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Reduced order modeling approach to combustion 
instabilities of liquid rocket engines

M. Gonzalez-Flesca∗, P. Scouflaire†, T. Schmitt‡, S. Ducruix§, and S. Candel¶
Laboratoire EM2C, CNRS, CentraleSupélec, Université Paris-Saclay
3 rue Joliot Curie, Bat. Eiffel, 91192 Gif-sur-Yvette cedex, France

Y. Méry‖

SAFRAN Aircraft Engines
77550 Moissy-Cramayel, France

This article describes the numerical framework for a reduced order tool which aims at 

simulating combustion instabilities in liquid rocket engines. The numerical framework relies

on the projection of the pressure fluctuations o n t he e igenmodes o f t he s ystem. Pressure 

fluctuations are solutions of the wave equation of the system. After projection on the eigenmodes,

the wave equation takes the form of series of second order harmonic equations with source 

terms that drive combustion instabilities and damping terms that attenuate them. A test rig was 

developed to study cavity interactions, injector impedance as well as damping effects. Damping

rates measured on the test rig show a trend which is consistent with what is observed in liquid 

rocket engines. On a whole, the test rig can be used to validate simplified models of combustion 

instabilities. The global framework of the reduced order tool developed to predict combustion

instabilities in liquid rocket engines was first validated by comparing the data from simulations 

against experimental results from the test rig in a series of non-reacting experiments. The 

tool was then used in a case study of a full-scale rocket engine. This engine, under certain

operating conditions, exhibits instabilities. Stable and unstable behaviors have been revealed 

by the temporal evolution of pressure amplitudes.

Nomenclature

p = pressure [Pa]

x = position vector [m,m,m]

t = time [s]
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ηi = pressure amplitude of the ith mode [Pa]

Ψi = ith modal eigenfunction

ωi = angular eigenfrequency of the ith mode [Hz]

c = sound velocity [m.s−1]

ρ = density [kg.m−3]

u = velocity vector [m.s−1,m.s−1,m.s−1]

T = temperature [K]

s = entropy [J.kg−1.K−1]

Q = heat release rate per unit of volume [J.m−3]

cv = specific heat of the mixture at constant volume [J.kg−1.K−1]

γ = specific heat ratio

Scomb = combustion source term [Pa.s−2]

Sexc = excitation source term [Pa.s−2]

Snl = non linear effects associated to large acoustic amplitudes [Pa.s−2]

Sd = damping term [Pa.s−2]

li = length in the i direction [m]

f = frequency [Hz]

R = radius of a cylinder [m]

L = length of a cylinder [m]

Ji = Bessel function of order i of the first kind

βj,i = root of J ′i (πβj,i) = 0

ξ = head loss coefficient

∆P = total pressure difference between the dome and the chamber [Pa]

V = voltage applied to the hot wire [V]

α = damping rate [s−1]

Ûmi = mass flow rate exiting the ith nozzle [kg.s−1]

L f = length of the flame [m]
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I. Introduction
Ever since the beginning of liquid rocket-engine development in the 1950s ([1, 2]), high frequency combustion

instabilities have been a big issue. The complex interactions between the combustion process inside the combustion

chamber, the injection conditions of the liquid propellants and the acoustic eigenmodes of the engine may lead to

self-sustained vibrations that, in some extreme cases of resonance with the structure, can cause the destruction of the

engine. High frequency combustion instabilities are difficult to tackle since the interaction between combustion, injection

and resonant acoustic modes is not well understood. Most of the early knowledge on high frequency combustion

instabilities was achieved through trial and error as detailed in [3]. The recent expansion of the computing power has

allowed to gain considerable knowledge on the fundamental mechanisms of combustion instabilities resulting in the

improvement of liquid rocket-engines.

Computational fluid dynamics such as Direct Numerical Simulation (DNS) and Large Eddy Simulation (LES)

have been able to give precious insights on the several mechanisms that occur in transcritical and supercritical coaxial

cryogenic flames ([4, 5, 5–11]). Phenomena such as flame anchoring, jet dynamics and flame - acoustic field interactions

have provided a better understanding of the complex coupling of combustion instabilities. Numerical simulations are not

the only field of activity that has been thriving for the understanding of combustion instabilities in liquid rocket engines;

test rigs representing a full rocket engine ([12]), simplified rigs operating under cryogenic conditions ([13–16]) as well

as non-reacting test rigs ([17–19]) have given visual representations of the interaction between the flame and the acoustic

field. Simulation and experimentation together ([5, 10, 11]), as well as theoretical work ([20]), have demonstrated that

the movement of the flame and the fluctuating pressure inside the combustion chamber can cause an increase in the

heat released by a flame. Furthermore fluctuations in the injection mass flow rate can change the heat release rate of a

flame. These phenomena constitute source terms of the combustion instability that drive it. These source terms are in

competition with damping terms that reduce the instability. Early work from ([1, 2, 21, 22]) emphasized the importance

of delays in the combustion process. This gave rise to the sensitive time lag model, developed in the 1950s ([22]).

In order to predict combustion instabilities in liquid engine, one has to understand the interactions between the

combustion process, the acoustic modes of the engine and the injection conditions. Simulations and experimentation

provide important information on the matter and in order to predict the instability, all the information must be gathered

in a convenient format. In this work, a reduced order dynamical model is presented in order to gain knowledge on

combustion instability mechanisms.

This work is organized as follows. The governing equations and the modeling assumptions of the reduced order

tool are described in section II. A test rig is presented in section III. The measurement of the damping rates, which

is a necessary parameter for the study of combustion instabilities, is proposed in section IV. The reduced order tool

developed in this work is presented, and was validated in a series of non-reacting experiments, in section V. Finally in

section VI, the reduced order tool is used on a full scale rocket engine case study.
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II. Principles of reduced order modeling
The objective of reduced order dynamical modeling of combustion instabilities is to provide a simplified framework

for the analysis of combustion dynamics phenomena. This however requires a set of submodels for the driving and

damping mechanisms intervening in this process. Only the most important phenomena are considered according to a

selection based on theory, experiments and simulations. As in any other attempt to use reduced order descriptions this

requires a set of assumptions that need to be validated. One advantage of reduced order modeling is that it requires far

less computational resources than complex calculations relying on LES or unsteady Reynolds-Averaged Navier-Stokes

(RANS) simulations. The method used in what follows was initially proposed by [23] and extensively explored by

Culick and his co-workers ([24]). The principles of the reduced order framework are presented here.

