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SCHLESINGER FOLIATION FOR DEFORMATIONS OF

FOLIATIONS.

YOHANN GENZMER

Abstrat. In this artile, we show that for any deformation of analyti fo-

liations, there exists a maximal analyti singular foliation on the spae of

parameters along the leaves of whih the deformation is integrable.

This work was partially supported by ANR-13-JS01-0002-0.

1. Introdution and statements.

The Painlevé V I equation [1℄, that motivates this work, is a non-linear di�erential

equation of order two that parametrizes the isomonodromi deformations of linear

Fuhsian systems over the four-puntured omplex sphere. This a partiular ase

of the Shlesinger systems that parametrizes the integrable deformations of Garnier

systems. In both ase, a foliation on the spae of parameters of the deformation

whose leaves parametrize the integrable deformations is desribed.

Our purpose is to highlight this phenomenon in a general ontext.

Theorem. Let (Xm,Fn)
π
−→ Bp

be a proper deformation of analyti foliations with

Bp
as spae of parameters. Then there exists a unique analyti singular foliation

H on Bp
of maximal dimension among those that integrates the deformation. In

partiular, H satis�es the following property: for any leaf L of H, the restrited

deformation

(Xm,Fn)|π−1(L)
π
−→ L

is integrable.

The de�nition of a foliation integrating a given deformation will appear below.

If we remove the maximality property, then the theorem beomes trivial. Indeed,

the foliation of Bp
by points satis�es its onlusion. Moreover, for a generi defor-

mation, the foliation H produed by the result above will be indeed the foliation

by points. Nevertheless, in view of the example mentionned in the introdution,

the foliation H deserves to be alled the Shlesinger foliation of the deformation.

Finally, the main theorem holds in the real analyti lass as well as in the omplex

one.

It might be possible that along some exeptional urves transverse to H, the defor-

mation is also integrable. Suh a urve has to be more or less isolated : they annot

foliate the manifold Bp
even loally. For instane, in the framework of the theory

of Fuhsian systems, onsider the six parameters family de�ned by

(1.1)

d

dz
=

A1

z − u1
+

A2

z − u2
+

A3

z − u3
1
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where Ai =

(

0 ai
0 0

)

. Sine the matries Ai ommute, the Shlesinger system

[9, 10℄ redues to

∂Ai

∂uj

= 0, i, j = 1, 2, 3.

Thus, the Shlesinger foliation of this deformation is given by da1 = da2 = da3 = 0.
However, if a1 = a2 = 0 and a3 6= 0, then (1.1) degenerates toward a system whih

is onjugated to

d

dz
=

(

0 1
0 0

)

z − u3
.

Therefore, at any point (0, 0, a3) with a3 6= 0, the family (1.1) is still integrable along

the whole submanifold a1 = a2 = 0, whih is not a leaf of the Shlesinger foliation.

Hene, in general, the leaf of H does not parametrize the maximal submanifold

along whih the deformation is integrable.

The main theorem an be ompared to the following result of Kiso [4℄: let L be

a Lie algebra of holomorphi vetor �elds on a omplex manifold N ×M tangent

to the projetion on M . If L is simple and of �nite dimension then there exists a

maximal foliation on N along the leaves of whih L is integrable. In our ontext,

the Lie algebra underlying the foliation Fn
is in general not of �nite dimension.

Moreover, the �bration π is not trivial: the manifold supporting the foliation an

also be deformed.

2. Deformation of foliations and Kodaira-Spener map.

2.1. Deformations of foliations. Let Xm
be an analyti manifold and ΘXm

its

tangent sheaf. Let E be a oherent subsheaf of ΘXm . The stak of E at any point

p is �nitely generated as Cω (Xm)p-module - the analyti funtions on Bp
- and we

denote by rankp (E) the minimal number of elements of a generating family. The

singular lous of E is de�ned by

Sing (E) = {p ∈ Xm| dimR {v (p)| v ∈ Ep} < rankp (E) .}

Sine E is oherent, the singular lous is an analyti subset of Xm
[7℄. The sheaf

is said regular if Sing (E) = ∅. The integer

d = max
p∈Xm

dimR {v (p)| v ∈ Ep} ≤ m.

is alled the dimension of E and m− d its odimension.

De�nition 1. An analyti foliation on Xm
is a oherent subsheaf F of ΘXm

whih

is integrable, i.e,

[Fp,Fp] ⊂ Fp for any p ∈ Xm \ Sing (F) .

