted here and
in the sequel by ||.||x -

To prove the global well-posedness of problem (I12) for the Kuznetsov equation we
use the following theorem [44]:

Theorem 21 [/J/ Let X be a Banach space, let Y be a separable topological vector
space, let L : X —'Y be a linear continuous operator, let U be the open unit ball in X ,
let Pry : LX — (0,00 be the Minkowski functional of the set LU , and let ® : X — LX
be a mapping satisfying the condition

Pry(®(z) — ®(@)) <O() e -zl for |lz—zol <7, Iz —a0f <
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for some xy € X, where © : [0, 00[— [0,00[ is a monotone non-decreasing function. Set
b(r) = max(1 — O(r),0) for r>0.
Suppose that

[e.9]

w = /b(r) dr €]0,00], 7. =sup{r > 0|b(r) > 0},

w(r) = /b(t)dt (r>0) and f(x)=Lx+®(x) for zeX.

Then for any r € [0,r.[ and y € f(xo) +w(r)LU, there exists an x € xo+rU such that
flx)=y.

Now we can use the maximal regularity result for system (I14]) with Theorem 2] and the
same method as for the Cauchy problem associated with the Kuznetsov equation used in
our previous work [12]. We will just have to use the boundary conditions of problem (I12))
as the initial condition of the corresponding Cauchy problem in R"™.

Theorem 22 Let v >0, neN*, Q=R xR"! s>2 Let X be defined by (ITT))
and the boundary condition g € Fr be defined by (118) and in addition, let g be of the
mean value zero (see Eq. (114)).

Then there exist r* = O(1) and Cy = O(1) such that for all v € [0,7*[, if ||gllr, <

‘é—'/_fr, there exists a unique solution uw € X of the periodic problem (I12) satisfying (113)
and such that ||ul|x < 2r.

Proof : For g € Fr defined in (II8) and satisfying (II0]), let us denote by u* € X the
unique solution of the linear problem (I14) with f =0 and g € Fr.

In addition, according to Theorem [ we take X defined in (II7), this time for s > %
(we need it to control the non-linear terms), and introduce the Banach spaces

Xo:={ue X| ulgo=0o0n T, x 00} (119)
and
Y:{fELQ(Tt;HS(Q)HVxGQ : f(s,x) ds:()}.
Then by Lemma [I], the linear operator t
L:Xo—=Y, ueXy— Lu):=uy —EAu—veAu, €,

is a bi-continuous isomorphism.
Let us now notice that if v is the unique solution of the non-linear Dirichlet problem

vy — AV —velAv; = as(v +u) (v + ut)y on T, x Q,
+B8eV (v +u*).V(v+ u*), (120)
v=0onT,; x 09,

then u = v 4+ u* is the unique solution of the periodic problem (II2]). Let us prove the
existence of a such v, using Theorem 211
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We suppose that [|[u*||x <7 and define for v € X
O(v) = ac(v+u")(v+u*)y + SeV(v+u*).V(v+ u*);.
For w and z in Xy such that ||w|x < r and ||z][x <7, we estimate || P(w)—P(2)||y -

By applying the triangular inequality we have

[@(w) — ()l < as(ljui(w = 2ully + I (w = e Iy
+ lwi(w = 2)ully + [[(w — Z)tZttHY)
+ B2 (IVu V(w = 2)lly + IV (w = 2)Vu; [y
+IVwV(w = 2)lly + [V (w - 2)Vally ).
Now, for all a and b in X with s > sy > 7 it holds

acbe ||y <llacl| Lo (r, x| bee ||y
SO (T4 150 () Lo (Ty x ) || @t | 11 (71750 (90)) ||| x
SCHI(Tt;HSO(Q))—)L"O(TtXQ)Ha”XHb”X7
where Chir,. o0 (Q)) -1 (T, x) 1S the embedding constant of H'(T,; H*(2)) in L>(T; x

), independent on s, but depending only on the dimension n. In the same way, for all
a and b in X it holds

IVaVbly < Criir,mso@))—ro e xo)llall x|l x-
Taking @ and b equal to u*, w, z or w—2z,as |[u||x <r, ||w|x <r and ||z]|x <7,
we obtain
[®(w) = S(2)[ly < 4+ F)Chi(m,:moo @) Loe(rexener|[w — 2 x-

By the fact that L is a bi-continuous isomorphism, there exists a minimal constant
C. =0 (%) > 0, coming from the inequality Coev|ull% < || flly|lullx for u, a solution

of the linear problem (II4]) with homogeneous boundary data (for a maximal constant
Co = 0O(1) > 0) such that

Yu € XO HUHX < CEHLtu

Hence, for all f €Y
Puin (f) < CoPoy (f) = Co| fl1v-

Then we find for w and z in Xy, such that ||w|x < 7, ||z|lx < r, and also with
|u*]|x <, that with ©(r) := 4C. (o + B)Crr (150 (Q))— Lo (T, x)€T it holds

Pryy, (®(w) = @(2)) < O(r)[lw — 2| x-

Thus we apply Theorem 21l with f(z) = L(z) — ®(z) and xo = 0. Therefore, knowing
that C, = % , we have, that for all r € [0,r,[ with

14

r —0(1), (121)

B 400(04 + B)CHI(Tt;Hso(Q))aLw(Tth)
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for all y € ®(0) + w(r)LUx, C Y with
C

w(r) =1 = 2= Crp (o @)ooy (o + H)r,

there exists a unique v € 0+1rUx, such that L(v)—®(v) =y . But, if we want that v be
the solution of the non-linear problem (I20), then we need to impose y = 0 and thus, to

ensure that 0 € ®(0) + w(r)LUx, . Since —ﬁ@(()) is an element of Y and LX, =Y,

there exists a unique z € X, such that
I L 50 (122)
z=— .
w(r)

Let us show that ||z||x <1, what will implies that 0 € ®(0) 4+ w(r)LUx, . Noticing that

[2(0)[ly < aellvivully + Bl VoVuy
<(a+ ﬁ)ECHl(Tt;HSO(Q))—>L°°(’]I‘t><ﬂ)||U||§(
< (a4 B)eChi(mymeo(Q))— Lo (TixQ)T

and using (I22)), we find

12O)[ly

w(r)
« _ COmauno@oremxo(atfer 1
> (1 _ QCECHl(Tt;HSO(Q))—)LOO(Tt><Q)(a + B)ET‘) 2’

I2]lx < C||Lzlly = C-

assoon as r <r*.