The present reduced order modeling relies on a physical principle, which consists of an expansion of state variables

in terms of the system eigenmodes. It is assumed that the pressure field can be written as a sum of a mean pressure and

a fluctuation p = p + p′ where p is the mean pressure and p′ the pressure fluctuation. The pressure fluctuations are then

projected on the acoustic eigenmodes of the system:

p′(x, t) =
N∑
n=0

ηn(t)Ψn(x) (1)

where ηn is the amplitude of the nth mode and Ψn is the nth modal eigenfunction. These eigenfunctions satisfy a

boundary value problem defined by a Helmholtz equation ([25]), together with boundary conditions on the frontiers of

the domain of interest.

∇2
Ψn +

ω2
n

c2 Ψn = 0 (2)

where c is the sound velocity. Let us assume that the boundary conditions are of the Neumann or Dirichlet ([26]) or

mixed type, i.e. that n · ∇Ψn = 0 or that Ψn = 0.Under these conditions it is easy to show that the eigenmodes are

orthogonal so that: ∫
V

ΨnΨm = Λnδnm (3)

where δnm = 0 when m , n and δnm = 1 when n = m. In the previous expression Λn =
∫
V
Ψ2
ndV represents the integral

over the domain of the square of the nth eigenfunction. This quantity has the dimensions of a volume [Λn] = L3. One

may now derive a wave equation for the pressure field. This is achieved by making use of the mass, momentum and

energy equations. Under reacting flow assumptions the equations of mass, momentum and energy can be written in the
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form:

∂ρ

∂t
+ ∇ · ρu = 0 (4)

ρ
∂u

∂t
+ ρu · ∇u = −∇p (5)

ρT
( ∂s
∂t
+ u · ∇s

)
= ÛQ (6)

p = ργes/cv (7)

where ρ is the density, u = (u1, u2, u3) the velocity vector, γ is the specific heat ratio, s is the constant entropy of the

flow, cv is the specific heat of the mixture at constant volume and ÛQ is the heat release rate per unit of volume. Small

perturbations of the density, pressure and velocity vector are assumed. As stated before, these variables can be written

as a sum of a mean value and a fluctuation ρ = ρ̄ + ρ′, p = p̄ + p′ and u = ū + u′ for the density, pressure and velocity

vector respectively. By inserting these expressions in equations 4 to 7, assuming that the mean flow velocity is small and

only retaining the first order perturbation terms, one obtains a wave equation which takes the form:

∇2p′ − 1
c2
∂2p′

∂t2 = −
γ − 1

c2
∂ ÛQ′
∂t

(8)

It is convenient to first represent the right hand side of the last equation in the form

h = −γ − 1
c2

∂ ÛQ′
∂t

(9)

so that the wave equation becomes

∇2p′ − 1
c2
∂2p′

∂t2 = h (10)

and let us assume that the pressure field satisfies boundary conditions of the form:

n · ∇p′ = − f (11)

where f is a function that is equal to zero on rigid boundaries. When this function differs from zero it defines the

value of the normal velocity at the boundary. One may now multiply the wave equation (10) by Ψm and the Helmholtz

equation (2) by p′ and subtract the second result from the first to get:

Ψm∇2p′ − p′∇2
Ψn −

1
c2
∂2p′

∂t2 Ψm −
ω2
n

c2 p′Ψn = hΨm (12)
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This equation may now be integrated over the volume of the studied domain, V :

∫
V

(Ψm∇2p′ − p′∇2
Ψn)dV +

1
c2

N∑
n=1

∫
V

d2ηn

dt2 ΨnΨmdV

− 1
c2ω

2
n

N∑
n=1

ηn

∫
V

ΨnΨmdV =
∫
V

hΨmdV

(13)

where the modal expansion (1) has been introduced in the last two terms of the left hand side. One may now use the

Green’s identity to replace the first term of the left hand side by a surface integral on the control surface of the domain A:

∫
V

(Ψm∇2p′ − p′∇2
Ψn)dV =

∫
A

(Ψm∇p′ − p′∇Ψn) · ndA (14)

Making use of the boundary conditions on Ψn and on the pressure field one obtains:

∫
V

(Ψm∇2p′ − p′∇2
Ψn)dV = −

∫
A

fΨmdA (15)

Noting that the eigenmodes are orthogonal one finds that

d2ηn

dt2 + ω
2
nηn = −

c2

Λn

[ ∫
V

hΨndV +
∫
A

fΨndA
]

(16)

The modal amplitudes ηn(t) are determined by the previous set of coupled differential equations. Inserting the definition

of h in the previous equations one obtains:

d2ηn

dt2 + ω
2
nηn =

γ − 1
Λn

∫
V

∂ ÛQ′
∂t
ΨndV − c2

Λn

∫
A

fΨndA (17)

The last term on the right hand side corresponds to driving or damping effects associated with boundary values of the

normal pressure gradient. This term will be designated in what follows by

Fn = −
c2

Λn

∫
A

fΨndA (18)

The damping mechanisms, that tend to reduce instabilities, are represented in a formal way by Dn and corresponds to

the damping of the nth mode. The evolution of the modal amplitudes is defined by the following equations

Üηn(t) + ω2
nηn =

γ − 1
Λm

∫
V

∂ ÛQ′
∂t
Ψm(x)dV + Fn − Dn (19)

where ωn is the angular eigenfrequency of the nth mode, Λm =
∫
V
Ψ2
mdV is the norm of the mth mode, ÛQ′ is the
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volumetric heat release rate fluctuation (or unsteady heat release), Fn and Dn respectively represent effects associated

with fluctuations of the normal pressure gradient at the boundaries and damping in the system. Equation 19 can be

rewritten as a sum of four terms each representing a particular contribution to the total instability.

