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ASYMPTOTICS OF THE THREE DIMENSIONAL VLASOV EQUATION IN
THE LARGE MAGNETIC FIELD LIMIT

FRANCIS FILBET AND L. MIGUEL RODRIGUES

ABSTRACT. We study the asymptotic behavior of solutions to the Vlasov equation in the pres-
ence of a strong external magnetic field. In particular we provide a mathematically rigorous
derivation of the guiding-center approximation in the general three dimensional setting under
the action of large inhomogeneous magnetic fields. First order corrections are computed and
justified as well, including electric cross field, magnetic gradient and magnetic curvature drifts.
We also treat long time behaviors on two specific examples, the two dimensional case in carte-
sian coordinates and a poloidal axi-symmetric geometry, the former for expository purposes.
Algebraic manipulations that underlie concrete computations make the most of the linearity of
the stiffest part of the system of characteristics instead of relying on any particular variational
structure.
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1. INTRODUCTION

Since fusion configurations involve very hot plasmas, they typically require a careful design to
maintain fast moving particles inside the core of the device on sufficiently long times. In the mag-
netic confinement approach | ,

|, in parmcular in tokamak plasmas, a strong external field is applied
to confine the plasma leading to the oscillatory nature of the fast motions.

Various models are in use to describe such phenomena. In the kinetic modeling, the un-
knowns are the number densities of particles, f = f(¢,x,v) depending on time ¢t > 0, position
x € Q C R? and velocity v € R3. Such kinetic models provide an appropriate description
of turbulent transport in a fairly general context, but in fusion configurations their numeri-
cal simulations require to solve a stiff six-dimensional problem, leading to a huge computa-
tional cost. To bypass this obstacle, it is classical — see for instance | ] —
to use reduced asymptotic models that describe only the slowest part of the plasma dynam-
ics hence effectively reducing both the stiffness of the problem and the number of variables
(since fastest variables are omitted). Over the years, due to its rich and fundamental na-
ture, the physically-based derivation of such models has grown as a — still very active — field
of its own, often referred to as gyrokinetics. Besides the already mentioned general mono-
graphs | ; ; ; : ;

], the reader may consult | , , ,
, | and references therein as more specialized entering gates
to the field.

Despite considerable efforts in recent years, concerning mathematically rigorous derivations
from collisionless' kinetic equations, the state of art is such that one must choose between linear
models that neglect couplings due to self-consistent fields or nonlinear ones set in a deceptively
simple geometry. See for instance the introductions and bibliographies of [ ,

, | for relatively recent panoramas on the question. For instance, for the
kind of problem considered here, on the nonlinear side of the literature the most significant
mathematical result — which requires a careful analysis — is restricted to a two-dimensional
setting with a constant magnetic field and interactions described through the Poisson equa-
tion, and yet validates only half? of the slow dynamics; see | ], building on
[ | and recently revisited in [ ].

We consider here a plasma confined by a strong unsteady inhomogeneous magnetic field with-
out any a priori geometric constraint but, in order to allow for such a generality, we do neglect
effects of self-consistent fields. The plasma is thus entirely modeled with a scalar linear kinetic
equation, where the unknown is one of the number densities of particles. The approach that we
follow focuses on the characteristic equations associated with the kinetic conservation law. By
itself the study of those equations may follow the classical roadmap of the averaging of ordinary
differential equations, as expounded in | ].
Yet, here, beyond the body of work already required to follow this road in usual ODE problems,
a careful track of the dependence of averaging estimates on initial data, living here in an un-
bounded phase space, is necessary so as to derive asymptotics for the solutions of the original
partial differential equations problem.

To be more specific, the Lorentz force term in our original nondimensionalized kinetic equa-
tion is scaled by a large parameter, 1/, where € stands for the typical cyclotron period, i.e.
the typical rotation period of particles about a magnetic field line (or Larmor rotation). The
dynamical time scales we focus on are in any case much larger than the cyclotron period and we

ISee for instance | , ] and references therein for an introduction to the
corresponding collisional issues.
2The nontrivial half, however. This is possible there only because a very specific geometric cancellation uncouples
part of the slow dynamics from the remaining one, which is expected to be slaved to it. See however the recent
preprint [ ] for a more complete model, derived under more stringent assumptions.
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establish asymptotic descriptions in the limit £ — 0. As is classical in the field, we distinguish
between short-time scales that are O(1) with respect to €, and long time scales that are ~ 1/e
in the limit ¢ — 0. Correspondingly, slow dynamics refer to dynamics where typical time deriva-
tives are at most of order O(1) on short-time scales, and at most of order O(e) on long-time
scales so that on long time scales two kinds of fast dynamics may co-exist, principal ones at
typical speed of order 1/e and subprincipal ones at typical speed of order 1; see for instance
[ ] for a description of those various oscillations in a specific class of axi-symmetric
geometries, without electric field and with a magnetic field nowhere toroidal and whose angle to
the toroidal direction is also independent of the poloidal angle. With this terminology in hands,
our results may be roughly stated as the identification and mathematical proofs of

(1) a second-order — that is, up to O(g2) — description of the slow dynamics on short time
scales but in arbitrary geometry;

(2) a first-order description of the slow dynamics on long time scales but in an axi-symmetric
geometry with a magnetic field everywhere poloidal and an electric field everywhere
orthogonal to the magnetic field.

The geometry of the latter is very specific and the proof of such a description is mostly carried
out here to illustrate that the short-time second-order description contains all the ingredients
to analyze long-time dynamics at first-order. Note that in any case, on long-time scales some
restrictions are indeed necessary to ensure that sub-principally fast dynamics do not prevent
long-time confinement and are of oscillatory type so that the issue of the identification of a
long-time slow dynamics becomes meaningful.

A key feature of our analysis that underpins a treatment of essentially arbitrary fields is that
we make no explicit use of any geometric structure, neither Hamiltonian (see for instance the
pioneer work of R. G. Littlejohn | , , | and later
[ , ]) nor Lagrangian (see [ ).
The main role of these structures in the averaging process is to ease the identification of terms
that are asymptotically irrevelant as time-derivatives of small terms. Instead, in the present
contribution this explicit identification hinges heavily on the linearity of principal oscillations.
As an upset, besides generality, we gain the freedom to use change of variables that are also
arbitrary and to focus on slow variables instead of carrying geometric constraints all along.

A key motivation for our methodology is that in the design of well-adapted numerical schemes,
that capture the slow part of the dynamics even with discretization meshes too rough to com-
pute stiff scales, one might correspondingly aim at large classes of schemes of arbitrary order;
see for instance | , , ]. Likewise
our choice of studying first characteristics instead of using directly partial differential equations
techniques and our will to prove error estimates echoes the particle-in-cell methodology and its
numerical analysis. Alternative PDE-based methods include most notably two-scale convergence
analyses | ) | and filtering tech-
niques hinging on ergodic von Neumann’s theorem | , ]. Two main
advantages of going through characteristics are that the limiting partial differential equation is
by construction a conservation law for a density distribution and that increasing the order of
description may be carried out merely by continuing the argument used to identify the leading
order. We benefit from the latter to prove for the first time a second-order description in full
generality.

2. DEFINITIONS AND MAIN RESULTS
We consider the kinetic PDE

B(t

(2.1) Befs + dive(f°v) + divy <f€ ("AE(X) + E(t,x))) =0
and its characteristic flow encoded by the following ODEs

dx

= = v,
(2.2) dt

dv _ vAB(tx) L E(t %)

dt € T



where A denotes the standard vector product on R3, B stands for the external magnetic field,
E for the external electric field.

As a preliminary we begin by recalling the classical link between (2.1) and (2.2) and making
explicit how it can be used to analyze the slow part of the dynamics hidden in the stiff (2.1).

2.1. From ODEs to PDEs. Throughout the present contribution we shall use the following
notational conventions. We denote W, (u) the push-forward of p by ¥, which can be defined for
instance when g is a distribution and W is a smooth proper map by, for any test-function ¢,

/cpd\lf*(u) :/ poW¥du.
B v-1(B)

When considering flows associated with ODEs, ®(¢,s,y) denotes the value at time ¢ of the
solution starting from y at time s and the associated map is y — ®(t,s,y). In particular the
solution to (2.1) starting from fop at time 0 is given at time ¢ by ®(¢,0, )« (fo) where ® is the
flow associated with (2.2).

For general purpose we shall state an abstract proposition, almost tautological, converting
estimates on characteristics into estimates on densities. First, to enlighten the meaning of the
following statement, identifying measures with their densities, we recall that the “value” at a
of A,(p) the push-forward of u by A is essentially the average of p on the level set A~1({a}).
Indeed for any function f at any regular value a of A

daa(Y)
A (f)la) = ’
D@ = [ T A T

where o, denotes the surface measure on A~*({a}), d denotes the differential operator and *
the adjoint operator. For instance if y = (y1,32) € R?, then with A(y) = |ly|l = V¥? + v3,
27

A (f)(r) = f(re(@)rdé,

0
where e(6) = (cos(6),sin(0)), whereas with A(y) = 3||y|?,

2w

A(f)(e) = f(V2e e(6))dd.

0
It turns out that the correct way to “average” the stiff equation (2.1) is precisely to push f by
a map A defining a complete? set of slow variables.

Proposition 2.1. Let ® and @goy be flows associated with respective ODEs

dy da
&Yy a4
1z (t,y) and 12

and assume that there exist time-dependent slow maps A(t,-) and weights M(t,-) such that for
a.e. t >0,

Xslow (t, a)

HA(ta (I)(t> 0, )) - @Slow(t> 0, A(Oa ))H < M(t> ) :
Then if f solves
o f + ley(Xf =0,

)
with initial data a measure fo and F(t,-) = A(t, )« f(t,-) is the push-forward of f by the slow
map A then for a.e. t >0

IF(t) = Gt an < [ M) a5,
where G solves
8G + diva(Xas G) = 0,
with initial data Fy := A(0, )« fo.

380 that an uncoupled system is obtained in closed form (at the required order).
4



In the former we have denoted WL the dual of Who°, Incidentally we observe that the
distance on W1 coincides with the 1-Wasserstein distance from optimal transportation. Ex-
plicitly

s = _swp [ odu.
Vel <1

Here and throughout LP denotes the classical Lebesgue space of index p, W#%P and W*P their
corresponding Sobolev spaces at regularity s, respectively in inhomogeneous and homogeneous
versions. Associated (semi-)norms are denoted | - ||z, || - [[ws» and || - [|yisp-

Proof. This stems readily from

F(ta ) = A(t> (I)(ta 0, ))* (fO) ) G(ta ) = (I)slow(ta 0, 'A(O’ ))* (fO) )
and
H‘p 0 A(ta (I)(t7 0, )) —$o (I)slow(ta 0, "4(0? ))H < HVSOHL"O M(ta ) :
[l

Note that in the foregoing statement, for readability’s sake, we have deliberately left domains
in time, original variables and slow variables, unspecified. However this may be straightened
by classical ODE considerations, notably when fields are continuous, and locally Lipschitz in
respectively y and a and either the support of fy is compact or involved vector-fields grow at
most linearly.

2.2. Slow variables and first-order asymptotics. Getting back to our concrete system we
begin our identification of a slow dynamics.

First, as is classical, we split the magnetic field B as

B(tv X) = B(tv X) €| (ta X),

with B(t,x) = ||B(t,x)||. Accordingly we define, for any x € R? and any time ¢, the linear
operator J(t,x) as
(2.3) J(t,x)a = aAej(tx).

The direction of the magnetic field plays a very special role and it is expedient to introduce
for velocities an associated decomposition into parallel and orthogonal components

vi(t,x,v) = (v, e(t,x)),
{ vi(t,x,v)=v—u(tx,v)e(tx)
and similarly for the electric field E,
Ey(t,x) = (E(t,x), e (t,x))
{ E, (t,x) = E(t,x) — Ey(t,x,v) e(t,x),

where hereabove (-,-) denotes the canonical Euclidean scalar product, and below || - || denotes
the associated Euclidean norm.

