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HOMOGENISATION FOR ANISOTROPIC
KINETIC RANDOM MOTIONS

PIERRE PERRUCHAUD

ABSTRACT. We introduce a class of kinetic and anisotropic random motions (z7, v )t=0
on the unit tangent bundle T' M of a general Riemannian manifold (M, g), where o is
a positive parameter quantifying the amount of noise affecting the dynamics. As the
latter goes to infinity, we then show that the time rescaled process (272,)¢>0 converges
in law to an explicit anisotropic Brownian motion on M. Our approach is essentially
based on the strong mixing properties of the underlying velocity process and on rough
paths techniques, allowing us to reduce the general case to its Euclidean analogue.
Using these methods, we are able to recover a range of classical results.

1. INTRODUCTION

We consider a class of anisotropic and kinetic random motions on the unit tangent
space of a general Riemannian manifold (M, g) of dimension d > 2. In the simplest
case when the base manifold is the Euclidean space R?, the typical process we have in
mind can be described as follows: let o > 0 be a positive parameter and let (By);>0 be a
Brownian motion in R? with (non identity) covariance matrix ¥ = A*A. We construct
an anisotropic diffusion process (v;)¢=0 = (v )¢=0 on the Euclidean sphere S < R? by
solving the Stratonovich differential equation

(11) d’Ut = O'HU#_ @) dBt,

where H,vtL denotes the projection on the orthogonal of v;. We then integrate the velocity

process (v¢)i=0 to obtain a process (z4)i=0 = (27 )¢=0 with values in RY

t
(1.2) T = T0 + J veds.

0
The process (2, v¢)i=0 is thus a diffusion process with values in the unit tangent space
T'R% = R? x §%=1. The first projection (z¢)¢=0 is a C! curve in RY, which inherits the
anisotropy of the velocity process (v¢)i=0, and the positive parameter o allows one to
slow or speed up the clock of the latter. The next figure shows an approximation of a
sample path of the resulting process.

On a general Riemannian manifold (M, g), an analogue process (¢, vt)i=0 with values
in the unit tangent bundle 7'M can be constructed starting from the above Euclidean
process and using the classical stochastic development/parallel transport machinery.
Namely, the process (x4, v;)i=0 in T'M is characterised by the fact that the image of
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2 P. PERRUCHAUD

FIGURE 1. A sample path of the velocity process (v;)o<i<1o on S? (left)
and the corresponding (x;)o<i<10 in R? (right) for the choice of covariance
matrix ¥ = diag(1,1.1,1.2).

vt € nglt/\/l in the fixed unit tangent space TQ}OM ~ S9! by the inverse stochastic parallel
transport along (zs)o<s<t solves equation (1.1) above.

The isotropic analogue of the process, i.e. the process associated with ¥ = Id, was
introduced in [ABT15] under the name kinetic Brownian motion, where its was shown
that as the parameter o goes from zero to infinity, then the sample paths of the process
(z,2¢)t=0 interpolates in a precise sense between geodesics and Brownian paths on the
based manifold M. For a fixed intensity parameter o, the Poisson boundary of the
process was also fully determined if the base manifold is rotationally invariant.

The motivation to introduce anisotropy in this context is twofold. From an applied
point of view, the kinetic Brownian motion is a simple, yet very reasonable model for the
dynamics of a mesoscopic spherical particle with bounded velocity in an isotropic heat
bath. Compared to the standard Langevin dynamics where the velocities are Gaussian,
the fact that the velocities are here of unit norm is perfectly consistent with special
relativity theory. The homogenisation phenomena shown in [ABT15] illustrates the fact
that the scaling limit of the process, i.e. the macroscopic behaviour of the particle
is nevertheless diffusive, as awaited. Now, if the geometry of the mesoscopic particle
under consideration is not spherical, or if the heat bath is anisotropic, the dynamics
of the velocity process has to be anisotropic, see e.g. [HBR13, CP03, Kam88] and
the references therein. In that context, the velocity evolution given by the stochastic
differential equation (1.1) with ¥ # Id is very natural. As we will see below and with
this applied point of view, the main result of this article guarantees that the macroscopic
behaviour of the particle is still diffusive, with an explicit anisotropy matrix.

From a more theoretical point of view, the introduction of anisotropy is also unavoid-
able if one wants to generalise the results of [ABT15] to an infinite dimensional setting,
say to an infinite dimensional Hilbert space. Indeed, doing so, one quickly faces the
problem of defining spherical Brownian motion in this context. Looking at equation
(1.1), the orthogonal projection makes perfect sense in a Hilbert setting but we have to
give meaning to the driving Brownian motion B. This can naturally be done using the
notion of abstract Wiener space, see e.g. [Gro67, Gro70] or [Str93, Chapter 8]. Roughly
speaking, in that framework the driving process in (1.1) has to belong to the image of
a radonifying injection, hence introducing a Hilbert-Schmidt covariance operator. In a
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finite dimensional setting, the action of this Hilbert-Schmidt operator amounts to replac-
ing the standard Brownian motion B by a Brownian motion with covariance ¥ # 1d, i.e.
to replace the isotropic noise driving kinetic Brownian motion by an anisotropic noise;
this justifies our choice of dynamics for the velocity process.

Our goal in this paper is to exhibit the asymptotics of the time rescaled process
(75,,v75,)i=0 as the intensity parameter o goes to infinity. More precisely, we show
that in both Euclidean and Riemannian contexts, its first projection converges to an
anisotropic Brownian motion. The presence of anisotropy drastically complexifies the ap-
proach and computations compared to the isotropic framework. Namely, in the isotropic
Euclidean setting considered in Section 2.2 of [ABT15] and which is the core of the proof
when associated with rough paths techniques, the homogenisation of kinetic Brownian
motion was proved using It6 calculus and standard martingale techniques. As it will be
clear in Section 2 below, the Doob—Meyer decomposition of the velocity process given
by equation (1.1) gets more involved here, its invariant measure is not likely to be easy
to describe, and martingale techniques need explicit solutions of the Poisson equation
which seems hopeless in this context. In fact, guessing a formula for the invariant mea-
sure of the v? on the sphere before reading the statement of Proposition 1.1 does not
seem obvious.

For this reason, we adopt a different approach and point of view here. Our proof
of homogenisation for the time rescaled version of the process (xf,v{)i>0 is indeed es-
sentially based on quantitative mixing properties of the velocity process. We show in
particular that

Proposition 1.1 (Lemma 2.1 and Proposition 2.4 below). The process v{ solution of
(1.1) is ergodic in S*=' with an explicit invariant measure p whose density with respect
to the uniform measure d6 on the sphere is given by

do™ §eay [AT10)1dde”

In particular, the invariant measure p are well as the trajectories are invariant under
all the coordinate reflections

(1.3) 0,00 09— (0L, =0, -0, 1<i<d.

Moreover, there exists a positive constant T such that, if Fiap denotes the o-algebra
generated by the unit speed (o = 1) wvelocity process vy, for a < t < b, then for any
0 < s <t and any bounded measurable real-valued random variables P and F that are
Flo,s] and F; o)—measurable, respectively, we have

(1.4) [EL[PF] = EL[PIEL[F]| S |Ploo|Gloc €™ =9/,

The above strong mixing and symmetry properties of the velocity process are the key
ingredients to establish the homogenisation of the anisotropic version of kinetic Brownian
motion in the Euclidean setting. Indeed, we have the following result.

