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ASYMPTOTIC ANALYSIS OF A THIN ELASTIC
PLATE-VISCOELASTIC LAYER INTERACTION*

FREDERIC CHARDARD', ALEXANDER ELBERTY, AND GRIGORY PANASENKOf

Abstract. The paper is devoted to an asymptotic analysis of a problem on interaction between
a thin purely elastic plate and a thick viscoelastic layer described by the Kelvin—Voigt model. Such
a problem appears in modeling of the earth crust-magma interaction. The small parameter is the
ratio of the thicknesses of the elastic part and the viscoelastic one. At the same time the plate
has a high Young’s modulus, that is, an inverse to the third power of the small parameter. The
complete asymptotic expansion of the solution is constructed. The error estimate is proved for the
difference of the exact solution and a truncated expansion. The limit problem is the Kelvin—Voigt
equations with a special boundary condition. This limit problem is solved numerically by a finite
element scheme. The difference between the initial and limit problems is studied theoretically and
by numerical computations.

Key words. elasticity, viscoelasticity, thin rigid layer, asymptotic expansion, numerical finite
element scheme
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1. Introduction, formulation of the problem, and main results. We con-
sider a coupled system “viscoelastic material-thin elastic plate” where a thin elastic
plate “lies” on a thick layer of a viscoelastic medium. The ratio of the thickness of
the plate and the thickness of the viscoelastic layer, €, is a small positive parameter,
and the Young’s modulus of the plate material is of order e =3, while the moduli of the
viscoelastic layer are all of order of 1. The mechanical properties of the thick layer
are described by the Kelvin—Voigt model [8], [1], [10]. The elastic plate is described
by the two-dimensional elasticity equation with a high (in comparison with the vis-
coelastic layer) Young’s modulus. This formulation is motivated by the modeling of a
geophysical problem: the earth crust—viscoelastic magma system. Namely, the crust
has a stratified structure, and it is rigid and very thin with respect to the magma
layer. Indeed, the thickness of the crust varies from 5 to 75 km, and its rigidity is
close to the upper mantle, which is about 200 km thick. So, the crust with the up-
per mantle may be considered as a stratified plate, while the lower mantle is about
2500-2600 km thick, is viscoelastic, and has the elasticity moduli about three orders
smaller than that of the crust. For example, the bulk modulus of the lower magma is
2.12-2.23 kbar, and its shear modulus is 1.30-1.35 kbar, while these constants in the
crust vary from 100 to 300 GPa for the bulk modulus and from 60 to 200 GPa for the
sear modulus [2, Chapter 6]. Locally, the layers of the earth crust are supposed to be
isotropic, but after the homogenization the macroscopic description of the crust may
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become anisotropic. The idea is to reduce the dimension of the crust and to transform
it into some special boundary condition for the magma layer. This reduction econo-
mizes computational resources. On the other hand, this asymptotic reduction should
be multiscale: if necessary, it should be possible to scale back the strain-stress field
in the crust and to restore the solution at the microscopic level. That is why below
the complete asymptotic expansion is constructed when € tends to zero. It allows one
to reconstruct the detailed information on the microscopic behavior of the solution.
Earlier the problem of the elastic rigid plate-Newtonian fluid interaction was studied
in [9] in the two-dimensional setting and in [7] in the three-dimensional setting.

Let us describe now the mathematical setting of the problem and formulate the
main theoretical results.

Consider a strip L. = R x (—1,¢) consisting of the elastic part LT = R x (0,¢)
and the viscoelastic part L~ = R x (—~1,0). Denote the boundaries of the layers by
'~ ={(z1,-1),z1 € R}, I'° = {(21,0),2; € R}, It = {(21,¢),71 € R}. Let T be a
positive number, independent of ¢.

Here the small parameter ¢ is the ratio between the thicknesses of the elastic and
viscoelastic parts. The elastic part is much more rigid than the viscoelastic part: its
Young’s modulus is =3 times greater than the Young’s modulus of the viscoelastic
part. Denote the displacement function in the elastic part us and the displacement
function in the viscoelastic part u_. At the interface I'° between the elastic and
viscoelastic parts the continuity condition is satisfied for the displacements and for
the normal stresses. So, we get the following model for the interaction of the elastic
and viscoelastic parts:

(1.1)

2\ Puy 5 20 y T2\ Ougp .y N
P+ ( € ) ot? € ”22:1 ox; A” ( € ) oz; ) e (@t in L x (0,7),
8u_ 2 52 _ Ou_
p-(22) 5 = 2 (Bif(“)a )
. =1 o Ti L in L~ x (0,7),
_ — | A= — | =f"(x,t
”2::1 T ( * (2) Ox; ) (1)
2
) A3 %‘;J*_ -0 at T x (0,7),
=
u_ = at I'™ x (O,T),
up = u_ at T° x (0,7),
2 ou 2 ou_ 2 0%u_ ~
-3 AT ) = A s By ——— t T° T
) (a; I O, ]; I Ox; +J§1 * Ot0x; : x(0.7),
6ll+
Uil,_g= —— =0 in LT,
t=0 at =0
du_
u_| = — =0 in Li,
t=0 at =0
u4, u_ are l-periodic in z7.

Here x = (z1,z2) and Ajj, A
below, and p, and p_ are the scalar coefficients. The right-hand sides are f*, 1-
periodic in 1, C*°-smooth on an R x [0,400) vector-valued function; and f~, 1-
periodic in z1, C*-smooth on an L~ x [0, +0c) vector-valued function. Both right-
hand-side functions f*, f~ are equal to zero for small values of ¢: there exists a positive
number p, such that £ =£~ =0 for all ¢ € [0, u).

Here the elastic stratified layer is described by the variable density p; and by
matrix-valued coefficients A;rj which depend on the Young’s modulus £ and on the
Poisson’s ratio ©. The viscoelastic medium is described by the density p_ and matrix-

B; are the 2 x 2—matrix-valued coefficients defined
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valued coefficients Ai_j,

viscoelasticity model. Matrices B;; characterize the linear law relating the viscous

stress and the strain rate (see [8], [1], [10]), and the coefficients A;;-, A;;, Bj; have the
following structure:

+ al 0 + 0 as o E(l—l)) o E
AH‘( 0 a2>’ A12_(a2 0 ) T AT —20) ® T 20+0)

0 a2 a2 0 Ev as v
Al = AL, = = ==

21 < as 0 )7 22 ( 0 al )7 a3 (14’19)(17219)7 al 17197
_ a; 0 _
An = ( 6 ay ) , Al
Az = ( a; 0
_ by 0 _
By, = ( (1) by ) , Bp

_ 0 by _
By = ( by 5 ) , Ba=
Here aj,ay,a3,by,by,b5, and p™ are positive functions belonging to the space
C*([-1,0]). We assume that there exists a positive constant x such that for any

2 x 2 symmetric matrices (§;;)1<i ;<2 the following quadratic forms satisfy inequali-
ties

B;; being of order of 1. They correspond to the Kelvin—Voigt

Il
P N
~—

Ass

o
S
N
~
Il

N———

[
o oW flo o§|
N———

Owg\‘ MOTO Omg' ;\;Q‘O

|
/~
~

by

(1.2) ay (631 + &35) + 4ag &5y + 2a3 E11€an > K(E]) + 2805 + £3,),
(1.3) by (€1 4 &39) + 4b3 75 + 2b3 E11&a2 > K(E]) + 2605 + €30,
and

(1.4) Vg € [-1,0], p~(x2) > k.

