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INTRODUCTION. For a > 1/3 and then for o > 1/4 we consider solutions Y =
(v, ...) of differential equations driven by an a-enriched path X = (2,2, ...)
which is not necessarily geometric. Under suitable regularity conditions, we prove
the unicity for the first component y, and we give a counter example of unicity
for the other components. The existence of Y for o« > 1/4 shall be given in a
forthcoming paper.

WARNING. All the functions and variables are finite dimensional, so that every
product is in fact a contracted tensor product which shall be denoted with a e and
which can differ from an equation to another possibly with the order of factors. It
is very trying to write multiindices all along the text. For example we shall write

w = /gp(t) o u(t) edx(t) = /u e dv, with v= /gp(t) o dx(t)
in place of (Einstein convention)
w' = /gpék(t)uk(t)dxj(t) = /uk(t)dvi, with v} = /goﬁk(t)dxj(t)

Let B be a positive number, the notation v = O(f) means that |u(a,b)| <
Cst |b — al|® for every a,b.

(*) Written in 2010



Recalls

1°. The sewing lemma ([*]).

Let p be a function defined on [0, T]? with finite dimensional values. For every
c € [a,b] C [0,T], put

5M(a7 b, C) = [L(CL, b) - :u(a7 C) - M(Q b)

Suppose that |6u(a,b, c)| < k|b — a]'™¢ where k and ¢ are two positive constants.
Then there exists a unique function ¢(¢) such that

|o(b) = ¢(a) — p(a, )| < Cst b —af'+¢
The least constant is majorized by k.2°/(2° — 1).

Example, the Young integral.

Let a, 3 be two positive numbers such that o + 8 > 1. Denote C* the space of
a-Hélder real continuous functions defined on [0,7]. If x € C* and y € CP, put
p(a,b) = yo(zy — 4). It is easily seen that [du(a,b,c)| < Cst|b — al*T?, so that
the sewing lemma applies. The function ¢ is called the Young integral

b
o(b) — pla) = / o da

2°. Notations.
If u(a, b) is a function defined on [0, T)?, we put uq, = u(a,b). If ¢ is a function of
one variable, we put ., = ¢(b) — ¢(a).

3°. Enriched paths (« > 1/3) ([*]).

Let = be an element of C*([0,T], B). If z4 is another function, we suppose that

2)

xéb = Zab — Tq ® Tap = O(2a). We shall say that (z, x(Q)) is an a-enriched pathf.

Let y be another C* function, put

(2)
0 2) x 0
Ay = | Fab ]7 A2 _ l ab ]
’ [yab 0 ab yc(j)) 0

where yﬁ) is another function. In order to the couple (A4, A®)) be an a-enriched

path, it is necessary and sufficiant that

y? = 0(2a) and 6(y@)(a,b,¢) = Yac ® Tep

T In fact, this is inspired from the definition of rough path [*].
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We shall say that (y,y®) is an enriched path over (x,2(?)), and we shall put

b
yc(i) = / Yat @ dajt

If f is a map defined on the y-space

b
1(@,b) = £(ya) ® Tap + / V()] » e,

a

If V2f exists and is Lipschitz, then |du(a, b, c)| < Cst |b — a|3?, so that the sewing
lemma applies, and the produced function ¢ is called the integral with respect to
(z,y,9?)

b
Pab :/ fys) o day

4°. Enriched paths (o > 1/4) ([*]).

Let (2,2, 2®) and (y,5®,y®) with z,y € C*, 25,43 = 0(2a), )4 =
O(3a). Put

We suppose that
5(14(2) (a, b, C)) = Aac g Acb

5(A® (a,b,¢)) = A @ Ay + Age 0 A

As above we put

b b
?J((j,) = / Yat ® Ay, yc(j;) = / ?J((j) o dr;

Besides, suppose that there exists two functions &,;, = O(3a) and 74, = O(3)
such that

b b
5§(a7 b7 C) = (xac).2 ® Teh + / Lac ® Lt @ dxt + / LTet @ Lge @ dxt
b b
(577(@, ba C) = (yac).2 ® Teh + / Yac ® Yct ® dxt + / Yct ® Yac ® dwt
c c

We put
b b
gab = / (xat).2 L4 dSL’t, Nab = / (yat).Q L4 dxt
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The quadruple Y = (y,y®,4®3),n) is an enriched path over X = (x, 2,20 ¢).