Üηn(t) + ω2
nηn = Scomb + Sexc + Snl − Sd (20)

In equation 20 Scomb represents the combustion source term (a term linked to the combustion process that may drive

instabilities), Sexc represents an exterior excitation (a term that may also drive instabilities) , Snl represents nonlinear

effects associated to large acoustic amplitudes (a term that may limit oscillation amplitudes) and Sd reflects damping

effects in the domain (a term that may reduce instabilities). Each of these terms requires a model or models that may be

based on theoretical reasoning, experimental data or simulations. It is interesting to note that a single module can carry

several models in order to represent different mechanisms independent from one another. It is worth mentioning that all

previous equations are for a constant sound velocity and ideal gases with constant calorimetry coefficients, which is

not true in the supercritical and transcritical conditions that can be found in liquid rocket engines. However similar

equations are found with an appropriate real gas sound velocity, which will be used later on in this work.

A brief review of eigenmodes and eigenfrequencies in classical cavities such as rectangular and cylindrical geometries

can be found in appendix A of the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf.

III. The NPCC test rig experimental setup
One important issue in combustion instability studies is that of the possible coupling between the injection system

and the combustion chamber. In liquid rocket engines this coupling essentially involves the propellant manifold and

injectors. In a typical liquid rocket engine, propellants are conveyed to the injectors through domes. The liquid oxygen

dome directly feeds the central channels of the coaxial injectors while the annular channels are fed by the hydrogen

dome. These domes are linked to the chamber through an injection plate often comprising several hundreds injectors

forming a system which looks somewhat like a shower head. The large number of injectors allows, from an acoustic

point of view, good communication between the domes and the thrust chamber. It is then quite possible that this may

lead to a coupling, or interaction, between injection and combustion.

A. The NPCC test configuration

A New Pressurized Coupled Cavities test rig (or NPCC) has been developed in order to investigate acoustic

interactions in coupled cavities as well as injector impedance and damping rates.

1. Overall description

The NPCC test rig is presented in figure 1. It consists in a series of rectangular cavities made of aluminum and

7



(a)

(b)

Fig. 1 (a) Overall view of the entire NPCC test rig. (b) Transverse cut of the rig featuring dome, injectors,
chamber and VHAM (Very High Amplitude Modulator). The chamber is divided into three sectors: (1)
Fixed upstream chamber block with pressure ports, (2) Interchangeable chamber block, (3) Fixed downstream
chamber block with two pressure ports. Anemometric hot wires (from top to bottom HW1, HW2 and HW3)
are located in the near vicinity of the injector exhaust sections.

stainless steel, mounted on a rail. In figure 1(b), from left to right, the first cavity is the dome fed by compressed air at

ambient temperature. The dome is followed by a plate containing three channels, or injectors, of 6 mm in diameter. The

injectors can receive diaphragms of different sizes to introduce various head losses. The ξ coefficient defines the head

loss:

ξ =
∆P

1
2 ρū2

(21)

where ∆P is the total pressure difference between the dome and the chamber, ρ is the density of the fluid flowing in the

channel and ū is the bulk inlet velocity. The head losses obtained experimentally with the different diaphragms are listed

in table 1.
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Table 1 Head loss coefficients corresponding to the different diaphragm diameters.

Diameter of the diaphragm [mm] ∆P/p [%] Head loss coefficient ξ [-]
6 0.04 4
3 0.3 30
2 4.8 400

The next cavity is a modular (non reactive) chamber in three parts. Parts 1 and 3 are fixed while part 2 is

interchangeable and of different lengths allowing changes in the length of the chamber. At the end of the chamber there

is another plate containing two nozzles. These nozzles can be completely or partially obturated by a perforated wheel

(see figure 1 in appendix B of the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf for pictures

of the VHAM and perforeted wheels) driven by a variable speed electric motor following the principles described in [18]

and called Very High Amplitude Modulator (VHAM). The electric motor (Kollmorgen DBL3H00065-0R2-00K-S40) is

characterized by a maximum rotation speed of 6000 rpm. The engine is controlled with a dedicated program, which

defines a slow increase in rotation speed associated with a linear frequency ramp or it can run at a constant frequency in

a continuous wave mode of operation. With the N = 69 perforations of the standard wheel the maximum modulation

frequency is 6900 Hz. The perforated wheel and variable speed motor allows very high amplitude modulation as

demonstrated in [18]. All elements of the test rig are mounted on a rail for a proper alignment.

2. Instrumentation

The NPCC test rig has been implemented with several ports for pressure measurements. Four are located in the

dome and six in the chamber. Positions are chosen in order to clearly identify acoustic modes generated by the VHAM.

Pressure sensors are 701A Kistler high frequency piezoelectric transducers. They are connected to a 5018 Kistler charge

amplifier and linked to a computerized high frequency data logger.

Hot wire sensors are used to measure the instantaneous injection velocities. They are positioned at the injector

outlets. The hot wire sensors, before use, are calibrated at the operating pressure. The operating pressure is 3.5 bar.

The air stream is controlled by a mass flow meter. The hot wire signals are also acquired by the data logger. Hot wire

measurements rely on King’s law, which establishes a direct relation between the flow velocity and the voltage delivered

by the sensor. King’s law may be written as follows:

V2 = A + Bu1/2 (22)

where V is the voltage, u is the velocity component normal to the wire, A and B are the calibration constants. The

calibration is carried out for several axial injection velocities.
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3. The NPCC functioning

The compressed air in the dome, or plenum, flows through the injectors feeding the chamber where the internal

pressure is modulated by the VHAM. This modulation is carried out by obturating alternatively the nozzles so as to

maintain a constant escaping flow rate and consequently a constant overall pressure in the chamber. This modulation

creates, inside the cavities, acoustic waves that give rise to a series of standing modes. Each mode is characterized by its

frequency and the positions of pressure nodes and anti-nodes. The inner dimensions of the dome and chamber were

chosen so that the first transverse eigenmode of the dome (1Td) corresponds to the first transverse first longitudinal

eigenmode of the chamber (1T1Lc). The 1T1L mode in the chamber is a coupled mode, the other modes of the chamber

being not coupled to the dome.