E, v, ps are piecewise-smooth functions of the fast variable & = x9/e defined for
& € [0, 1); namely, there exist real numbers 6y =0 < 6; < --- < Oy_1 < 1 =0y such
that E,0,py € C*(0;,041]), 5 =0,..., N — 1; assume that for all £ € [0,1], E(¢) >
Kyp1(&) > K, =14+ Kk <D <1/2—k.

Since the functions E, 7, p4 are piecewise-smooth, we add the interface conditions
for the lines of discontinuity of coefficients IV = {(ml, %), T € ]R}, ji=12...,N—
1:

Wl oo o=l o0t IV % (0,T), (1.1)10
- du 2 ou
+ 4 »
2 A D at 9 % (0,7). (L)
j=1 J 0; j=1 J

95
z2=—2—0 zo=-240

However, these conditions are “automatically” satisfied for the weak solution in the
variational formulation. That is why we will not write them below.
We introduce the following notations:
D™ =(0,1) x (-1,0), Df =(0,1) x (0,¢) , D= (0,1) x (~L¢),
Q=(0,1) x (=1,6) x (0,T), Q" =D~ x(0,T), Q" =D x(0,T).
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Let D be a bounded domain in R or R?, and let D be the Cartesian product (0,1) x

D. Define HY (D) as a space of l-periodic in x; functions f such that, for all

per

a,b e R, f € HY((a,b) x D), supplied with the norm HY (D) (see [4]): lull g~ oy
\/fD 2 jaj<n (D*u)?, where D® are all partial derivatives of order N and smaller.

Introduce the following notations for the Sobolev spaces: H° = L% HN =
(HN,.(Q))?, HY* = (HY,.(2%))% the norms for the vector-valued functions are the

euclidean norms /(-)7 + ()3 of the corresponding norms for the entries (components)
of a vector-valued function.
Denote

2

v ow _ ov  Ow
it = [ > a5 e T = [ S Bia gt g,

1,7=1 1,7=1

xz ov  Ow
IA+va+_/ Z g )6337 z;’

61]

For any function w, defined in R x (—1,¢), denote w™ and w™ its restrictions on
R x (—1,0) and R x (0,¢), respectively. Define the following spaces and norms:

V= {we per(DE))Q twlp- :O’}v
(1.5) U={ucH}: atcHY, v €HL, u|p-=0,},

+ a3

HY~"

Mallg = a1 + 15150 + a5,

Here and below we sometimes use the shortened dot-notation for the time derivative:
du

0= 9u
ot

Let us define a weak solution to problem (1.1) as a function u. € U such that,
for all w € V,

(1.6)
I r+ (%) il wt + e, (uf,wh )p+ + f p—(@2)i; - w™ +Ty-(us,w)p-
¥
+Zp-(0Z,w )p- = [ e wh+ [ f7~ w”,
+ D
us't:O =0,
l—'lslt:O =0.

The following theorem ensures the existence and uniqueness of a weak solution.
THEOREM 1.1. Problem (1.6) admits a unique solution.

This theorem and an a priori estimate of the solution will be proved in Appendix
A.

The main theoretical result is the construction of an asymptotic expansion of the
solution to problem (1.1) as e — 0. This construction is described in the next section.
The leading term of this expansion is a solution to the limit problem. This limit
problem is the viscoelasticity equations stated in L~ with the nonstandard boundary
condition on the upper boundary; namely, the solution has a form

V0:V+<‘g>7
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where V is a solution to the following problem:

(1.7)
%% 2 52 - 8% 2 - 8% - sor—
p—(x2) G — _Zl dt0z; (Bz‘j(m)ﬁj) - ,.Zl By <Aij(m2)azj> =f7(x,t) inL” x(0,7),
1,]= 2,]=
9=0 at '™ x (0,7),
¥1=0 at T x (0,7),
2400 2 2 o -
B(Tv‘f)z th (Zl Angij + .Zl sz@?@%) = h(f*)2 at 0 x (0, 7),
J= Jj= 9
Vim0 = %"t:ozo in L™,
V1 is l-periodic in z1,
E
B <1_,;2>§2

T {(Z)AER G - @), — (Z2G - @) (AZR)),

where the denominator is different from zero (see [10]), and the function V is a solution
to the problem

=

2 _ 2 _
p(e2) 5 — 3% (Vg s + a3 8% ) =0, (22,1) € (~1,0) x (0,7),
Viea=-1 =0, te(0,7),
(1.8) - 9’V -9V
(b2 Btor; T 02 372) |ea=0 = 0(2), te (0,7),
Vo = %/’t:o =0, x9 € (—1,0),
where

2(¥ %
0(t) = <<(f+)1>zl — <b2 ‘Ztgx); +a; 8émi1> )

and for any vector (u), (u); is the first component of this vector (u); for example,
(¥)1 is the first component of the vector ¥. Here we used the following notations:

I2:0

1
(F), = | Pz,
(1.9) AF(z) =« (F), - /0 Fla)da.

Sometimes we will omit the subscript  in the notation of a mean value and write (F’)
instead of (F),.

This limit problem has a nonstandard boundary condition, and its mathematical
analysis is given in Appendix A. In particular, we prove the following theorem.

THEOREM 1.2. Problem (1.7) admits a unique solution. This solution belongs to
the space C>° (L~ x [0,T]). Problem (1.8) admits a unique solution belonging to the
space C*([—1,0] x [0,T]).

The main result on the justification of the asymptotic analysis of problem (1.1)
claims that the solutions to the initial and limit problems are close in the norm
L?(D~ x (0,7)); namely, the following theorem holds.

THEOREM 1.3. The following estimates hold:

s — V0|z2:0||L2(Dj><(0,T)) =0(eVe); u- - v0||H1(D*><(0,T)) = 0(e).
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Moreover, for the partial sums of any order J of an asymptotic expansion an
estimate of order O(e”) will be proved in the norm H'(D~ x (0,T)).

The structure of the paper is as follows. In the next section we construct an
asymptotic expansion of the solution to problem (1.1). The algorithm is recursive,
and the coefficients of the ansatz will be constructed successfully by induction. For the
leading term of the expansion we will obtain the limit problem (1.7), (1.8). In section 3
we provide the numerical comparison of the solutions to the initial and limit problems,
describing the numerical method used for this comparison. Theoretical results on
mathematical analysis of the initial and limit problems are given in Appendix A.
The existence and uniqueness of solutions to (1.1) are proved by means of Galerkin’s
method. In Appendix B the residual estimates are proved, and in particular, for the
partial sums of any order .J of an asymptotic expansion an estimate of order O(g”)
is proved in the norm H'(D~ x (0,7)). Theorem 1.3 is a direct consequence of this
estimate.

In what follows, we will use the following notations:

(1.10) IF(z) = /01' F(s)ds, BF(z)= </OI F(G)al@>m - /0JJ F(z)dx

2. Asymptotic analysis. An asymptotic solution of order J is sought in the
form of truncated series in powers of € with 1-periodic in x; coefficients.