From system (2.2) it is clear that at least one component out of the six-dimensional (x, v) must
obey a dynamics forcing oscillations of amplitude of typical size 1 and typical frequency 1/e.
However at typical size 1 a five-dimensional slow dynamics survives. This is already suggested
by the fact that one may derive from (2.2) for the slow variables (x, vy, w, ),

ax _
at
d
(2.4) % = Ey(t,x) + (vi,0re(t,x) +dxe;(t,x)v),
d
C;‘;i = (BEL(t,x) — vy (Brei(t,x) +dxe(t,x)v),vL),

where w; = 3[|v||* and we have used the shorthand v (t) for vy (¢,x(t),v(t)) and similarly for
V).
Our goal is to identify such a slow dynamics, uncoupled from fast oscillations. Roughly
speaking, since v, is expected to weakly converge to zero when ¢ goes to zero, at leading order
5



the only issue is to identify the asymptotic behavior of quadratic terms in v in (2.4). It turns
out that those are responsible for the apparition of terms w divk e in the asymptotic model,
set on a reduced phase space, where slow variables Z = (y, v, w) live. Introducing the limiting
vector field

ve(ty)
(2.5) Vo(t, Z) = | E| (t, y) + w divy € (t, y)

—vw divk e (t,y)
we may state our first significant result.
Theorem 2.2. Let E € W™ and B be such that 1/B € W and ey € W™, There exists

a constant C depending polynomially on |E|ly1,0, |B™ w1 and || ey ||y2e such that if f©
solves (2.1) with initial data a positive density* fo, then F¢ defined by

Fe(t,x, v, w1 ) = fetx, v en(x) + V2w, e) doyx(e),
St,x
with S¢x = {e)(t, x)}+ N S? and ot x its canonical line-measure, satisfies for a.e. t >0
IF(t,-) — G(t, )iy 11 < Ceelt / eCHNIP v || (1 4 [[v]|?) fo(x,v) dx dv,
R3xR3
where G solves
(2.6) 8tG + diVZ (VO G) = 0,
with Vo given by (2.5) and the initial datum Gy is

Go(Z) = foly,veily) + V2w @) dogy(e).

So,y

Theorem 2.2 is proved in Section 4.4. The underlying vector field Vy of the asymptotic model
being divergence-free, many conservation laws already come as consequences of the asymptotic
model. Yet as we state below a few more may be obtained if one assumes classical extra structure
on electromagnetic fields.

Proposition 2.3. Assume that E = —Vx¢ where the couple (¢, B) does not depend on time
and suppose that the confining magnetic field satisfies the Gauss’ law
divy B = 0.
Then solutions to the asymptotic model (2.6) satisfy
e the conservation of energy

v? v?
e the conservation of the classical adiabatic invariant p, = w/B
w ) w
0 (5 G) + divz (50 G) = 0.

Proof. For the asymptotic model (2.6), the balance law for the kinetic energy is

v? v?
O ((2-1-10) G) + divyg <<2+w> V0G> = GuvE),

which is a conservation law only if £y = 0. Then if E derives from a potential, E = —V¢, the
corresponding balance law for the total energy of the asymptotic model is

v? v?
8t<<2+w+¢> G) + divyg (<2+w+¢> VOG> = G O¢,

which reduces to the claimed conservation law when 0;¢ = 0.

“Results would equally well hold with measures of arbitrary sign, but we stick to densities to provide nicer integral
formulations for push-forwards when available, and to positive densities to remove absolute values in error bounds.
6



Note moreover that from
divy B(t,x)  diveey(t,x) 1
BUx)?E —  Bix EX) Vx(g)Ex)

follows for the asymptotic model the balance law

w . w w .
O (E G) + divg (E VOG> = —G? (0B +vdivx B),
which is indeed a conservation law when 0; B = 0 and B is divergence-free. ]

2.3. Second-order asymptotics. Though already instructive, equation (2.6) fails to capture
parts of the slow dynamics that are too slow, for instance it does not describe the evolution of
w/B (when divx B = 0). One way to correct this is to derive a higher-order description of the
slow dynamics.

It is at this next order that are found macroscopic velocities, including those classically
known as the E x B drift, the curvature drift, the grad-B drift and the magnetic rotational
drift, that with notation below read respectively UgxB(t,¥), v2 Ucuv (t,y), e Uvsxs(t,y), and
w Ugyrle, (t,¥). Those have simple expressions in terms of vectors fields depending only on time
t and space y variables, and defined themselves as

JE EAB
UgxB = B = Bz
J 1

Ucury = _E(dxe\\ e|) = 5 (dxej e)) AB,
(2.7) 1 1

UVBXB = va <B> = _ﬁva/\B7

1
Ucule, = E(Cuﬂxeu,ew e,

\

where J is given in (2.3). Since the direction of the magnetic field e is allowed to depend on
time, another drift is present, given by v Uy, (t,y) where

J 1
(2.8) Uy, = _E ore = _ﬁ ore; NB.

Since it appears repeatedly it is convenient to introduce a piece of notation for a special combi-
nation of Uy, and Ucyry,

(29) z(taY7U) = U@f(tay) + UUcurv(t)Y) .

With the above definitions we may write the full drift vector field Ug,if(t,Z) in the concise
form

(2.10) Uit (t,Z) = (UgxB + vX) (t,y,v) + w (Ucurle, + UvnxB) (t,y)-

where Z = (y, v, w) stands for our set of slow variables in the asymptotic model. For the sake
of comparison with the existing literature we observe the equivalent reformulations that may be
derived from (dx e)* e = 0, a consequence of e being unitary valued,

dxe) e = curlxye; Aey,
Uy = —%(curlxeu Nep) A e
and observing that
(curlx ey Nej) Ney = —curlye; + (curlx ey, ey) e
we get that
(2.11) Usurte, + Ueury = Curg‘ = di;’“]]

The vector-field involved in our higher-order description of the complete slow dynamics is
then given by

Ve =V + eV,
7



where the first order contribution V;(t,Z) is
Uit (¢, Z)

(2.12) Vi(t,Z) = (X(t,y,v),E(t,y)) +w divx X(t,y, v)

—w [(Ueurv(t,y), E(t,y)) + divx (Ugxs +vX) (t,y,v)]

The foregoing vector-field describes the dynamics of variables that are e-corrections of (x, vy, w )
but that are slower than those. The corrected spatial position
J(t,x)v v A B(t,x)

(2.13) Xell X V) 1= X eTpas = Xt e gw

is well-known as the guiding center position, whereas the corrected parallel velocity is given as

I, x) v, R(deen(t, X)) vi)

2B(t,x)
and the corrected version of the part of the kinetic energy in the plane perpendicular to the
magnetic field direction is

(214) Ugc(t’xa V) =+ o€ <VL5 2(t,X,UH)> +

wg.(t,x,v) = w;  —¢e (v, Upxn(t,x) + v B(t, x,v)))

(2.15) -

B m (J](t,x) Vi, %(dx eu(t,x))vJ_>7

where w| = %[|v ||, whereas ® denotes the symmetric part
1
(2.16) RA) = §(A+A*),

with A* denoting the adjoint of A. Therefore, our global sets of slower components are derived
at time t from (x,v) by
Zg (t,%,v) = (Xg¢, Vges Wee) (E, X, V).
We can now state our main theorem.
Theorem 2.4. Let E € W2 and B be such that 1/B € W2 and e € W, There exists

a constant C depending polynomially on |E|ly2.00, [|[B7 |20 and || ey |lywsee such that if f¢
solves (2.1) with initial data a positive density fo, then F€ defined by

Fs(tv ) = ch(t’ )* (fe(t’ ))
satisfies for a.e. t >0

IF=(t,-) — G(t, ')||W—1,1 < e ec# (14et) /R6 eCtllvH3(1+eHVI|) (1+ ”V”4) fo(x,v) dx dv,

where G* solves
(2.17) 0G® + divg (V°G°) = 0,
with initial data G§ given by

0 = Zgc(0,-)« (fo) -

The proof of this asymptotic result is given in Section 4.6.

A few comments on the structure of the asymptotic model are now in order. To begin with
we observe that V¢(¢,-) is still divergence-free. This follows from Lemma 2.5 below and the fact
that divy divx(J/B) = 0 by the skew-symmetry of values of J.

Lemma 2.5. Consider Ugyie,, Ucurv and UypxB defined in (2.7). Then we have

: J
divy <B) = UcurleH + Ucwrv + UvBxB,

where J is given in (2.3) and B = ||B||.

Proof. Straightforward by chain rule and (2.11) since Ucyrie; +Ucury = divx (J) /B and UypxB =
JVx(1/B). O

Then we observe that we also have



Proposition 2.6. Assume that E = —Vx¢, where ¢ does not depend on time. Then solutions
to the asymptotic model (2.17) satisfy the conservation of energy

v2 v2
3t(<2+w+qb> G€> + divg (<2+w+¢> V€G€> = 0;

Proof. If E derives from a potential, E = —V ¢, then one obtains the following balance law for
the total energy of the second-order asymptotic model

v? v?
(% +ws0) &) s (% 4wes) v - o

by using Lemma 2.5 and observing that

. J . J
— <d1vX <B> 7E> + divy Ugx = Tt (B dx E> =0

since J is skew-symmetric and dx E is symmetric. From this stems the claimed conservation of
energy when 0;¢ = 0. ]

2.4. Long-time asymptotics in a toroidal axi-symmetric geometry. Another way to
unravel the dynamics of slower components is to derive asymptotics that hold on time scales of
typical size 1/e. Yet this seems doable only if the dynamical geometry of the first asymptotic
model captured by Theorem 2.2 is sufficiently confining to ensure that the motion at speed of
typical size 1 is purely oscillatory and thus may be uncoupled from a dynamics evolving with
macroscopic velocities of typical size e.

Our claim is that when such conditions are satisfied the proof of Theorem 2.4, and more
specifically the normal form on which it hinges (see System (4.20)), contains sufficient ingredients
to identify this long-time dynamics. To support this claim we illustrate it with a consideration
of one of the simplest non trivial confining geometries.

We fix now a unitary vector e, and for any x € R? define the coordinate of x along e, and
its distance to the axis R e,

z(x) = (e:,x), r(x) = ||es; Ax|.
We assume that for some rg > 0, where r7(x) > r9, B and E are axi-symmetric, B is stationary
and toroidal and E is orthogonal to B, that is,

e: X = 0(r(x), 2(X
T(X) ) B(t,X)—b( ( )7 ( ))a

eH(X) Eu(t,X) =0,

and
EL (%) = Er(t,r(x), 2(x)) e (x) + Eu(t, 7(x), 2(x)) e.
for some smooth b, F,., E,, with b non vanishing and
e(x)=¢e|(x)Ne; .

Under the foregoing geometric assumptions, we have both Fy = 0 and div(e) = 0 so that the
only motion at speed of typical size 1 is the rotation of x around e, at angular velocity vy. Since
by axi-symmetric assumption the corresponding angle is easily factored out one may expect to
capture a slow dynamics at typical speed ¢ in variables (r, z, vy, w ). This is the content of the
next theorem. See Remark 5.4 for some hints on the relaxation of the assumptions made here
for simplicity.

The involved asymptotic vector field is eW; with W; defined as
1

_E

b

@n@—w@<

b

)2

b
v

r

Wh (t, Z) =

<E

(t,r, z) +

z

b

2

u,nz)+wyaz<i>(r,a>

U2

— 0,

u{&(%)@nd—@(%)@h@_r

where the new slow variable is Z = (r, z, v, w).

9

+w O, <Z> (r,2)

1
b

<
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FIGURE 1. Representation of the torus local frame (e,(x), e(x), e.(x)) where
the magnetic field is along the unit vector field e whereas the electric field E is
orthogonal to the magnetic field B.

Remark 2.7. On the two first components of Wi one readily identifies that in the present
geometry along slower variables only survive as spatial drifts, the E x B and grad-B drifts. This
1s due to the fact that here curly ey vanishes identically in the zone of interest.