Consequently, z € Ux, and ®(0) + w(r)Lz = 0. Then we conclude that for all
r € (0,7, if ||u*||x < r, there exists a unique v € rUy, such that L(v) — ®(v) =0,
i.e. the solution of the non-linear problem ([[20). Thanks to the maximal regularity
and a priori estimate following from Theorem [ with f = 0, there exists a constant
C1 = O0(e%) > 0, such that
Cy

\/%HQHIFT'
NIz

Thus, for all r € [0,7.] and |g|r, < 577, the function u = u* +v € X is the unique

solution of the time periodic problem for the Kuznetsov equation and |ju|x < 2r.

lu*llx <

O

5.2.2 Well posedness of the initial boundary value problem in the half space
for the Kuznetsov equation.

We work on Q = R, x R*™! and we are going to study the initial boundary value
problem for the Kuznetsov equation on this space, i.e. the perturbation of an imposed
initial condition by a source on the boundary, which will later be determined by the
solution of the KZK equation.
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Lemma 2 Let s >0, n € N. There exists a unique solution
u€E:=H*Ry; H Q)N H' (R ; H2(Q)) (123)
of the linear problem

Uy — Au—velAu, = f in Ry x Q,
u=g on R, x0Q, (124)
w(0) =ug, w(0)=wuy; in Q

if and only if the data satisfy the following conditions
d f € LQ(R-H HS(Q))a
e for the boundary condition

g€ Fr, = HA(R,; HY(99)) 0 H'(Ry: H2(00)); (125)

o uy € H2(Q) and uy € H(Q) ;
e g(0)=wug and g(0) =uy; on O in the trace sense.

In addition, the solution satisfies the stability estimate

[ulle < CUIAN 2@y o)) + 9llea, + luollmssz + [ual[ o).

In order to prove this result we will use the subsequent lemma to remove the inhomogeneity
g.

Lemma 3 Let s >0, n € N. There exists a unique solution w € E defined by (123) of
the following linear problem

wy —rvelAw, =0 in Ry x €,
w=g on Ry x0Q, (126)
w(0) =0, w(0)=0 1in Q
if and only if the data satisfy the following conditions

o gcFr, defined in (123),
e for the compatibility: for all x € 02, ¢g(0) =0 and ¢,(0) =0.
Moreover, the solution w satisfies the stability estimate
lwllz < Cligllg, -
Proof : First we prove the sufficiency. By assumption (I25), we have

drg € H3*(Ry; H3(09Q)) N LA(Ry; H2(09)).
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Thanks to § 3 p. 288 in Ref. [29], we obtain a unique solution
ve H'(Ry; B Q) N IR, H(Q))
of the parabolic problem
v —veAv=0 in Ry xQ, v=0,¢9 on Ry x9Q, v(0) =0 in .

Next we define for ¢t € R, and z € () the function

w(t,x) == /Otv(l,x)dl.

We have w(0) =0 and w(0) = 0. Moreover, it satisfies

t
wy —velAw, =0,  w(t)]|ag = / g:(1) dl = g(t),
0

as ¢g(0) = 0. Therefore, w is a solution of problem (I26).The necessity follows from the
spatial trace theorem ensuring that the trace operator Trsq : u +— u|gq , considering as a
map

H' (R HY(Q)) 1 LX(Ros HY(Q)) — HY (R, HH(09)) N LR H2(00)), (127)

is bounded and surjective by Lemma 3.5 in Ref. [I3]. For the compatibility condition,
thanks to Lemma 11 in Ref. [14], we also know that the temporal trace Tr—¢ : g — ¢li=o,
considered as a map

HY4 (R H*(0Q)) N L*(Ry; H3/2(09)) — H*/2(00) (128)
is well defined and bounded. Moreover, the spatial trace
HV2(Q) — H*(09) (129)

is bounded by Theorem 1.5.1.1 from Ref. [16].

To obtain uniqueness, let w be a solution to (I26]) with g = 0. Since w; solve a heat
problem with homogeneous data, we obtain w; = 0 and therefore also w = 0 by the
initial condition w(0) = 0. The stability estimate follows from the closed graph theorem.
O
Let us prove Lemma 2} Proof :  We obtain the uniqueness for (I24) from the fact
that in the case g = 0 we can consider —A as a self-adjoint and non negative operator
with homogeneous Dirichlet boundary conditions and we can use Ref. [I5]. To verify the

necessity of the conditions on the data, we suppose that u € E defined in (I23)) is a
solution of (I24]). Then

u, uy € H'(Ry; H5(Q)) N L*(Ry; H2(Q)) and thus f € L*(Ry; H*(Q)).
Taking as in the previous proof the spatial trace Tryq as in (I27) we have

g, g € HYY(R; H*(0Q)) N L*(Ry; H*/2(9Q)), which implies g € Fg, .
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By the Sobolev embedding H'(R,; H*™%(Q)) — C(R,; H*™(f)), it follows that uy €
H*™2(Q) and we also have the temporal trace

u +— u|t:0 : Hl(R+;HS(Q)) N LZ(R+;H5+2(Q)) N HS+1(Q)

by Lemma 3.7 in Ref. [I3]. For the compatibility condition we use (I28) and (I29)) as in
the proof of Lemma [3]

It remains to prove the sufficiency of the conditions. We extend wug, u; and f in
odd functions among z; on R™ so that we have 1wy, € H*™(R"), 4, € H*"(R") and

f e L*(R,; H5(R")). We consider the problem

ﬂtt — C2Afb — VEAth = f n R+ X Rn,
a(0) = do, @(0) =ay in R™.

By Theorem 4.1 in Ref.[12] we obtain the existence of its unique solution
i€ HX(R,; HY(RY) 0 B (Ry; H2(R™)).

Let w € E, defined in (I23]), denote the restriction of @ to 2 and let § := g — ulsq .
By the spatial trace theorem 7|spq € Fr, , and hence § € Fg, . Then the solution u
of the non homogeneous linear problem ([[24)) is given by w = v + u, where v solves
probleme (I24)) with f = up = vy = 0 and g = §g. From Lemma B we have a unique
solution v € E, of the problem (I26) with g = §. Then the function w :=v — 7 solves
the following system

wy — Aw — veAw, = AU in Ry x Q,
w=0 on R, x0dQ,
w(0) =0, w(0)=0 1in

which thanks to Theorem 2.6 in Ref. [15] has a unique solution w € E defined in (I23)).
The function u := w + ¥ + @ is the desired solution of (I24]) and the stability estimate
follows from the closed graph theorem. This concludes the proof of Lemma OJ

The next theorem follows from the maximal regularity result and Theorem 211 Its
proof is similar to the proof of Theorem 22l and hence is omitted.

Theorem 23 Let v >0, n € N*, Q=R xR"! and s > 5. Considering the initial
boundary value problem for the Kuznetsov equation in the half space with the Dirichlet
boundary condition

Uy — AU — veAu; = aguuy + BeVuVu, —in [0, +oo[xQ,
u=g on [0,00[x00, (130)
U‘<O) = Up, ut<0) =u imn Qu

the following results hold: there exists constants r* = O(1) and Cy; = O(1), such that
for all initial data satisfying

o gcFys:=H/*0,00[; H*(0Q)) N H([0, 00[; H*F3/2(08)) ,
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® Uy E H8+2(Q) , Ul € HS+1(Q) s

e g(0) = ugloq and g:(0) = uy|aq ,
and such that for r € [0, r*[

ve
me+@) 19l < ara

|wol| rrs+2() + [|ua]

there exists a unique solution of problem (I30)
u € H*([0, 00f; H*(Q)) N H ([0, 00[; H*()),

such that ||u||HQ([O,oo[;HS(Q))ﬁHl([O,oo[;HS+2(Q)) S 2’/‘.