Theorem 1.2 (Proposition 3.4 and Theorem 3.5 below). Let (xf,v{ )0 with values in
T'R? be the solution of equation (1.1) and (1.2), starting from (xq,vo) where xq is fized
and vg chosen at random according to u. Then as o goes to infinity, the time rescaled
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process (292,)ie[0,1] converges in law to a Brownian motion in the Euclidean space R4,
with covariance matriz diag(v1,- -+ ,7q) where

+00 o
Vi 1= QJ E,[vgvildt, 1<i<d.
0

Our strategy of proof consists in establishing that the rough path lift of (27,,)i>0
converges to the Stratonovich rough path lift of a Brownian motion with the above
covariance. To do so, we use again the strong mixing properties of the velocity process,
associated with a Lamperti-type criterion to ensure the tightness of the lift in rough
path topology — see Lemmas 3.1 and 3.2 below. We then identify the limit process by
showing that it has to be a stationary process with independent Gaussian increments on
the nilpotent group associated with the rough path structure, see Theorem 3.5.

Using the fact that the notion of stochastic development amounts to solving a stochas-
tic differential equation and that the It6 map is continuous with respect to the rough
paths topology, one can conclude that the previous Euclidean statement actually holds
on a general Riemannian manifold. Anisotropic Brownian motion on M is defined as
the stochastic development of an anisotropic Brownian motion in 7;,M.

Theorem 1.3. Let (M, g) be a complete and stochastically complete Riemannian man-
ifold and let (x7,v7 )10 be the process with values in T* M characterised by the fact that
the image of v € TQ}tM in the fized unit tangent space TQ}OM ~ S by the inverse
stochastic parallel transport along (zs)o<s<t solves equation (1.1) in Ty, M. Then as o
goes to infinity, the time rescaled process (17, t)te[O,l] converges in law to an anisotropic
Brownian motion on the base manifold M.

As it will be clear from the proof of Theorem 1.2, the homogenisation phenomenon
holds as soon as the mixing properties of the velocity process and the symmetry of the
trajectories described in Proposition 1.1 hold. In other words, the conclusion of Theorem
1.3 is valid as soon as the process (z7,v{ )i=0 we consider is the stochastic development
of a velocity process satisfying the conclusions of Proposition 1.1. In particular, our
proof actually applies even if (v;)i=0 = (vf)¢>0 is an ergodic Markov process with jumps
on S9! as soon as the conditions (1.3) and (1.4) are fulfilled.

Theorem 1.4. Let (M, g) be a complete and stochastically complete Riemannian man-
ifold and let (¢, vy )i=0 be the process with values in TM characterised by the fact that
the image of vy € Ty, M in the fized tangent space Tyy M ~ R? by the inverse stochastic
parallel transport along (xs)o<s<t satisfies the conditions (1.3) and (1.4). Then as o
goes to infinity, the time rescaled process (x7, t)te[O,l] converges in law to an anisotropic
Brownian motion on the base manifold M.

See Theorem 4.1 for a precise statement. In this level of generality, in Section 4.2 we re-
cover classical results, amongst which Pinsky’s so-called random flight [Pin76] and time-
dependent variations of it; the anisotropic Langevin diffusion, where v is an anisotropic
Ornstein-Uhlenbeck process; and linear interpolation of symmetric random walks as in
[BFHO09]. It is unclear whether or not the methods of X.M. Li [Lil6a, Lil6b] or Herzog,
Hottovy and Volpe [HHV16] can get back such a result. In a somewhat independent
direction, the interesting work [CFK*17] of Chevyrev and coauthors studies this kind
of convergence in deterministic systems.
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The outline of the article is the following. In the next Section 2, we study the velocity
process solution of equation (1.1). We characterise its invariant measure and establish the
mixing properties which are the key ingredients in our approach of the homogenisation
phenomenon. Section 3 is then devoted to the proofs of our main Theorem 1.2 and 1.3.
More precisely, in Section 3.1, we show the tightness of the rough path lift of the process
in the Euclidean setting. In Section 3.2, we then identify the limit as a Brownian motion
on the underlying two-step nilpotent Lie group. This completes the proof of Theorem
1.2 in the Euclidean setting. Finally, in Section 3.3, we use the continuity of the It6 map
to extend the proof of homogenisation to an arbitrary complete stochastically complete
Riemannian manifold. The last section consists in developments, including Theorem 1.4
and comments in Section 4.1, and various examples in Section 4.2.

2. MIXING PROPERTIES OF THE VELOCITY PROCESS

Let (B:)i=0 be a Euclidean Brownian motion in R? with non degenerate covariance
matrix X. Without loss of generality, up to an appropriate choice of coordinate system,
we can assume that the matrix ¥ is diagonal, with square root A, namely

Ezdiag(a%,--o ,ozg), A = diag (g, -+ ,aq) .

Let us recall that, by definition, the anisotropic velocity process (v;) = (vi,---,v)
with values in S%~! < R? and with intensity o > 0 is the solution of the Stratonovich
stochastic differential equation

d’Ut = O'Hvtl o dBt7

where H,Utj_ denotes the projection on the orthogonal of v;. Equivalently, there exist a
standard Euclidean Brownian motion (W});>o such that v; satisfies the Ité stochastic
differential equation

2
dv, = oTL,L AdW, — % (S + tr(2)Td — 2wy, SvHId)vdt,

or even more explicitly in Euclidean coordinates, for 1 <1¢ < d
(2.1)

2 d d d
. o . 9 9 9 19 . . . .
dv; = —Evz o + Z aj —2 Z A ] dt+o (aithZ — vy Z ajvgthJ>.
j=1 j=1 j=1

In the following, d and ¥ are fixed, and we write f < g for some quantities f and g
whenever f < Cg for a constant C > 0 independent of any other parameter.

2.1. Invariant measure. The object of this section is to establish that the velocity
process (v¢)e=0 is ergodic in S%1 and to write down its invariant measure explicitly.
From equation (2.1), it is not difficult to express the infinitesimal generator L of the
process and try to solve the equation L*i = 0. Nevertheless, since we are working on
the sphere, integrations by parts and computations are quite unpleasant, and we prefer
to introduce a natural Euclidean lift of the velocity process. Namely, if | - || denotes the
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standard Euclidean norm, consider the R%valued process (u¢)i=0 starting from ug # 0
such that vy = ug/||ug|, and solution of the stochastic differential equation system

2
du = g

=y (—uiHutH2 + a?u;‘;) dt + oagllug|dW}, 1<i<d.

Equivalently, it is the solution to the Stratonovich stochastic differential equation
2
o 2
duy = —7\\1@“ up dt + o|uel| o dBs.

Then, a direct application of Itd’s formula shows that the projection wu/|lus| on S9!
satisfies equation (2.1). To show that w; is ergodic and find an explicit expression for its
invariant measure, let us now perform the simple linear change of variable y; := A~ u; =
Y ~1/2y,. By Itd’s formula we get

2
. g . .
dy; = = (=1 Aw[y; + afy)) dt + o] Ay, |dW.
Setting V4(y) := —log | Ay| + 3|ly|?, the infinitesimal generator L, of y; is given by

2
L, = %|\AyH2L0, where L= (=VV4 -V +A).

The diffusion process with generator L¢ is naturally ergodic with invariant measure
proportional to e~V so that (y;)=0 is also ergodic with invariant measure

1
v(dy) = Ca |Ay| e 20" ay,

where Cy4 is a normalizing constant. In other words, the Euclidean lift (u¢)i0 of (v¢)i=0
is ergodic in R? and its invariant measure is proportional to | - |~! times the centred
Gaussian measure with covariance ¥. One can then compute the invariant measure of
the velocity process as the image measure of the latter with respect to the projection on
the sphere.