Theorem 2.8. Let B be a stationary, axi-symmetric and toroidal magnetic field and E be an axi-
symmetric electric field orthogonal to B, with (E,, E,,1/b) € W2 in the region where r(x) > ro
for some ro. For any r1 > ro, there exist positive constants €y 1o and Cop, (1/e9,1/70,Co)
depending polynomially on 1/ro, 1/(r1 — 10) and ||(Ey, Bz, 1/b)|lw2.00(fro,00[xR), Such that the
following holds with

€0 70
Ry) := d T, Ry) = ——.
Emam( 0) 1—|—R0 an ma:p( 0) 1+R(2]
Consider f€ a solution to (2.1) with initial datum a positive density fo supported where
r(x) >r and Iv]| < Ry

for some Ry > 0 and define F* as

2m 2w

Fe(t,r, z,v,e) = / fet,r eﬁ+zez,v e (r ef +ze,) + V2w e(ip) rdepdf

0 Jo

with
e! = cos(f) e, +sin(f) e, e‘i“ﬂ = cos(p) e +sin(p) e, ,

where (ez,ey,€;) is a fized® orthonormal basis. Then provided that
0<e< 5max(R0) 5
we have for a.e. 0 <t < Tpax(Ro)/e

HFE('[/', ) — Ge(t7 ')HW_LI S 006 /113 - ecetllv||4 (1 + ||V||3) fO(X,V) dX dv’
X

where G¢ solves
(2.18) 0:G® + edivyg (Wl GE) = 0,

with initial datum Gy given by
27 P27
Go(Z) = / fo(rel4ze,,ve(rel+ze.) + V2w ei@) rdedf.
0o Jo

Again note that averaging formulas coincide with push-forwards by the slow map (x,v) —
(r,z,vy,wy)(t,x,v). Furthermore, we observe that r W) is divergence-free and provide the
following analogous to Proposition 2.3.

E’(egg7 ey) are somehow arbitrary and the particular choice made here does not change F°. In contrast we recall
that e, plays a special role as it directs the axis of symmetry.
10



Proposition 2.9. Suppose that E derives from a stationary axi-symmetric potential

P(x) = o(r(x), 2(x)), E = —Vx¢.
Then solutions to the asymptotic model (2.18) satisfy

e the conservation of energy;
e the conservation of the classical adiabatic invariant.

Proof. When E derives from an axi-symmetric potential as above, the corresponding balance
law for the total energy of the asymptotic model (2.18) is

v? v?
8t<(2+w+¢> GE> + Edivz<<2+w+¢) W1G8> = GO0

which is a conservation law if furthermore 9;¢ = 0. Moreover observe that B is divergence-free
in the present configuration and that the asymptotic model (2.18) comes with the balance law

d, (% Ge) + ¢ divg (% Wi Gs) NS b% (O,E, — 0.E,),
which is a conservation law if E is curl-free, hence in particular if E derives from a potential. [

2.5. Further comments and numerical illustrations. Though we have chosen not add this
level of (mostly notational) complexity, the introduction of parameter dependencies in fields
B and E would be immaterial to our analysis provided they satisfy upper bounds on 1/B, E
and the needed number of derivatives of (B,E). See the related Remarks 3.14 and 3.14. In
particular in this context one may expand and simplify further our asymptotic systems if one
assumes an expansion of B and E with respect to € or an e-ordering of gradients, or likewise one
may perform a second asymptotic expansion with respect to another small parameter...

We believe that our leading-order slow variables (x,v;,w ) are both simple and natural.
Yet many other choices have been used in the literature, and for comparison we provide in
Appendix A versions of our main results with another commonly-used choice, (x,vy,w,/B).
Once a leading-order choice has been made, the higher-order corrections added to it to reach
varying order of slowness are uniquely determined provided that a normalization is chosen. All
through our analysis our implicit choice is to enforce that corrections have no slow component in
the sense that they have zero mean with respect to the fast angle. See the related Remarks 3.9
and 4.5.

Though we have chosen to focus on the description of the slow dynamics, the method would
equally well provide a detailed description of the oscillations as slaved to the evolution of the
slow variables. We stress that in most of methods relying on variational principles one needs
to provide both descriptions jointly even though the oscillating part is subordinated to the slow
part, as those methods proceed by performing full changes of variables in the original phase-
space preserving the geometric structure under consideration. Note that in principle to be fully
justified from a mathematical point of view this requires a careful tracking of how small € must be
to guarantee that performed transformations are indeed changes of variables. Here instead, with
the exception of results from Section 2.4 where ¢ is constrained to ensure sufficient confinement
on large times, our results are free of smallness constraint on the gradient of force fields (E, B)
and on the initial data.

To conclude the presentation of our results, we provide the reader with some numerical sim-
ulations illustrating and hopefully making more concrete respective error bounds. Since it is
simpler to visualize we restrict numerical experiments to single-particle simulations.

In the present numerical experiments, we choose the electric field equal to zero and the
magnetic field B as

3zz
B(t,x) = —% 3yz ,
B[P\ g2 — g2 2

where x = (z,y, z). The initial data is

x(0) = (10,0,0),  v(0) = (0,6cos (g) ,6sin (g)) ,
11



We approximate the solution of the initial system (2.2) using a fourth order Runge-Kutta scheme
with a time step sufficiently small to resolve oscillations and compare it with the numerical
solution obtained with the first order approximation corresponding to the characteristic curves
of (2.5)-(2.6) (given in Proposition 4.6) and with the second order approximation corresponding
to the characteristic curves of (2.5), (2.12) and (2.17) (given in Proposition 4.9).

3 Nxe -vYl —@— 103 4 Il Xgc® - YeIl —@—
10° 4
102 4
102 3 101 ]
0 ]
—10" 4 'O
wW w 1071 4
0 | -2 ]
10 10 A& of 2
10 | slope of 1 108 4
10 4
102 : : : 105 : : :
108 104 103 102 107 104 108 102
€ in log scale € in log scale
(a) (B)
Reference trajectory : system (2.2) Reference trajectory : system (2.2)
First order model : system (2.6) Second order model : system (2.16)
4 A 4 A
2 A 2
z 0 A z 0
2 - -2
-4 -4

FIGURE 2. Numerical simulation: (A) error between the first order model and
(2.2) (B) error between the second order model and (2.2) (C) particle trajectory
obtained with the first order model and (2.2) (D) particle trajectory obtained
with the second order model and (2.2).

On the one hand, Figure 2-(A) represents the error

10
E1(e) = /0 (1) — y(0)]) d1,

where x© is the spatial component of the solution (x%,v®) to (2.2) and y is the spatial compo-
nent of (y,v,w) satisfying the differential system with initial data as in Proposition 4.6 (and
corresponding to (2.6)), whereas Figure 2-(B) represents the error

10
Ex(c) = /O x5 () — = (B)lldt,

where xg is obtained through (2.13) from (x%, v¥) solving (2.2) and y* is the spatial component of

(y¢, v%, w*) satisfying the Cauchy problem as in Proposition 4.9 (and corresponding to (2.17)).

These numerical results illustrate the order of accuracy stated in Theorems 2.2 (first order)
12



and 2.4 (second order). On the other hand, we have also claimed that to capture long-times
dynamics it is also crucial to include second-order terms in the asymptotic models. Theorem 2.8
provides some quantitative support to the claim, in a specific geometry. We now provide in a
different configuration another, qualitative, illustration of the claim, by plotting in Figures 2-
(C) and 2-(D) examples of spatial parts of particle trajectories obtained with original, first
and second-order models. Here we take ¢ = 1073 and solve on [0,250]. Roughly speaking, the
solution to the original problem exhibits a superposition of three kinds of spatial motions, namely,
with decreasing velocity, the cyclotron oscillation about magnetic field lines, an oscillation along
magnetic field lines, and a slower drift, responsible of a horizontally circular displacement. By
construction, both asymptotic descriptions remove the cyclotron motion. However, whereas the
second-order asymptotic model seems able to reproduce the slow part of the complicate multi-
scale behavior, the first-order one only describes oscillations along the magnetic field lines.
Indeed, since the first order model does not include classical drifts UypxB, Ucury and Ucyrie, s
it is not adequate to follow accurately the correct trajectory on times sufficiently long to feel
the effects of those.

3. TWO-DIMENSIONAL HOMOGENEOUS CASE

As a warm up we begin our analysis by revisiting the two-dimensional homogeneous case.
The goal is to expound the tenets of the method without being slowed down by computational
complexity. For the sake of exposition, for this simple system we prove first results that are even
weaker than what the method may prove but that correspond to the best that is expected from
the general 3-D system without assuming special symmetry.

; /"

|

FIGURE 3. Representation of perpendicular plane to the magnetic field B = B(x) e,.

Since here the parallel direction is fixed and we follow only perpendicular motions we drop
temporarily | and | indices. Thus, we consider for any (x,v) € R? x R? and t > 0,

1
(3.1) O f® + divk (fv) + divy (f (EBJ]erE)) =0.
Characteristics of the underlying PDE are obtained by solving
dx® "
dt ’
(3.2) dve

1 € €
dz = EBJV + E(t,X ),

with B > 0 and
I (a1, a2) = (a2, —a1),
important properties of J being

J?=-1d, JF=-J.

For the sake of readability, from now on, when no confusion is possible, that is, when no
asymptotic comparison is under consideration, we shall drop ¢ exponents on solutions.

We shall perform a series of transformations so as to extract from system (3.2) a normal form
where some slow variables satisfy a system of ODEs uncoupled from fast scales up to error terms.
It is worth pointing out that under stringent assumptions on fields one may expect to perform
at once an infinite number of transformations and uncouple at infinite order slow variables from
fast variables. We shall not pursue this line of investigation here but as a consequence one
should keep in mind that variables that we designate as slow are slow only up to a certain order

13



and that depending on the objective at hand the level of slowness required may vary. As an
example, anticipating a bit the analysis below, note that depending on the aimed conclusion one
may be allowed to work directly with the spatial position x or need to manipulate the gyrocenter
x +eB~1Jv, or even be compelled to use a version of those corrected by higher-order powers of
€.

3.1. Uniform bounds. Both to enforce that terms expected to be irrelevant are indeed irrel-
evant and to ensure that solutions persist on a sufficiently long time interval, uniform bounds
on the solution are needed. Let us obtain them by introducing a kinetic energy variable
w(v) = 3|v||? and noting that system (3.2) yields

( dix v
dt 7’
Y = (v B %),
dv B
—_— = — E .
T gJV—i— (t,x)

Remark 3.1. We warn the reader that though we write the latter system as if w and v were
independent variables this is mostly an algebraic trick here. In particular one should keep in
mind that the system does contain some redundancy that is kept for the sake of simplicity of al-
gebraic manipulations. In contrast an augmented formulation was in turn crucially used in
[ | jointly with suitable numerical schemes so as to allow the dis-
cretization to disconmect the weak convergence of v to zero from the strong convergence of w
to a non trivial limit.

Of course here one could obtain from a Lipschitz assumption on E global-in-time existence
and some bounds growing exponentially in time from a standard Gronwall lemma. Yet for
expository reasons we show how to perform simple better estimates. Note however that, as we
derive below in the long-time analysis, those are still deceptively pessimistic.

Lemma 3.2. Solutions to (3.2) starting from (X, vo) are defined globally in time and satisfy
foranyt >0
{ Ix@) < llxoll + ¢ [voll + t*|[E]| =,
V@Il < [lvoll +2¢[[E[| e .
Proof. From the equation on w stems, for any ¢ > 0, as long as the solution exists

2 2 -
max |[v(s)||* < ||voll® + 2 max [|[v(s)||t||E| L,
max [Vs)lI* < flvol* +2 max v (s)]]¢ | Bl

hence by solving the second-order inequality, for any ¢t > 0, as long as the solution exists

max [|v(s)] < \/HV0|!2 +2|EF + B L~
s€[0,¢]

This yields the estimate on v. In turn it implies the estimate on x by a mere integration, and

jointly they prove global well-posedness by ruling out finite-time blow-up. O

3.2. Elimination of linear terms. We begin the uncoupling process. The thrust of the method
is that the equation that forces v — or more exactly its argument — to evolve on fast scales
also provides a way to eliminate at leading order v — or more exactly dependences on its
argument — in slow equations. This general philosophy, that may be turned into rigorous
arguments, explain why slow evolutions may be uncoupled from fast scales at any prescribed
order. Explicitly elimination, at leading order, of linear terms in v is summarized as

Lemma 3.3. Consider L € WhH™> (Rf; £1(R2,Rp)), p € N* and (x,v) a solution to (3.2).
Then for a.e. t > 0, we have
d
33)  LOGW) = - (L) () + cv@ (L) + cL@)(Ugen(t,x),
dt B B
with

JE
UEXB(tv X) = 5

B (t7 X) °
14



In the former we have used the following notational convention. For any o € N, L, (V, W)
denotes the space of a-linear operators from V® to W. In particular, £;(V, W) is the set of
linear operators from V to W.