Let us set
) 5k4+25<J @
u (xl,xg,t) — Z E 5k+2]N % W( )(J—Q),
i=1 k,j=0
) J
u (21,20, t) = Y Fvi(ar, 20, 1),

k=
J J
wiV (@, t) = 3 Fy (@ t), W (@) = 3 s’“z,i (a1, 1),

E—0 k=0
J+4 J+4
w§2)(‘])(1‘1’t) = Z sky,(f)(xl,t), w§2)(J (-1317 ) Z 6 ($17t).
k=4

Here vectors w(?) are the truncated series with coefficients w,(C 2 having the components

yt" 29 So, we seck

J J o
w2y (),
k=0 K

2 ) (2) 5,,(2)
o*u’ + Py + -
@) = - = Ys
w) = et ZAQJ a +ZBQJ' otz - < f) s é2) U
1

:EQ:O

For any k, ¢ functions ylg ), zli )7 v are C'*°-smooth and 1-periodic in ;.
okt |

Atk ozl

The operator-valued matrices N, ]S) contain differential operators Dy; =

NG, = (b)2lk 0;(§2) D2k 2; bgﬁ(zjﬂ(ﬁz)l)zk 2j+1
2k,25 — )
! ECoy 2j41(&2) D2k 2541 e o (€2) Dar 2
where bg?ﬁ and cg?ﬁ are some piecewise-smooth functions. 4
Further, we plug this ansatz in (1.1) and determine successively functions vy, w,(;)

and the operator-valued matrices N, ]S)
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Constructing coefficients of 2(;)2 j+ After substitution of the asymptotic ex-
9
. . 2 .
pansion into the stresses crj' => =1 Aj'j %l;f we get the following formulas, where
= z;
functions a,(;]?, B,(;j), and ,y](;j) depend on & = 2:
5k+2j<J (4) (4)
5k+2j [ A+ 8/\/216723' +A+ 8N2k,2j
€ 1" 5, 127 5.
k.20 ! 2
BRA2j<T @ Sht2<IH2 @)
5k+2j o \* . 5k+25  —1, (0 ]
€ a2k,2j+1D2k72]+1 € € %k,ngQk,Qg
_ k,j=0 k,j>0
Sht2<IH2 @ BRA2j<T @ J
5k+2] —1 (2 ) 5k+25 g2 .
Z €7 - &7 By 9Dk 2 Z €7 Bokajr1 D2k.2j 41
k,j=0 k,j20
(2.1)
5k+2j<J (@) @)
S S5k+25 [ At 8N2k72j 1+ AT 8N2k,2j
21 B 22 B)
k,j>0 1 T2
Bh+2j<I+2 @ BRA2J<T @
5k42i 100 ) 5k+2j g\t ;
Z €T €7 By 9 Dok 2 Z €7 Bog 2541 D2k 2541
— k,j=0 k,j>0
= BRA2J<T @ ShH2<I+2 @
5k+2j (0 , 5k+2j , o—1,0 ,
€ 72k,2j+1D2k72]+1 € € 72k,2jD2k»23
k,j=0 k,j=0

In the same way,

29 To ou'”
ZaT:i A (?) a;l

i,0=1
5k+25<J+2 _o (i) —1,(%)
:Z Z £5h+2j € sz,sz2k,2j € pzk,2j+1D2k,2j+1 w®(I=2)
571 (%) D . 672 (2) D .
i=1 k>0 dop 25 11172k,2j+1 Aok 242k, 2]
and
2. (J) 2 5k+2j<J+5 (1) (@)
9uy =3y e ((7)2k72,2jD2k72]' ebsyi_spjp1 D2k2it1 | L @)(s-2)
2 [3 i .
ot i=1 k>1,730 ECop .95 41D2k,2j+1 Cof—a,0;D2k,2;
Denote

z2\ 0%u _ 9 T2\ Ou
P = (2) it - 3 g (45 (2) 5

Combining the previous expansions we get the following formula with currently un-
defined coeflicients h,(;]) and m,(;]?:

(2.2)
2 5k+2j<J+2 () (4)
(J) _ _—5 5k+2j hyi 25 D2k, 25 ehyy a1 D2k 2541 (i)(J—2) (J)
P a3 ST ek (B | i D )y 0UD g0,
i=1  k,j>0 EMog, 254142k, 25+1 Mak,252k,25
where
(2.3)
2 5k+2i<J+5 (i) ) () )
R = =5 =T k42 Pak—2,2)D2k.2) 3k 225410282541 ) (((I-2) _ oI -2
i=15k+2<J+3 Sk —2,2j+1D2k,2j+1 cok—2,2j P2k,25
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Comparing coefficients in four previous expansions, we conclude that currently
undefined functions b, ¢, «, 3,7, p, q, h, m satisfy the following relations:

b b= el G 1= ol
W g =Bl o)y il = Al — a,
7,82 = asblyy +ar(e)'

As usual in the homogenization [3] we require that functions hg)l, m,(;)l be con-

stants. The boundary conditions (1.1)3 5 generate the corresponding boundary con-
ditions for these coefficients:

$0(0) = 750(0) =1, B(0) =~1(0) =0, BII(1) =7)(1) =0.

2 2 2 2 2 2 2
B = =1 - o= (), W =m@B =1, p == 1,

The coefficients are found by induction in k,j. We require that hl(cl), m,(d) be
independent of &s:

W= G0 = 0 e mil =600 — B0 e

and
() _ (0

(2) (@) (4)
pkl— 7 7

(2)
—ouP+ — Py Gy = Glogpy — My

below we use the integral operators A and B (see (1.9), (1.10)) (operator B appears
after double integration in &5):

(2) (2)
kl,z+ 1—p bkzl 10

(1) _ () (4) (1) _ (2) (4) (0 _
Bt = ( -1~ by 2lp+)7 Vit = <Bkll 17 %2 1P+) akl,l_lil;

(1) . (1)
(1) _ (1) (52) (1) _ e Vi1 (&2)
b, =B - , ¢ =8 —b; ,
k.l ( hi-1(62) kol 1= oki=1 T o ()

X )
b2 = _/52 2 52 ACINNI ORI
k,l 0 S 0 1—p k,l—1 a1(8)

For any function F' we have AF(x)|;=1 = 0, so for all 4, k,1,

and therefore condition (1.1)s is satisfied.
Let us calculate first values of coefficients:

=
Q
S~
—Z
I
&)
S~
2
I
)
S~
~Z
I
=
Q
o~
=z
_
I
>
)

1
hoid = mgy = py =
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1 1 1 1 1 1 2
holp = hon =mylg = mg] =0, hyy #0, mg3 =0, myg=1, mg=1.

Note that the functions ﬂk 1> ,(Cg, b,(c)l, c() are continuous, and therefore the
conditions (1.1)10, (1.1)1; are satisfied (due to (2 1)).
Now, all coefficients NQk oj are defined and we pass to the equations for the terms

of expansions of w(¥(/) in powers of ¢, i.e., for their components yl(j) and z,(f).