Lemma 2.1. The velocity process (vi)i=o is ergodic in ST and its invariant measure
w 1s absolutely continuous with respect to the uniform measure df on the sphere, with a
density given by

A g A7t
46" = Tei JATTO]T0d0°

In particular, the invariant measure p of the velocity process is invariant under all the
coordinate reflections (01, ,0;,--+ ,04) — (01, ,—0;,--+ ,04), for 1 <i<d.
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Proof. For any bounded measurable test function f on S%~!, we have

Ay \ el
- Y
Ld-lf (v)u(dv) Afwf (uAyn) Ay Y

_ U\l le—blAa g _du
Y I (o

(T —1,—2r?|A=10)2 d—1
:CAJ f F@)rte 2| Ird=14rde
0o Jgi

_ Sgr FB)| A0 ag
Faus [A-TO[T-7d0

O

The next figures illustrate the relation between the covariance matrix >, the sample
paths of the velocity process (v;) and its invariant measure . The colour map on the

sphere is chosen according to the value of the density of the invariant measure: small
19H17d

values of |A~
dark grey.

are represented in light grey whereas large values are represented in

FIGURE 2. From left to right, sample paths of the velocity process and
colour map of the invariant probability measure for ¥ = diag(1,1.1,1.2),
¥ = diag(1,4,9), and ¥ = diag(1, 100, 100).

Remark 2.2. Let us emphasise here that the invariant measure p of the velocity process
actually differs from the projected Gaussian measure with covariance 3, also known as
angular Gaussian distribution, which, at first sight, could seem like a natural candidate
for the velocity’s equilibrium measure. Namely, if f is a bounded measurable test function
on the sphere, and if X is a Gaussian variable in R® with law N(0,%), we have indeed

§sa1 F(O)] A0 a0
e/ (5)] = 1oL [A-16 705

In other words, the invariant measure i admits a density proportional to |A~10| with
respect to the standard projected Gaussian measure of covariance 3.
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Remark 2.3. Going back to the modelisation point of view mentioned in the introduc-
tion, where (vy)i=0 is thought as the velocity of a mesoscopic particle in an anisotropic
heat bath, the invariant measure u also differs from the standard choices for equilibrium
measure in directional statistics, such as the Von Mises—Fisher distribution, Fisher—
Bingham distribution or wrapped Brownian distributions, see Sections 9.8 and 9.4 of
[MJO00] and the references therein. We emphasise here the fact that the dynamics gov-
erned by equation (1.1) is fully intrinsic so that the measure p is a simple and natural
candidate to model anisotropic data; it also has natural interpretation in terms of pro-
jection of the invariant measure of the Euclidean lift (u)i=0-

2.2. Mixing properties. Let us now establish the strong mixing properties of the
velocity process that will be our main tool in the proof of the homogenisation result,
Theorem 1.2. To avoid changes in the time scale, we fix ¢ = 1, from here to the end of the
section. We also introduce a few additional notations. If A is a probability distribution
on S, let Py be a probability measure under which the velocity (v¢);=0 solves equation
(1.1) with initial condition vg ~ A, and Ej its associated expectation. We denote by
(P;)¢=0 the semigroup associated to v, acting on continuous functions f : S~ ! — R, and
by (P/)=0 its dual, acting on probability measures on S?~!. In other words,

P f(x) :=Es,[f(ve)] and PIX = L(vt|vg ~ N),
for any such f and A.

To get to the second part of Proposition 1.1, we use the well-known fact that since
the velocity process (v:)i>0 is an elliptic diffusion in a compact Riemannian manifold,
here the unit sphere, with invariant probability measure u, we have the estimate

(2.2) IPFXN — plrv < exp(—t/7)

for any probability A on S¢~!, for some positive constant 7. Given an interval [a,b) of
[0,0), define Flap) as the o-algebra generated by the unit speed velocity process vy, for
a<t<b We write A€ F[,p) to say that a random variable is F[, ;)-measurable.

Proposition 2.4. For any 0 < s <t and any bounded measurable real-valued random
variables P € F 5 and F' € Fi; o), we have

[Eu[PF] = Eu[P]EL[F]] £ [Ple| Gl e,

Proof. Since

[Eu[PF) — Eu[PIE,[F]| < |PloEy| [B,[F|Fo o] — Eu[F]

|

by the Markov property, it suffices to prove that one has
(2.3) |]EPJ‘,\[G] - Eu[G]‘ < |G|ooe_u/Ta

for any probability measure A on S*~! and any real-valued measurable functional G. By
a monotone class argument, it suffices to prove estimate (2.3) for elementary functionals
of the form G = g(vy,,..., vy, ), for some bounded continuous real-valued function g on
(RY)% and times t; < --- < ;. But since the diffusion has the Feller property, the
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function g(vo) := Ey,[g(vt,, .- -, v, )] is continuous on the sphere, so we get (2.3) in that
case by applying (2.2) to g. d

The remainder of the section is devoted to the proof of the technical Lemma 2.6,
that states an estimate about iterated integrals involving the covariances between the
coordinates of the unit speed velocity process. Given a collection of positive times
S1y..+ySn, sSet A = maxi<p<n(Sk A Sk+1). We denote by kg € [1,n — 1] an index where
this maximum is attained.

Proposition 2.5. Under P = P, and for any indices 1 < j1,...,5, < d and times
817 e S’I’L > O
< e—A/T'

~

Eof ol s, ]

Proof. For 1 <1 < n, set t; :=s1 +---+ s;, and define the bounded quantities
J1 ]ko 1 L Jkg o JRotl e
V1= vy, T U Vo= Ut s Vi= Utgorn " Vi

Note that Vj is centred. Applylng Proposition 2.4 twice, this decomposition gives
E[od vl p, ]| = [BIV-VoVi] - E[V-JE[VOJE[V: ]|
< [E[V_VoVi] — E[V_IE[Vo V]| + [V-|oo [E[VoVa] — E[VO]E[VL ]|
< Voo VoV [ ™0/ ™ + [V_ || Voo [ Vi | oo™ F01/7
<e AT O

l

Lemma 2.6. Suppose P =P,. Given a positive integer n, we have

i1 i2n
f ‘EH [vtl "Vton ]
0<t1<---<tan <T

for any indices 1 < iy, ,i9, < d.

dty ... dto, <, TT

Proof. The idea is to apply Proposition 2.5 with the largest A possible for each tuple

(t1,- - ,t2,). Write first
dti...dto, < J
[O,T]Z"

J;J<t1$--<t2nl

Efvg; - vii]

i1 19
E[’Usl T 2}511.‘.4_52”]‘ dS]_ o dSQn.

Fix now the tuple (sy,--- , s2y), and set
A(s) :=
(s)  ax (Sk A Skt1)

so the integrand in the right hand side above is bounded above by a constant multiple
of e 2()/7 from Proposition 2.5.

The rest is combinatorics. We first sort the indices k of the gaps s according to the
value of s; with respect to A = A(s). Set a := min{k € [1,2n] : s = A}. Then, note
that there are at most n gaps sy of size larger than A: otherwise, two of them would be
consecutive, and A would not be optimal. This is the same as saying that there are at



10 P. PERRUCHAUD

least n small gaps si < A, including s,. Define 1 < b; < --- < b,—1 < 2n as the first
(n—1) indices different from a corresponding to gaps of size at most A. In other words,
if s < A, then either k = b; for some 1 < i <n, k = a, or k > a,b,_1. Finally, denote
by 1 < ¢ < -+ < ¢, < 2n the other indices, so that we have a partition of {1,--- ,2n}
in three sets A(s) := {a}, B(s) := {b1, - ,bp—1} and C(s) := {c1,- -+ ,cn} of fixed sizes.
Now, given a fixed partition (o, 3,7) of [1,2n] with a = {ap} of size 1, and the set
B ={B1,...,0n_1} of size n — 1, we have

‘E[Un L yien ] As)/rq

S1 S1+-+S2n

La(s),B(s).0(s))=(en7) S € S5y 055, <A(5)

< e Se0/Tq
~ Sﬁl,...,Sﬁnilgsaoa

from which we get

J\[U,T]Qn

E[vg) 0% s ]| L(A(s),B(5).0())=(0,8.y) d81 - - - ds2p

T

< Tnf e—s/TSn—ldS <, T"
0

and the result of the lemma, by summing over the set of all partitions («, 3, ) of [1,2n]

with the above size. O

3. PROOF OF THE MAIN RESULT

Let us now describe how the mixing properties of the velocity process derived in
Section 2.2 imply the homogenisation for the time rescaled position process (275,)=0, as
o goes to infinity, in both Euclidean and Riemannian framework. As mentioned in the
introduction, we will actually work with a rough path lift of the kinetic process. We refer
the reader to [FH14, Bail5] for gentle introductions to rough paths theory, and given
v € (0,1), we denote by RP(y) = RP7([0,1],R?) the set of weak geometric ~-Holder
rough paths.