De�nition 2. A deformation of foliation, denoted by (Xm,Fn)
π
−→ Bp

, is the data

of a proper map π : Xm → Bp
that is an analyti deformation of manifold [5℄ and

of a regular foliation Fn
tangent to the �bers of π, i.e., Fn ⊂ kerdπ. The integer

m is the dimension of Xm
, p the dimension of Bp

and n the dimension of Fn
.

The following lemma is a diret onsequene of the Frobénius theorem [2℄ and states

that a deformation of foliation is loally trivial in the total spae.
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Lemma 3. Let (Xm,Fn)
π
−→ Bp

be a deformation of foliation and x ∈ Xn. There
exists an isomorphism φ of deformations of foliation de�ned on an open neighbor-

hood U ∋ x suh that the following diagram ommutes

(U, Fn|U )
φ

//

π

%%❑
❑
❑
❑
❑
❑
❑
❑
❑

(Rm−p ×Bp, Ln)

pr2
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦

π (U)

.

In the seond term of the above ommutative diagram, the foliation Ln
of Rm−p×Bp

is given by the �bers of the projetion

Π :

{

Rm−p ×Bp → Rm−p−n ×Bp

(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n, τ)
.

Figure 2.1. Loal trivialization of a deformation of foliation.

De�nition 4. Let (Xm,Fn)
π
−→ Bp

be a deformation of foliation. A foliation

H of Bp
is said to integrate the deformation if, for any point τ ∈ Bp \ Sing (H),

there exists a neighborhood U ∋ τ and a regular foliation G in π−1 (U) suh that

dimG = n+ dimH and

Fn|π−1(U) ⊂ G ⊂ π∗ H|U .

In partiular, for any leaf L of H, the restrited deformation

π :
(

π−1 (L) , Fn|π−1(L)

)

→ L

is ompletely integrable. In Figure (2.1), the deformation is loally ompletely

integrable: the foliation H has one leaf that is H itself and the foliation G of

the de�nition above is given in the oordinates of Lemma 3 by the �bers of the

projetion

p :

{

Rm−p ×Bp → Rm−p−n

(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n)
.

Our goal is to show the existene of a unique maximal integrating foliation.

2.2. The sheaf of basi vetor �elds.

De�nition 5. A vetor �eld v is said to be basi for F if and only if

[v,F ] ⊂ F .
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De�nition 6. A vetor �eld v is said to be projetable if and only if there exists

a of vetor �eld w on Bp
suh that the following diagram ommutes

Xm π
//

v

��

Bp

w

��

TXm dπ
// TBp

.

It is said to be vertial if w = 0, i.e., dπ (v) = 0.

We denote by Bπ
the sheaf of basi and projetable vetor �elds and B0

the subsheaf

of basi and vertial vetor �elds. The sheaf B0
is a sheaf of modules over the ring

of loal �rst integrals of Fn. In the oordinates given by Lemma 3, a setion of the

quotient sheaf

B0
/Fn

is written

m−p−n
∑

i=1

a (x1, . . . , xm−p−n, τ)
∂

∂xi

.

Hene,

B0
/Fn

is a free. It will be more onvenient to work with a Cω (Xm)-module,

whih is why, we will onsider the produt

B0
/Fn ⊗ Cω (Xm) . It is also a loally

free sheaf over Cω (Xm).

2.3. The basi Kodaira-Spener map. Let w be a vetor �eld on Bp
de�ned on

a small open set W of Bp
. Aording to Lemma 3, there exists a overing {Ui}i∈I of

a neighborhood in Xn
of π−1 (W ) suh that the deformation is trivialized on any Ui

by some onjugay φi. For any Ui, the vetor �eld vi = dφ−1
i (0, w) is a setion of Bπ

on Ui that projets on w. Considering the image of the family {vi ⊗ 1− vj ⊗ 1}
ij

in H1
(

π−1 (W ) ,B
0
/Fn ⊗ Cω (Xm)

)

, we obtain a Cω (Bp)−morphism of sheaves

∂Fn : ΘBp → R1π∗

(

B0
/Fn ⊗ Cω (Xm)

)

whih is alled the basi Kodaira-Spener map of the deformation. Notie that

this is not the standard Kodaira-Spener map as de�ned in [6℄ sine, it does not

measure the in�nitesimal diretions of triviality, but the in�nitesimal diretions of

integrability.

Lemma 7. ker ∂Fn
is a foliation of Bp.