Proof. This follows directly from

e d €

O

The latter term Ugxp identifies the classical E x B velocity drift from gyrokinetic theory. The
foregoing lemma singles out the prominent role played by the Ugxp drift in two-dimensional
gyrokinetics.

3.3. First elimination and partial asymptotics. By using Lemma 3.3 first with L(¢)(v) = v
then with L(t)(v) = (E(¢,x(t)), v), one derives that from system (3.2) follows for the guiding
center variable,

d Jv
(34) E |:X+6B:| = €UE><B(t,X)
and for the corrected kinetic energy w(v) = 1|v|?,
d
(3.5) a4z [w(v) — e (Ugx(t,x),v)] = —¢ (0 UgxB(t,x) + dx UgxB(t,x)(V), V) .

Remark 3.4. In the present paper the stiffer part of the fast equation is always linear in v.
This leads to a quite simple elimination of terms linear in v. In particular, since the slow
equations on (x,w) are linear in v the first elimination comes almost for free. However in general
each simplification increases the level of nonlinearity in v of slow equations and subsequent
simplifications get more and more algebraically cumbersome.

A specific feature of System (3.2) is that slow variables evolve with speeds of typical size
O(e) and not O(1). Therefore on time intervals [0,77, ], one hopes to validate approximation
of the slow part by the solution of an uncoupled system up to error terms of size 0(52T§bs) with

S = O(e71). We first prove this claim with 75 _ of size 1 then refine the analysis to reach
¢ Of size 1. Note that when T5 _ is of size e~! we aim at an error of size O(¢) and thus we
may use directly (x,w) as slow variables whereas when 77 is O(1) we aim at precision O(e?)

thus we should use
<x+e°ﬂg, w(v) + e <E(t,x), “12’>> ,

or a higher-order version of the latter.

Note that without further simplification the aforementioned asymptotics may not be readily
derived since the equation on e still contains v-terms at leading order. However an aspect even
more peculiar to System (3.2) is that at leading order the equation for x uncouples not only
from the argument of v but also from w. At this stage an asymptotic description of the slow
part corresponding to x may be guessed without any further computation.

Proposition 3.5. Assume E € L™ (Rf; WH*(R?)) and let (x°,v°) be the solution to (3.2)
starting from (xo,vo). Then the guiding center variable (2.13) satisfies for a.e. t >0,

2
€ £t|| dx E| oo
e () = ¥* (O] < gzl dxBllse €715 (tlvo ]| + ¢ Bl|z ),

where y© solves
€

dy
(3.6) dt
¥ (0) = x4c(0).

Proof. We consider xg. given in (2.13), which satisfies

= ¢ Ugxs(t,¥%),

dxg,
dt

Jve
== EUExB(t,XEC) + 13 |:UE><B <t, ch - 5B> - UExB(t,ch):| .
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This implies for a.e. t >0

52

€ t t
o) =Y (Ol < 5Bl [ i) =y ()l ds + Sl Bl [ Ivi(s)] ds.

Thus by the Gronwall lemma, for a.e. ¢t > 0,

2 o N t
Ige(t) =y @l < L5l dx Ell >~ e | Ellz /0 [ve(s)[l ds.
Then the result follows from Lemma 3.2. O

The foregoing bound is very simple but is not sharp with respect to . Indeed the principal
part of the error term of the equation is linear in v thus may also be eliminated.

Remark 3.6. The special structure of equation (3.4) is somewhat fortuitous. However the fact
that the error introduced by replacing X with its e-correction xg, may be cast away at leading
order is not mere luck. It is due to our choice in (3.3) of an antiderivative

-1 ()

that at leading order contains no slow part. Henceforth in similar cases enforcing such properties
will always streamline our particular choices.

The announced further elimination yields the following refinement.

Proposition 3.7. Assume that E € W2, There exists a constant C > 0, depending polyno-
mially on ||E||y2e and B™1, such that if (x5, v®) is a solution to (3.2) starting from (xq, Vo),
then it satisfies for a.e. t >0,

where Xg is as in (2.13) and y* solves (3.6).

et N
e (t) =y (0)| € O HISEI (1114 vl + ¢ [Ell)) (Ivoll + ¢ [El).

Proof. The term to weed out is linear in v and by applying Lemma 3.3 with

L) = ~ e Usn(t. . 0) (35

one obtains

d € 3 € ve
E ch+€ dXUEXB(tang) ﬁ

JU t,x°
= e Ugxp(t,x5,) — > dx Upxn(f,x5,) (EB()>

B

ve ve
+&3 dx 0:UgxB(t, ch) <B2> + &3 di Ugxs(t, ch) <UE><B(LL, x°), B2>
Jve® Jv®
+5 [UExB <t, ch — & B> - UExB(t, ch) + gdx UExB(t, X;C) ( B >:| .

Therefore, for a.e. t > 0, one has

g t ~ 83
[xge () =y (O] < Blldelle/O xze(s) =¥ ()l ds + o5 [l dx Ell 2= ([[voll + [Iv=(#)11)

63 B t
+ 55 (OBl + 5| Bl [Bl) [ Ive(s)] ds

63 2 t 2
233 H X H /0 || (S)H S

At this stage the result follows from Lemma 3.2 and the Grénwall lemma. O

One may go on by correcting xg, into a “higher-order” approximation

VE
Xio = ch —|—53 dx UEXB(tvxgc) <B2> s
16



then expanding from xj  and eliminating terms involving v°. But the expansion process would
involve terms quadratic in v whose elimination brings a coupling with w® as may be seen from
Lemma 3.8 below. Proposition 3.7 is therefore expected to be optimal with respect to e-scaling
on time intervals of length O(1).

3.4. Elimination of quadratic terms. In order to obtain asymptotics for the full set of slow
variables (x,w) we study now the extraction of slow components from expressions that are
quadratic in v.

Lemma 3.8. Consider A € W' (R}; L2(R?* RF)), p € N* and (x,v) a solution to (3.2).
Then, for a.e. t >, we have

ADV(0),v(1) = w(v) THA®) ~ <2 (0) + ena(0),

where w(v) = ||v|?/2, whereas Tr denotes the trace operator, for the canonical basis (e, e,) of
R2
Tr(A(t) = A(t)(er,ex) + A(t)(ey; ey)
whereas XA 1S given by
1
xa = 5 R(A) (v,B7'Iv)

and na s
1 1
na = 5 R(A)V, Usxs(t,x) + 5 RAY (v,B'Jv)
+ %%(A) (E(t,x),B'Iv),

with R denoting the symmetric part defined in (2.16).

Remark 3.9. Consistently with Remark 3.6, note that xa has itself no slow component at
leading order since R(A(t)) (+,J(+)) is trace-free. Indeed its trace is

R(A) (a,Ja) + R(A) Ja,JJa) = R(A)(a,Ja) — R(A) (Ja,a)
= 0,

where a is any unitary vector. In the latter to express the trace we have used that (a,Ja) form
an orthonormal basis for any unitary a.

Proof. Note first that one may assume without loss of generality that A is valued in symmetric
bilinear forms. Thus we assume R(A) = A for the sake of notational concision. By differentiation
one derives

2%(75) = A'(t) (v(t),B~'Iv(1))

d
t + A(t) i:(t),quﬂv(t)] + A(t) ["(”’Blj <iz<t)>]

= A'(t) (v(t), BIv(1)

£ AW (@v(0),39(0) + A() (B x(1), BIv(1)
A (v, v(0) + A (v(1), Ut x(1))

and the result follows by multiplying by €/2 then adding A(¢)(v(t), v(¢)) and using that

w Tr(A) = % (A(v,v) + AJv, Iv)) .
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3.5. Second elimination and full asymptotics. For the sake of concision and symmetry we
introduce

(3.7) wg. = w(v?) — & (Upxn(t,x"),v) ,

which corresponds to the corrected kinetic energy, a two-dimensional version of (2.15).
By applying Lemmas 3.3 with

L(t)(v) = = (0:Ugxs(t,x(1)), v)
and Lemma 3.8 with
A()(v,u) = —(dx Urxs(t,x(t))(v), u),
equation (3.5) in system (3.4)-(3.5) may be turned into

35) e o] = —eutv) daUnmie) + 25
where
X (t,x,v) = (OE(t,x),Vv) —i [(dx E(t,x)(v),v) — (dx E(t,x)(Jv),Jv)]
and
" (t,x,v) = — (BE(tx),E(tx)) — (07E(t,x) + dx GE(t, x)(v), V)
7 (BB %), Iv) — ¢ (A B(E,x)(v), B, %)
(B (B(,%),v) + (Bl %) (IV), TB(, %)
_ % (de OE(t, %) (v) + 42 E(t, x)(v, v), v)
1

+ —{(dx GE(t,x)(Iv) + dZE(t, x)(v,Iv),Iv) .

4
Now we may complete Proposition 3.7 to obtain leading-order asymptotics for (ch, wgc).

Proposition 3.10. Assume E € W2, There exists a constant C > 0, depending polynomially
on |E|ly2. and B~ such that the following holds. Let (x%,v®) be the solution to (3.2) starting
from (xq,vo). Then, for a.e. t >0,

x5 (1) —ye(t)|| < CedeCet (1—|—t(1—|— Ivoll + t)) (Ilvoll + t),
lwge®) = we @) < €2t (14 1+ ) (Ivoll + &)+ t(lvoll + 1)) (vol + 1),

where (X5, ws.) s as in (2.13) and (3.7) and (y®, w®) solves

ge» Yge
d €
dyt = e Ugxs(t,¥°),
(3.9) dws
v = —cu’ diVx(UEXB)(t, ys)a
dt
with initial data y©(0) = ch(o) and w*(0) = wgc(O)-

Remark 3.11. Note that if E derives from a potential, that is, if E is curl-free, then the equation
on we is trivial since divx(Ugxp) = 0. Yet this cancellation does not improve any convergence
rate. Incidentally we point out that in this case dx E is symmetric so that the cancellation follows
at a more abstract level from computations of Remark 3.9.

Proof. We consider (x%,v®) the solution to (3.2) starting from (xo,vo) and the corresponding

(¥%, w®), the solution to (3.9) starting from (xg.(0), wg.(0)), where (x5, wg.) is as in (2.13)-(3.7).

First, to ease comparisons, we recall that w(v®) = ||v¢||?/2 (and ban temporarily the confusing
18



shorthands w® and w for w(v®)) and write (3.8) as

d c 52 e e . & 62 £
I [Pt x| = —euwge divi Ussn(t,y%) + 530
—¢ (w(v%) —wg.) divx Upxs(t,y?)
—& w(VE) (diVX UEXB(t7 XE) - diVx UEXB(ta X;C))
—ew(v®) (divx Ugxs(t, Xg) — divx Ugxs(t,¥°)) -

Then, from subtracting the latter equation to the one for w® in (3.9) stems for a.e. ¢t > 0,
t
wee(t) —w®(t)] < Ce /0 |wie(s) —w(s)|ds + O (IX7(0)] + [x°()])
t t
e / e (s)|ds + C &2 / Ive(s)| ds
0 0

t t
Lol /0 Ive(s)[* ds + Ce /0 Ve ()II* lIxge(s) = y=(s)ll s,

where C' depends polynomially on ||E||y2.. and B~!. Finally the estimate on wg, — w* follows

from Lemma 3.2, Proposition 3.5 and the Gronwall lemma. O

3.6. Long-time asymptotics. As aforementioned, the fact that vector fields appearing in the
leading-order asymptotics seem to be O(g) suggests that it should also be possible to validate
asymptotics for (x%,w(v®)) on time intervals of length O(e~!) with convergence rates O(e). To
carry out such achievement we need to refine bounds from Lemma 3.2.

Lemma 3.12. There exists a universal positive constant C such that any solution to (3.2)
starting from (xo,vo) satisfies for any t > 0

e € . 9
IX(Ol < [x0ll+ 5 ¢ Bl + Ceec® 5T (11 ol + 5 [l ).
£ . I3
vl < 0 F B (1 4 vo)l + 3 Bl )

Proof. Integrating (3.5) yields for a.e. t >0

€ w(v) €2
W) < wvo) + Sl vl + 2+ o ms.

t
3 e
+ Stl0EB|e + 52 dc Bl + HatEHLoo)/ w(s) ds,
B B 0

which after a few algebraic manipulations and an application of the Gronwall lemma proves the
claim on ||v||. The bound on x is obtained simarly by integrating (3.4). O

We now focus on large-time asymptotics for (x,w(v)).