B. Eigenmodes and eigenfrequencies

The methodology to determine eigenmodes and eigenfrequencies in the NPCC test rig is detailed in appendix C of

the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf. A summary of all the eigenmodes found

in this experiment is displayed in table 2. The values deduced from the Helmholtz solver computations are quite close to

those obtained with the ramp mode of operation.

Table 2 Eigenfrequencies obtained from AVSP and deduced from experiments on the NPCC configuration.

Eigenmode 1T 1T1L 1T2L 1T3L
Calculated frequency [Hz] 1210 1450 2009 2686
NPCC measured frequency [Hz] 1227 1465 2002 2789

IV. Acoustic damping in coupled cavities
It is difficult to identify all the mechanisms leading to damping. Damping may be caused by a number of phenomena.

In a rocket engine these are thermal, viscous, turbulent dissipation mechanisms and energy transport driven out of

the geometric domain across the nozzle. Admittance has been extensively studied theoretically and experimentally

([27–31]) and it is still today the subject of ongoing investigations. Thermal dissipation is the process by which a part of

acoustic energy is converted into thermal energy. Thermal dissipation has been studied in many fields. One of the first

papers dealing with thermal dissipation in acoustic cavities was that of [32]. The experimental investigation by [33]

addressed different aspects of internal dissipation separately including thermal dissipation. More recently, the paper by

[34] provides a comprehensive review of the theory including acoustic absorbers. Viscous dissipation is the component

of the damping of acoustic oscillations due to resistance in the flow; [35] and [36] established the basis for acoustic

motions due to the viscosity of the medium. This mode of dissipation has been extensively studied ([37–39]). The work

of [34] provides a good fundamental description of viscous dissipation in boundary layers and provides the basis of its

application to acoustic resonators. Jet and turbulent dissipation is the dissipation of the acoustic energy contributing
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to the damping by the formation of vortices, which dissipate energy through transport out of the domain or through

viscous dissipation. In the work of [34] resonator theory is used and the jet dissipation is addressed by the application of

a resistant boundary layer at the resonator exit. Overall, damping is a complex process, which is difficult to predict and

analyze, on a scale of a combustion chamber. It is generally considered that the determination of the damping rate

requires experimental testing ([39, 40]). This is the approach that has been adopted in this work.

The damping coefficient determination is presented in appendix D of the supplementary material

Supplemental_GONZALEZ_et_al_AIAA.pdf.

A. Results and analysis for the nominal configuration

The first case studied corresponds to the nominal configuration of the NPCC test rig that is: no diaphragms installed

in the injector plate, the head loss coefficient ξ is equal to 4. The semi-perforated wheel is used with the VHAM and

the modulation is set to cover the frequencies of 1T, 1T1L, 1T2L and 1T3L modes. The operating absolute pressure

is 3.5 bar and the total mass flow is 3.1 g.s−1. In a standing wave field, the pressure sensors have to be positioned in

pressure anti-nodes, where the amplitude of oscillation is maximum. The 1T, 1T1L, 1T2L and 1T3L modes that can be

generated by the VHAM feature a pressure anti-node at the positions HFc1 and HFc2 (see figure 3 of appendix C of

the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf). Therefore, the recording of the pressure

signal is presented at location HFc1 for all experimental cases. The recording is carried out during one minute at a

sampling frequency of 50 kHz. Signals recorded at the position HFc1 are displayed in figure 2. The roughness in

the signal waveform is attenuated by applying a low pass filter to the different waveforms with a cut-off frequency

chosen above the modulation frequency and below the value of the next eigenfrequency. All pressure signals at HFc1

show periodic wave trains. In each of the pressure bursts, the signal first grows, reaches a maximum and decays to a

minimum value. During the decay phase, the oscillations induced in the system are naturally damped and the acoustic

level drops. The values of the damping rates are obtained by calculating the slope of the envelopes. For each mode,

damping rates are determined for several decreasing slopes. The average values of damping rates obtained for the

nominal configuration as well as the standard deviation of the damping rates are displayed in table 3. It can be seen that

Table 3 Damping rates of four modes with their standard deviation for the nominal configuration (ξ = 4). N
is the number of slopes used for the determination of the damping rates and σ is the relative standard deviation
in percentage.

Mode 1T 1T1L 1T2L 1T3L
Damping rate [s−1] 36 85 61 101
N - σ [%] 30 - 4 30 - 3 30 - 4 30 - 4

the method exhibits good repeatability since the relative standard deviations are equal to 4% or less. The damping rate

of the 1T mode is the lowest of all the modes investigated. This is not surprising since the only dissipation mechanisms
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Fig. 2 Filtered pressure signal at HFc1 for four different at ξ = 4.− (blue line) Pressure signal at HFc1, − (red
line) envelope of the pressure signal at HFc1.

for this mode are thermal and viscous dissipation at the boundary layer. The other three modes have a longitudinal

component in the direction of the nozzles that contributes to the dissipation of energy. The stronger the longitudinal

component the higher the damping rates. Note that the 1T1L mode, which is the only one coupled with an eigenmode of

the dome, exhibits a very high damping rate value compared to the other ones.

B. Influence of head losses

The head loss in the injector channels is changed by inserting diaphragms of different sizes. The three-millimeter

in diameter diaphragm corresponds to a head loss coefficient ξ = 30. Table 4 shows the values for the damping rates

determined in this configuration.

Table 5 shows the values for the damping rates determined the two-millimeter in diameter diaphragms, corresponding

to a head loss coefficient of ξ = 400.

In figure 3 are plotted the damping rates versus the head loss coefficient. Figure 3 shows that in general the damping
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Table 4 Damping rates of four modes with their standard deviation for the NPCC test rig with 3 mm
diaphragms (ξ = 30). N is the number of slopes used for the determination of the damping rates and σ is the
relative standard deviation in percentage.

Mode 1T 1T1L 1T2L 1T3L
Damping rate [s−1] 39 77 65 143
N - σ [%] 30 - 6 30 - 4 30 - 5 30 - 4

Table 5 Damping rates of four modes with their standard deviation for the NPCC test rig with 2 mm
diaphragms (ξ = 400). N is the number of slopes used for the determination of the damping rates and σ is the
relative standard deviation in percentage.