Notations. We are interested in the stationary case P := PP, where p is the invariant
measure of the velocity, as described in Lemma 2.1. Define X7 : t — x7,,, so that we
are interested in the limiting behaviour of (X7 )i>0. To make good use of the mixing
properties of v such as Proposition 2.4 without having to change the time scale, from
now on (vt)e=o0 will always stand for (v{)i=o0 with o = 1. With this convention, we can
express the increments of X as

1 ot
Xy —Xg = QJ vy du.
0% Jots
The process X, being C!, it admits a canonical rough path lift X7 = (X7, X%), where
X7 is defined by

¢ 1 (o't ru
;:=J(Xg—X§)®ng=4J J v, ® vy dz du.
07 Jots Joits

S
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Our proof relies on the algebraic properties of rough paths. Namely, that in the 2-step
nilpotent group G < R@®R? @ (R%)®2, the process x7 : t — (1, X7, X%) has increments
(XO‘)*lxg‘ = (17X1? - ng gs)a

S

which, using the above expressions, are measurable with respect to a((vu) od S<u<a4t).

Recall that we write f < g for some quantities f and g when there exists a positive
constant C' > 0 depending on ¥ alone such that f < Cg. If C is allowed to depend on a
parameter, say p, we write f <, g.

3.1. Tightness in rough paths space. We first establish that the family of processes
(X7) and their rough paths lifts are tight for the corresponding topology. To do so, we
use a standard Lamperti criterion, namely we have the following lemma.

Lemma 3.1. For everya =1,

sup E[| X7 — X7|*] <a |t — 5|2

o>0

Proof. Given any positive time T" and any positive integer n, we show that one has

T 2n
f V¢ dt
0

for some positive constant C,, depending only on n. The inequality of the lemma follows
as a consequence since for any positive integer n such that 2n > a, we have

ot (t—s)
f vy, du
0

(3.1) E [ < C,T"

on ] @/2n
E[|X7 — X2|*] = E[|X7,J] < — < O (p — 52,

O-Qa

Given T > 0 and n € N*, we have

(USSR (SO

f E[Uﬁvg e vi;n_lvf:;n] dtq - - - dtgy,

[0,T]2"

with the following estimate for each individual term on the right hand side. Fix 1 <
Jjr < d, for 1 < k < 2n. For any permutation ¢ € Gy, we have from Lemma 2.6

J ]E[vill - v{;’j] 1t¢(1)<,,,<t¢(2n) dt :J E[vif(l) .. '“ij,(fn)] dty--- dtg,
[07T]2n 0<t1 é"'éthéT

n
Sn T,

1<iy, in<d

from which the result of the Lemma follows by summation over ¢ and j. O

We use the Hilbert-Schmidt norm | - | on R ® R? ~ L(RY) ~ R?; it coincides with
the Euclidean norm on R
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Lemma 3.2. For every a > 0,

sup E[JX 1] <a |t — s1°.
>0
Proof. As above, the inequality of the statement follows from an inequality of the form

J Vs ® vy dsdi
o<s<t<T

for some positive constant C,, depending only on n. Fix T' > 0 and n € N*, and set for
Ce[1,d]*"

‘ 01 0 lan—1_ 0
Iy := f . f E[Utllvs? o 'Ut2: vs%Z] dsidty - - dsandtan,
0<s1<t1 <T 0<son<ton<T

so we have
T rt
E f f Vs @ vy dsdt
o Jo

with @ = j = (i1,71,%1,J1, - » %k, Jk, ik, Jk). As in Lemma 3.1, estimating each I;4; using
Lemma 2.6 does the job. g

2n

K < C, T,

n

2n T t ) 2
] 2 (J f viv! dsdt)
1<ij<d WO Y0

Z Ii*j

3,5€[1,d]™

I
&=

One can then apply the Kolmogorov-Lamperti tightness criterion for rough paths
stated in Corollary A.12 of [FV10] to get the following result from Lemma 3.1 and
Lemma 3.2.

Corollary 3.3. Pick 1/3 <~y < 1/2. The family {L(X?)}
1s tight.

of distributions on RP(y)

o>0

3.2. Brownian limit. The family of processes (X/) and their lifts being tight for the
rough paths topology, in order to establish its convergence, we are left to identify the
possible limit process. Our strategy here is to prove that the latter is necessarily a
stationary process with independent Gaussian increments on the underlying nilpotent
group, and therefore is a Brownian motion. Let us set

w . .
Vi 1= QJ E[vgvz] dt.
0

Proposition 3.4. For every v < 1/2, the processes X converge in distribution in
C7([0;1],R?) to the Brownian motion on R* with covariance matriz diag(vy1,--- ,7q), as
o goes to 0.
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Proof. Stationarity and independence. We first show that any R%valued process X
whose law P is a limit point of (£(X7))s0 in C7([0; 1], R?) as ¢ tends to oo has stationary
independent increments.

Indeed, since vy has distribution the invariant measure of the diffusion v, the incre-
ments of X are stationary for every o, so the increments of X are stationary as well. Fix
now 0 < 51 <t <---< s, <t, <1, and bounded continuous functions Fj : RY — R,
for 1 < i < n. Fix € > 0 small enough. From a repetitive use of Proposition 2.4, as used
in Proposition 2.5, we have

IE[ H Fi(XZ_E—Xg] H E[Fi(X]_. — X7)]

1<isn 1<i<n

o |Filpe - |[Folpw e 7

for some positive constant 7, and we see that

JE[ 11 Fi<Xti_£—X8i)] = [] E[F (X — X)),

1<i<n 1<isn

sending o to oo along a proper subsequence. Using the boundedness and continuity of
the functions F; and the continuity of the process X, we can send € to 0 and see that X
has independent increments. So X is a Brownian motion; it has null mean since every
X7 has null mean, and its covariance is given by the limit of the covariances of the X7 .

Covariance formula. First, it follows from the identity
E(Q}l’... 7/1}1;,... 7’[}”) e E(U]',... ’_/l}i,... 7’l)n>

that different components of X; have null covariance since this is the case for different
components of X{. Now, for 1 < i < d, we have

E[((X7))*] = f f [vivi]ds dt = f f [vivi] ds dt
f J 1, weotB[v} yvi]dudt = 2f0 (1 - ;>+ E[v’.vi]du

with (+)4 the positive part. According to Proposition 2.4, the integrand is smaller than a
constant multiple of exp(—u/7), uniformly on o. It is integrable, so we see from Lebesgue
dominated convergence theorem that the above variance tends to ~;. U

Theorem 3.5. Pick 1/3 <~ < 1/2. The processes X° converge in law in RP(y) to the
Brownian rough path on R with covariance matriz diag(yi,--- ,74), as o goes to 0.