Equations for y( ) and z,gi). In the same way as above, substituting expansion

w(®(I=2) — Zi §5kw§€1) into (2.2), we get

2 bSk+4+2j<J+2 J—2+0;2-4

P. uSrJ) b Z Z Z £Ok+25+1

k,j=0  130: 5k+2j+l—5<J—4

(4) (4)
% Z)2k,2jD2k72j Ehzk,(zi 1 D2k,2j41 Wl(i) + 8,
EMgy 9511 D2k 2541 Moy, 9 D2k 2;

2 Bk+2j<J+2 J—2+6;5-4

R(J)+Z Z Z £5k+2j =5

k>0  1>0: 5k+2j+1—5>J—4

(2) (4)
(2.4) x hoj 25 Dok.2j €hag,2541D2n 2541 Wl(i)
5m§13,2]+1D2k,2j+1 mgkyngzk,zj

where R(”/) is defined in (2.3).

Equating P, u( ) to the right-hand side of (1 1)1 and collecting together the terms
of order €!=2 for the first component of Psu T ) and of order e/~! for the second
component, we get a recurrent relation for the functions y,(j)
the slow variable z1:

and z,ii) depending on

(2.5)
hglgDo 2yl+1 h(()lgDo 32( )+ Riq = (f*)161-2,-1,

mé}%D 391(21 + mé}iDoAz(l) + Zl(+)4 + Ryo = (f1)28-1,-1,

Here R, ; are some functions determined by the values of (ygl)7 f?,yff% 1(42)) 1 <

l4+1, ia <1, 13,94 <1+ 4, j = 1,2, and their derivatives; in particular,

Ro1=Rg2=0, Ri1= yf), Rio= Do,lyf) + mz,oDQ,OZ(()l),
(26) Ripin =2+ o, 2092 22, iy <142, iy < 141, dgyia < 1+ 4,

where ¢; (yfl), zfﬁ,yf?, 21(4)) is an expression depending on (yz(l)7 zfj),yg)7 2(42)) with

i1 <142, 0o <l4+1, 13,14 <+ 4. Herew(z)
w®
Wy .

Now let us define a constant A as follows:

and wffz) are the components of vector

1 1 1 1
& = 8t - ),
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A similar expression appeared in [7], denoted as follows:
W= —B ml =7 b =—E m=-E

According to [7], A # 0.
Differentiating the first equation in (2.5) with respect to z; and subtracting the

. - . . 1
second equation multiplied by an appropriate factor, we get an equation for zl( ),
. 1 .
keeping for yl(+)1 equation (2.5)1:
(2.7)
d
aDg 4= + h(l)(zii)L + Ry — (P28 1 1) - mégr(Ru — (#1155 ) =0  in LT x (0, 1),
zy
h< )Do 2y1(+) +h(1)D0 3z( ) 4 Rpq = (f+)15, 2, in LT x (0,T),
2 2 —az By (e2) 2 > E AT ) L) = £ e 006 in L™ x (0,T)
_(= - ~ (wg) L) — Iy — | = (x, t in x (0,T),
=2 i,j=1 Otdx; i\ "2 sz i,j=1 dx; it "2 ow L0
v; =0 at '™ x (0, T),
( u >+ by <o>< v ) 0 x (0, 7)
v, = at X N )
2D kg5 k42 et (k) #(0,0) Nz =
(2) 2
v 2 9 2 9 .
G )= An T T By at £0x 0,1,
e i=1 z; =1 @
M) . —
vili— — =0 in L
lt 0 ) at =0
(M) 2§, are 1-periodic in 7

[ )

A necessary and sufficient condition of the existence of a periodic solution yl(i)l for
the second equation in (2.7) is

(2.8) (Rip — (£%)101-2,-1)2, =0,
while the first equation together with the fifth will give a boundary condition for

(2.7)3.
Condition (2.8) can be presented in the form

2 1 1) (2) (2
(2.9) Wi+ e 2w 2P) = (F)1810)a, = 0.
Denote
g 0 yt)
(2.10) 21(1) = Z NZk,2j(0) 2(1)
l k,j,r:5k+2j54+r=1l;(k,7)#(0,0) T

Then we obtain a problem for v; coupled with the problem for yl(i)l

(2.11)

iSRS A > AT e L) — £ e 1) L™ x (0.T)
p_(zo - ~(wg) —L | — ~(wg)—L | = x, t in L™ x (0, T),
at2 i,j=1 8tdx; v oz i,j=1 dx; v o ; L0
v;=0 at I x (0, T),
1 (1 -
(Vz)1=yl( >(1'17t)+y( )(1'1»0 at 0 x (0, T),
ADg 4 (v + A EA o 2y OV
v T . —
0,41%172 0 2 27 817 =1 2 otox; =0
. 7/ 2 at TY x (0, T),

L1 1 1y d
= AD0,4ZZ( ) hé’%(RlJ —(tF)a6 1 1) + 7716%;(1%[,1 - (tF)16,9, 1)

(Rip1,1 — EM16_1 _1)ay =0,
2 ov 2 a2v ¢ 00 x (0, T
o$P = Ay —t g s By L & * (0, 1),
+ =1 Hoz;  j=1 % otox;
ovy ) _
Vilgmo = ot o =0 in L,
t=

vy is l-periodic in z]
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(1)

and a problem for y;

1)

(2.12) h81%D0,2y1(41r)1 + h(()l%Do 32 ) + Ri1=(f")10—2,-1, z1 € R, t>0,
Y1 1s 1-periodic in z;.

As we have noted, this problem admits a solution if and only if condition (2.9)
is satisfied, and its solution is defined up to an additive function of ¢ and can be
decomposed as follows:

1 1 1
(2.13) yl(+)1 = yl(+)1 + <yl(+)1>’
where
1
(2.14) (Gih) = 0.

In turn, applying the superposition principle, we can reduce problem (2.11) to
two problems. The first one is

(2.15)
229, 2 82 _ 29, 2 9 _ o9, _ ) o
(@) o = ”221 ron (Bijm‘,);j) -, jz:1 oo, (Ai].(W);j) =f7(x, 18,9 inL” x(0,T),
v, =0 at '™ x (0,T),
@1 =30 @10+ 9 (@10 at 70 x (0, 1),

a ) o9 2 9%y
ADg,4(¥)2 + hg, E Ay + X By
Jox; =1 20 otox; -0
J Ji/2 at TV x (0, T),
d
(1 1 1
= 0,47 - 1,2 = 291—-1,—1 m - 1,1 — 197—2,—1
ADg 42 — K¢ )(R (£1)95 Y+ m(1) (R )5 )
4% 0,2(B1, , 0.3 5o, ;
Ol|t70= ﬁ =0 in L,
B ot [4=0
97 is 1-periodic in zq,

and the second is

p(a2) Gt — 52 by S ;gr;) =0, (w2,1) € (~1,0)x (0,T),
(2.16) V‘“_vl_o,av te (0,7),
(bz s + mé) =0 = 0i(t t e (0,7),
Vilizo = %‘f |t 0~ z2 € (—1,0),
where
0u(t) = << o020 o)+ (80, — (b S o O )
1/ lze=0

The sum ¥; + Vj with V; = (V},0)7 satisfies problem (2.11) if <yl(1)> is defined as
Vi(0,1).