5.3 Approximation of the solutions of the Kuznetsov equation by
the solutions of the KZK equation.

Given Theorem 22] for the viscous case, we consider the Cauchy problem associated to the
KZK equation ([f0) for small enough initial data in order to have a time periodic solution [
defined on R, xR, If v > 0, to compare the solutions of the Kuznetsov and the KZK
equations we consider two cases. The first case is considered in Subsubsection (.31l when
the Kuznetsov equation can be considered as a time periodic boundary problem coming
just from the initial condition Iy of problem (Z0). In Subsubsection we study the
second case, when the solution of the KZK equation taken for 7 = 0 gives I(0,z,y)
defined on R, x R™! from which we deduce according to the derivation ansatz both
an initial condition for the Kuznetsov equation at t = 0 and a corresponding boundary
condition. In this second situation, it aslo makes sense to consider the inviscid case, breifly
commented in the end of Subsubsection

5.3.1 Approximation problem for the Kuznetsov with periodic boundary con-
ditions.

Let Q; =T, x R"™' and s> [%2] 4+ 1. Suppose that a function Io(t,y) = Io(t, \/ea') is
such that Iy € H*(€2;) small enough and fTT Iy(s,y)ds = 0. Then by Theorem @l there is
a unique solution I(7,z,y) of the Cauchy problem for the KZK equation (7)) such that

2z I(7,2,y) € C(]0, 00, H*(§21)) (131)

with fTT I(l,z,y)dl = 0. We use the operator 9! defined in (69). Formula (63), which

implies that 97T is L-periodic in 7 and of mean value zero, gives us the estimate
107 Il -0y < CllOROT T o0y = Ol || (520)-
So O 'I|.—o € H*(£;), and hence by (3T
2z 07 (7, 2,y) € C([0, 00, H*(Q1)),

with [ 07 '(s,z,y)ds = 0.
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We define on T, x R, x R"!
— / c? -1 c? —1 1 /
u(t,xy,2") = —0_ " I(r,2z,y) = —0- 1 <t — —, ey, \/Ex) (132)
Po Po c

with the paraxial change of variable (52)) associated to the KZK equation. Thus w is L-
periodic in time and of mean value zero. Now we consider the Kuznetsov problem (I12))
associated to the following boundary condition, imposed by the initial condition for the
KZK equation:

2
glt, ') == (t,0,2") = =0 Iy(r,y). (133)
Po

Taking [ := 250, ® (see Eq. (B3))), let I be the solution of the Kuznetsov equation written
in the following form with the remainder R¥“*=KZK defined in Eq. ([I11):

- 11 ~ v ~ c? 17 uz— —
i S T

[~|z:O - [07

where we can recognize the system associated to the KZK equation ([70).
Now we can formulate the following approximation result

Theorem 24 Let v > 0. For s > 5 +2 and Iy € H¥"2(T, x R™™) small enough in

HSJ“S(TT x R"™1) | there exists a unique global solution I of the Cauchy problem for the
KZK equation {Z0) such that

2 I(7, 2,y) € C([0, 00[, H*T2(T, x R"1)).

In addition, there exists a unique global solution I of the Kuznetsov problem (134), in the
sense | := 20, ®, with ®(7,2,y) = u(t,v1,2") with the parazial change of variable (23)
and

ue H*(Ty; H(RT x R* 1) 0 HY(Ty; HP(RY x R™™1)),

is the global solution of the periodic problem (I13) for the Kuznetsov equation with g
defined by 1y as in Eq. [I33). Moreover there exist C; >0 and Cy >0 such that

1d ~ - -
éaﬂf— |[Z2r, xmn-1y < CLllT = I Z2er, xmn-1y + Colll = I 2(z, xrn-1y,

which implies
~ C C
11— 1|l z2(r, xrn-1)(2) < 72826%2 < 525(@%2 —1)
1

and ||[I — f||Lz(TTanf1)(z) < Ke while z < C with K >0, and C > 0 independent of
€.

Proof : For s > % + 2, the global well-posedness of I comes from Theorem H if
Iy € HS+%(']I'T x R™1) is small enough. Moreover, since ¢ is given by Eq. (I33)), thanks
to the definition of 8- in (BJ) and the fact that Iy € H*"2(T, x R*1), we have

g€ H"2(Ty x R* 1) and 9,9 € H*2(T, x R"1).
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And thus . )
g€ Hi(Ty; H¥(R"1))n HY(T,; H*7 2 (R"™)).

Therefore we can use Theorem 22] which implies the global existence of the periodic in
time solution

u € H*(Ty; H¥(RT x R™ 1Y) n HY(Ty; H*P*(RT x R™™1)),

of the Kuznetsov periodic boundary value problem (IIZ) as Iy is small enough in H*+2 (T, x
R™1) . Therefore, it also implies the global existence of I defined in (55) which is the
solution of the exact Kuznetsov system (I34]).

Now we subtract the equations in systems (0) and (I34):

= 7+l v+1 v

I—1 J AT 10.(I — 1) — 21— 1
c0.( ) 2po( )0; o O-( ) 262/)037( )
_ C_za—lA (I—f) :E&RKW—KZK
9 T 7Y 2¢2 '

Denoting Q; = T, x R""! | we multiply this equation by (I —1), integrate over T, x R"~!
and perform a standard integration by parts which gives

cd ~ v+1 -
—— =132 — —— | O-I(I—1)*drd
57| 122 (1) 290 Jo (I — 1) drdy
1 [ - - X

_at / i1 = Do,(I - Ddrdy

2p0 Jo,

v T P uz— T

2t J. 00— D)drdy = ey ) RIw K2R (T — Idrdy.

Let us notice that

/ I(I —1)o.(I — Ddrdy = / (I —1)+ I)]laT(f — D)?drdy =
Q1 Q1 2

1 -
= —— | O.I(I —I)*drdy,
2 Jo,

and as for s > % +2 and u € H*(T;; H*(Q)) N H'(Ty; H*2(Q2)) we also have
REwKZE ¢ O(R,; L*(T, x R™™1)). (135)

This comes from the fact that in system (I34) the worst term outside the remainder is
921 with I given by Eq. (BB). As dfu € L*(T,;; H*(Q2)), we need to take s > 242 to
have 921 in L®(R.; L*(T, x R"1)). Therefore

/ REw=KZE (1 — drdy| < |RE“ 52K oo 1T = 11| 1201y < I — 1]l 12(0)
1951

with a constant C' > 0 independent on z thanks to (I33). It leads to the estimate

1d

5= iz < Ksup|0-1(r, 2 9)| I - 172y + Cell = Il 120,

95



in which, due to the regularity of I for s and I, (see also Point 1 and 3 of Theorem [
the term supgq, [0-1(7, z,y)| is bounded by a constant C' > 0 independent on z. With
this we have the desired estimate and the other results follow from Gronwall’s Lemma.

O

Remark 10 Here the reqularity I, € H*"3(T,; x R™Y) for s > 5+ 2 is the minimal
reqularity to ensure (133).