Mode 1T 1T1L 1T2L 1T3L
Damping rate [s−1] 42 72 83 187
N - σ [%] 30 - 5 30 - 3 30 - 5 30 - 2

1 10 100 1000
 ξ [-]

0

50

100

150

200

α 
[s

-1
]

Fig. 3 Evolution of the damping rate with the head loss coefficient for © 1T, 2 1T1L, 3 1T2L and 4 1T3L
obtained with the relaxation method.

rate increases with the head loss coefficient. In fact, when the cross section of the injector decreases, gas velocity and

turbulence increase leading to a rise of the turbulent dissipation component ([37, 41]). This is particularly true for

the 1T2L and 1T3L eigenmodes. The damping rate of the first transverse mode, 1T, does not vary with the head loss

coefficient. The 1T1L mode, which is the coupled mode of this configuration, does not follow the general trend. The

damping rate of the 1T1L mode decreases with the head loss coefficient. This could be explained by the fact that when

the head loss coefficient increases, the cavities (dome and chamber), tend to be decoupled from an acoustic point of view
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([42, 43]). This means that the volume in which the dissipation can occur becomes smaller, reducing the dissipation

possibilities. On the other hand, in the absence of strong acoustic coupling between cavities, it is observed that the

higher the frequency the stronger the damping. This is particularly the case for the viscous dissipation component of the

damping rate ([34]).

V. Development of a reduce order tool
The possible occurrence of high frequency combustion instabilities in engines needs to be carefully investigated

and usually requires systematic testing. The high frequency certification of rocket engines (see [44]) relies on a large

number of tests that ensure that there are no accessible regions in the domain of operation where combustion instabilities

might occur. The engine is usually tested on a bench in a wide range of conditions. Engine tests are quite expensive and

some of them are believed to be superfluous. Ideally only a handful of operating conditions should be experimentally

validated while the rest might be analyzed by simulation. These simulations need to provide a trend that indicates which

parameters could trigger and drive combustion instabilities. It is believed that these simulations could be performed by

using reduced order dynamical modeling. Ultimately, a reduced order dynamical code might be able to provide the

required information. As the tool essentially can rely on integration in the time domain of a set of coupled differential

equations one can imagine to scan many operating conditions.

A. Global framework validation on the NPCC test rig

Before using a reduced order tool on a full-scale rocket configuration, it is necessary to check the method (section

II) at laboratory scale. To do so, the equations of reduced order modeling are used to examine model scale cold flow

geometry with the NPCC test rig. The experimental database of the pressure fluctuation in the cavities is used for direct

comparison with calculations. As the NPCC test rig is a cold flow experiment, the simulation of its physical behavior

requires a small number of models.

1. Simulation preparation

The first step of the simulation consists in choosing the appropriate framework. The geometry is that of the NPCC

test rig equipped with the VHAM. The acoustic field is projected onto four eigenmodes: 1T, 1T1L, 1T2L and 1T3L

determined in section III. The initial pressure field inside the NPCC test rig corresponds to no pressure fluctuation

p′(x, 0) = 0. There are no driving terms linked to combustion since it is a cold flow case configuration (Scomb in

equation 20). The VHAM is an excitation source term (Sexc in equation 20), it may be represented by a combination of

two isolated acoustic sources operating in phase opposition. These sources appear as fluctuating mass flow rates in the
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mass balance equation (equation 23).

∂ρ

∂t
+ ∇ · ρu = Ûm1δ(x − x1) + Ûm2δ(x − x2) (23)

Where x1 and x2 represent the nozzle positions. By using the modal expansion appearing in equation 1, equation 23

yields a differential equation system for the modal amplitudes exhibiting the source term due to the action of the VHAM.

Once identified this term can be cast in the form :

Sm
exc(t) =

1
Λm

(
d Ûm1
dt
Ψm(x1)c2 +

d Ûm2
dt
Ψm(x2)c2)

)
(24)

The total mass flow rate is modulated by the VHAM and Ûm1 + Ûm2 = Ûmtot . The modulated mass flow rates are then

given by:

Ûm1 =
Ûmtot

2
(1 + cos(ωet)) (25)

Ûm2 =
Ûmtot

2
(1 − cos(ωet)) (26)

where ωe is the modulation angular frequency. Finally the excitation source term from the VHAM is expressed as:

Sm
exc(t) =

Ûmtot

2Λm
ωec2(Ψm(x1) − Ψm(x2)) sin(ωet) (27)

The mass flow rate chosen is that specified in section III and the modulation frequencies correspond to the 1T, 1T1L,

1T2L and 1T3L determined with AVSP. The choice of the damping coefficient for each eigenmode is based on the values

found in section IV (table 3). Under these conditions, the experimental data from sections III and IV provide a basis for

comparison with results obtained from the simulation.

2. Results

The pressure sensor positions mentioned in figure 1(b) can be used to compare the temporal evolution of pressure

fluctuations in the domain during the simulation. A pressure sensor at the HFc1 position is used to compare simulation

results to the experimental data. Results are presented for four eigenmodes in figure 4. In equation 23, 100% of the total

flow is modulated. Due to inevitable leaks between the nozzles and the perforated wheel in the experimental test rig, a

fitting factor was added to take these leaks into account in the simulations. This fitting factor was determined from the

1T graph in figure 4 in regard to relative pressure amplitudes and was found to be equal to 0.8. This means that 20% of

the mass flow rate exiting the nozzles may not be modulated by the VHAM. It can be seen that for all studied cases the

experimental curves and the simulation curves are in good agreement. The small phase shift between the experimental

and simulated data is due to the difference in the frequencies found for the eigenmodes (table 2) and the experimental
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Fig. 4 Comparison between pressure signals from −− (dashed line) the experimental data and −(solid line) the
simulation for four eigenmodes.

eignefrequencies. Only small differences in pressure amplitude between experimental and simulated data have been

observed expect for the 1T3L mode that exhibits differences up to 30%. This could be due to the difficulties in the

treatment of the pressure signal (figure 2).