Let us describe the algorithm of construction of an asymptotic expansion by
recurrent determining of functions v; and (yl(z)), (zl(l)). Initiating the induction by
problem for I = 0 we solve first the couple of problems (2.15) and (2.16); for [ = 0 these

problems are (1.7) and (1.8). Define vy as a sum of solutions of these two problems.

1 2) (2 v 2 — 9vo
Define y(() ) = =V(0,1), z ( )—V27 (yz(L )7 ( )) (Z; 1Azjgm0 +Zj 1BQJ{:?t¢9m])

Assume now that we have found all Vr,yil), z£ ), yf,i)4, 7{1)4, r < l. Describe the

step » = [. Solve problem

1)

(2.17) h(l)D 21/1(1) + h(l)Do,SZz(i)l R = ()10, @1 €R >0,
g, ' is 1-periodic in z, (gj{”) =0.
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Then we solve problems (2.15) and (2.16), define v;, and then define (y (1)> =

(1 (1 2 2 2 — v
V1(0,t), and so y( ) — =1 )+Vz(0 t), z ( ) — v — ( ) (yl(Jr)47 l(+)4) (ZJ 1A2J gxl
Z? 1 Bs; aélav ). The step is finished.
Note that problem (1.8) can be solved by means of Fourier series after the change
1 _
V=x2+ /9 Yds + U(t, z5)e” ", :Z—%.
2

In Appendix B we prove the following estimate for the difference of the exact
solution and the asymptotic approximation:

[0 — .|y = O").

Theorem 1.3 is a corollary of this estimate.

3. Numerical evaluation of the error of the asymptotic approximation.
The goal of the section is to provide the numerical simulations for the original problem
(1.1) and the asymptotic approximation (2.11) for I = 0 (which is equivalent to solving
problem (1.7), (1.8)) and evaluate numerically the error between the exact solution and
the asymptotic approximation. The finite element schemes use the weak formulation
(A1.13) and a modified version of (A1.4), respectively. They use the P3-type conform
finite elements for the space discretization and the Newmark method for the time
discretization, generating an unconditionally stable second order implicit scheme, as
explained in [11, 5]. These schemes are implemented with Freefem++ software [6].

3.1. Description of the numerical scheme. Let k be the time step, 1 be the
space step, T+ be a triangulation in the upper domain D, and T, be a triangulation
of the lower domaln D~. Let us denote IP’P’(Ti) the contlnuous functions which are
equal to polynomials of degree at most 3 on each triangle of the triangulation.

First, let us discretize the full problem (1.1). We consider the following finite
element space:

(3.1) V,=VnP(T,")? xP*(T;)*
) € PX(T,;H)? x P*(T,7)? uni z1-periodic, u = u, on T% u,; =0on T }.

We look for (up*,up=), € V such that, for all (w;,w,") € V,,

“(22) w0 ot U L (u%"“) +oult 4 u{ DY o)
D+ P € k2 1 At 4 ) pF
(n+1)— (n—1)— (n4+1)— (n—1)—
_ uy —2u,” +uy _ u —u _
(n4+1)— (n—1)—
u, +2u,” +uy _
+1a- ( 4 “n )D—
:e:*l/ £ oWty f’~w;+/ g0~wi+/ oWt
DT D— ro rt

ul®% = 4%

Here, ¢°, g* represent lineic forces on I'® and 'Y that are not present in problem (1.1)
and the corresponding weak form (A1.13). However, we have added them in order to
be able to build an exact test case for this system.
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For the asymptotic system (1.7)—(1.8), we use the following finite element space:

(32) V,=PT)NV+R (’”2(? 1)

= dw, € P(T,7)? %on) _ g on %  (wy)2(,0) € H2 (T, w,=0o0onT" 5.
n 9x1 ), P
We look for solutions (v}!),, € (V,)" such that, for all w, € V,,

B Vn+1 —oyn + v7(7n71) vn—i—l _ vn—l
/ P 1 oy + Ty (””,wn>
_ D-

k2 2k

vn—i—l + DAL +vn—1 Vn-i-l _|_2Vn +Vn—1
+IA—< n n n aWT/) +IO( n n n ?w’fi)
D-

4 4
:/f+-wn+/ £~ - wy,
ro -

_ 1 _
=v, =0.

0
Vi

For the notation Zy, see Appendix A. It is a discretized version of the following
weak form satisfied by vo € V + R (72): forallw € V + R (721),
(3.3)
/ p—(z2)Vo-w+Za- (vo,w)p- +Zp- (Vo,w)p- +Zo(vo,w) :/ f_-w—l—/ fr.w.
— — To

For this problem, a Lagrange multiplier method is used to implement the boundary
conditions on I'°.

3.2. Numerical order of the method. The numerical accuracy of the method
is tested by running a test case for various values of the time and space steps. More
precisely, we take the following set of parameters:

Thickness Density Elasticity Viscosity
= _: z 872 +35)(Z2+10
Upper layer | € = 0.1 pr(2)=1+23 e3ET (%)= % None
: 2%245
V+(L;) = 5(%Z15)
Lower layer | 1 p~ =1+a2 E- = % K= 0.3 -
Vo= g2ty Bij = rAj

We choose! the force f* and lineic forces g°, g% on I'’ and I'f such that u* ==
with

et cos(2mar) + et ) (1 + ag)e 27 .
_ _ if t > 0,
(e‘t * sin(2m21)® + sin(2ma e 3t lx%) (1+ 2p)e"

(O) <0
0

IFor this particular test case, we allow £+ to be dependent on x».
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TABLE 3.1
Full Asymptotic

n k L2-error Order H'-error Order| L2-error Order H'-error Order
1—10 0.001 | 0.000510703 0.0122747 0.000691715 0.0240125

2—10 0.001 | 2.74389e-05 4.22 0.00132727 3.21 | 3.6356e-05 4.25 0.00185208 3.70
3—10 0.001 | 5.45203e-06 3.99 0.000372288 3.14 | 7.24062e-06 3.98 0.000462021 3.42
4—10 0.001 | 1.72681e-06 4.00 0.000153048 3.09 | 2.29106e-06 4.00 0.000175482 3.37
6710 0.001 | 3.44016e-07 3.98 4.4198e-05 3.06 | 4.4673e-07 4.03  4.61036e-05 3.30
8f10 0.001 | 1.17389e-07  3.74 1.84064e-05 3.04 | 1.40427e-07 4.02 1.81944e-05 3.23

TABLE 3.2
Full Asymptotic

n k L2-error Order H'-error Order| L2-error Order H'-error Order
leo 0.2 0.0049553 0.0863031 0.0283608 0.0586775

8—10 0.1 0.000497457 3.32 0.00900011  3.26 | 0.00315082  3.17 0.00811027  2.85
% 0.05 | 0.00011747  2.08 0.00126194  2.83 | 0.000100676 4.97 0.000952858 3.09
8710 0.04 7.47785e-05 2.02 0.00079248 2.08 | 7.53285e-05 1.30 0.000612418 1.98
8—10 0.02 | 1.86234e-05 2.01 0.000197224 2.01 | 1.69191e-05 2.15 0.00015023  2.03
8—10 0.01 | 4.65172e-06 2.00 5.1934e-05 1.93 | 4.19908e-06 2.01 4.01e-05 1.91
8—10 0.008 | 2.97781e-06 2.00 3.59255e-05 1.65 | 2.67665e-06 2.02 2.86519e-05 1.51
8—10 0.004 | 7.51514e-07 1.99 1.97811e-05 0.86 | 6.56719e-07 2.03 1.85818e-05 0.62

& 0.002 | 2.14857e-07 1.81 1.84552e-05 0.10 | 1.93902¢-07 1.76 1.81321e-05 0.04
£ 0.001 | 1.17389¢-07  0.87 1.84064e-05 0.00 | 1.40427e-07 0.47 1.81944e-05 0.00

The same is done for the asymptotic problem. We take the same parameters,
+= @ = 4, and choose f1,f~ such that vy = Z.