Proposition 3.13. Assume E € W2, There exists a constant C > 0, depending polynmially
on ||E|lw2e and B™Y, such that any solution to (3.2) starting from (xo, Vo) satisfies for a.e.
t>0

() =y ()]l < Ceet (1+e+|lvol)),

lw(ve(t)) = w(t)]| < Cee®s* (14 e+ |voll)?,
where w(v) = ||v||? and (y&,w®) solves (3.9) with initial data y*(0) = xo and w*(0) = 1||vo|>.
Proof. The estimate on x® — y*© follows from Lemma 3.12 and the Gronwall lemma after an

integration of (3.4). To proceed, we use (3.8) in the form

d g2
1 w(v®) — ¢ (Ugxp(t,x%),v") + ?XE
2
= —cw(v®) divx Ugx(t,y°) + %ne — ew(v®) (divx Ugxp(t,x%) — divx Ugxs(t,¥)),
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thus, for a.e. t > 0,

w(ve() — v ()] < Cs/ w(vE(s)) — wE(s)| ds
+Ce ([[vol| + [[v*(t )||)+C€2(\X5(0)| +Ix°(t)])
g2 (s s € ve(s)|I? |x5(s) — v (s s
c /H””‘d +c/0u ()12 [x<(s) — y*(s)]l d.s,

where C' depends polynomially on ||E||y2.. and B~!. One may conclude again with Lemma 3.12
and the Gronwall lemma. O

Remark 3.14. The proof also yields the analysis of dynamics involving fields depending on e
but satisfying bounds uniform with respect to €. In particular the result may be extended without
change to the case where E¢(t,x) = E(ct,x), 0 < e S 1. This somehow simpler problem is the
one classically considered because then the asymptotic dynamics is essentially independent of €
at leading order since

5 w)(t) = (y,w)(et),

with (y,w) independent of €.

Of course we may also use Lemma 3.12 to refine time dependences in Proposition 3.10 so as
to fill the gap concerning what happens at leading-order for intermediate times 1 < ¢ < 7!
For possible external reference let us store without proof the corresponding result.

Proposition 3.15. Assume E € W2, Then there exists a constant C > 0, depending polyno-
mially on ||E|ly2. and B™Y, such that the following holds. Let (x%,v¢) be the solution to (3.2)
starting from (xo,vo). Then, for a.e. t >0,

Ixge(t) =y ()] < ¥t [t (1+e+ Ivoll)] (1+ e+ Ivol),

Jwge(t) — w @] < Ce2eC=t |14 ¢ (1+e+ |lvol)| (1 +e+ [Ivoll)2,

where (X,
and w®(0) = wg(0).

wg.) is as in (2.13) and (3.7) and (y®,w®) solves (3.9) with initial data y*(0) = x5.(0)

3.7. PDE counterparts. Now let us translate the foregoing results at the PDE level.
On the reduced phase-space where Z = (y,w) lives the relevant macroscopic velocity is
eW (t,Z) where

( Ugxs(t,y) >
(3.10) Wi(t,Z) =

—w divx UEXB(t7 y)

which corresponds to the velocity field of system (3.9) defining the characteristic curves of the
equation

(3.11) 0:G® + e divg (W1 GE) = 0.

With this in hands we may deduce from Proposition 3.13 and Proposition 3.15 the following
statement, where we have made explicit push-forwards that were easy to compute.

Theorem 3.16. Let E € W2, There exists a constant C' depending polynomially on ||E||yy2,c
and B~' such that the following holds for any solution f to (3.1) with initial datum a positive
density fo.
(i). Long-time first-order asymptotics. F* defined by

2m

Fe(t,x,w) = fE(t, %, V2w e(6))d o

0
satisfies for a.e. t >0

1P = G v < O™t [ (e V) foxv) dx dv
X
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where G solves (3.11) with initial datum Go = F*(0,-) given by
27
Goew) = [ ol vZw e(6)) 0.

0

(ii). Short-time second-order asymptotics. The push-forwards Fg.(t,-) of f*(t,-) by the maps
5
(V) = (x+ S IV, 3IVI? = & (Ugcn(t:x),v))
satisfy for a.e. t >0
[ Fge(t, ) = Gelts g1 < C® e (14 1) / (et IvID? fo(x,v) dx dv
R%xR
where Gg, solves (3.11) with initial datum Go = Fg(0,-), defined as the push-forward of fo by
the map
(x,v) — (X+ %JV, %HVHQ — € <UEXB(0,X),V>) :

Proof. The first result is a direct consequence of the abstract Proposition 2.1 and the estimates
provided in Proposition 3.13 on the characteristic curves. The second one follows the same lines
with the help of Proposition 3.15 instead of Proposition 3.13. Il

Due to the special structure of the homogeneous two-dimensional case, with essentially the
same proof one may also provide versions focusing only on the spatial variables and its e-
corrections. This involves the asymptotic equation

(3.12) O + e divy (r° Ugyp) = 0.

Proposition 3.17. Let E € W2, There exists a constant C depending polynomially on
|E|[y2. and B~! such that the following holds for any solution f¢ to (3.1) with initial datum
a positive density fy.

(i). Long-time first-order asymptotics. p° defined by

po(t,x) = fet,x,v)dv
R2
satisfies for a.e. t >0
1p°(, ) = 75t Mllyjp-10 < Ce e / (I+e+(vl) folx,v) dx dv
R2xR?
where ¢ solves (3.12) with initial datum ro = p*(0,-) given by
ro(x) = fo(x,v)dv.
R?2

(ii). Short-time third-order asymptotics. pg. defined by

€
ch(taY) = /1:{2 fe (tay - EJV,V) dv
satisfies for a.e. t >0

et ) = vt s € CEC (1 n) [ e VP foev) dx
X

£

where Te

¢ solves (3.12) with initial datum (rg.)o = pg.(0,), given by

(TZC)O(Y) = /R2 fo (y - %JV,V) dv.

21



4. GENERAL THREE-DIMENSIONAL CASE

We come back to the three-dimensional system

dx _
(4.1) jt A B(t,x)
Vv Vv X
- AT E(t
1 E + E(t,x),

and follow the pattern of the short-time analysis of Section 3. As there we do not mark e-
dependences as long as no confusion is possible.

4.1. Slow variables and uniform bounds. First, Lemma 3.2 stands without change in its
statement or its proof.

Lemma 4.1. Solutions to (4.1) starting from (Xo,vo) are defined globally in time and satisfy
for anyt >0

A

@I < llxoll + tlIvoll + 2 | E[ Lo,
V@I < [lvoll + 2 |[E] e .

Here some geometric preparation is needed to identify some set of slow variables. At leading
order the fast motion is locally a rotation of v around e (¢,x) where we recall that e is defined
through

B(t,x) = |B(t,x)|, B(t,x) = B(t,x) e (t,x).
As aforementioned this naturally suggests first a separation of v between a component aligned on
e (t,x), vy (t,x,v) e;(t,x), and a perpendicular component v (¢, %, v), and second by mimicking
the homogeneous case the introduction of a kinetic energy variable associated with v (¢,x,v),
wi(t,x,v) = z[[vi(t,x,v)[?.

We recall that the above decomposition is explicitly given as

v (t,x,v) = (v, e(t,x)),
{ vi(t,x,v) =v —u(t,x,v) e(t,x),
and that correspondingly we introduce the decomposition of the electric field® E = E; e) +E |,
Ey(t,x,v) = (E(t,x), e|(t,x)), E|(t,x,v) =E(t,x) — Ey(t,x,v) e;(t,x).

Both to ease computations and to emphasize analogies with the two-dimensional case it is
expedient to introduce, for any x € R3, the linear operator J(¢,x) defined as

J(t,x)a = aAe(tx).

Going on with geometric considerations, we note that the following simple relations are of
pervasive use in latter computations:
I(t,x)en(t,x) = 0, e(t,x) - J(t,x)a=0,
(4.2)
J(t,x)?a = —v,(t,x,a), J(t,x)* = =J(t,x),
and e (t,x) - Oce|(t,x) = 0, e(t,x)-dxey(t,x)a = 0.
For the sake of concision, but somewhat inconsistently, from now on we shall use the shorthand

vy (t) for vy (t,x(t),v(t)) and similarly for v and w,. We shall also identify functions of (x,v)
with functions of (x,vy, v ). Then, we may split (4.1) as

dx_
dt
d
(4.3) % = Ey(t,x) + (vi,0re)(t,x) + dxe(t,x)v),
d
\ % = (EL(t,x) — vy (Orei(t,x) + dxey(t,x)v),vi),

6That is, By (t,x) = vi(t, x, E(t,x)), EL(t,x) = v. (t,x, E(t, x)).
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and
dVJ_ . B(t,X)
dt €
where v = v e +v | and the force field F is
F(t7 X, V) = FO(ta X, UH) + Fl (ta X, V) + FQ(t7 X, V)7

(4.4) J(t,x)v, + F(t,x,v),

with F; depending linearly on v, , Fo quadratic in v, explicitly
(( Fo(t,x,v1) = Ei(t,x) — vy (Feen(t,x) + vy dxey(t,x) e(t,x)) ,
Fi(t,x,v) = — (Orey(t,x) + vy dxey(t,x) ey(t,x), vi) ej(x)

(4.5)
—v) dxej(x) vy,

Fg(t,X,VL) = - <der(X) V], VL> e (X) .

Remark 4.2. As already pointed out in Remark 3.1 along the analysis of the homogeneous
case, it is convenient to work with a formulation containing some redundancy such as (4.3)-
(4.4). Indeed, here, to suppress the apparent overdetermination one could for instance replace
(4.4) with an equation for an angle of v but then one loses track of an important property of
System (4.1): at principal order oscillations are linear in v . In contrast, as already apparent in
the homogeneous case or in the splitting of F, all our algebraic manipulations will be organized
by the degree of linearity in v .

4.2. Elimination of linear terms. A direct consequence of Lemma 4.1 and (4.3) is that
(x, vy, w, ) in I/Vllo’cOo and v in L7S are uniformly bounded with respect to €. This is sufficient to
extract converging sequences but not to take limits in the equations because of the nonlinearity
inv,.

Instead, to proceed, we begin an uncoupling process similar to the one carried out in Section 3.
Elimination, at leading order, of linear terms in v is summarized as

Lemma 4.3. For any L € W1°(R/; £1(R3,RP)), p € N*, solutions (x,v) to (4.1) satisfy for
a.e. t >0,

L(t)v, — —e% [L(t) (“%)] 4 L) (?) + LU,

with the macroscopic velocity U given by

(4.6) U(t,x,v) = % + [at @) + dy @) v} V..

Proof. Applying % to (4.4) and combining with the first line of (4.3) yields
d Jv 1
e—
dt | B(x)

Then the result follows from the chain rule. O

(4.7) v, = ] + eU(t,x,v).

Note that the macroscopic velocity U is split according to degreein v as U = U1g+U11+Ujs
where Ujg contains terms which do not depend on v,
J(t, x)
U t, 5 - F tv )
10(t,x,vy) Bt.x) o(t,x,v)
= UEXB(tvx) + Uﬁ Ucurv(tax) + v Uat (t,X)

- UEXB(tax) + KUl E(t,X,UH),

which corresponds to the classical drifts defined in (2.7)-(2.9), whereas Uy is given by

JF J J
Ui (t,x,vp,vy) = ?l(t,X,UH,VL) + [&e <B> + v dx (B) e} \ a1

and observing that JFo = 0, we have for Ujo,

Up(t,x,vy) = [dx (g) (t,x) VJ_] \a
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Let us anticipate that the partial elimination of U will give a contribution known as the
grad-B drift and that encodes the influence of the variations of the intensity B on the spatial
trajectory.