The reduced order modeling code was used to simulate the NPCC configuration and determine the pressure

fluctuations in the cavities. The inputs for the code were the geometry of the test rig, the thermodynamic conditions

under which the rig operates, the definition of an exterior source term (the VHAM in this case) and the damping rates

determined in section IV. The pressure signals from the reduced order simulation and the experimentation at position

HFc1 are in good agreement. This indicates that the reduced order code performs well under our testing conditions,

provided the correct source term models and damping rates are chosen.
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B. Modeling at full scale

Reduced order modeling consists in replacing complex coupled processes with simpler descriptions. These simplified

models are treated independently and linked together in the final stage. The objective is to derive a state space description

of the coupled dynamics of the system under investigation. This description involves a system of differential equations

in combination with a set of algebraic relations. Stability calculations are then carried out in the time domain. The aim

of reduced order dynamical modeling of combustion instabilities is to represent, in an idealized fashion, the processes

which govern the system dynamics. The code presented here can be used to test dynamical models and validate novel

formulations of the processes driving instabilities. The code relies on a physical expansion of state variables in terms of

the system eigenmodes (equation 1). There are many possible expressions for the different terms appearing in equation

1. Specific formulations can be chosen at the start of the simulation to represent a particular condition. The various

options are defined by the user, the code then integrates the set of equations (equation 19) providing the space-time

distribution of unsteady pressure in the system. To run a dynamical simulation one has to follow the steps indicated

in figure 5. The user first defines a system to be simulated. Typically, the systems studied in combustion instabilities

USER

Geometry

Mode computation

Initial conditions Combustion source term Excitation source term Damping

Differential system

Fig. 5 Global framework of the reduced order tool based on modal projection.

are comprised of cavities linked by injectors. The system is meshed in order to compute the pressure variations on

each cell and acoustic boundary conditions are defined in order to describe the pressure and velocity behaviors at the

system limits. The initial conditions (pressure and sound velocity) are set by the user to determine on the one hand the

eigenmodes and eigenfrequencies and on the other hand to set the variables of the simulation. This operation allows the
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determination of: (Ψm(x), ωm) and ( Ûηm(0), ηm(0)) respectively. Before the simulation is carried out, the user must

analyze the operating points he wishes to compute and determine which driving mechanisms will be dominant in the

desired configuration. These driving mechanisms linked to the combustion process or exterior excitation terms defined

as Scomb and Sexc respectively. Finally the damping coefficient associated to each eigenmode (ξm) is included into the

code. The code resolves the differential equations defined by equation 20 and determines the pressure amplitudes ηm

which are then combined with the eigenmodes to form the field of pressure inside the system, p′(x, t).

1. Initial conditions

To start the simulation it is necessary to provide initial distributions of the state variables. This may be done by

defining a field at rest with no pressure fluctuations and sound velocities corresponding to the thermodynamic state in

which fluids are. More complex initial fields may be extracted from LES computations and superimposed onto the mesh

of the system. One may also define an initial energy release rate distribution corresponding to a deposition of energy

over a finite region ([45]).

2. Modal identification

For a typical geometry like that of a rocket engine one has to prepare a mesh describing the system cavities (injection

plenum, thrust chamber, injector channels). This is then used to determine the eigenfrequencies and eigenfunctions

using a Helmholtz solver. The code uses AVSP ([46, 47]) to determine the modal structures and eigenfrequencies. The

user then chooses the relevant number of eigenmodes on which the modal projection will be carried out.

3. Combustion source term

There are many possible mechanisms that may drive instabilities in the combustion process.

Fluctuations of the jet are induced by transverse velocity fluctuations. The dense core jet is transported by the

acoustic motion, this assumption is at the heart of the Flame Acoustic Motion Equation (FAME), first developed by

[18]. The name of this model implies that the unsteady heat release is caused by the flame motion itself. The following

development is for Cartesian geometries. The flame is assumed to be a thin sheet, the fluctuations of the heat release,

ÛQ′, caused by the transverse velocity fluctuations v′ is defined by equation 28 (for more details see [18]).

v′(x, t) = c2

pγ

∞∑
m=1

1
ω2
m

Ûηm(t)∇Ψm(x) (28)

There are no transverse velocity fluctuations for a pressure mode corresponding to m = 0 this is why the sum in equation

28 begins with m = 1. . The FAME model, which links ÛQ′ with v′ ([18]) can be applied. The flame of length L f is

positioned at y0 and oscillates up and down. This motion is induced by the acoustic velocities inside the domain. The

steady heat release rate from an injector is noted Q. Assuming an infinitely thin flame the heat release is defined by
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equation 29.

ÛQ(x, t) = Q
L f
δ(y − y(t))δ(z − z0) (29)

where z0 designates the initial position of the flame in the z direction. Equation 29 indicates that the steady heat release

rate Q of the flame is generated over its entire length L f at its coordinates (y(t),z0). The combustion source term for this

model can be written as (see [48] for details):

Sm
comb(t) = 4

γ − 1
γ

Q
pΛ1
Ûη1(t)

N f∑
n=1

tan
(
πyn0
2l

)
e−

2η1(t )
γp(

1 + tan2
(
πyn0
2l

)
e−

2η1(t )
pγ

)2 (30)

where Λ1 =
∫ ∫ ∫

cos2( πl y)dxdydz = Lhl/2 represents the square of the norm of Ψ1, Nf is the total number of flames

and yn0 is the initial position of the nth flame. This source term indicates that in configurations with multiple injectors

such as rocket engines, the combined heat release fluctuations from the unit flames add up to produce a source term that

could drive the instability.

In a cylindrical configuration, like those of combustion chambers, it is more appropriate to write the equations in a

cylindrical coordinate system. The fluctuating velocity is given by:

v′m(x, t) = Ûr(x, t)ur + r(x, t) Ûθ(x, t)uθ (31)

where r and θ are the radial and angular position of the flame. The flame is here considered to be anchored at the

injector of coordinates (r0; θ0) and move only in the azimuthal direction in a cylinder of radius r0, as explained in [48].