We then compute the distance between the exact solution and the numerical
solution for L?- and H'-norms at t = 1. We obtained the data presented below.

In Table 3.1, we give a numerical estimate of the space order of the method by
taking the rate of increase of the logarithm of the errors with respect to the logarithm
of the step. For both schemes, the order seems to be 3 for the H'-norm and 4 for the
L?-norm.

In Table 3.2, we do the same for the time order. For both problems and for both
norms, the estimated order is 2.

3.3. Comparison of the asymptotic model with the exact model. Several
tests are used to check the accuracy of the asymptotic model. We take n = for
the spatial resolution and the following parameters:

1
100
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Thickness Density  Elasticity Viscosity
Upper layer | ¢ € {0.01,0.02,0.05, pT =01 e 3ET(2)=c"3(1+12) None
0.07,0.1,0.2,0.3} vH(22) =-0.3402%
Lower layer | 1 p~ =01 E” = % k=04
VT = % B; = nA;

Here we report two tests:
e one for the nonstationary case and
e one for the stationary case when the volumic forces are only present on the
upper layer (F~ = 0), are vertical (F;" = 0), and have zero mean.

For the first one, we take k = Tloo for the time step,

PP Sin(?wxl)g(t) ’
20sin®(27x1)g(t)

and

0.1 (1:2 + <7”°°S§2””)4)g(t)

b= 01z + (et} g )

for the volumic forces, where

1
e"t ift>0,
t) =
9(t) {0 it <0

We then compute the distance between the numerical solutions of the full problem
and of the asymptotic approximation for the L2- and H'-norms at t = 1. The results
are summarized in the table below.

These distances are expected to be proportional to some power of €. In order
to determine the corresponding exponent, we compute the rate of increase of the
logarithm of these distances with respect to log(e). The results are shown in the
columns labeled by L?-order and H'-order.

€ L2-error L2-order Hl-error H'-order

0.3  0.00632305 - 0.0672804 -

0.2 0.00351438  1.44856  0.0410133 1.22075
0.1 0.00160106  1.13424  0.0198294 1.04845
0.07 0.00112146  0.99820  0.0139279 0.99046
0.05 8.07795e-04  0.97505  0.0100064 0.98275
0.03 4.91754e-04 0.97162 0.00605542  0.98325
0.02  3.30933e-04 0.97681  0.00405831  0.98698

0.01 1.67271e-04 0.98435 0.00204132  0.99138

In Figure 1, the displacement is drawn for the full problem when ¢ = 0.2,0.02
and for the asymptotic approximation.
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Mean strain Deviatoric strain

Full problem
e=0.2

Full problem

e =10.02
3l 0 ¥alue
o ikt w

W-0.0132174 | ki
W-0 0102961 W 0161697
W-0.00773181 019617
-0 00528991 W 021954
-0 0031345 W 069379
A ‘t t . -0 00105359 g 0308082
00105350 0351017
Symp O IC 00031845 g 0396527
W0 00535551 0446417
problem 0077281 W 0502185
W0 .010z961 WMo 66111
Woo1szi74 WD 0642007
0167305 WD 07RO
W0 0z1400z W 067035

| ik W 108322

W Lz06L W s661s2

FI1G. 1. Results of the first test case of section 3.3. The plots above represent (1) a regular grid
of D¢ shifted by the displacement found at t = 1 with the full model when € = 0.2, (2) the same plot,
but for e = 0.02, and (3) a regular grid of D~ shifted by the displacement found at t = 1 with the
asymptotic model. Each deformed grid is represented twice: the left one is colored (able to be seen
online only) according to the mean strain and the right one according to the deviatoric strain. One
notices that when € is closer to zero, the solution is closer to the solution of the asymptotic problem.

Since we find a numerical order equal to 1, we conclude that the distance between
the full model and the asymptotic model decreases linearly with ¢ both in the L?-
and the H'-norms.

For the second test, we test the relevance of the fourth order derivative in the
fourth equation in problem (1.8). That is why we consider the stationary problem
(i.e., we assume that the data and the solution are constant with respect to time)
when no horizontal force is applied and when the average of vertical forces is zero.
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We take
0
e Mt =1
8 sin(27xq)3
and
0
fm =
0

for the volumic forces.
We computed the distance between the numerical solution of the full problem and
that of the asymptotic problem. The results are summarized below:

€ L2-error L?-order H'-error H'-order

0.3  0.00173782 - 0.0184646 -

0.2 0.000960346  1.46275 0.0112018 1.23261
0.1  0.000435691  1.14025  0.00540184 1.05221
0.07 0.000304926  1.00053  0.00379259 0.99163
0.05 0.000219549  0.97629 0.0027242 0.98336
0.03 0.000133611 0.97224  0.00164833 0.98353
0.02  8.99047e-05  0.97711  0.00110465 0.98710
0.01 4.54378e-05  0.98450  0.000555612  0.99144

Again, the distance between the solutions of the two problems decreases linearly
with €, both in the L2- and the H'-norms.

4. Conclusion. The two-dimensional model of the elastic plate-thick viscoelas-
tic layer interaction can be reduced to the viscoelastic Kelvin—Voigt model with spe-
cial boundary conditions replacing the plate. This dimension reduction gives a limit
model, justified asymptotically and tested numerically. Theoretical analysis as well as
numerical experiments show good approximation of the exact solution by the solution
of the limit model.

Appendix A. Existence and uniqueness of a solution to the original
problem and of a solution to the limit problem.
Denote the spaces
HY = (Hp,(D.))?, HY* = (Hp,(DF))?, HY™ = (Hp,(D7))*

per per per

H{% = (Hpe,((0,1) x (0, 7)),

the norms
IVV| 2 poy = Ha(v)l i +H8(V)1 ’ +H6(V)2 ’ +Ha(v)2 ’
e 01 |12 (p-) 0> L2 (p-) 01 |2 (p-) 02 lz2(p-)’
2 2 2
D)2y = \/Ha(v>1 O Ha(v>1 L o) Ha(v)z |
61'1 L2(D*) 856‘2 (9231 L2(D*) (9.1‘2 LQ(D,)
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a bilinear form

1 2V
IO(va) :‘/O Aa ( )2

hly Ot
and operators

2

0 -
u+—ZA ( )(,;;—;, l u_Z;AQJ To)—=—

P (w)s

+ZBZ] z2) 8t8

1275

Due to the coercivity conditions for the coefficients ai , a5, as, b7, by, b3 and
Korn’s inequality, we get that there exists a positive constant v independent of €, such

that for any v € H'~, vanishing on I'",
(AL1) Ty (v.V)p-

and for any v € H', vanishing on T'~,

(A1.2) Ta+(v,V)p+ + Za-(V,V)p-

Here v is independent of ¢.