5.3.2 Approximation problem for the Kuznetsov equation with initial-boundary
conditions.

Let as previously €; = T, x R*!, but s > ["TH] . Suppose that a function Iy(t,y) =
Iy(t,\/ex’) is such that Iy € H*() and [ Io(s,y)ds = 0. Then by Theorem H there is
a unique solution I(7,z,y) of the Cauchy problem (0] for the KZK equation such that

2 I(1,2,y) € C([0, 00[, H*(£21)).

We define @ and g as in Eqs. (I32)) and (I33)) respectively. Thus, for RE**~KZE defined
in Eq. (ITI]), @ is the solution of the following system

20— 2 A — —\ 2 -1 —\2 v —\ _ 2pKuz—KZK :
{ 0% — *AU — €0, ((Vu) + Lz () + %Au> =e*R in T, x Q, (136)

u=g¢g on T;x 0.

We study for 7' > 0 the solution u of the Dirichlet boundary-value problem (I30) for
the Kuznetsov equation on [0,7] x R, x R"™! | taking uo := u(0) and wu; := w(0) and
considering the time periodic function g defined by Eq. (I33)) as a function on [0,7].
Now we have the following stability result.

Theorem 25 Let T >0, v >0, n>2, Q=R xR"! and I, € H¥(T, x R"!),
s € RY. Let I be the solution of the KZK equation. By I the solution u of the
approximated Kuznetsov problem (I138) is constructed using (132) and with g defined

Then there hold

1. If s> 6 for n=2,3, orelse [$] > 2+1, there exists k >0 such that || Io||gs < k
implies the global well-posedness of the Cauchy problem for the KZK equation. Its
solution 1s denoted for 0 < k < B] by

I€C*"{z>0}); H (T, x R™™)),
thus
€ CF({z >0} H (T, x R™™)), 91 € C*({z > 0}; H* (T, x R*™)),

or again

N|&

@ e HX(T,, HIZ71(Q)) n 2Y(T,, H3(Q)). (137)

The regularity of Iy € H*(T; x R"™1) (see Table [3) is minimal to ensure that
REw==KZK " see Bq. (I11), is in C([0,+oo[; L*(R, x R*™1)).
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f [%] > %+ 2, taking the same initial data for the exact boundary-value problem
for the Kuznetsov equation (130) as for w, i.e.

u(0) =u(0) = ;—2871[(—%,6561, Ver') e H[E](Q),
w(0) = T, (0) = ;ian(—%,gxl, Ver') e HIEIY @),

there exists k > 0 such that ||Iy||gs < k implies the well-posedness of the exact
Kuznetsov equation (I30) considered with Dirichlet boundary condition

62

0-'I, € H*(T, x R"1) ¢ H™4([o, T]; H51-2(60))
Po

g e
N H\([0,T); HE-232(90))
and the reqularity
we HX([0,7), HE-Y Q) n H2Y(0, 7], HIE (). (138)

Moreover, there exists K > 0, and C' > 0 independent of € such that for all t < g
we have C; >0 and Cy > 0 with

@ = DOy + IV =D Ol < Crete™ <Ke.  (139)

. In addition, let u be a solution of the Dirichlet boundary-value problem (I30) for
the Kuznetsov equation, with g defined by Eq. (I33) and ug € H™(Q), u, €
H™Y Q) with m > % and

1w = @) (0) 1720y + IV (u = @)(0)[[72(q) < 6% <€ (140)

There exists K >0 and C > 0 independent of € such that for all t < g we have
Cy >0 and Cy > 0 with

10 =00 ooy + 190 = O3 < Co(t+ ) < Koo (141)

Proof : Let w and ¢ be defined by (I32) and ([I33) by the solution I of the Cauchy
problem (T0) for the KZK equation with I|.—o = I, € H*(T; x R"!) and s > 6 for

S

n =23, or else [—] > 5 + 1. In this case, u is the global solution of the approximated

2

Kuznetsov system (I30]), what is a direct consequence of Theorem[dl If [, € H*(T;xR" 1)
with the chosen s, then for 0 < k < [%}

I(7,2,y) € C*({z > 0}; H*72*(T, x R"™)).

Let us denote €; =T, x R"!. Given the equation for u by ([I32), we have

a(r, zy) and O;(r, 2,y) €C*({z > 0} HH(Qn), if0 <k <[]

02a(r, 2, y) €C*({z > 0}; H172(Q,)), if 0 < k < E] 1,
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but we can also say[21] thanks to Point 4 of Theorem @] that

u(t, z,y) and 0,7(7, z,y) €H*({z > 0}; H¥2*())),
O%u(r, z,y) €H*({z > 0}; H7172(Qy)).

This implies as for the chosen s that
a(t, v, 2') and 9ya(t, x1, ') € LX(T,; HIEN(Q) n B2(T,; HE-Y(0),
o2a(t, v, 2') € L¥(Ty; HI31(Q) n H2(T,; B2 ().

This implies

u(t, xq, ") ECl([O,+oo[;H[§]_1(Q),
02T(t, 1, 2') €C([0, +oof; HIEI2(Q).

With the chosen s, these regularities of u(t, z1,2") give us the regularity (I37) and allow
to have all left-hand terms in the approximated Kuznetsov system (I36]) of the desired
regularity, i.e in C([0,+oo[; L2(€2)). In addition for [£] > % + 2 with the chosen g,
up =u(0) and u; = (0) in the conditions of the theorem we have

uo € HEl(Q), u, e HEI Q)

with
g€ H*(T;, x R" ') and 0,9 € H*(T; x R"™1),

which implies
g€ B0, 7 HIE2(00) n B (0,71 HE>72(00)

with [g] — 2> % as required by Theorem 23] to have the local well-posedness of w, the
solution of the Kuznetznov equation associated to system (I30). This completes the local
well-posedness results and we deduce that u have the desired regularity (I38) announced
in the Theorem. Moreover, we have RE“=KZK in ([0, +oo[, L*(2)).

To validate the approximation we will only demonstrate the estimate in point (3) as
it directly implies the estimate in point (2). We take again Iy € H*(T; x R"™!) with

S

[5] > 5 +2 todefine w and g and consider u to be a solution of the Dirichlet boundary-

value problem (I30) for the Kuznetsov equation under the conditions ug € H™2(Q),
u; € H™H(Q) with m > % satisfying (I40). Now we subtract the Kuznetsov equation
from the approximated Kuznetsov equation (see system (I30])), multiply by (u—u); and
integrate over ) to obtain as in Ref. [I2] the following stability estimation:

1d

S ( /Q A(t,z) (u—T)*+A(V(u — a))?da;)

< Cesup([|ug| oo @); [ AullLoee); [[ VU (@)
(= el + 1V (0 = 1) a0

+ €2 / REw=RIK (), da
)
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where % < Alt,z) < 2 for 0 <t < T and = € Q. By regularity of the solutions
sup (|| wse || Lo ()3 || Au|| oo () [| V|| o)) is bounded in time on [0,77]. Moreover, we have
| REv==R2K(1)|| 12y bounded for ¢ € [0,T] by the regularity of @ where RF"=~KZK jg
defined in (III). Then after integration on [0,t], we can write
1w = @) (12 0) HIV (w = D) ()10
<3()l(w = @0 [0y + V(= D) (0)[[Z2 ()

t
Cie [ = (o) oy + 19 = (s} s
#C [ 1= 000 e 19— 06 [

As [[(u —u)(0)])3. 2y T IV(u = w)(0 )||L2(Q < 6% < £?, we finally find by the Gronwall
Lemma

No|

10 =00 ooy + 1906 = O30 < Ol +82)e < Ke

for t < % what allows us to conclude. 0
For the inviscid media we use ([2)) on the cone C(t) defined in Theorem [[9 instead of R”
when we compare the Euler system and the inviscid Kuznetsov equation. Therefore the
triangular inequality permits us to validate the approximation between the Kuznetsov
and KZK equations in the inviscid case as their respective approximations with the Euler
system are validated by (2]) in the cone.