If f is a map, put

b b
p(ab) = f(u) o+ [ V5 s dot 5 [V ) 002 o d

If V2f is Lipschitz, then (cf. [*]) we get an inequality
|6p(a, b, c)| < Cst|b— al**

Hence the function ¢ associated with p by the sewing lemma is called the integral
of f with respect to X and writes

b
Pab = / f(yt) L4 dwt

Differential equations (unicity).

For a > 1/2, resp. a > 1/3, resp. @ > 1/4 and an enriched path X = (z, etc.. ),
consider a path Y = (y, etc.. ) over X, which satifies the equation

b
Yab = / f(ye) o day, , Yo being given (1)

where e is a contracted tensor product.

For a@ > 1/3, the equation (1) has solutions for sufficiantly regular f, as is well
known ([***]). For o« > 1/4 a solution shall be given in a forthcoming paper.

1°. Unicity. Case a > 1/2.

Suppose f is C'! with values in the convenient space. There exists F' Lipschitz
such that f(y) — f(y) = F(y,y)  (y — v).

Let y and ¥ be two paths which are solution of (1). Put u; = y; — 4z, we get ug = 0
and

b b t
Ugp — / Or o up @ dry = / us ® dvy, with v, = / vs @ drg
a a 0

where ¢ = F(y:,y:) and vy are C*. Then we get in the Young sense

b
Ugb :/ u ® duy
a
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By iteration we put ucllb = Ugp,

b
u((;;—i_l) = / ul(fn) o du;
Applying theorem (*) of [*], we get
[uas| < Kb —al"/(n))”

where 0 < # < «, and ¢, K > 0. Hence u = 0 and y = v.

2°. Unicity. Case a > 1/3.

Suppose f is C*>! with values in the convenient space. There exists F' € C'! such
that f(y) — f(y) = F(y,y)  (y — 1)
Put u; = y¢ — ¥, and

b
oo = Flyn i), and @@ = / (F(y,50) — FlyasGa)] @ das

Put
’ (2)
Vab :/ ot @ dy = Pa ®Tap T Py
and
b
p(a,b) = soa/ Tar ® 1 ® dTy
We get

Sp(a,b,c) = g @ Tae ® Vep + O(3) = vge @ Ve + O(3r) = §(v, ® Vap) + O(3c)
Hence by the sewing lemma, there exists a function v (t) such that
p(a,b) + v, @ vap — Yap = O(3a)

Put 6((5)) = Yap — Vg ® Vgp = O(2ar), then the couple (v,7(?)) is an enriched path.

b
Ugh = / Uy ® dvy
a

where the integral is taken with respect to the enriched path (v,(?).

1 Proposition :

Démonstration : Put p(a,b) = ugp—1ue0v4p,. We see that u(a,b) = O(2a). Moreover
dp(a, b, c) = Uge ® vep
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so that agzb) = u(a,b) is an enrichment of u with respect to (v,7(?). Hence the

integral is worth u, ® vy, + ﬂézb) which is ugp.

2 Théoréme (unicity) : y=7y.

Démonstration : By iteration, we get
‘ 1
ﬂ&l) = / ﬂ(({sl* )edv, =u, integral with respect to (v,7?)
0

By theorem [*] of [*], one has for some § < «, K, ¢ and every n
lug| < K™t/ (n!)P

so that u=0and y = y.

3°. Unicity. Case a > 1/4.