Proof. The sheaf

B0
/Fn ⊗Cω (Xm) is a oherent sheaf of Cω (Xm)-modules. Sine

π is proper, R1π∗
B0

/Fn ⊗ Cω (Xm) is a oherent sheaf of Cω (Xm)Bp −modules

, and so is ker ∂Fn
[3℄ . Suppose w1 and w2 belongs to the kernel of ∂Fn

. By

onstrution, there exist two families {vǫi}i , ǫ = 1, 2 of setions of Bπ
suh that for

any i and ǫ, the vetor �eld vǫi projets on wǫ and suh that for any i, j and ǫ,

vǫi − vǫj = tǫij ∈ Fn.

The di�erene of their Lie brakets is written

[

v1i , v
2
i

]

−
[

v1j , v
2
j

]

=
[

v1j , t
2
ij

]

−
[

v2i , t
1
ij

]

+
[

t1ij , t
2
ij

]

Sine [Bπ,Fn] ⊂ Fn
and sine the map dπ ommutes with the Lie braket, one has

∂Fn ([w1, w2]) =
{

[v1i , v
2
i ]⊗ 1−

[

v1j , v
2
j

]

⊗ 1
}

i,j
= 0.
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So ker ∂Fn
is integrable and thus is a foliation. �

3. Integrating foliations of deformations.

Consider the trivial projetion Rm−p ×Rp → Rp
where the soure is foliated by Ln

given by the �bers of

{

Rm−p × Rp → Rm−p−n × Rp

(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n, τ) .

Let {Ti}i=1,··· ,l be an involutive family of germs of vetor �elds induing a germ of

regular foliation of dimension l in (Rp, τ). The family

{

∂xm−p−n+1
, · · · , ∂xm−p

, T1, · · · , Tl

}

where Ti is seen as vetor �eld in Rm−p × Rp
is involutive and de�nes an inte-

grating dimension n + l foliation G. Notie that G is not unique but does depend

only on the basi part of Ti: for any family of vetor �elds {Xi}i=1..l tangent to
{

∂xm−p−n+1
, · · · , ∂xm−p

}

, the distribution

{

∂xm−p−n+1
, · · · , ∂xm−p

, T1 +X1, · · · , Tl +Xl

}

indues the same foliation G. This remark is the key of the proof of the propositions

below.

Proposition 8. Let (Xm,Fn)
π
−→ Bp

be a deformation of foliation and w be a

vetor �eld in Bp
de�ned near τ with w (τ) 6= 0. The two following properties are

equivalent:

(1) the foliation indued by w integrates the deformation.

(2) ∂Fn (w) = 0.

Proof. Suppose that there exists a regular foliation G of dimension n + 1 in Xm

suh that Fn|π−1(U) ⊂ G ⊂ π∗H where H is the foliation of Bp
indued by w in a

neighborhood U ∋ τ . Applying the Frobénius result to G yields a overing {Ui}i∈I

of π−1 (U) and a family of onjugaies {φi}i∈I suh that the following diagram

ommutes

(

Ui, G|Ui

) φi
//

π

%%❑
❑
❑
❑
❑
❑
❑
❑
❑

(Rm−p ×Bp,Rm−p ×H)

pr2

vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠

π (Ui)

By onstrution, the vetor �eld vi = dφ−1
i (0, w) is basi for Fn

and projets on

w. Thus ∂Fn (w) = {vi ⊗ 1− vj ⊗ 1}
ij
. Moreover, vi − vj is vertial and tangent

to G. Thus, it is also tangent to Fn. Hene, ∂Fn (w) = 0.

Now, suppose that ∂Fn (w) = 0. For a overing {Ui}i∈I of a neighborhood of

π−1 (U), there exists a family of projetable basi vetor �elds {vi}i∈I , vi ∈
ΘXn (Ui) suh that eah vi projets on w and suh that vi − vj is tangent to

Fn
. In the loal oordinates given by Lemma 3, the vetor �eld vi is written

vi =

m−p−n
∑

i=1

ai (x1, · · · , xm−p−n, τ)
∂

∂xi

+

m−p
∑

i=m−p−n+1

ai (x, τ)
∂

∂xi

+ w.
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Sine



vi −

m−p
∑

i=m−p−n+1

ai (x, τ)
∂

∂xi

, ∂xk



 = 0

for k = m−p−n+1, . . . ,m−p, the family of vetor �elds

{

∂xm−p−n+1
, · · · , ∂xm−p

, vi
}

is involutive and de�nes a loal regular integrating foliation Gi of dimension n+ 1.
The foliation Gi depends only on the basi part of vi and vi − vj is tangent to

Fn
, thus the family {Gi}i∈I an be glued in a global foliation that integrates the

deformation over U . �

Now, we an prove the main result of this artile.