6 Approximation of the solutions of the Kuznetsov equa-

tion with the solutions of the NPE equation.
Now let us go back to the NPE equation introduced in Section and consider its

ansatz ([84)—(8T). As previously we start with the viscous case v > 0.
Then we can rewrite the Kuznetsov equation

ofu— - <0, (Vo + Lt 0u? + Zau)
0
1
=c <—208§Z\If — AU+ picajqf + 7; cd.(0 @)2) | o2 RKus—NPE
0
with
2 REWNPE _ 222y — 20 0 4 L oA, 0.0 — (v — 1)0,0 620 (142)
Po Po

—2(y = 1)0,V 02,0 — 20,V 92,V + 2¢V, ¥ V,0.0)

—1 1
+&%(— piAyaT\I/ + 27767\11 02V + 7782111 o)
0

— 2V, ¥ V,0,¥) + &' (—

).
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We obtain the NPE equation satisfied by 9,¥ modulo a multiplicative constant:

2 y+1 3
3TZ\I!—T (0. 0)? —2—/)08 U+ A U = 0.
In the sequel we will work with £ defined by (BB) which satisfies the Cauchy prob-
lem ([@4) for the NPE equation. This time in relation with the KZK equation we used
the bijection (@3)). We also update our notation for ©Q; = T, x RZ*I and s > & + 1.
Suppose that & € H***(T, x Ry~") and [} &(z,y) dz = 0. Then there is a constant
r > 0 such that if [|&] e xrel) <7 then, by Theorem [ there is a unique solution

£ € C([0,00[; HF*(T, x Ry~)) of the NPE Cauchy problem (34 satisfying

/{(T,z,y) dz=0 forany 7>0,y€R"
T

We define 0,,u(t, z1,2") == —<£(7, 2,y) with the change of variable (83 and

po

ﬂ(t,xl,x'):—p—a Le(r, 2, y) = ( )(/gmyds+/ ZE(T,S,y)ds).

We notice u(x1,2) := 0;u(0,z1,2") and wo(w1,2') := —-0, “1¢(z,y) and consequently
we have ug € H*T3(T,, x R | uy € H¥(T,, x R’"). Thus for these initial data there
exists

u € C([0,00; H¥(T,, x R% 1)) N ([0, 0o; H¥(T,, x R

the unique solution on T, x R’ I of the approximated Kuznetsov system

{ Upr — AU — l/{‘:AEt — QEUUy — BEVEVE = €2RKUZ7NPE, (143>

a(0) = ug € H*"(T,, x R, w,(0) = wy € H(T,, x R

with RE“=NPE defined in ([42). If we consider the Cauchy problem (28] for the
Kuznetsov equation on T, x R~ ! with uy and w; derived from &, we have

ol

w2y, xrr )y s, <mrty < Clioll povar, xmg—):

Hence, if [[$oll a+2(r. «pp—1) small enough[I2], we have a unique solution
u € C([0,00[; H*1(Q)) N C ([0, 00f; H(92))
bounded in time of the Kuznetsov equation.

Theorem 26 For the defined above solutions u of the exact Cauchy problem (20) and @
of the approzimated Cauchy problem (I43) for the Kuznetsov equation on @ =T, XRZ,_l .
Then there exist K >0, C >0, C; >0 and Cy > 0 such that for all t < g we have
estimate (I39) and in addition Point 3 of Theorem [Z3.

Proof : The global existence of u and w has already been shown. The proof of the
approximation estimate follows exactly as in Theorem 23] and is thus omitted. O]
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Remark 11 The case v = 0 implies the same approximation result except that u and
u are only locally well posed on an interval [0,T].

Remark 12 We can see see for n = 2 or 3, using the previous arguments that the
minimum reqularity of the initial data (see Table[d) to have the remainder terms

REW=NPE € ([0, 4o00f; LX(T,, x R™1))
corresponds to & € H*(T,, x R"™Y) with s > 4 since then for 0 <k <2
£(r, z,y) € C*([0, +ool}; H2M(T, x R"™?)),
which finally implies with formula U = —p—f;aglg that with Q = T,, x R}
u(t,ry,2') € C([0, +ool; HX(Q)), da(t,z1,2') € C([0, +ool; H*()),
o7u(t, x1,2") € C([0, +oo[; L*(Q)).
In the same way for n > 4 we can take & € H*(Q2) with s > 5 + 2 for the minimal
requlatity as it implies
u(t,x1,2") € O([0, +ool; H*(2)), du(t,z1,2") € C([0,+oo]; H (),
oFu(t, x1,2') € O([0, +oof; HH()).

7 Kuznetsov equation and the Westervelt equation

7.1 Derivation of the Westervelt equation from the Kuznetsov
equation.

We consider the Kuznetsov equation (21]). Similarly as in Ref. [1] we set

1

and obtain

Ol — *All = €0, (Au + — 5. (8tu) u(@f - czAu)> :
?

c
By Definition (I44) of II we have
v+ 1

8,?1'[ — CzAH = &‘at ( (at ) ) + 82RKuz7Wes’

where

uz— es 1 ’y + 1
2 R _ 2 [—@Amm - Lo oot )

1 » Y1 2 vV
+62u8t <(Vu) + 5 (Opu) +p0Au)}

1
+ €30, { ) ] (145)
We recognize the Westervelt equation
9211 — ATl = 20 (AH + ’V; (&,11) ) . (146)
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7.2 Approximation of the solutions of the Kuznetsov equation by
the solutions of the Westervelt equation

For the well-posedness of the Westervelt equation we refer to our work[12] on the Kuznetsov
equation where our results can be directly applied. For u solution of the Cauchy prob-
lem (26]) for the Kuznetsov equation we set

— 1 9
II=u+ 2—6268t[u ],

and we have II solution of the Cauchy problem

Qfﬁ — Al = €0, (AIL + 15 (9,I1)?) + g2 Riuz-Wes, (147)
I1(0) = Iy, O,I1(0) = 1T,
with REu#=Wes defined by (I43) and in accordance with the definition of II
1
HO =Ug + —2€UQU1, (]_48)
c
1 1
I =u; + g&tuf + geuoafu(O) (149)

1 1 1 v
=u; + _25’“% + Seug———— (cQAuo + —cAuy + QeVuOVul)
c c 1— %€U1 £o

with ug and wu; initial data of the the Cauchy problem (26]) for the Kuznetsov equation.
For s > 2 if we take uy € H*™(R") and u; € H*"3(R?), we have I, € H*"3(R") C
H***(R") and II, € H*™(R") with

||H0||H5+2(Rn) + ||H1||Hs+l(Rn) S C(||u0||Hs+4(]Rn) + ||U1||H5+3(Rn)),
so similarly to our previous work [I2] we obtain