Proof. G-valued Lévy process. As above, we first notice that any limit measure of the laws
of (X?)y~0 turns the canonical process on RP() into a random process with stationary
independent increments, in the free nilpotent Lie group of step 2, as a consequence of the
corresponding property for X?. The canonical process on the free nilpotent Lie group
of step 2 is thus a continuous Lévy process under any limit law, so, according to Hunt’s
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theorem, we can identify the former from its generator. More specifically, such a process
Y is characterised by the action

f e lim SELS(V) — f(e)] € R

of its generator on smooth functions f : G — R with compact support, where e is the
unit of G; see [Appl4, Theorems 5.3.3] or [Lia04, Theorem 1.1].

Generator. Let P be any limit point of the laws of X% on RP(7), and denote by
X = (X,X) its canonical variable. We know from Proposition 3.4 that X is a Brow-
nian motion W; denote by W = (W, W) its canonical Stratonovich rough path lift,
also defined on the space (RP('y),I@). Since the velocity process v = (v!,...,v%) and
(vl, ..., v —vf o't o) have the same law for every 1 < i < d, for vg distributed
according to the invariant measure j, the antisymmetric part AX, := %(th — 1Xys) is
centred for any 0 < s <t < 1. We also know from the uniform estimates proved in

Lemmas 3.1 and 3.2 that
(3.2) B[ X.[2] <t E[|A%]] < B[|Xw?] <4,

uniformly in ¢ € [0, 1].

A last piece of notation. Since the set of antisymmetric matrices lies in the tangent
space to the free nilpotent Lie group G of step 2, at any point z € G, any smooth
real-valued function f defined on G, with compact support, has a well-defined partial
differential ds f(z) in the direction of antisymmetric matrices, defined by the identity

aAf(z)(A) f(Z + t(O, 07 A)),

~ dtji—o

for any z = (1, Z,7Z) € G and any antisymmetric matrix A. Setting z := (1, Z, %(Z#Z)),
we further have

|f(2) — [ (@) — (0u1) (@) (A)] <f |47,

since f has compact support. Denote by e the unit of the group G. Denote by AW the
antisymmetric part of W and set X; := (1,Xt, %Xt®2) € G, so that X; = X; + (0,0, AX)
and W; = X; + (0,0, AW). We have, for some fixed f smooth with compact support,

‘1ﬁ[f(Xt) —fe)] - %IAE[f(Wt) - f(e)]‘

_ %\I@[f(it +(0,0.43)) = £ (X + (0.0,47)) |

< %‘fg[((@m@) ~ (@uf)(e) ) (X — AW || + %\I@[(&xf)(e)(&i‘ - aW)]|
+ 5 (BlIAP) + B[4 P))

We show that each term vanishes as t goes to 0, which implies that the two Markov
processes X and W have the same generator, hence the same distribution. We have first
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from estimates (3.2) the upper bound

<1><iﬁ[m|<aAf>®—<aAf @I | + 5[ 7 — ¥

1.
2t
7 B[[X, — ef? ]+7E[{Axy |+ \1/1@[|AW\ ]
St V.

We also have (2) = 0, since AX and AW are centred and 0y f(e) is linear. Finally, we
have (3) <t from the upper bounds (3.2). We thus have the upper bound

%IAE[f(Xt) — f(e)] - %IAE[f(Wt) - f(e)]‘ <5 Vi

from which the result follows. O

3.3. From Euclidean space to Riemannian manifolds. Let (M, g) be a Riemann-
ian manifold of dimension d, without boundary. We emphasised in the introduction that
anisotropic Brownian motion describes the random motion of a non-point-like object,
with its own notion of local orientation. Such an object is represented by a point in the
orthonormal frame bundle OM of M, where its dynamics is described by a stochas-
tic differential equation. We refer to Hsu’s book [Hsu02] for a reference textbook on
stochastic differential geometry.

In this subsection, we use Einstein summation convention: indices appearing twice
are implicitely summed.

3.3.1. The orthonormal frame bundle OM of M. Denote by z = (q,€e) a generic point
of the orthonormal frame bundle OM of M, with ¢ € M and e : R? — T,M, an
orthonormal frame of T, M; we write m : OM — M for the canonical projection map.
The Levi-Civita connection on 7'M induces a notion of horizontal vectors on 7'M or
OM. Let H stand for the horizontal lift operator, meaning the map OM x R¢ — TOM
uniquely characterised by the property that H,(u) € T,OM is horizontal and

dr, (H.(uv)) = e(u),

for any v € R? and z = (q,e) € OM. Letting (61, cel ed) be the canonical basis of R,
local coordinates ¢' on M induce canonical coordinates on OM by writing
0
e = e(€) = e?w.
Denoting by Ffj the Christoffel symbols of the Levi-Civita connection associated with
the above coordinates, the vector fields H(u) have the following expression.

0w D
Hz(Ea) = CQF F ( ) elaief.



16 P. PERRUCHAUD

3.3.2. Cartan’s development map and anisotropic kinetic Brownian motion. Roughly
speaking, Cartan’s development map associates in its simplest form a C! path in M,
started from gy € M, to any C! path in the Euclidean space R?. Technically, given
a C! path (z¢)¢=0 in R, and 29 = (go,e0) € OM, the Cartan development of (¢)=0
on M is defined as the projection (g;)o<t<r on M of the horizontal O M-valued path
(z¢) =: (@, et)o<t<T solution of the ordinary differential equation

(33) dZt = HZt (dl‘t), i.e. ,ét = Hz(l’t)

started from ¢g, possibly up to some explosion time T'. Note that the choice of z : t — tu
for some u € R leads to q being a geodesic with initial condition §g = eg(u); in particular,
the development of X7 tends to a geodesic with random initial condition as ¢ — 0.

Classical stochastic analysis (in the Stratonovich sense) can be used to make sense of
the preceding equation for x a semimartingale, defining Cartan’s stochastic development
— refer to Hsu’s book [Hsu02] for a pedagogical account of the theory. For example, one
of the many equivalent constructions of Brownian motion on M started at gy consists in
developing a standard Euclidean Brownian motion. Accordingly, we define anisotropic
Brownian motion on M as the development of the Euclidean Brownian motion with
covariance diag(y1,- - ,7V4)-

Anisotropic kinetic Brownian motion (¢f )o<t<7 on M is the stochastic development
of the anisotropic kinetic Brownian motion (X7 );>0 on R?; it is indexed by the speed
parameter o of its flat counterpart. This is a C' random path which depends on the
entire frame ey — its isotropic counterpart only depends in law on ey, from symmetry
properties of Wiener measure on R?. Although X¢ converges weakly to an anisotropic
Brownian motion B on R¢, the poor regularity properties of the Ité solution map does
not allow to conclude that anisotropic Brownian motion  on M converges to projection
on M of the solution of the equation

dZt = H(Zt) ¢) dBt
This is exactly the kind of conclusion that rough paths theory provides.