Under these conditions, Ûr is equal to zero. The steady heat release rate from an injector is noted Q. Assuming an

infinitely thin flame the heat release is now defined by:

ÛQ(x, t) = Q
L f
δ(r − r0)δ[θ − θ(t)] (32)

where r0 is the initial radial position of the flame. The combustion source term for this model, when projected onto the

two modal structures that define a spinning mode can be written as (see [48] for details):

Sm
comb,c(t) =

γ − 1
γ

1
bmc

Q
pV

1
(κmR)2

Ûηm(t)
N f∑
n=1

R2

r2
n

[
∂Ψmc

∂θ
(rn, θn)

]2
(33)

Sm
comb,s(t) =

γ − 1
γ

1
bms

Q
pV

1
(κmR)2

Ûηm(t)
N f∑
n=1

R2

r2
n

[
∂Ψms

∂θ
(rn, θn)

]2
(34)
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where bmi = Λm/πR2L, Λmi =
∫
V
Ψ2
mirdrdθdx, V = πR2L is the volume of the cylindrical domain, κm = ωm/c is

the wave number, (rn,θn) are the cylindrical coordinates of the nth flame and Nf is the total number of flames. The

subscripts s and c differentiate the perpendicular components of eignemodes of a cylindrical geometry. The combustion

source terms defined in equations 30, 33 and 34 are weak in pressure anti-nodes but strong in pressure nodes.

Fluctuations in the heat release rate may be caused by pressure variations inside the combustion chamber as

demonstrated in previous work ([11, 18, 48–50]). The heat release per unit of surface is now considered to be

proportional to the square root of the pressure ([49]), equation 35.

Ûqs(iinj, t) ∝
√

p(iinj, t) (35)

where iinj is the index for an injector. In the case of cryogenic combustion the chemistry can be considered to be

infinitely fast. Let us now consider the j th injector and let ÛQT be the total heat release rate corresponding to the flame

anchored at this injector. It is convenient to assume that the heat release takes place at a point xE j of this flame. The

mean heat release rate per unit volume may then be described by ÛQ j = ÛQT δ(x − xE j) and the fluctuation of this quantity

may then be deduced by linearizing equation 35 into:

ÛQ′j
ÛQ j

=
1
2

p′

p
(36)

The combustion source term for this model can be written as (see [48] for details):

Sm
comb(t) =

1
2
γ − 1
bm

ÛQT

pV
Ûηm(t)

N f∑
j=1
Ψ

2
m(xE j) (37)

where bm = Λm/V , Λm =
∫
V
Ψ2
mdV , V is the volume of the domain and Nf is the number of flames. It is worth

mentioning that the combustion source term presented in equation 37 is weak in pressure nodes and strong in pressure

anti-nodes.

4. Excitation source term

In addition to the combustion source terms, it is useful to implement an external actuator to allow calculations

of modulated configurations such as the NPCC test rig. The model corresponding to the VHAM actuator has been

described earlier in section V.A.1 with equation 27.

5. Damping

Dissipation of acoustic energy is represented by damping terms describing energy losses through the nozzle, the

cavities and in the injector channels. Damping can be increased by connecting resonators or quarter wave cavities to the
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thrust chamber or by inserting baffles to subdivide the injection backplane. Under reactive conditions, further damping

can be induced by temperature fluctuations ([51]), mass momentum, flow reconfiguration and heat transfer relaxation

associated with the spray of droplets. Acoustic non-linearities may have a great impact on damping as well. It has been

shown ([42]) that non-linear terms define the limit cycle observed during high-frequency instabilities. In its present

form the damping terms are constant parameters, which are typically included in the differential set of equations as

first order time derivatives. If the source term becomes greater than damping, the system becomes unstable and the

oscillation amplitude grows exponentially. In actual situations, the non-linear combustion response leads to a finite

amplitude limit cycle. A realistic estimation of the chamber acoustic damping is difficult to achieve in general. One may

for example try to estimate the linear damping at the chamber walls following an analytical method described in [34].

VI. A case study: the BKD engine

A. Simulation preparation

The full-scale rocket engine proposed for this study is the BKD test rig operated at DLR Lampoldshausen Germany.

This engine is interesting because, under certain conditions it becomes naturally unstable. The BKD test rig is presented

in appendix E of the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf. This study will focus on

two load points LP3, a stable operating point and LP4 an unstable load point.

1. Initial conditions

The initial field for the simulation corresponds to cold propellants in the dome and injectors and hot burnt gases in

the thrust chamber. The combustion region is represented by a thin zone located at the injection plane. This generates a

local gradient of sound velocity in the injector area. The initial solution provides the field of sound velocity inside the

geometry (figure 6) to solve the Helmholtz equation.

2. Modal identification

The eigenmodes and eigenfrequencies of the BKD are obtained with the AVSP code. Before running this code it is

necessary to impose the mean temperature distribution onto the mesh of the BKD test rig, figure 6. This mesh comprises

228 000 nodes and 1 105 000 tetrahedra. Hydrogen dome and feeding lines are neglected, as they are expected to be

weakly coupled with the chamber. The initial solution provides the initial conditions defining the mean density and

temperature in the system. The thermodynamic conditions in the dome are those of a real gas. The data was taken

from the NIST database ([52]). In the injectors downstream side, the temperature and pressure are set to reflect the hot

environment of the combustion chamber. The sound velocities in the chamber are those determined experimentally by

DLR: 1,200 m.s−1 for LP3 and 1,400 m.s−1 for LP4. The various walls are treated as rigid boundaries (zero normal

velocity) except for the nozzle, which is represented by an admittance condition ([53]). A set of eigenfrequencies
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Fig. 6 Longitudinal slice of the mesh used in the modal identification carried out with AVSP and injection
conditions corresponding to LP3 and LP4 operating points.

and modes for LP3 (the stable load point corresponding to injection of low temperature hydrogen) and modes for

LP4 (the unstable load point corresponding to higher temperature hydrogen injection) can be found in appendix F

of the supplementary material Supplemental_GONZALEZ_et_al_AIAA.pdf. Eigenfrequencies for cases LP3 and

LP4 are shown in table 6. The most dangerous modes are the azimuthal ones and will be used as basis of projection.