Theorem 27 Let n > 1, s > 7,

exists a constant ky > 0 such that if

ug € H™(R™) and u; € H3(R™). Then there

[uol|rre+any + [Jun]| ooy < ks, (150)
then the Cauchy problem for the Westervelt equation

1
0911 - AT — 20, (ATL+ 32 A1), )
I1(0) = Iy, O,I1(0) =1I;

with Iy and 11y defined by Eqs. (I48) and (I49), has a unique global in time solution

IT € H*([0, +oo[, H*(R™)) N H*([0, +-00[, H*"*(R™)) (152)
and if s > 1
IT € C([0, +ool, H*T*(R™)) N C*([0, +oo[, H*TH(R™)) N C*([0, +-o0[, H* *(R™)) (153)

Moreover we have 1 global in time solution of the approzimated Cauchy problem (Tf74)
with the same reqularity.
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For II solution of the Caucchy problem (I5I]) we set u such that II = % + Sud,u and
we obtain

0F — AU — 5—A8tu N 8tu8 u— 2eVu.Vou

Po
1
£ (gamafﬂ — OuAT + ;E@fﬂ - 5@A8ﬂ) = g? RVes—Kuz
with
RWes—Kuz _ [p > (20, uAOyu + 2(VOu)* + O7ulu + uAd} + 2Vu.Vorn)
0
1
+7 1 ((0w)* + udiu)ou + % (30,0 + E@fﬂ)@tﬂ}
v+1 —\2 | —a2— — 02— | —3—
+e——((0)” + ud; u)(30;ud;u + ud;u).
And as

0fu — A Au = O(e)

if we inject this in the term (%0,u0}u — OuAT + Sudju — eulAdyu) we have

—1
027 — AT — gpiAatu - 570—2@@@3@ — 2eVT.VOT = e2RWes—Kuz, (154)
0

Now we can write the following approximation result for the Westervelt equation
Theorem 28 Let v > 0, n > 2, s > 2 with s > 1, uy € H*™(R") and w €
Hst3(R™), there exists k > 0 such that |[To|lgs+amny + ||| ps+s@ny < k implies the
global existence of 11 with the regularityies (153) and (I23) which is the solution of the
Cauchy problem (I11) with 11, and I1; defined by Eqs. (I48) and (149). Moreover for

up € H¥™(R™) and uy € H*™(R™) we have u ezact solution of the Cauchy problem (28)
for the Kuznetsov equation. Let w such that

H—u+ u@tu

as a consequence U 1is a solution of the apprommated Kuznetsov equation (157) and if u
and w satisfies (I40) with w(0) = ug, Ou(0) =uy, w(0) =4y, Gu(0) =y, there exists
K >0 and C > 0 independent of € such that for all t < g we have C1 >0 and Cy > 0
with (171).

Proof : The existence of u and u has already been shown. The proof of the approxi-
mation estimate follows exactly the proof of Theorem 25l and hence it is omitted. O

Remark 13 For the minimal regularity (see Table [3) of wy and wy to ensure that
REvw==Wes = see Bq. (147), is in C([0,+ool; L2 (R x R*™™1)), if uyg € H*"*(R?) and
uy € HTYR3) for s >3 then
u €C([0, +oo[; H*(R?)), du € C([0, +oo[; HY(R?)),
O €C([0, +ool: HA(RY)), Bfu € C((0, +ool; L*(E?)).
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Taking 11 as in (T{4) we obtain

I € C([0, +oo; HY(R?)), o,I1 € C(]0, +oo[; HA(R?)), 9711 € C([0, +oo[; L*(R?)).
Injecting this result in the approximated Westervelt equation in system (I47) we obtain
REw=Wes ¢ ([0, +oo; LA(R?)). In the same way if n > 4 we take uy € H**2(R™) and
u; € H¥TH(R™) with s > %4+ 1.
8 Conclusion

We summarize all obtained approximation results in two comparatif tables: Table [l for the
approximations of the Navier-Stokes and Euler systems and Table2 for the approximations
of the Kuznetsov equation.

A Expressions of the remainder terms.

The expression of H , the profile of p,, in the paraxial variables of the KZK ansatz:

Hir, g = - 20Dy g2 Lo

2ct ctr
Po 2 2 v 2 0
21 Po 2 Vo
+ &2 0 (0.) C2azc1>], (155)

If we consider (78)-([T9) the expressions of RNS~KZK and RYS-KZK are written with
the terms / and J defined by (B3]) and (B6) respectively.

o3 RNS-KZK _
1 1
E [—poagcp + 2010, 1 0,10, — V,1.V,d
C C
S 1 L
FZI02.0 — IA,® — —0,J0,® — —JPD
C C C
1 1
b et [_azfach — 1020+ ~0.70,] + —0,10.0

2
~V,J.V,® + Ejaizcb - JAycp]

+9[~0.J0.® — JO).

64



99

Table 1: Approximation results for models derived from Navier-Stokes and Euler systems

Kuznetsov

KZK NPE
Navier-Stokes Euler Navier-Stokes Euler Navier-Stokes Euler
Theorem Theorem Theorem [I7] Theorem Theorem Theorem Theorem [I7]
paraxial approximation paraxial approximation
Do = po+ep1 + €2pa, u=O(t — £ exy,\/ex) u=V(et,z; — ct,/eX)
v. = —Vu, p- = po+el +&%J, pe = po + €€ + €%,
p1 = %0, v, from (G8), I = %0, P, v, from [&4), { = —20.V,
Ansatz p2 from ([I6) J from (56) X from (&)
D?u — *Au =
—1 c
e0r (V) + 5 (9u)? 021 — GO 02.€ + Lo (e?)
2
Models +£Au) g BB — SA,T =0 P+ SAL =0
Approxi-
mation
Order O(&?)
the cone
the half space {ln] < £ —ct}
Domain R3 {x; > 0,2 € R""!} xR T,, x R?
Approxi- B
mation |U. = U2 <efort<Z
fnitial w € H(Q) | up € H(Q)
regularity Uy € H4(Q> Uy € Hg(Q) Iy € HlO(Q) Iy € HlO(Q> & € HB(Q> & € HB(Q>
Data B s
regularity | %o € +T(Q> u € H +T(Q)
for remainder | Y1 € H*7H(Q) | up € H*T(Q)
boundness s> 12 s> 1% Iy € H3(Q) Iy € H3(Q) &o € HY Q) | & € HY(Q)
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Table 2: Approximation results for models derived from the Kuznetsov equation