With Lemma 4.3, at leading-order in € one may eliminate from (4.3) terms that are linear in
v . We first treat the first equation in (4.3) by applying Lemma 4.3 with L(¢)v, = v, which
reduces to (4.7). This leads to

d xgc
dt

(48) = ) € (t,X) + 6U(t7X7V)7

where U is as in (4.6) and we have introduced the so-called guiding center already defined in
(2.13).
Then we consider the second equation in (4.3) and apply Lemma 4.3 with

L(t)vy = (vi,0re(t,x(t)) + vy (t) dx e (t,x(t)) ey (¢, x(t))),

to remove the linear part with respect to v in the right hand side and to derive an equation
for a first correction of the parallel velocity,

d 15
(4.9) P [vu + 5 (Jvi, Ocer+uy dge ew = FE + (vi,dxe) vi)+eui(t,x,v),

where u; = w19 + u11 + w12 + u13 is obtained from

up = (Uio,0re)+uy deey ey)
1
= 3 (JE|, Orey+v deey ey)

= <E, Uat +UHUcurv> = <E, 2>7

where Uy and Up, are given in (2.7)-(2.8) and uy; is

FE
uir = (Ui, 0re+vuy deey ey) + EH (Jvi,dxejey)

1
+ 3 (Ivi,07 ey +vy Oi(dxey) e +vy dx ey Orey)

+ % <JVL7 [at(dx eH) + vy d,z(eu e+ (dxeu)z} eH> ,

whereas the last terms (u12,u13) are
uz = (Una(t,x,v), Ore)+vy dxey ey)
1
+ 3 <JVL7 [8t(dxe\\) +uy dZ ey e +uy (der)Q] V¢>

+ vi,0rej vy deey ey) (Jvy, dxey ey)

1
5 ¢
and

1
Uz = E <VJ_,dXeH VJ_) <q]]VJ_, der eH) .

Finally we conclude the elimination of linear terms by reformulating the third equation in
(4.3). To proceed we apply Lemma 4.3 with

L(t)ve = (vi, Fo(t,x(t),vi(t)))
= <VJ_, E(t,x(t)) — v (t) o e (t7X<t)) — (v (t))2 dxe”(tvx(t)) e (t,X(t))>

and naturally obtain an equation for a first correction of the kinetic energy in the perpendicular
plan to the magnetic field,

d
(4.10) 1 [wj_ + % <JVJ_7FO>] = —v(vi,dxe)(x)vy) +edi(t,x,v),
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where d; = di1 + di2 + d13 is obtained from
_E
B

J
+ <BVJ_, OE + v dee>

din = (Ui, Fo) (Jvi, Orey +2u deey ey)

v
— EH (Iv.,07 e) +vy Oi(dxey) ey +vy dxey drey)
P
v
- EH <JVJ_; [at(dxe\\) +vy dieje +uy (dxe\\)ﬂ eu> :

and djs is given by

J
di2 = (U, Fo) + <BV¢, dx EVJ_>

1
— = (vi,0ey4v; dxey e) (Ivy, Ore;+2v; deey e)

B
v
— EH <JVJ_, [@(dxeu) + vy dZej e +uy (dxe\\)2:| VJ_> ,
and )
diz = ) (vi,dxey vi) (Jvi, Ore;+2v; deey €).

To summarize, gathering (4.8), (4.9), and (4.10), we have derived from (4.3)-(4.4) the following
system of equations,

( d c
(i(tg = v e+ U,
d €
(4.11) — [UH + = (Jvi, Orep+uy deey eu)] = Ey+(vi,dxeyvy)+eu,
dt B
d €
— [wj_ + = <JVL,F0)} = —v(vi,dxejvy)+ed;.

dt B

Now to derive the leading order of an uncoupled slow dynamics it remains to analyze the
contribution of the quadratic term (v ,dx e v ) that appears — at zeroth order with respect
to € — in the last equations of (4.11).

4.3. Elimination of quadratic terms. Lemma 4.3 encodes that all terms linear in v; — the
variable whose angle is oscillating at frequency 1/e — are e-small in W~1°°, This is directly
related to the fact that they all have zero mean with respect to the fast angle. In contrast, as in
the homogeneous case, quadratic terms do produce slow contributions that are asymptotically
relevant. The next result identifies what are those contributions.

To state it we introduce a notion of trace restricted to the plane orthogonal to e;. For any
A € L5(R3 RP), p € N*, at any point x and time ¢

(4.12) T A = Tr A — Aey(t,x),e(t,x)).
In particular, for any a € R3? orthogonal to e (¢,x), we observe that
la* ' A = A(a,a) + A(J(t,x)a,I(t,x)a).

Since with any linear operator A € £1(R3, R? ® RP) one may associate a quadratic operator
in £o(R3,RP) by (a,b) — (a, Ab) the above definitions may be extended to such operators by
identification. We also recall that R denotes the symmetric part.

Lemma 4.4. For any A € WH2(R;5; L2(R3, RP)), p € N*, solutions to (4.1) satisfy at a.e. t

ABV L) vL(0) = wi®)TEO AW) — e D20 1 enae),

dt
where 1
XA = 3B RA) (vi,Jvy),
1 1 1
na = 5 RA)VLU) + S5 RA) (vi, Ivi) + 55 R(A) (FIvy) .



Remark 4.5. Consistently with Remarks 3.6 and 3.9, note that xa has itself no slow component
at leading order since R(A(t)) (-, J(t,x)(+)) is trace-free on the plane orthogonal to e (t,x).

Proof. One may assume without loss of generality that A is symmetric. Then by combining
(4.4) and (4.7) and using (4.2) we derive that

d J
2 [A (vi,z;ﬂ — _A(vivi) + AQve,Tvy)

1 1
+ € |:A(VJ_,U) + EA/ (vi,dvy) + EA(F,Q]]VJ_)
By multiplying the latter by 1/2 and adding A (v, v, ) on both sides one achieves the proof. [

4.4. Proof of Theorem 2.2. We have now sufficient materials to prove Theorem 2.2 on the
asymptotic behavior on solutions to (4.3)-(4.4) when ¢ — 0.
On the one hand, applying Lemma 4.4 with the quadratic form associated with dx ey (¢,x),

one may partially eliminate quadratic terms in v from (4.11). As a result
. ed R(dx ep)d
(4.13) <VL,dx e VL> =w] lex(eH) — 5@ |:<VL, (B) VL>:| + € u2,

where us = u21 + ug2 + ugz with usq,

- % [(vL,éR(dxe)Ul(ﬁ 4 <FO,WVL>} ,

whereas ug2 is given by

w = g | Rdeen U + (P, Ty )

+ 2B <VL,W (at(dx e|) + v dieu eH) n]]vL>
and us3
1 R(dxe)J
U2z = 3 [(VJ_7§R(dxe)U12>+<F2,(Be)vJ_ﬂ
1
+ 5B <VJ_,§R(d>2ceH VJ_)JVJ_> )

Substituting (4.13) in the second equation of (4.11), we get an equation for the corrected parallel
velocity vge, defined in (2.14), that is,

d vge
dt

On the other hand, we proceed in the same way with the quadratic term associated with

—vy(t) dx e (¢,x(t)) to transform the third equation of (4.11) into a new equation for a correction

to the part of the kinetic energy in the perpendicular plan to the magnetic field direction wg,
already defined in (2.15),

(4.14) = By + wy divx ey +¢ (ug + u2) .

d wge .
(4.15) ;Utg = —vywy divx e +e (di + da),
where dy = do1 + dog + dog + dog with
dyy = —wvjuz,
deo = —vjup — L (vi,R(dxey)Ivy)
2B b )
1
dyy = —viuzm — 55 (vi,0re +vidxejep) (vi, R (dxey)Jvy) ,
and the quartic term dayy is
1
doy = ~35B (vi,dxeyvy) (vi, R (dxey)Jvy) .
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With (4.14) and (4.15), System (4.3)-(4.4) yields

d xgc
(;(tg = eH(t,x) + EU(t,X,V),
d vge
(4.16) ;’f — Ey(t,x) + wy diveey(t, %) + & (w1 + u2)(t,x, V),
dwgc .
Tl —vjw, divx e (t,x) + € (d1 + d2)(t,%x,v) .

At this juncture, the leading-order part of the slow evolution system (4.16) is already uncoupled
from the fast equation (4.4). This allows to derive the following asymptotic result by mimicking
the analysis of Section 3, relying this time on Lemma 4.1 to bound remainders.

Proposition 4.6. Under the assumptions of Theorem 2.2, there exists a constant C' > 0,
depending polynomially on ||E||yiee, | B~ lywiee and || €y ||yy2.00, such that the following holds.
Consider (x%,v®) a solution to (4.1) starting from (xo0,vo). Then, for a.e. t >0

1% (8) — y ()] + |05 (£) — w(&)] + [lwF () — w(?)|
< CeeCtUVolPH) 1511 (1 4 v,

where (y,v,e) solves
dy

i =ve|ty),

dv .

E = F| (t,y) + w divg ey (taY)7
\%ﬁi: —vw divk ey (t,y),

with initial data y(0) = xo, v(0) = vio and w(0) = [|v |

Finally to achieve the proof of Theorem 2.2, we simply apply Proposition 2.1 where the slow
map A(t, ) is given by (x,Vv) — (x, v (t,x,v),w, (t,x,Vv)) and the weights M are given by

M(t,x,v) = CeeCtUVIPH) v (14 |]v]?)

with C' as in Proposition 4.6.

4.5. Elimination of higher-order terms. Though the latter result does provide some in-
sights, in general it fails to capture leading-order dynamics of all slow variables, since some of
them are slower than what can be described with a system of zeroth order in €. A simple ex-
ample is the essentially two-dimensional case where e is constant and asymptotically at zeroth
order only vy and the parallel component of y are moving.

To provide a more comprehensive picture, we need a system containing terms of order . The
purpose of Theorem 2.4 is to take into account this correction. Lemmas 4.3 and 4.4 already
contains the basis to clean e-terms of (4.16) that are of order at most 2 with respect to v, . Yet,
di, do and wuo contain cubic terms and wus also exhibits a quartic term. Therefore we need to
investigate how to handle those.

We first show how to eliminate cubic terms.

Lemma 4.7. Let E € WL and B be such that 1/B € Wb and ey € WhH™. There ezists a
constant C' depending polynomially on ||E||y1.e, [|[B7 w1 and || ey |10 such that for any
A cWwhee (Rzr; L3(R3, Rp)), p € N*, solutions to (4.1) satisfy at a.e. t >0,

_dxa
dt

A(t)(ve(t),vi(t),vi(t)) = () + ena(t),

for some (xa,na) such that for a.e. t
Ixa@ll < CIADO] Vi@,

Ina@®ll < Cllve@®I? [IA O Ivi®l + [AG L+ [v@)I)] -
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Proof. One may assume without loss of generality that A is symmetric-valued. Then from (4.4)
and (4.7) stem

d
6a [A <J;L,VJ_,VJ_>:| (t) = —A(vyi,vy,vi)+2AJvy,Jvi,vy)

+ %A,(JVJ_,VJ_,VJ_)+5A(U,VJ_,VJ_)

2
+ EEA(JVL7F7VJ_)

and
d 2 JVJ_ JVJ_ JVJ_ .
edt[B A( 5 B B >] t) = -3Alviy,dvi,vy)
+ %A,(JVL,JVL,JVL)—FBEA(U,JVL,JVL)
2¢ 0\B+dx Bv
+ ftT A(Jvy,Jvi,Ivy).
Then summing the former with 2/3 of the latter yields the result. O

To complete the uncoupling at order € remains the task of analyzing the possible contribution
of quartic terms. By using (4.4), (4.7) and the fact that J(,x)?a = —a for any a orthogonal to
e|(t,x), it is possible to achieve this task at the level of generality considered so far. As a result
one would prove that in general the elimination of quartic terms may indeed leave relevant slow
terms. However, for concision’s sake we choose to specialize the discussion to the specific form
required by

doa = (v, R(dxey)vy) (vi,R(dcey)Ivy)
and that may be eliminated at leading-order.
Lemma 4.8. Let E € WY and B be such that 1/B € WY and e € WL, There exists a

constant C depending polynomially on ||E||y1.00, || B w1 and || ey |1, such that for any
symmetric-valued A € WL (RF; Lo(R3,RP)), p € N*, solutions to (4.1) satisfy at a.e. t
t

ADELO.vL0) x ADELOIEXOWLE) = —eTE20) 1 opa o(0)

for some (xa,2,MA2) such that for a.e. t
Ixa 2@l < CIA®IP Vi@,
Ina2®] < CIAOIvL @ (JA O v @l + [[A@] @+ [vOl?)) -

Proof. We introduce A(t) : (a,b) — A(t)(a,J(t,x(¢))b) and recall from Remark 4.5 that
Tri’x(t) A(t) = 0. Thus revisiting the proof of Lemma 4.4 without symmetrization yields

~ d 1 ~ ~
A(vy,v))= —e— <A(VJ_,JVJ_>> +eng

dt \2B
with
= AL U) + o AN (v, Ivi) 4 — A (R, Tv1)
i = -A(v — A (v,Jv — vy).
nA 2 1 2B 1 1 2B ) 1L
By multiplying with A(v,,v ), one derives the result with

1
=—— (A 2
XA,2 15 (A(vi,vy))”,

~ LatB‘i‘deV

NA2 = A(VL,VL)UA T iR B (A (VJ_7VJ_))2'
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4.6. Proof of Theorem 2.4. To spare some pieces of notation, in the justification of the
foregoing claim we shall use < to denote < C'x with C a local variable depending only and
polynomially on ||E|ly2.0c, |B~ Y12 and || e |lyysc. All along we consider (x(t),v(t)) a
solution to (4.3)-(4.4). We observe that

dx duvy

| < — | <1

IS s 5 s v
and

Bl S 1+vI*, U] S 1+ (v]?.