Consider first the variational formulation for the limit problem.

Introduce the following spaces:

V={weH" : (w)(,0) € H2(0,1), w=0at T,

per

[wllv = llwllz- + [(@)2(-,0

U={ueHy : weH; , e HY vte[0,T], u(-,t) eV},
Iall = [lall g2~ + [[all g2~ 4 [[all go- + ess supyeo,r)ll (W2l #2(0,1)-
Here (+)s is the second component of a vector.
Let p € H}, ¢, € HY,. Consider the following problem:
82v 2 82 . v 2 E) - ov | s N o
P i3z vrow \U9 P on) ) T owy \Mid 5P g, ) TE0D X @D
vV=o at T™ x (0,T),
(V)1 =0 at 79 x (0, T),
Al3 oY)
( ) 6’4(\1)2 4 oz (al_ (V) b 62(V)2> _Moz oy at 10 x (0.7,
ot A ozo otdzy o
v oV B 2 S
lt=0 = v o o in ,

V is 1-periodic in 7.

2 V||VV||L2(D—), IB— (V,V)D—

2 V”VVHLZ(D

M 20,1y

> v[|VvlL2(p-)

(w)(,0) =0},

Define its weak solution as a function of the space U such that, for any w € V,

(A1.4)

D—

p,(l'g){"w-i-IA—(V,W)D—+IB—(V,W)D—+IQ(V,W):/7()0'W+ Fow-(w)g.

THEOREM A.l. Problem (A1.3) admits a unique weak solution v € U, and there

exists a constant cs such that

(ALS) V1% < es (lellZo + Iell2a- + 1%, + 130, ) -
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Proof. Apply the Faedo-Galerkin method. Denote by (w;);jen an orthogonal basis
of V', and for any fixed positive integer n introduce the Galerkin approximate problem
which consists in finding a function v,, defined by

n

Va(x,t) =Y a(t)w(x),

=1

where (a;(t))en satisfy the following system of ordinary differential equations for
I<jsm
(A1.6)

f p—(2)Vn - wj + Ly— (Vn,wj) p— +Ip—(Vn,wj)p- +Lo(Vn,wj) = [ w-wj+ [ ¥ (w))2,
D— o
al(o) = (0) =0.

Applying (1.4) we conclude the matrix with entries ( fD —(@2) w; wjdx)1<ij<n
is invertible, so the system (A1.6) admits a unique solution v,,.

Derive next a priori estimates for v,. Multiply (A1.6) by a;(t), and sum up all
these problems for j =1,...,n. We get

/ P (@) VAT (Vo V) o+ L ¥y ) - +T0(Vn, V) = / oVt / (Vo)
— — 0

Since for any smooth function g defined in D~ the following relation holds,

2 2 "2 9g*
g (93170) =g (5017%2) */ Oz (Il,Sz)dSQ,
0 T2
we have )
T 8
lgll32 oy = l9ll20- — / / |7 S @ s)dsadordes < 2l

1d s o . .
5% (IIVP*VTL”HU* +7,- (anvn)D* +Io(Vn,Vn)) +IB*(VH7VTL)D* = - @-vn+ o P+ (V)2

1
*H‘P”Ho— HVn”Ho— ||77Z’HL2<FO) ||V7LHH1—

1
2m
Integrating the last inequality from 0 to t < T, we get

1 . 1 1 .
5”\/ p—VnHiIU* + §IA* (anVn)D* + §IO(Vn7Vn) + V||V(Vn)||§{;—

iy 2 Y2 02 Lo 2
5 el + —anHHo, 5 [Wllzarox(o,r) + £|\Vn||H;~
Let v = 2L vy = T -min{-%, 2}, and integrate the last inequality from 0 to T,

using (A1.1):
(A1.7)

K— . 112 v 2 1 .2 v 2 2 2
B ol + IVl < VA Vallbe + SV G50 < erleln + I, ).

T
(AL8B) / IO(VmVn)dtJrQVHV("’n)H?{gO < C2(H<P||ng F 19 l1Z2rox 0.1))-
0
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Applying the Poincaré—Friedrichs inequality to v,,, vanishing at ¢t = 0, we evaluate
its L2-norm via H\'/n||§[0_ and then estimate (A1.7):
T

(A19) IVl < eslliel + 160, )
Consider now (A1.4) with ¢ instead of ¢. Then (A1.7), (A1.8) give
(A1.10)

T
Ko .. . . ) :
7|\Vn||§{;— +V||V(Vn)|\i,;— +/O IO(Vn,Vn)dtJr2V||V(Vn)|\i,;— < C4(HSO|IZ;— + le\ifgo)-
So
A1) vally < es (llple + 16l + 1600, + 10, ) -

We conclude that the sequence (v;,), is bounded in U. Therefore we can extract a
subsequence (v, ), such that it weakly converges in Hjlf to some function v € U, so
that for all functions w &€ H%_ N H%O,

| ot w s [ aiew,
) .

IA* (vnh W)D* — IA* (V7 W)D* )
Ip- (Vo W)p- = Ip-(V,W)p-,
IO(VTLM W) — IO(V7 W)a

and so v is a weak solution to (A1.3).

Thus we proved that there exists a function v belonging to U and satisfying the
weak formulation (Al.4).

Now we prove the uniqueness of this solution. Let v, v be two solutions of (A1.4).
Then their difference r = v — v satisfies (A1.4) with zero right-hand side. Taking the
test function w = r|;—,and integrating, then over ¢y, we get that the following three
terms are equal to zero:

sup [[rafg2 =0, sup [[#]go =0, [[F]|mg =0.
te(0,T) te(0,T)

So, r = 0 and the solution is unique. Now, letting n tend to infinity we can pass
to the limit in (A1.11) and get the a priori estimate (A1.5) of the theorem. Theorem
A.1 is proved. O

Consider now the initial problem (1.5) and prove the existence and uniqueness of
its solution.

Recall the notations for the following spaces (1.5):
V= {w e (Hp.,(De))? : wlp- =0},

U={ueH;: & e HY, & €Hp, u|p- =0},
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Let ¥, ¢ € H%‘L, O, P E H%f. Consider for all € € (0, 1) the following problem:
(A1.12)

.TQ 82u+ 2 8“ _ . +
o (2) e - AR ( (2) oz, ) =vl@nte) i Igx (0,1),
( )82u’ 2 8 = )8u>
pP—\T2) 5= — 2 ,
, gt bi=1 g’f_ Oz; in L~ x (0,T),
ig=1 0z ( ”(3U2) Ox; ) el b,e)
2, out
=0 t T 0, T
j;l 2381,] a ax(a )7
u = at I'™ x (OaT)7
ut =u" at TO x (0,7,
2 Out du~ 2 0%u~ -
-3 At — S AT Br—— t IO T
© <]¥1 2 &L’j > jgl 2 (956]' +j§1 2 8t8xj & x (07 )’
+
ut|,_, = u” =0 in LT,
ot |,_
_ Ou” o
u|_, = ot t:oZO in L™,
u’, u~are 1-periodic in ;.