3.3.3. Rough paths and rough differential equations with values in manifolds. We discuss
a few results of rough paths theory with values in manifolds. These results are all
classical, and their Euclidean counterparts can be found e.g. in [FH14] or [FV10]. Let
N be a manifold, and, for a collection A = (Aj,---,A,) of smooth vector fields on
N and an initial condition p € N, consider the (deterministic) controlled differential
equation

dzy = A(z)dxy, 2o =p

on N, where z is a driving curve with values in R”. The equation makes sense whenever
x is of class C! (dividing each side by dt, one might say), and if moreover x is of class C?,
its solution is characterised by the fact that for any fixed t > 0 and f : N' — R smooth
with compact support,

Flz) = flzs) + (Aif)(z) (2 — 22) + O(|t = s[?)

as s — t. Now if X = (X,X) is a rough path of Holder regularity 1/3 < v < 1/2, we
consider the following notion of solution: a continuous path z : [0,7) — N is a solution
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of the rough differential equation
(3.4) dzy = A(z)Xaqr, z0=p

if one can find some a > 1 such that any choice of ¢ > 0 and f : N' — R smooth with
compact support yields

fzt) = f(2s) + (Aif)(20)(X] — X) + (Aid; ) ()X + O(]t = s[*)
as s — t. This point of view is taken from [Bail0, Bail5], in the mindset of [Dav08]. We
say that z explodes as t — T if z leaves any compact set.
In a probabilistic mindset, the fundamental remark is that, for X the Stratonovich
rough path lift of some standard Brownian motion W, such a solution coincides almost
surely with the solution of the Stratonovich equation

dzy = A(z) odWy, 2z = p.

It is a striking feature of rough paths theory that not only does (3.4) admit a unique
solution z for any (deterministic) rough path X, in the above sense and up to some
explosion time 71" > 0, but also the [t6-Lyons map X — z is continuous in the following
sense. Fix d a Riemannian distance on N. If 77 < T and ¢ > 0, there exists some § > 0
such that for any X’ at rough path distance at most 6 from X, the solution 2’ of

dz£ = A(zé)Xét, Z(/) =p

is defined on [0,7"] and satisfies d(z,2;) < e forall 0 <t < T".

This kind of continuity in enough to ensure convergence in distribution: namely, if
(X™)p>0 is a family of random rough paths converging weakly to X with respect to the
rough path topology, then in a sense, the (random) solution z" of (3.4) driven by X"
converges to the solution of that driven by X. Let us make that point precise. Denote
by N the one point compactification of A/ (./\f N if N is compact) and set C, the
space of continuous paths z : [0,1] — - N starting at p such that z;;. = 00 whenever
2t = 0. Fix d a Riemannian metric on N such that d(p,p’) — o0 as p’ — o0, and define
on C), the smallest topology containing, for any v € C), and R,e > 0, the set of paths
z € C), satisfying

max d(ze,v) < e.

d(pye)<R
The topology does not depend on d, and a sequence 2" of curves in C), converges to z® if
and only if for all R, the curves 27, ., stopped when they get at distance R of p converge
uniformly to 2% .. We can now state what one might call a theorem of continuity in
distribution, in the following form.

Theorem 3.6. For some fired 1/3 < v < 1/2, let (X"™),=0 be a sequence of random
~y-rough paths with values in R%, whose distributions converge weakly to that X*. These
processes might be defined on different probability spaces.

Then, for any 0 < n < o, there exists a unique random variable z" with values in C),
such that it solves the rough differential equation

dz' = A(z)XG, 20 =p

almost surely up to explosion, and the distributions of z™ converge to that of z* with
respect to the topology of C), described above.
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3.3.4. The interpolation result. The proof of Theorem 1.3 then follows from the rough
path convergence of the rough path lift X% of anisotropic kinetic Brownian motion
X7 in R?, Theorem 3.5, and the continuity properties of the It6-Lyons solution map to
rough differential equations. As in [ABT15], one needs to use the stochastic and geodesic
completeness of (M, g) to conclude that the convergence of the OM-valued development
of anisotropic kinetic Brownian in R in not only local, but that weak convergence holds
true; see Proposition 2.4.3 and Lemma 2.4.4 in [ABT15]. Stochastic completeness refers
here to the isotropic Brownian motion on M. We implicitly use here the fact that for
a complete and stochastically complete Riemannian manifold, the anisotropic Brownian
motion on M is also stochastically complete.

4. GOING A BIT FARTHER

In this section, we take a step back, and see what remains of Theorem 1.3 in a higher
level of generality. Suppose that (v{);>0 is of the form v{ = I(7,2;), with (T;):>0 a cadlag
Markov process with values in some manifold W and I : W — R? bounded continuous
— Theorem 1.3 deals with the case I : W = S¢1 < R? and ¥ the anisotropic Brownian
motion with time scale 1. Because the path (z§);>¢ integrating the velocity is Lipschitz,
its development on a Riemannian manifold is well-defined, and the objects described in
Theorem 1.4 make sense. We first restate and prove it, in the form of Theorem 4.1, then
discuss some examples in Section 4.2.

4.1. A more general theorem. This subsection is devoted to the proof of the following
rewriting of Theorem 1.4.

Theorem 4.1. Let (M, g) be a Riemannian manifold of dimension d, and (qf )t=0 @
process on M whose velocity ¢f € T, M has image v{ € Tgu M ~ Re under the inverse
stochastic parallel transport along q. Suppose that, for some cadlag Markov process ©
on a manifold W, (v{)i=0 is the continuous image of (Vy24)t=0, t.e. vf = I(Vy2;) with
I:W — Ty M bounded continuous. Suppose that v admits an invariant measure i such
that under P =P,

(a) equation (1.4) holds with F,p) the o-algebra generated by {I1(v;)}as<t<b;

(b) for all 1 < i < d, the flippings (v',--- ,v"~1, =o' v+ ... 0¥ have the same

distribution as v = v° = (v',--- ,v?) for some, hence all, o > 0.

Then as 0 — o0, the time rescaled process (qth)te[OJ] converges in law to an anisotropic
Brownian motion on M with covariance diag(y1,- - ,7Vd),

o0
Vi 1= f E [I(ﬁo)ll(ﬂt)z] dt.
0
Remark 4.2. Condition (b) above is indeed necessary. Assuming only that I(v) is
centred, the tightness result stated in Corollary 5.5 still holds, as well as the Brownian
behaviour of the Euclidean path as shown in Proposition 3./; however, the limit rough
path needs not be Brownian — see example 4.2.1 below. In particular, there is no reason
for the manifold-valued result to hold. In the common ‘rolling without slipping’ analogy
used to described stochastic development of Brownian motion, one might think of the
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resulting non-Brownian effect as a force rotating the paper around the contact point, so
that the path on the manifold may have a tendency to lean to one side.

Remark 4.3. Throughout our study, we have worked at equilibrium, with P = P,.
Although it simplifies the proofs, it is merely a cosmetic concern in the case of kinetic
Brownian motion. In fact, under the assumption (2.2), Theorem 4.1 holds for any Py:
see Proposition 4.4 below. For instance, it will be the case in examples 4.2.2 and, to some
extent, 4.2.6 below. It is not clear whether the result should hold without this additional
property.

To establish Theorem 4.1, let us review the ingredients of the proof of Theorem 1.3.
The tightness results, more specifically Corollary 3.3, are essentially a consequence of
Lemma 2.6. It holds whenever (1.4) is satisfied (condition (a)), I(vg) is centred (condition
(b)) and I is bounded. On the other hand, the convergence towards Brownian motion
relies, in addition, on the symmetry property (condition (b)) and independence of the
increments. Equation (1.4) ensures the latter, so that the proof of Theorem 4.1 is
essentially that of Theorem 1.3.

Proposition 4.4. Replace condition (a) in Theorem J.1 by the following variant of
(2.2). There exists some mizing time T > 0 such that for all x € W and t > 0,

(4.1) | P00 — pllov < f(x) exp(—t/7)
for some function f: W — R, integrable with respect to p.

Then the conclusion also holds under Py, for any probability measure X on W such

that M(f) :=§ fdX < oo.

Proof. Tt is enough to show the convergence of the Euclidean rough paths (X7),~0.