Suppose f is C*! with values in the convenient space. There exists F € C*! such
that f(y) — f(y) = F(y,y)  (y — 1)
Put uy = y; — y¢, and thanks to [*]

b
oi = Flyn§r),  and @ — / Py, 50) — FlyasGa)] @ das

b
o= [

Put

b
Vap = / or 0 dry =, ® Typ + goﬁ)
a

We want to define 92, ) and w such that V = (v,5,5®),w) is an enriched
path. First, put
b

b
/A(CL, b) = Pqg ® / Lot ® Pt @ dzt + / 9051275) ® Py @ dxt = Aab + Bab

a a

Observe that all the written integrals make sense (theorem 3.2 of [*]). We get

5A(Cl, b, C) = Pa ®Lgc ® VUch — Pac ® 90&2)) ® Y.+ O(4a)

(2)

0B(a,b,c) = ¢{2) e p. 0 T + Pac @ 07 ¢ 0 + O(4a)

then
o =0A4+0B =@, ® Tyc® Vep + 90220) o .0z + Oda)
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op = (Yo ® Tae + gogzc)) e U, + O(4a) = vy @ Ve + O(4av)

As above, there exists by the sewing lemma a function ®(¢) such that u(a,b) +
Vg ® Uep — Pop = O(4ar). Then we put

ﬁg) =Dy — v, @ Uy = O(2a)
Next, put
b ot
v(a,b) :C,Da‘/ {/ :r;asogpaodajs} o, edr;
This iterated integral makes sense (definition of z(?)).

(2)

dv(a,b,c) =, ® 9051243) ® 0, ®POTch+ Po ®Tye ® 00Ty ® .+ O4da)
Noting that i)\g)) =, ® :cﬁ) e v, + O(3a) we get
5v(a,b,c) =52 @ vep + Vae 0 T2 + O(4ar)
d(vg ® ﬁﬁ) + Dog @ Vap)(a,b,c) = —02) @ vz — Vg ® ﬁé?

Hence by the sewing lemma, there exists a function W (¢) such that
V(a,b) + (vg 0053 + Poq  Vap)) — Pap = O(4ar)

Then we put
) = Wap — (va 03 + Poa # va1)) = O(30)

Finally put
b

p(a,b)=90a°/ Tat ® Po ® Tar ® P ® ATy
a

(2) (2)

)*2 @ Vet + 0 @ T ® P O T, ® D+ P OTy P @ Tye® P,

5p((1, bv C) = (SOa ® Tac
b
Sp(a,b,c) = 022 @ vy + Vg ® 1}&2)) + / S(Vae ® Ves ® dvg) + O(4a)

Where
Suevew)=veuew

Then we have
b
Sp(a,b,c) = v22 e vy + vy, ® @g)) + / S(Vac ® Ves ® dvg) + O(4a)

Now

b b
5[(va)'20vab—/ vtovaodvt—/ Vg ® v ® dvg](a, b, c) =
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b
V22 @ Uppy + Ve @ @gi) + / S(Vae ® Ves ® dvg)
C

Then there exists a function © such that

b

b
plah) = @) ova+ [ vieviedvit [ veviedu— 84 =0(a)

a
Put
b b
wab:@—(va)'2ovab—/ vtovaodvt—/ Vo @ Uy ® dvy
a a

Symbolically wg, = f; Vat ® Vgt ® dv; And we obtain an enriched path

V = (v, f}fb), ﬁg’)),wab)

b
Ugp = / uy ® duy
a

where the integral is taken with respect to the enriched path V.
Démonstration : Put @) (a,b) = uqy — g ® vap. We see that 1 (a,b) = O(2a).
Put u® (a,b) = u®(a,b) — uaﬁg). We see that () (a,b) = O(3c). Put

3 Proposition :

~(2 ~(3
Ay = Vap 0 42 _ UC(Lb) 0 4G — U((zb) 0
7 Jua 0] a8 o]’ “lal) o

Then we get a matrix enriched path. As in the case a > 1/3 we define A™ and
deduce the inequalities by [*]

a™| < Kemtne/(n)?
By induction, we also get ﬂgg) = ug¢, so that u = 0.
Conclusion

To the end, we give an example for 1 > a > 1/3 where there is unicity for y but
not for (y,y?). Take z; = t, xfb) = (b—a)?/2, and the equation

t
Yt = Yo +/ 0.dt (18)
0

. : : o 2 :
If ¢ is a function belonging to C2%), put y((lb) = ¢(b) — p(a). Then (y,y@) is an
enriched path over (z,z(?)), and is a solution of (18). As ¢ is arbitrary, there is no
unicity.
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