Define a weak solution to this problem (A1.12) as a function u.(x,t) € U such
that for any w € V,

f p+( )u+ wh + e Tar (uf,wh)pr + [ po(z2)is -w™
-
+I7u7,w7 - 4+Ip-(4s,w )p- = wt + w™,
(All?)) A ( £ )D B ( £ DJ-;—QJZ) f "2
u5|t:0:0a
Uc|t=0 = 0.

THEOREM A.2. Problem (A1.12) admits a unique weak solution v® € U, and
there exists a constant My independent of € such that

(AL.14) el < Ma (9130 + 1903 + el +16130-)

Proof. In order to prove the theorem we apply the Faedo-Galerkin method.
Denote by (w;)jen an orthogonal basis of V, and for any fixed positive integer n
introduce Galerkin’s approximate problem which consists in finding a function u,

defined by
=) a(t)w(x)
1=1

where (a;(t))en satisfy the following system of ordinary differential equations for
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.n
ix+e Y (IA+(W;T’WZF)D;) ak

p=1

> (fm(f”;)w:-w;

it 52 (Ta- (o)) ot 3 (To- (7)) o

| &
=
N——

p=1 \pD p=1
:f7/’ w+—|—ftpw, k=0,...,n,
DF D—
ak|t=0 =0,
aklt=0 =0

This system is solvable because the matrix

€2 _ _
(o (21 f o )
Df € - 1<p,k<n

is nondegenerate.
Derive next a priori estimates for u,. Summing up (A1.13) multiplied by a(t)
over k=1,...,n we get

2\ .. 5 — . e . - .- e =
/D+ P+ (?) u::'u:"‘f 3IA+(uj;7uj;)Dg' +/1;)_ p—(z2)i, -1, +IA—(un1un)D— +IB—(un7un)D—
e
s ] e
so that
1d 42 L2 _3 R - - .
A (rmad s + IV 0 + = T (o) s+ Ta ()5 ) + Tolity i) o

. 72 2 <=2
voaf+ [ pein < Blhor + 5l Ior + Zlelo- + 5—ln -

1
272
Integrate the last inequality from 0 to ¢t < T'; taking into account (A1.2) we get

VPt 1Zos + Ivo=0y 1o + VIV ) [Fos + VIV () [ o + 20V (7)1 70

1 .-
<l + oIt e+ ellply + i -
Integrate the last inequality from 0 to T. Since (A1.2) for v; = 72 > , we have
(A1.15) i W0+ + 1 10— < Ma(IZ + IlelFo-)
and
(AL16) vV ()0 +VIIV () [0 +20 TNV (i) G- < Ma(¥ll70 +IIll70-)-

Applying the Poincaré-Friedrichs inequality to u,, and u,} (vanishing at ¢t = 0)
we derive from (A1.15)

(AL1.17) [ 500 + g 7, < Ms(I90ll70 + Il Fro)-
T T Ty T
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Consider (A1.13) with ¢ and ¢ instead of ¥ and ¢. Then we get the same
inequality as (A1.15):
16 0+ i 20 < M3 + 119020
So _
lunly < Mo (10030 + 113+ lolZo- + 1120 ) -

The next reasonings, including the existence proof, are similar to the proof of Theorem
A.1. The proof is complete. O
Theorem 1.1 is a direct consequence of this theorem.

Appendix B. Residual estimates.
THEOREM B.1. Let £~ (x,t) € Hp' ™ ~ £ (x1,t) € HY ™, > 2. Then for all
J such that 0 < j < min{J/2,J — 2} we have

_ —3jp — 1 _3j 2 —3jp—
V-EH;{J 3j+p 7 Wg-)EH;({ 3+ (2) c gAJ-3itn=2

j » Wy ro
and there exists a positive constant M such that
IV sr-ssen — < M (I ggron — + 18 lgaren)
(B2.1) W'D parsivn < M (||f—||H4J+,‘, o+ ||f+||H4J+,I,) ,
o T To
IS gas-srn2 < M (1€ N pgasons — + NEF o)
Proof. Indeed, applying the same reasoning as in [7] we get
vy € Hp/ e~ ||v0—||H;J+“ <M (||f*||H;J+u _+ ||f+||H1§J+u) .
0

(1)

Then we get wg ’ as the trace of v, on I'y and wf)

as the trace of [”vy on I'g. So
wil) e Hit . W e gt

w | yasn < M (||f*\|H4W _ ||f+HH4.,+u> :
To T Iy

W sz < M (||f—\|H4J+,L_2 o ||f+||H4.,+,L) .
o T To

While solving the problem for v we have the derivative of wf) with respect to z;

in the right-hand side of (2.7), so
Vi € Hp 0 T N s <M (€ gggoen — + 1€ g

and

1 4T+pu—3 2 4T +p—5
w§)€HFO H=s Wé)EHFO B

1 _
i s < M (€ Hpggoen — + 1€l g )

W | yarens < M (||f*\|H4J+,L72 4 ||f+||H4J+#) .
o T Iy

In the same way we get (B2.1) for j < J — 2.
According to (2.3) the maximum number of derivatives of R(7) is contained in the

summand Dy jew((/=2) wii)j € H;g_3j+“_2; forj < J—2wehave4J—3j4+pu—2 >
J+4+p>J+6for p> 2. |

Theorem 1.2 is a direct consequence of Theorems A.1 and B.1.
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Remark B.1. So for uf), u'”) we have the residual S¢/) (2.4) for (1.1)1, which is
estimated as

(B2.2) ISz - < Me” 2 (||f—||H4J+,L 4 ||f+\|H4J+,L) .
T T T

The remaining conditions in (1.1) for uf),ug), including (1.1)19 and (1.1)13, are

satisfied exactly.

THEOREM B.2. The following estimate holds:
[0 —u |y = OE"2).

Proof. We substitute the difference u”) — u. to the left-hand side operator of
(1.1); and get S¢), which is estimated as (B2.2) due to Remark B.1. The operator
(1.1)3 of ul’) — u, is equal to zero since (2.7). Now we apply Theorem A.2 with
right-hand sides 1) = S(/) for the first equation and ¢ = 0 for the second. Note that

1S s — < M2 (I8 gae - + ||f+\|ngg+u) .
So (Al.14) gives
[ — || gy, < MaMe’ 2 (Ilf’IIH;w -+ ||f+||H1‘fg+“) ;

which proves Theorem B.2 for u > 4. ]
COROLLARY B.3. The following estimates hold:

Juy — V0|r2:0||L2(D;f><(0,T)) =0(eve), [u- —vollmi(p- x(0,7)) = O(€).

Proof. The assertion of this statement follows from Theorem B.2, evident esti-
mates

J J
0%~ Volas—oll 2 (p# xoy) = OEVE); 10" = Vol (- x (0.1 = O(e)
for J > 2, and the triangle inequality. |
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