First we apply Lemma 4.3 with the linear application v, — Uy (t,x(¢),vy(t),v1) and
Lemma 4.4 with the quadratic function v — Uja(t,x(t), vy (t),vy). As a result there exist
functions x1, x2, nl, n2 such that

dxk
dt

x dx;
U12 = w, T‘I‘i7 ®) <dx (g)) — & Xx + 3’5’"])2c

U11 = —€

+517,1(

so that, with x, = x}( + Xi and n, = 77>1< + 77>2<

U = Uy +w, T (dx <J>> Sy

B
with
(4.17) Ixx Il < (vl vl Imll S VI +[v]?) -

Before going on we make Tr'i’x(t) <dx (%)) more explicit. First, by differentiating % e =0

s [(2)e] e = (2)e] s

thus, with Uy, defined as in (2.7),

J J
[dx (B) e} er= -7z dxej e = Ucury -

Therefore, recalling definition (4.12) and Lemma 2.5,

x J o (3
TTti X (dx <B)> = divx <B> — Ucurv = Ucurley + UvbxB.

In particular the equation on xg. takes the form

we get

d
di [Xge +£2x,] = vien(t,x) + en, + € Uguine(t, X, v1, w1 ),

where Ugyig, is defined in (2.10) and (x,,n,) satisfies (4.17).
Likewise we may clean up the second equation of (4.16). After some calculations, with
arguments identical to those used hereabove, we obtain

d 1
up = <E,2>—5%+51ﬁ

. J J
+ wy |:<d1Vx (B) ,Ope +uy dxee> + <deee,3te>}

J
— wy Tr (B (3t(dxeu) + vy diey e+ (dxe)2)>

~w Tr [g (dyer e (8te)*)] |

and )
dx
Uy = fsd—t” =+ snﬁ
with x = Xﬁ + Xﬁ and ny = nﬁ + nﬁ satisfying
(4.18) bl S vl @+ v, i S 1+ [Iv][*
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In the computations aforementioned we stress that we have made extensive use of relations
Jey =0, (dxJe) ey = —J(dgey) ey, (a,Ja) = 0 for any a € R?, and (dxej)*e; = 0. In
particular we point out that, by the skew-symmetry of values of dxJ e; and 0;J

Tr| [R(dxei)dxJ ey] = Tr[R(dxen)dxde] — %<der e, [dxJej]ey)

1
= §<dereHadeeH e)) =0
and

Tr) [R(dxen)dJ] = Tr[R(dxe))dd] — (dxejey, d(J)en)

1
2
1
= §<dxeu e|,Jo ey).

To simplify further the expression of u; we observe that

Tr [g (dx ey ey (3te)*)] = <gdxe e,@te>

and, by the skew-symmetry of values of J, that

. J J . J .
<d1Vx (B) ,ate> —Tr (Bat(dx e)> = —lex <B8te> = lex Uat
. J J . J .
<d1Vx (B) ,dx e e> —Tr <B (dieu e+ (dxe)2)> = —divy (B dx e e> = divx Ucury -

As a result
_ dxﬁ 1 .
uy = 75@ +€7)H + <E,E>+de1VxE

with (x|, ni) as before.
Therefore gathering the expressions for u; and ug, we derive

d
1 [vgc + azxu] = By +w, divxey +¢ (T, E) + w, dive Z] + 27

with (xy,n) satisfying (4.18).
Finally we treat the last equation of (4.16) in the same manner. This leads to

d 1
d = -—¢ dXtL —I—sni —vjw | dive X
J
+ wi |(Ucurie, + Uvsxn, E) —Tr (B dx E)} )
d 2
dy = —¢ dXtJ_ + 677%_7
with x, = x1 + xi and n, =nl + ni satisfying
(4.19) XLl S vl +vIP), il S1+(v]°.
Now to simplify the expression for d; we observe that from Lemma 2.5 stems
J . JE .
<UcurleH + Ucurv + UvBxB, E> - Tr deE = —divy ? = —divx Ugxs,
so that
dXﬁ_ 1 . .
d, = —¢ 13 +en] — wy [vy divy ¥ + (Uewry , E) + divk Ug«n] .
The upshot is
— 2 = - di — divy (U ) + (Ueury, E 2
1 [wee + €2 x1] = —vjw, divk ey —ew [divk (Ugxs + v1E) + (Ucurv, E)] + 7 1.

with (x1,7n.) satisfying (4.19).
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Altogether we have derived

a1 (Xge +%xx] = vien(t,x) + e Uguie(t, %, 01, w1 ) + €21y,
% [vgc + 52)(“] = Ey(t,x) + w, divee(t,x) + €21y
(4.20) +e ((Z,E) + wy dive B) (£, x,v))
d 2 . 2
< [wee + e°x1] = —vjwy divke(t,x) + e no
—ewy (divk (Ugxs + v1X) + (Ucwv , E) ) (£, %, v1),

with error bounds (4.17)-(4.18)-(4.19). Now we want to write (4.20) in terms of (Xgc, Vgc, Wec)
plus remainders. As in Section 3.5 corrections — of size €2 — stemming from terms of size ¢
may be considered directly as error terms. Yet here some terms of size 1 are present and to
deal with corrections arising from those we follow a different path: first linearize them — a
process that produces errors of size €2 that can be handled directly — then remove the terms of
size € introduced in this way by using Lemmas 4.3 and 4.4 and the fact that (x, v, w, ) differs
from (Xgc, Vg, Wge) by terms that are either linear in v | or quadratic in v but trace-free in the
plane orthogonal to e (¢,x), as follows from Remark 4.5. Besides aforementioned estimates this
elimination also requires

d
| S el @+ feliivi
and results in new functions (Xyx, X1, XL ), and (7)y, 7,71 ) such that,
d . -
a [ch +52 Xx] = Vgc eH(tanc) + E[Idrift(taxgm'Ugmwgc) + 52 Y
d R . ~
7 e TE8R] = Bt xge) + waedivaen(t, xge) + )
(4.21) +e ((38,E) 4+ wecdivk ) (¢, Xgc, Vge)
a [wgc + 52 SC\J_] = —Ugc Wgc divx e (taxgc) + 52 7/7\J_
— & Wgc (diVx (UEXB + Ugcz) + <Ucurv ) E> ) (ta Xgc, Ugc)a
with
Xl S Mvallvl, Rl S Ivall@+ v, IRl S v+ (1))
and
el S vl I, ] S t+Ivlt G S 1+ v

At this stage arguing as in Section 3.5 we prove the following

Proposition 4.9. Under the assumptions of Theorem 2.4, there exists a constant C' > 0,
depending polynomially on ||E|[yy2.00, |B7 |2 and ||ey |lyse such that the following holds.
Let (x°,v) be the solution to (4.1) starting from (xo,vo) and Zg, = (Xg, Vge, Wg.) be deduced
from it through (2.13)-(2.15). Then, for a.e. t >0
3443
|Z5e() = Z@)]| < Ot Il el jivo | (14 flvol ),

where ZF = (y*,v%,w®) solves

( dy5 ¢ 5 . € ,E €
dt = eH(taY)+€Udr1ft(t7YaU7w)’
dov® e e 1- € £ 1: g €
dt = EH(t,y ) + w leer(t,y ) + € (<E7E>+w dlvxz)(t7y , U )7
dws
L duz = —U€ ’LUE diVx €| (t,ya) — 611)8 (diVx (UEXB +U62) + <Ucurv>E> ) (tvys’vé)’

with Z(0) = Z5.(0).

We may then use Proposition 2.1 to derive Theorem 2.4 from Proposition 4.9.
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5. PROOF OF THEOREM 2.8

We now want to provide a three-dimensional analogous to Section 3.6, that is, a description of
a long-time slow dynamics. Yet the presence of terms of order 1 in the (short) time asymptotics
prevents this from happening unless those terms generates a confined purely oscillatory dynamics
in some components and one focuses on the remaining ones.

This requires a special form of geometry of magnetic field lines. We introduce now an example
of such a configuration.

5.1. Geometric framework. Let us fix a unitary vector e, € S? to define an axis of symmetry.
For vectors x ¢ Re,, it is expedient to introduce
x — z(x) e,

z(x) = (x,e;), r(x) = | e, Ax]|, e (x) = (%)

Note that then by construction e,(x) is unitary, orthogonal to e, and
x = 7(x) er(x) + 2(x) e, .

We now assume that far from the axis R e, the magnetic field is stationary, toroidal, axi-
symmetric and non vanishing, that is (up to a change of e, with —e,), for some ry > 0, when
r(x) > ro
e, A\X
r(x)
for some function b with 1/b € L>([rg, +oo[ xR). Note that the first equality already ensures
divx(ej)(x) = 0 when r(x) > 7o so that the second one is actually equivalent to the natural
condition divy B = 0.

In this context straightforward computations yield when r(x) > rg

ei(x) = and B(x) = b(r(x), 2(x))

dx (%) = (e, (x), ), dx er(x) = i((xx)) (en(x), -), dxej(x) = — .

and for any a € R3,

and

Eerten( ) = 0 (e, ) - 2 fer. ).

so that in particular

v () 00 = 0 (5 ) (601260 e~ (5 ) () 2600 €1
" a0 = 0. (4 ) (160,200,

whereas the drifts F and U are given by

F(t,x,v) = E| (t,x) + — (e,(x),v1) ej(t,x) + i er(x)

r(x) r(x)
and
v
U(t7X>V) = UEXB(tax) + T(X) b(T(X), Z(X)) (UH €, — <eZ,VJ_> €|l (X))

+ (00 (5) (602600 er G v) 0 () (109,500 fenv) ) Tve

We assume moreover that E)(t,x) =0 when r(x) > ry and that E is axi-symmetric, hence

E,|(t,x) = E.(t,r(x),2(x)) er(x) + E.(t,r(x),2(x)) e,
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for some E, and E,. With these notational conventions, we may derive from System (4.20)

dr 9 2 |
17 (e Vi) e x|
B E, 1 2 dl
_g(—b —U)J_az (b>>+€ ((eranx>+ r<eH7Xm>>7
dr € 2 |
E_Z+B<err,vj_> +€ <eZ7XI‘>

=¢ <Eb+vb+ w Oy (1)> +82<ez,nx),

EV|
gurs (e, v1) +€2XH}

_ cu (B 1 2
= <b+wﬂ9z<b>>+€77,

2
— [uu —¢ | (UgxB,vl)+ ﬁ) <627VJ_>> + 52XJ_]

o (0(5) (5o (D)

5.2. Uniform bounds and asymptotics. As follows from the proof of the following propo-
sition the assumption E)(¢,x) = 0 is sufficient by itself to improve the dependence on time of
uniform bounds on velocity.

Proposition 5.1. Under the assumptions of Theorem 2.4, for any r1 > rq, there exist positive

g0, 10 and Co, (1/e9,1/70, Co) depending polynomially on 1/ro, 1/(r1—ro) and [|(Ey, Ez, 1/b)ly2.0 ([ry,00[xR)

such that any (x,v) solution to (4.1) starting from (xo,vo) with

€0

r(xp) =211, 0<e < ———
o) T+ vol

satisfies for a.e. 0 <t < [ro (1 + ||vo|?)71]/e
r(x(t) zro  and  |lv($)[| < Co([[vol +et).