KZK NPE Westervelt
periodic initial
boundary condition boundary value
problem problem
Theorem Theorem Theorem Theorem Theorem
paraxial approximation paraxial approximation
Derivation u=do(t — = cxy, /ex') u=V(et,xq — ct,\/ex') II =u+ Seudu
Approxi-
rrlizlition the half space
domain {z1 > 0,2’ e R" '} T,, x R? R3
Approxi-
mation
order O(e) O(e) O(&?)
[[(w — ). (t)]] 2 [[(w — 1) (t)]] 2 [[(u =) (t)]] 2
IV (u—w) ()] 2 IV (u—w)(@)]| 2 IV (u—w)(@)]| 2
HI - IaprowHLZ(']I‘tX]R"*l) <e < Ke. < Ke < Ke
Estimation 2 < K t < % t < % t < %
.. Uy € Hs+4(Rn)
Initial 3 1 s n—1 2 n—1 3 (T3
data. Iy € H"2 (T, x R Io € H*(T; x R}™) & € HYY(T,, x R u; € HP3(R3)
regularity for s > 5 +2 for [%] > 5+ 2 for s > 5 +1 for s > 3
Uy € Hs+2(Rn)
X uy € Hs+1(Rn)
Dat Iy € H%(T, x R}) & € HY(T,, x R for s >3 and n = 2, 3.
ata — _ s+2 n
regularity , . for Sn 27 37n_1 for n = 2, 3. ) Uy € H (R )
for remainder Iy € H**2(T, x Ry ™) Iy € H*(T; x Ry:™) o € H*(Ty,, xRy) up € H*HH(R™)
boundness for s > 5 +2 for[§}>%—l—1andn24 fors> 3% +2andn >4. | fors>5+1andn > 4.
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Among the z; axis
83RéVSfKZK_€)1

3| _Pog 2 2 _ Vo 2
£ { 5 0= 0.90,0 + (V,@)") = ~0, [~ 028 + A, ]

I 1 J
0 [ (0,D)Y] + L0
5.0:15(0:9)°) + Z 0 }

+et [%az[—gazcmcb +(V,®)] + yaz[—%ﬁszD + A,

C

I 2 o T 1 ) )
— 2—6&[—202@87(1) + (V,@)7] + 5@[?(8@) | — JO2,P
J .1 0o v
7 . (I) 27 FY (I) A 2(1)
— 0,5 (0,0)%) - L20,[(0.9) - =0,
+ &5 —ia [(0.9)%] + £8 [—28 0, P + (V,P)?]
20 T zZ 2 zZ C zZ T y
J. 1 o 2 )
+ 5@[;(&@) | — 2—667[—26@87@ + (V,®)7]
+220.[(0.0)") + voio)
I J J. 2
6 - 2 7 2 ‘7= 2
+e {282[(8,2@) ] 2CaT[(aZcI)) 1+ 2[ Cazq)&-q)—i- (V,®)7]
+ e’ {%@[(@Cb)?]}

and in the hyperplane orthogonal to the z; axis

n
Z(R?S*KZK?Z)?Z -

=2

7 2 2
€2 {%Vy[—zazq)@@ + (qu))Z] + Vvy[_gazz(b + A,

%vy[c—z(a@f] - va[a@]]

9 |1 2 J 1
ret |19, 20.00,0 4 (9,007 + 59, 5(0.0))
+209,[(0.9)?] + vV, [029)]
11 I 2 J 2 2
+e2 |5V [(0:2)°] + SV, [-20.20,0 + (V, )

vt |59 0.00]

References

[1] S. I. AANONSEN, T. BARKVE, J. N. TJo/TTA, AND S. TJO/TTA, Distortion and

67



2l

3]

4]

5]

6]

7]

8]

19]

harmonic generation in the nearfield of a finite amplitude sound beam, The Journal
of the Acoustical Society of America, 75 (1984), pp. 749-768.

R. A. Abpawms, Sobolev spaces, Academic Press [A subsidiary of Harcourt Brace
Jovanovich, Publishers|, New York-London, 1975. Pure and Applied Mathematics,
Vol. 65.

S. ALINHAC, Temps de vie des solutions réguliéres des équations d’Fuler compress-
ibles axisymétriques en dimension deuz, Invent. Math., 111 (1993), pp. 627-670.

— A minicourse on global existence and blowup of classical solutions to multidi-
mensional quasilinear wave equations, in Journées “Equations aux Dérivées Partielles”
(Forges-les-Eaux, 2002), Univ. Nantes, Nantes, 2002, pp. Exp. No. I, 33.

N. S. BAKHVALOV, Y. M. ZHILEI KIN, AND E. A. ZABOLOTSKAYA, Nonlinear
theory of sound beams, American Institute of Physics Translation Series, American
Institute of Physics, New York, 1987. Translated from the Russian by Robert T.
Beyer.

—, Nonlinear theory of sound beams, American Institute of Physics Translation
Series, American Institute of Physics, New York, 1987. Translated from the Russian
by Robert T. Beyer.

L. BERS, F. JOHN, AND M. SCHECHTER, Partial differential equations, American
Mathematical Society, Providence, R.1., 1979. With supplements by Lars Garding
and A. N. Milgram, With a preface by A. S. Householder, Reprint of the 1964 original,
Lectures in Applied Mathematics, 3A.

P. CAINE AND M. WEST, A tutorial on the non-linear progressive wave equation
(NPE). Part 2. Derivation of the three-dimensional cartesian version without use of
perturbation expansions, Applied Acoustics, 45 (1995), pp. 155-165.

Z. CAo, H. YIN, L. ZHANG, AND L. ZHU, Large time asymptotic behavior of the
compressible Navier-Stokes equations in partial space-periodic domains, Acta Math.

Sci. Ser. B (Engl. Ed.), 36 (2016), pp. 1167-1191.

A. CELIK AND M. KYED, Nonlinear wave equation with damping: Periodic forcing
and non-resonant solutions to the Kuznetsov equation, (2016).

C. M. DAFERMOS, Hyperbolic conservation laws in continuum physics, vol. 325 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences|, Springer-Verlag, Berlin, fourth ed., 2016.

A. DEKKERS AND A. ROZANOVA-PIERRAT, Cauchy problem for the Kuznetsov equa-
tion, preprint, (2017), pp. 1-31.

R. DENK, M. HIEBER, AND J. PRUSS, Optimal LP-L%-estimates for parabolic
boundary value problems with inhomogeneous data, Math. Z., 257 (2007), pp. 193
224,

68



[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

27]

28]

G. D1 BLASIO, Linear parabolic evolution equations in LP -spaces, Ann. Mat. Pura
Appl. (4), 138 (1984), pp. 55-104.

M. GHisi, M. GOBBINO, AND A. HARAUX, Local and global smoothing effects for

some linear hyperbolic equations with a strong dissipation, Trans. Amer. Math. Soc.,
368 (2016), pp. 2039-2079.

P. GRISVARD, Elliptic problems in nonsmooth domains, vol. 24 of Monographs and
Studies in Mathematics, Pitman (Advanced Publishing Program), Boston, MA, 1985.

B. GUSTAFSSON AND A. SUNDSTROM, Incompletely parabolic problems in fluid dy-
namics, STAM J. Appl. Math., 35 (1978), pp. 343-357.

M. HAMILTON AND D. BLACKSTOCK, Nonlinear Acoustics, Academic Press, 1998.

D. Horr, Strong Convergence to Global Solutions for Multidimensional Flows of
Compressible, Viscous Fluids with Polytropic Equations of State and Discontinuous
Initial Data, Arch. Rational Mech. Anal. 132 (1995) 1-14.

D. HOFF, Discontinuous Solutions of the Navier-Stokes Equations for Multidimen-
sional Flows of Heat-Conducting Fluids, Arch. Rational Mech. Anal. 139 (1997),
pp. 303-354.