Tightness. We claim that Proposition 2.4 holds for Ey. Indeed, by the same argu-
ments, we see that

(4.2) [Epss,[G] = Eu[G]] < |Gloo f(z) e~
holds in lieu of (2.3). From this we deduce
Epx 5,[Gl = Epsi[Gll < [Epx 5,[G] = E[G]] + [EL[G] — Epx,[G]]
< (f@) + M) e™N)|Glop eI,

which is enough for rest of the proof to hold. It is then an easy exercise to adapt the
proof of Corollary 2.5, and from this point every idea leading to tightness is the same,
even if some care must be given to non-stationarity in the actual computations, e.g.
regarding equation (3. 1)

Brownian limit. Let IP’ be the law of the Brownian rough path on RP( ), and Iﬁ’,\ a
limit point of the laws of X? under Py. We only need to show that IP’A = IE”

Define the translation operator 7}, on RP(y) as

Th(Y,Y) := (Yng — Yo, Yy nyo).

Now, for any continuous bounded map F' : C([0,1],G) — R and € > 0, equation (4.2)
gives

IEA[F(T.X%)] = B [F(T:X)]| < A(f)|Flo e/,
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which, taking limits along a proper subsequence, implies that
Ex[F(T:X)] = E,[F(TX)].

But T.X — X in C°([0, 1], G), so the above equation holds for ¢ = 0, and I@,\ is the law of
the announced anisotropic Brownian motion. Note that 7.X has no reason to converge
to X in the rough path topology, so tightness had to be proved beforehand. O

4.2. Examples. In this last section, we finally discuss some examples and counterex-
amples to the statement of Theorem 4.1.

4.2.1. Spinning motion. The first example illustrates what happens when the motion
does not satisfy the symmetry condition (b) in Theorem 4.1 above. Set I : W =
R/277Z — C ~ R? the exponential v — €V, and define T as the spinning motion

dvy = dt + dWy, ie. U =79+t + Wy (mod 27),

where W is a standard Brownian motion on R. Its dynamics is of course very simple:
it admits a unique invariant measure z(dv) = 5-dv and satisfies equation (2.2), so all
hypotheses but condition (b) in Theorem 4.1 above are satisfied.

As mentioned in Remark 4.2 above, the laws of (X7),~¢ do converge to that of a
Brownian process. As of those of the lifts (X7),~0, however, some drift appears in the
limit. Indeed, setting A the antisymmetric part of X7,

1 ot s o0 00 1
(AG)? = 204fo Jo sin(vs — vy )dsdu = L Jo ﬁlu_;’ﬂ—éaélt SIn(Ty 47 — Uy )dudr,

So we get

o 1 (P T
E o\12 :f f 1 : 7T/2d dr = f t— — . 77‘/2d
[( ) ] = uir<ot Sin(T) e udr = 3 . ( 04>+ sin(7) e T

with (-)4 the positive part. The limit is a non-zero linear function of ¢, so the limit of
the lifts cannot be Brownian.

Such drift phenomena in the Lévy area have arisen and been studied in different works
recently, particularly in the context of random walks. See e.g. the articles [LS18, LS17] of
Lopusanschi and Simon, and those of Ishiwata, Kawabi and Namba, [IKN18a, IKN18b].

4.2.2. Random flight. The case where I : W = S% ! — R? and 7 is a pure jump
process, with rate 1 and uniform measure, is the so-called random flight studied by
Pinsky in [Pin76], where it is called the isotropic transport process. In this case, the
mixing property (1.4) is a consequence of the stronger statement (2.2) that the dynamics
converges exponentially fast to equilibrium in total variation, in the same way we treated
anisotropic Brownian motion. There are no complications in dealing with jumps.

Because the velocity is isotropic, the limit covariance diag(~y1, -« ,7q) is proportional
to Id. Setting T the first jump time,

Vi = J E[vg - 7¢]dt = f P(T < t)dt =
d Jo d

and we recover the result of [Pin76].
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4.2.3. Donsker invariance principle for random walks. Another example, studied in
[BFH09] by Breuillard, Friz and Huesmann, is that of random walks. If (Yy)r>0 is a
sequence of independent bounded random variables with values in R?, symmetric in the
sense that their common law is invariant with respect to the flippings as described in
condition (b) in Theorem 4.1 above, we can consider the piecewise linear processes W7
defined by
n+u 1

ot vn
Let us translate this dynamics in our framework. Set W = R/Z x R%, T : (a,y) — y,
and define the dynamics of (U;)i=0 = (a4, yt)i=0 as follows. Given initial conditions
(0,70) € [0,1) x R o grows continuously with rate 1, i.e. a; = ag + ¢t (mod 1),
whereas y stays constant on time intervals of length 1, then jumps independently of the
past according to the law of Yy, i.e. yr = Y|;_q, with the convention Y_; = yo. With
initial condition 09 ® L(Yp), we see that the law of x7 is exactly that of W7.

The process v is Markovian, although not Feller, and admits an invariant measure
Unif(R/Z) ® L(Yp). Because it is not ergodic, there is no hope for equation (2.2) to
hold. Maybe surprinsingly, even if I kills the non-mixing coordinate, it is also false that
condition (a) of Theorem 4.1 holds: in the case where Y has no atoms, take P to be the
first jump time in [0, 1], and F the first jump time in [n,n + 1]. However, it is true for
any fiq 1= 0o ® L(Y)), with constants independent of & — indeed, it is obvious that for
t > 1 and any probability law A on R,

Pt*(éa ® )\) = Mo+t = Pt*ﬂa
holds in lieu of (2.2). Remarkably, nothing more than this is needed throughout the
proof. It should be clear that Proposition 2.5 holds for any pu,, and that tightness
follows in the same fashion. Independence of increments, as stated in Propositions 3.4
and Theorem 3.5, hides no difficulty either. It is true that one has to be careful about

the limit variance in Proposition 3.4, because the Markov property is used in a crucial
way. In our case, for any « € [0, 1) and o > 1, we end up with

B [((XD))] = 52 | j o [yii] ds

Z 0_4 J J n+a<s t<n+1+aEHa [ysyt] dsdt

n=—1

W . t= ZYk—f-uYn, neN ue|0,1).

k<n

1—a)?+lot+a—1]+{c* +a—1}

= E[|Y5*]- 7

g

with {-} the fractional part. In the limit, the variance converges to E[|Y{|?], and the
result of Theorem 1.3 holds with covariance E[YpY;], in accordance with [BFHO09].

Surprisingly enough, the symmetry condition (b) is not mandatory here: see [BFH09].
In particular, drift in the antisymmetric part of X? that does not vanish in the limit,
as mentioned in example 4.2.1 above, comes from additional structure: in [LS18], the
hidden Markov chain; in [LS17], the underlying directed graph; etc.

Note that in the case of random walks, as a consequence of the work of Chevyrev,
see [Chel8, Example 5.8], convergence of X7 as stated in Proposition 3.4 in enough to
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ensure convergence of X7 to some random rough path. It is not clear from this approach,
however, that this limit is indeed Brownian.

4.2.4. Donsker invariance principle for Markov chains. The reader may have noticed
that in the above example 4.2.3, independence of the variables (Yj)r>0 is a bit much, and
one could work with covariances vanishing exponentially fast. Suppose for instance that
(Yi)k>0 is a time-homogeneous Markov chain with invariant measure p with compact
support, whose correlations decrease as e ¥/7_ 7 > 0; namely, letting Q be the transition
kernel of Y,

16, Q% — p|rv < e 7

for all y in the support of u. Then, setting ug := do ® pu, we get, for any probability
measure A with Supp A < Supp p,

s e—t/’T'

IPF (50 N) — P pallry = \ [, - aca)
TV

Again, this inequality can be substituted for equation (2.2) in the proof of Proposition
2.4, and under the same symmetry condition as above, the convergence result still holds
true.