Table 6 Eigenfrequencies for cases LP3 and LP4.

Mode 3L 1A 1A1L 1A2L
Frequencies for case LP3 [Hz] 6565 8167 8606 9482
Frequencies for case LP4 [Hz] 9991 10280 10749 11811

Pure longitudinal modes, that occur at lower frequencies, are not taken into consideration since only high frequency

oscillations are being investigated. Higher order azimuthal modes (like 2A and above) occur at frequencies that can be

left out, at least in a first analysis. The basis of projection is then 1A, 1A1L and 1A2L for LP3 and LP4.

3. Combustion source term

The combustion source term Scomb in equation 20 can be attributed to a wide range of phenomena. For LP3 and

LP4, the average pressure in the chamber is 8 MPa. The total power of the BKD engine can be estimated around 87 MW

for both points. The BKD has 42 injectors which means that the average heat release rate per injector is around 2.07

MW. There are many possible mechanisms that may drive instabilities in rocket engines, among others, movement of the

jet caused by transverse velocity variations that generate fluctuations of the heat release rate ([16, 18, 20, 48, 54, 55]) as

well as pressure variations in front of the injectors ([11, 18, 48–50]). Therefore the combustion source terms chosen for

the simulation of LP3 and LP4 are those defined by equations 33, 34 and 37.
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4. Excitation source term

In the case of the BKD engine, there are no external actuator for LP3 and LP4, therefore the excitation source term

Sexc is equal to zero.

5. Damping

It was indicated in section IV that the level of damping was not easy to determine with precision because the sources

of damping are not well identified and there is no analytical method to evaluate the damping coefficient of a given

configuration. There is no data available for damping coefficients of the BKD engine, however the use of the actual

damping coefficients is required. To overcome this difficulty we have proceeded as follows: we have set damping

coefficients that make LP4 just unstable and these values were kept constant for LP3. Table 7 provides the damping rate

values used for LP3 and LP4.

Table 7 Values, for each eigenmodes, of the damping rates used for the reduced order modeling of the BKD.

Mode 1A 1A1L 1A2L
Adjustment damping rate [s−1] 2258 2482 2592

B. Results and discussion

During the reduced order simulations, the pressure signal was recorded at two positions corresponding to two of

the pressure sensors of the BKD test rig. This signal is used to follow the evolution of the pressure field close to the

thrust chamber backplane. The initial solution is, in this test, uniform over the whole domain (this corresponds to

a spatially constant perturbation). This initial solution is projected on a basis comprising the first three azimuthal

modes (1A, 1A1L and 1A2L). Other modes are also triggered but their influence will not be calculated here. This

is acceptable if the modes are weakly coupled (i.e. each mode is essentially independent of the others). Figure 7(a)

displays the pressure signal for LP3. The oscillations generated by the uniform perturbation are damped so that the

pressure oscillation amplitude decreases with time. The instability driving mechanisms are weaker than damping. This

behavior is characteristic of a stable system.

The pressure signal corresponding to the simulation of LP4 is displayed in figure 7(b). In this case the amplitude of

pressure fluctuations increases with time. The growth rate exceeds the damping rate and the system becomes unstable.

A closer look at the temporal evolution of pressure fluctuations for LP4 (figure 7(b)) indicates that the pressure diverges

fairly quickly. In general, the amplitude of pressure oscillations reaches a limit value. This limit cycle, due to non

linearities has not been included on our simulations.

The previous simulations indicate that reduced order modeling is able to distinguish between stable and unstable

conditions in this case after adjusting the damping coefficients of the different modes and using the combustion/acoustic

coupling mechanisms.
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(a) (b)

Fig. 7 (a) Temporal evolution of the pressure fluctuation inside the BKD test rig for LP3. (b) Temporal
evolution of the pressure fluctuation inside the BKD test rig for LP4.

VII. Conclusions
The reduced order modeling method presented in section II relies on a modal expansion of the pressure field. It has

been shown that the amplitudes in the modal expansion are determined by a set of second order differential equations.

These equations contain, in particular, the modal projection of the rate of change of the non steady heat release rate.

This framework together with the driving and damping models can be used to analyze and eventually predict combustion

instabilities with an engineering reduced order tool.

Issues associated with injector dynamics, coupling between dome and chamber and damping rate estimation were

treated in section III. The test rig configuration developed in this work has various features including a modular design,

an efficient interface between the exhaust nozzles and the rotating wheel of the VHAM, an easier access to the injector

plate and the possibility to easily change injector head losses. The addition of pressure sensors in the two cavities allows

the proper determination of the acoustic mode generated by the VHAM. This configuration was used to determine

the global damping rate associated with each eigenmode, examine the system response, identify eigenmodes and

eigenfrequencies and analyze effects induced by changes in injector head losses.

The experimental approach adopted in section IV allowed the determination of the damping rates for four eigenmodes

of the NPCC test rig. The increase of the damping rate with the head loss coefficient was consistent with previous

knowledge. The particular behavior of the 1T1L mode damping rate observed has been explained in terms of decoupling

between the dome and the chamber. The relaxation method has proved to be robust and exhibits good repeatability.

The BKD test rig, an experimental rocket engine operated at DLR Lampoldshausen Germany, was used to test

the principles of reduced order modeling described in section II. The eigenmodes found with the Helmholtz solver

AVSP reveal that there is a notable difference in the modes corresponding to the stable and unstable load points. The

reduced order tool developed in this work was used to simulate two load points of the BKD with the introduction of two

flame/acoustic coupling mechanisms from previous work. The absence of data for the damping of the BKD test rig
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required an adjustment of damping coefficients. The dataset of load point LP4 was used and LP3 was shown to be stable

after the attribution of the same damping coefficient for both cases. The study of LP3 and LP4 is not a formal model

validation. It can be seen, however, as an example of how this kind of tool can be used.

The reduced order dynamic modeling developed in this work, constitutes an attempt to represent complicated

couplings between acoustic modes and combustion. Advantages are simplicity and effectiveness. Damping rates remain

the major unknown in practical cases and should be the focus of further investigations.
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