Theorem. Let (Xm,Fn)
π
−→ Bp

be a deformation of foliation. Then, there exists

a unique singular analyti foliation D on Bp
of maximal dimension among those

that integrate the deformation.

Proof. Let us onsider the sub-sheaf D of ΘBp
de�ned by v ∈ D if and only the

foliation de�ned by v integrates the deformation. Aording to Proposition 8, D
is a foliation. By onstrution, if D has the property of the theorem, it will be

of maximal dimension for that property. Let d be its dimension and onsider a

point p in its regular lous. The sheaf D is loally around p spanned by a family of

exatly d non-vanishing vetor �els D (U) = 〈w1, · · · , wd〉, U ∋ p. Now, for some

overing {Ui}i∈I of a neighborhood of π−1 (U), there exists a family of projetable

basi vetor �elds {vi,k}i∈I, k=1...d, vi,k ∈ ΘXn (Ui) suh that vi,k projets on wk

and vi,k − vj,k is tangent to Fn
. In the loal oordinates given by Lemma 3, the

family of vetor �elds

{

∂xm−p−n+1
, · · · , ∂xm−p

, vi,1, . . . , vi,d
}

is involutive and de�nes a family of loal integrating foliations {Gi}i∈I of dimension

n + d that an be glued. Finally, we obtain a global regular integrating foliation

that integrates the deformation over U . �

Example 9. Linear foliations on omplex tori of dimension 2.

A omplex torus of dimension 2 is given by a lattie Λ written

Λ = Ze1 ⊕ Ze2 ⊕ Ze3 ⊕ Ze4

where

{

ei =

(

ei1
ei2

)}

i=1···4

is a R−free family of four vetors in C2
. The omplex

torus C2/Λ is endowed with a linear foliation given by the losed 1−form

ωα = dx+ αdy

with α ∈ P1. The linear foliations on omplex tori of dimension 2 form a 9−dimensional

family of foliations whose spae of parameters is U ×P
1
. Here, U is the real Zariski

open set in C8
given by the equation

det

(

ℜe1 ℜe2 ℜe3 ℜe4
ℑe1 ℑe2 ℑe3 ℑe4

)

6= 0.



SCHLESINGER FOLIATION FOR DEFORMATIONS OF FOLIATIONS. 7

An expliit omputation shows that the Shlesinger foliation of this deformation is

given by the losed system

(3.1) H :



















d
(

e11+e12α
e21+e22α

)

= 0

d
(

e11+e12α
e31+e32α

)

= 0

d
(

e11+e12α
e41+e42α

)

= 0

.

It is regular on the spae of parameters U × P1
. This result an also be seen

as follows: the representation of monodromy of ωα on C2/Λ omputed on the

transversal line x = 0 is written

π1

(

C
2/Λ

)

≃ Z
4 → Aut

(

CP
1
)

: γi →
(

y → y + ei1 + ei2α
)

, i = 1, 2, 3, 4

A hange of global oordinates y → ay+ b on the transversal line x = 0 ats on the

monodromy the following way

y → y + a (ei1 + ei2α) , i = 1, 2, 3, 4

Hene, the onjugay lass of the representation of monodromy is onstant along a

deformation if and only if the quotients

e11+e12α
ei1+ei2α

, i = 2, 3, 4 are onstant, whih is

preisely the ondition 3.1. Besides that, in this example, any leaf of the Shlesinger

foliation parametrizes the maximal lous of integrability for any point in the spae

of parameters.

The foliation H an be ompati�ed as an algebrai foliation H on CP
8 ×CP

1
and

the �bration

CP
8 × CP

1 → CP
6

(

{eij}i,j , α
)

→ (e11 + e12α, e12, e22, e32, e41, e42)

is transverse to H exept over the ritial lous S = {(e11 + e12α) e42 = 0} ⊂ CP
6.

This �bration has ompat �bers. Thus, aording to the Ehresmann's theorem,

the foliation H has the Painlevé property with respet to that �bration as de�ned

in [8℄. Sine, the Painlevé VI has also the same property, it is natural to address

the following problem:

Consider an algebrai deformation of an algebrai foliation. Has the

Shlesinger foliation the Painlevé property for an adapted �bration

?
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