Examples of such Markov chains are any aperiodic irreducible finite state Markov
chain; or any Markov chain with transition kernel Q(y, dy’) absolutely continuous with
respect to some measure v, and such that % is bounded below by a positive constant
m > 0, uniformly in y,y’. Note however that the symmetry condition (b) of Theorem
4.1 is a bit stronger than in the independent case, since we need the flippings to leave
the law of the whole sequence invariant.

4.2.5. Time-dependent Brownian motion. The way we wrote our convergence theorems
is ill-suited to treat time-dependent randomness. However, there are cases where ran-
domness can be somewhat dissociated from the time dependence, and our methods do
in fact yield interesting convergence results. In the present example, we set to recover,
in the limit, the Brownian motion on a manifold M endowed with a time-dependent
metric g¢, as introduced in [ACTO08] by Arnaudon, Coulibaly and Thalmaier.

Such an approach has already been set up in [Kuwl2], in a similar fashion as the
random flight described in example 4.2.2 above. The idea is to freeze the metric in small
time intervals [t;,t;41], say of size 1/0*, over which the movement ¢ is purely geodesic
with respect to the metric g¢,, the initial condition being chosen uniformly at ¢; on the
unit g,-sphere of the tangent space of M at ¢;. Suitably renormalised, this process
converges to the time-dependent Brownian motion described above. We introduce a
similar random flight which lets the metric vary continuously, and may be considered
more natural in this respect, then prove its convergence to time-dependent Brownian
motion.

We begin by describing time-dependent Brownian motion and its surroundings. Sup-
pose g; is smooth, as a function on Ry x TM®TM. Let FM be the frame bundle over
M, and choose a point gg € M together with a gg-orthonormal frame ey of Ty, M. For
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a C! path (z4)s=0 in RY, we define the time-dependent development of x as the solution
(zt)t=0 = (qt, €t)t=0 of the following equation, whose terms we describe below.

10 ’
(4.3) dzy = Hy., (dX;) — 5%(ut6i,ute]~)vgdt, 20 = (q0, €0)-

We use Einstein notation. As in Section 3.3.1, (ef,--- ,€) is the canonical basis of RY,
and the H; ,¢;, resp. V7, are the canonical horizontal vector fields, resp. vertical vector
fields. Note that because the metric g is time-dependent, the associated horizontal vector
fields H must depend on t as well. In coordinates,

D P . 0
Ht,z(ea) = efxaiqi - (Ft(q))ij eg@gaiefv V? = eéﬂaief

If we compare (4.3) to (3.3), the added vertical fields are there to ensure that e, is at all

times orthonormal for g;. We refer to [CP11] for an insight about why this definition is

a sensible choice.

In particular, the time-dependent geodesics are the solutions of the equation associated
to x; = tu for some fixed u € R, and the time-dependent Brownian motion is the solution
driven by some standard Brownian motion W in the Stratonovich sense, or, equivalently,
by the standard Stratonovich rough path W in the rough sense.

Note that we did not discuss time-dependent rough differential equations in Section
3.3.3. In the case of an equation driven by a C' control z, the standard technique is of
course to consider ¢t — (t,x;) as the control. The same trick works with rough paths:

associated to any rough path Y = (Y,Y) is a canonical lift Y of t — (t,Y;) compatible
with Y. The solution of time-dependent rough differential equations is then well-defined.
In what follows, we will also use the fact that Y — Y is continuous in the rough path
topology, so X7 X weakly whenever X7 — X weakly.

We define a kind of interpolated random walk on M whose limit will be the Brownian
motion described above. Fix o > 0, and define W successively on the intervals [s,t] =
[ 25, ”U—fll] as follows: &7 is chosen independently of all the rest according to the uniform

measure on the unit gs-sphere of Ty M, and W7 on [s,1] is a time-dependent geodesic

in the above sense, with initial condition Ws" =d¢gg.

As in the previous example, there is a direct equivalent of this dynamics in our frame-
work. Set W = R/Z x S* ' and I : (a,y) < +/dy, following the same dynamics as
in 4.2.3, with Yy uniformly distributed on S*~!. We choose the initial condition to be
6o ® Unif(S?1); for the same reasons as in example 4.2.3 above, (X7),~¢ converges to
the Brownian rough path X with covariance d E[YpY;] = Id.

Everything described so far is essentially time-invariant — the time-dependence ap-
pears when we use this family of rough paths to describe a motion on M. Fix gy € M,
and eg a go-orthonormal frame of Ty, M. Define the solution (2¢)i=0 = (¢, €t)t=0 (up to
explosion) on the frame bundle FM of equation (4.3) driven by X, in the rough sense.

By definition, ¢; defined as above is the Brownian motion associated to the time-
dependent metric ¢, as described in [ACTO08]. If we set 27 = (¢, u?) the solution of the
equation driven by X7, we get instead ¢ = W7 in law. The convergence of X7, together
with the general theory of rough paths (see Theorem 3.6), ensures that ¢7, hence W€,
converges weakly to the time-dependent Brownian motion q.
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4.2.6. Langevin Process. We conclude with an example where the velocity v has un-
bounded support. We consider the process with anisotropic Ornstein-Uhlenbeck velocity,
i.e. satisfying

dv; = —vdt + dBy

for B an anisotropic Brownian motion of covariance . In the isotropic case, it is a simple
scalar example of the hypoelliptic Laplacian of Bismut; see [Bis15]. The anisotropic case
is also treated in [BHVW17].

Here, I : W = R - R? is simply the identity, and hence does quite fit the hypotheses
of Theorem 1.4. However, it is well known that v admits as an invariant measure y =
N(0,3X) the Gaussian distribution with covariance 3. Using the coupling Bj = — B,
it is known, and not difficult to see, that

|Pf00 = plry < (L v [z e,

from whence, because 1 v |z is in L!(u), we derive Proposition 2.4; see Proposition 4.4.

In our proof, boundedness of the velocity is essentially used twice: for proving the
decorrelation of coordinates in Proposition 2.5, and to show that the variance of the
limit must be the limit of the variances in 3.4. Because p has moments of all order, the
latter will add no difficulty — in fact, any moment of order > 2 would suffice. As for
the former, it is a bit trickier. We use the following variation of Proposition 2.5.

Proposition 4.5. Fixz some ¢ > 0 and some positive integer n € N*. There exists
7" =7'(1,n,e) > 0 such that under P = P, and for any indices 1 < ji,--- ,jn < d and
times s1,--+ ,8p = 0,

Efod ol ]

We give only hints of the proof. In the spirit of the proof of Proposition 2.5, set

V_ = H (U{I’:/\vé’ﬂmﬁ)
1<k<kg
and similarly for Vy and V. Write V, = W, + R, with W, := V*l\v*|>M§ for M =
exp(nA) with n > 0 small enough, the proof of Proposition 2.5 applied to W, together
with a careful handling of the remainder R,, are enough to get to the above result. It
automatically implies Lemma 2.6, since u has moments of all order, hence the conclusion
of Theorem 1.3.

Note that the treatment of unboundedness is not specifically designed for the Langevin
process, so it can be applied to the study of the random walk as well. Moreover, it is
not necessary for all moments to exist: moments of order > 2/(1 — 2) are enough to
ensure tightness in RP (). Indeed, our proof, enhanced by the above corollary, will hold
with moments of order 2n > 2/(1 — 2v) for any positive integer n; but adding an easy
truncation argument at the beginning of the proofs of Lemma 3.1 and 3.2 will strengthen
the result to non even integral moments. In this respect, our moment assumption is a
bit weaker than that of [BFH09] in the symmetrical case.

S |'Ug]‘1 |Ln+5 A |'Uén |Ln+5 e_A/T,.
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