Proof. We start with

drl
dt[ on +w4 = v(EL(t,x),v1),

then thanks to Lemma 4.3 we derive
d

1
1 [ UH +w,; —ev(Ugxp(t,x), VQ}
=cv ((QEL(t,x) +dx E| (t,x)v,v ) + (E| (t,x),U(t,x,Vv))) .
Therefore as long as r(x) > rg

max [[v(s)[|* < [vol*(1+ Ce) + Ce max [v(s)||* + Cet max [[v(s)] (1+ max Iv(s)11%),
s€[0,¢] s€[0,t] s€[0,t] s€[0,t]
for some C' depending on 1/rg and [[(Ey, Ez, 1/b)|[1.00(jrg,00[xRr)- Thus as long as r(x) > ro
provided

-
0<e<egg and 0<t< 0

1
— T 14 |vo] €

we derive
Iv(®)ll < Co (lvoll +€t),
with 9 and 7p sufficiently small and Cj sufficiently large depending on |[(Er, £, 1/b)|/y1.00 ((rg,00[xR)

and 1/rg. Then using this bound in an integrated version of the first equation of System (5.1)
achieves the proof provided we strengthen the constraint on times to

T0 1
T Lt vol? &’
with 79 sufficiently small. O

0<t<

From the foregoing Proposition and System (5.1) we deduce the following proposition.
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Proposition 5.2. Under the assumption of Theorem 2.8, there exist positive constants g, 1o and
Co, (1/e0,1/70, Co) depending polynomially on1/ro, 1/(r1—ro) and ||(Ey, Ez, 1/b)[lw2.0 ([rg,00[xR)
such that the following holds with

€0 7o

Let (x5,v®) be a solution to (4.1) starting from (Xg, Vo) satisfying r(xg) > ri. Then provided
that

O<e < Emaz(HVOH)y

Z; = (r(x%), 2(x%), v (x5, vE),w (v)) satisfies for a.e. 0 <t < Thax(||voll)/e

1Z5.(t) — Z°(1)|| < CeeC=tIVoI™ (1 4 [lvg?),

where Z& = (r¢, 25, 0%, w*) solves

(dr® E.(t,r¢, 2°) - 1\, . .
i< (e e (3) o).

d =z E.(t,r¢,2°) (v%)? . 1
- O
at  ° ( b(re, %) + rb(re, 2°) T

d v v (E t,re, 2%)

dt ré

dw® _ 5 EZ e € ET e € (UE)Q 1 g €
= e (o (5) e -0 (B e -l () 0n9).

with Z(0) = Z,(0).

|
N———
—
~
um
N
L)
SN—
N———

Finally from Proposition 5.2, we derive Theorem 2.8 through Proposition 2.1.

Remark 5.3. As in Remark 3.1/, we stress that the proof also yields the analysis of dynamics
involving fields depending on € but satisfying bounds uniform with respect to €. In particular the
result may be extended without change to the case where E¢(t,x) = E(et,x), 0 <e < 1. In this
somehow simpler case the asymptotic dynamics is essentially independent of € at leading order
since

Z5(t) = Z(=t),
with Z independent of €.

Remark 5.4. Though we have chosen not to delve into this here as it would have lead us too
far beyond our scope, one may remove the assumption that E is axi-symmetric and still obtain
a similar result provided one stays away from vy = 0. It would follow from an analysis similar
to the one expounded here but using instead of (4.4) an equation encoding rotation of x around
e, at speed v .

APPENDIX A. COMPARISON WITH THE CLASSICAL ADIABATIC INVARIANT FORMULATION

In the present Section, for the sake of comparison with part of the physical literature, we
derive counterparts to our three-dimensional results expressed in terms of slow variables

wL(t,xjv))

<x, vy (t,x,v), Bt x)

and corrections thereof. To do so we explicitly introduce the function g, defined by
wi(t,x,v) _ [vi(tx,v)|?

B(t,x) 2B(t,x)
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A.1. Long-time asymptotics in the toroidal axi-symmetric case. Since this is slightly
less computationally demanding, we provide first a counterpart to Theorem 2.8. Our starting
point is System (5.1). From it we derive

d 1 1 1 v?
dt [ Ml —E (/M_ <6r <b> e, —0, <b> ervvj_> + g <UE><B7VJ_> + ﬁ <ez>VJ_>> + 52Xu]

= ¢ % (0,E, — 0.E,) + &2 My

—€ <<UE><B7VJ_> + :z <ez,VL>> <6r <11)> e, +0, (2) ez,VL>

+z< <>

with

and

e (o (s (Do) s 2 (V) ) 42
(0 (5) et (3) eoxe ) (Bult30) = 01 denttx vova)
Fuslenxa) (0 (3) tervi) 42 (7) feeva)

Fus e (08 (3) terva) 402 (3) feeva))

1 1
+ XL <87= <b> €, +8Z (b) ez,VL> .

Now we note that the extra O(e)-terms in the right-hand side of the foregoing system are
either third-order with respect to v, or second-order but trace-free in the plan orthogonal to
e (when suitably paired). As a result they may be eliminated, leaving

d 1 1 1 v? N
1 {/u —€ (;u <87" <b> e, —0, <b> er7VL> ty (UgxB,vl) + ﬁ <eZ7VJ_>> + EQXM]

— ¢ ’% (0. — 0.E,) + €27,

with

(A1) Xl S Ivell (X +[vIP) [l ST+ VI
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Therefore, the involved asymptotic vector field is now €2 with Z; defined as

_EZEZ’,:)Z) b(:z) 9:b(r, 2)
2
Z1(t,Z) = E%(Eiizgj(::j?, 2) _Mb(;fZ) 9b(r, z) |
r ( b(r,a: z7) - b(r. 2) a.b(r, z))
b(:z) (0,E, — 0.E,) (t,r,2)

where the slow variable is now Z = (r, z,v, u). Note that rb 2 is divergence-free.

Theorem A.l. Let B be a stationary, azxi-symmetric and toroidal magnetic field and E be
an azi-symmetric electric field orthogonal to B, with (E,, E,,1/b) € W in the region where
r(x) > 1o for somerg. For anyry > ro, there exist positive constants €g, 7o and Cy, (1/€9,1/70, Cop)
depending polynomially on 1/ro, 1/(r1 —10) and |[(Ey, E=,1/b)|lw2.00(jrg,c0[xR), Such that the fol-
lowing holds with

€0 70
Emax(R()) = 1 T RO and Tmax(RO) = m .
Consider f¢ a solution to (2.1) with initial datum a positive density fo supported where
r(x) >r and vl < Ry

for some Ry > 0 and define F*© as
27 p2m

Fe(t,r, z,v, 1) :/ fet,r e +ze.,ve(rel+ze.) + /2ub(r, z) ei“’) rb(r,z) dp db
0o Jo

with
0 = cos(0) e, +sin(f) ey, &% = cos(p) e +sin(p) e,
where (ez,ey,e;) is a fired orthonormal basis. Then provided that

0<e<L €ma:v(R0) 5

e

we have for a.e. 0 <t < Tpa(Ro)/e

IFE(t, ) — GE(t, ) |yy—rs < Coe /
R3xR3

etV (1 4 |1v|?) fo(x,v) dx dv,

where G¢ solves
(A.2)

with initial datum Gy given by

o”’tGE + € din (GE Z1)

0,

2w p2m
Go(Z) / fo(r el 4ze.,v e (rel+ze.) + /2ub(r, 2) e(j_"P) rb(r,z) de df.
0o Jo

Incidentally we observe that of course it is easier to derive the balance law

O (uG) + edivg (uG= 21) %G (9,E. — 0.E,)

for the asymptotic equation (A.2) than the corresponding result for the original formulation.
Yet the energy balance law is in turn less straightforward to derive.

At the level of description considered in this section since going from variables (7, z, vy, w )
to (r,z,vy, 11 ) is quite simple we could have deduced Theorem A.1 from Theorem 2.8. To
give two hints in this direction, note that if we denote F¢ and F); the averaged densities re-
spectively from Theorem 2.8 and Theorem A.1, then Fj(t,r, z,v, ) dr dz dv dp is the push-
forward of FZ(t,r,z,v,w) dr dz dv dw by the map (r,z,v,w) — (r,z,v,w/b(r,z)). Likewise,
with the same convention, it may be checked that GZ(t, r,z,v, ) dr dz dv dp is obtained from
Gi(t,r,z,v,w) dr dz dv dw in the same way, by using that
Wi

b

Zi(tryz,o,n) = — b% (OrbWT + 0.bWE) | (t,7, 2,0, ub(r, 2))
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where superscripts denote components. However we have chosen not to follow this path and
instead to come back to the normal form (5.1) since the strategy under discussion is more
cumbersome when higher-order corrections are taken into account.

A.2. General second-order asymptotics. We now provide a counterpart to Theorem 2.4.
Our starting point is System (4.20). From it stems

d

I ,LLL—s dBJVL*%WL,UExBﬂLUHED

232 (Jvi, R(dxen)vi) + 52)@]

= —% (8tB + vy diVX B) — E —_— lex (B UE><B + BZ)

— En] <Ucurv s E> - 5,“/3_ dxB Ucurleu + 5277#
tepsdndr (=) Tvi e d2 () (v, Ivy)
g Ax O B Vi el Ay B V,JV]

— %de JVL <EL(t,X) — VU (8teu(t,x) +der (t,X) V) ,VL>

— ¢ <6t (;) + dy (;) v> [(vl, Ugpxp + v 2) + % Jvi, %(dxeu)vﬁ}

with
XL

s
Xp = *fde Xx+§

M un 1 2 (1 X1
77# - _§ dXB Nx + E + wy dx |:at <B>:| Xx + w] dx <B> (Va Xx) - ﬁ (atB + de V)

32 dxB xx (E1(t,x) — vy (Ore(t,x) +dxei(t,x)v),vy) .
The last three lines of the foregoing system may be discarded as being linear or cubic in v, or
quadratic in v | but with zero trace in the plane orthogonal to v . This leads to

d

dt <J vy, %(dx eH)vQ —|—€25(\“

9
[ILLL—E dxB Iv, — 3 (vi, UgxB + v %) — 232

_ _% (0B + vy divx B) — e% divx (B Ugxp + v BE)

— EnL <Ucurva E> - 5#%_ dx B Ucurleu + 5277#
with
Xl S IVl L+ vIP), 7l ST+ VI

At this stage one may follow the final lines of the proof of Theorem 2.4, by replacing in the
zeroth and first-order terms of the right-hand side (x, vy, p ) with e-corrections (Xgc, Vgc, flgc)
up to O(£?)-terms that may be added to 6277“ and e-terms that may be removed by the by-now
familiar elimination process, resulting in another harmless modification of X, and 7).

To state the resulting theorem, we introduce

w
(A3)  prge = —

w (3
F — B—J?:de Jv, — E <VJ_, UgxB +UH2> - <J v, (der)VJ->

2B2
and

Yo =Yoo+
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with
velty)

Wo(t,Z) = | Bt y) +nB(ty) divkey(t,y)

Y i
Blty) (0B +vdivy B) (t,y)
and
Udrift (tv Y,v, u B(t7 y))
Vi(t,Z) = (X(t,y,v),E(t,y)) + nB(t,y) divx 5(t,y,v)

[~ % dive (BUg.g +vBE) ~ 1t (Ueury s B) = 1 dxB Ueurte, | (1,,0)
defining vector fields on the reduced phase-space where Z = (y, v, 1) lives.

Theorem A.2. Let E € W2 and B be such that 1/B € W2 and ey € W3, There
exists a constant C' depending polynomially on |E|y2.e0, |B7 w2 and | ey |lyys. such that
if f€ solves (2.1) with initial data a positive density fo, then F* defined so that F=(t,-) is the
push-forward of f(t,-) by the map (x,v) — (Xgc, Vge, tloc) (£, X, V) satisfies for a.e. t >0

IFE(t, ) — GE(t, .)wam < C &2 eo# (14et) €Ct||VH3(1+EHV||) (1+ HVH4) fo(x,v) dx dv,
RG

where G¢ solves
(A.4) 0G*® + divzg (Y°G) = 0,
with initial data G§ = F¢(0, ).
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