K. IT0o, Smooth global solutions of the two-dimensional Burgers equation, Canad.
Appl. Math. Quart., 2 (1994), pp. 283-323.

F. JOHN, Nonlinear wave equations, formation of singularities, vol. 2 of University
Lecture Series, American Mathematical Society, Providence, RI, 1990. Seventh An-
nual Pitcher Lectures delivered at Lehigh University, Bethlehem, Pennsylvania, April
1989.

P. M. JORDAN, An analytical study of Kuznetsov’s equation: diffusive solitons, shock
formation, and solution bifurcation, Phys. Lett. A, 326 (2004), pp. 77-84.

B. KALTENBACHER AND I. LASIECKA, Well-posedness of the Westervelt and the
Kuznetsov equation with nonhomogeneous Neumann boundary conditions, Discrete
Contin. Dyn. Syst., (2011), pp. 763-773.

B. KALTENBACHER AND M. THALHAMMER, Fundamental Models in Nonlinear
Acoustics - Part 1. Analytical Comparison Math. Models Methods Appl. Sci., 28
(2018),pp. 2403-2455.

— An analysis of nonhomogeneous Kuznetsov’s equation: local and global well-
posedness; exponential decay, Math. Nachr., 285 (2012), pp. 295-321.

T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch.
Rational Mech. Anal., 58 (1975), pp. 181-205.

V. KUzZNETSOV, Equations of nonlinear acoustics, Soviet Phys. Acoust., 16 (1971),
pp. 467-470.

69



[29] O. A. LADYZENSKAJA, V. A. SOLONNIKOV, AND N. N. URAL'CEVA, Linear and
quasilinear equations of parabolic type, Translated from the Russian by S. Smith.
Translations of Mathematical Monographs, Vol. 23, American Mathematical Society,
Providence, R.I., 1968.

[30] M. LESSER AND R. SEEBASS, The structure of a weak shock wave undergoing re-
flexion from a wall, J . Fluid Mech., 31 (1968), pp. 501-528.

[31] T. Luo, C. XIE AND Z. XIN, Non-uniqueness of admissible weak solutions to com-
pressible Euler systems with source terms, Adv. Math., 291 (2016), pp. 542-583.

[32] S. MAKAROV AND O. M., Nonlinear and thermoviscous phenomena in acoustics,
part ii, Acustica, 83 (1997), pp. 197-222.

[33] A. MATSUMURA AND T. NISHIDA, Initial-boundary value problems for the equations

of motion of compressible viscous and heat-conductive fluids, Comm. Math. Phys.,
89 (1983), pp. 445-464

[34] A. MATSUMURA AND T. NISHIDA, The initial value problem for the equations of

motion of viscous and heat-conductive gases, J. Math. Kyoto Univ., 20 (1980), pp. 67—
104.

[35] B.E. MCDONALD, P. CAINE AND M. WEST, A tutorial on the nonlinear progressive
wave equation (NPE)-Part 1. Applied Acoustics, 43 (1994), pp. 159-167.

[36] B. E. MCDONALD AND W. A. KUPERMAN, Time-domain solution of the parabolic
equation including nonlinearity, Comput. Math. Appl., 11 (1985), pp. 843-851. Com-
putational ocean acoustics (New Haven, Conn., 1984).

[37] S. MEYER AND M. WILKE, Global well-posedness and exponential stability for

Kuznetsov’s equation in L, -spaces, Evol. Equ. Control Theory, 2 (2013), pp. 365
378.

[38] A. ROZANOVA-PIERRAT, Qualitative analysis of the Khokhlov-Zabolotskaya-
Kuznetsov (KZK) equation, Math. Models Methods Appl. Sci., 18 (2008), pp. 781—
812.

[39] ——, On the derivation of the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation
and validation of the KZK-approzimation for viscous and non-viscous thermo-elastic
media, Commun. Math. Sci., 7 (2009), pp. 679-718.

[40] T. C. SIDERIS, Formation of singularities in three-dimensional compressible fluids,
Comm. Math. Phys., 101 (1985), pp. 475-485.

[41] ——, The lifespan of smooth solutions to the three-dimensional compressible Euler
equations and the incompressible limit, Indiana Univ. Math. J., 40 (1991), pp. 535—
550.

70



[42] ——, The lifespan of 3D compressible flow, in Séminaire sur les Equations aux
Dérivées Partielles, 1991-1992, Ecole Polytech., Palaiseau, 1992, pp. Exp. No. V,
12.

[43] ——, Delayed singularity formation in 2 D compressible flow, Amer. J. Math., 119
(1997), pp. 371-422.

[44] M. F. SUKHININ, On the solvability of the nonlinear stationary transport equation,
Teoret. Mat. Fiz., 103 (1995), pp. 23-31.

[45] J. N. TJo/TTA AND S. TJO/TTA, Nonlinear equations of acoustics, with application

to parametric acoustic arrays, The Journal of the Acoustical Society of America, 69
(1981), pp. 1644-1652.

[46] P. J. WESTERVELT, Parametric acoustic array, The Journal of the Acoustical Society
of America, 35 (1963), pp. 535-537.

[47] H. YIN AND Q. QIu, The lifespan for 3 -D spherically symmetric compressible Euler
equations, Acta Math. Sinica (N.S.), 14 (1998), pp. 527-534.

71



	Introduction.
	Isentropic Navier-Stokes system for a subsonic potential motion.
	Approximation of the Navier-Stokes system.
	Navier-Stokes system and the Kuznetsov equation.
	Derivation of the Kuznetsov equation from an isentropic Navier-Stokes system.
	Approximation of the solutions of the isentropic Navier-Stokes system by the solutions of the Kuznetsov equation.

	Navier-Stokes system and the KZK equation.
	Derivation of the KZK equation from an isentropic Navier-Stokes system.
	Well posedness of the KZK equation.
	Entropy estimate for the isentropic Navier-Stokes equation on the half space and the associated existence result.
	Approximation of the solutions of the isentropic Navier-Stokes system with the solutions of the KZK equation.

	Navier-Stokes system and the NPE equation.
	Derivation of the NPE equation
	Well posedness of the NPE equation.
	Approximation of the solutions of the isentropic Navier-Stokes system by the solutions of the NPE equation.


	Approximation of the Euler system.
	The Kuznetsov equation and the KZK equation.
	Derivation of the KZK equation from the Kuznetsov equation.
	Well posedness of the models.
	Well posedness of the Kuznetsov equation in the half space with periodic boundary conditions.
	Well posedness of the initial boundary value problem in the half space for the Kuznetsov equation.

	Approximation of the solutions of the Kuznetsov equation by the solutions of the KZK equation.
	Approximation problem for the Kuznetsov with periodic boundary conditions.
	Approximation problem for the Kuznetsov equation with initial-boundary conditions.


	Approximation of the solutions of the Kuznetsov equation with the solutions of the NPE equation.
	Kuznetsov equation and the Westervelt equation
	Derivation of the Westervelt equation from the Kuznetsov equation.
	Approximation of the solutions of the Kuznetsov equation by the solutions of the Westervelt equation

	Conclusion
	Expressions of the remainder terms.

