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Introduction

The importance of using, handling and interpreting data to inform decision-making is fundamental to participate competently in today's society. Such importance has been acknowledged by recent reforms to the mathematics curriculum in many countries, in which having the attitude and ability to purposely process and grasp features of daily-life data, and making informed decisions in real-life situations, are instructional goals explicitly stated in the statistics-related strands of the mathematics curriculum (e.g., MEXT, 2008MEXT, , 2009;;MOE, 2008). Thus, it is necessary for teachers to be able to choose the most appropriate tasks to take students further in the achievement of such goals.

Although important, being able to grasp features of daily-life data is not enough to make infor med decisions. Today's society is a value-pluralistic one, in which it is natural for people to hold multip le values which, due to life experiences and interactions, will be prioritized, accommodated, negotiated, compromised and traded-off. Moreover, value awareness has been regarded as fundamental for engaging in effective decision-making, since values are principles used to evaluate actual or potential consequences of action or inaction, of proposed alternatives and of decisions [START_REF] Keeney | Value-focused thinking: A path to creative decision-making[END_REF].

Under this scenario, socially open-ended problems [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] emerge as an appealing and plausible way of providing students with the possibility of using, handling and interpreting data to inform decision-making, as well as with the opportunity to develop the skill of value awareness. The purpose of the present article is to clarify the instructional potential and advantages of socially open-ended problems set in a sport-related context by analyzing the features of a problem of this kind from a previous study [START_REF] González | Secondary teachers' pedagogical content knowledge to promote students' data-based decision-making ability: The cases of Japan and Thailand[END_REF]. Moreover, in light of the aforementio ned analysis, it is our purpose to propose this kind of problem as an instructional way to challenge students to structure variation among repeated observations of the "same" event, to model variability, and to make data-driven decisions. A lesson implementation of the aforementioned socially open-ended problem will be discussed and analyzed, and some conclusions will be given based on the results of the lesson implementation.

Decision-making process: Definition and related skills

A decision is the process within which a choice among specific options will be made, regarded here as having six phases: Definition, planning, data, evaluation, weighing impact, and making and justifying a decision (e.g., [START_REF] Arvai | Teaching students to make better decisions about the environment: Lessons from the decision sciences[END_REF][START_REF] González | Mathematics teachers' conceptions of how to promote decision-making while teaching statistics: The case of Japanese secondary school teachers[END_REF]. Some related skills are ability to identify, design, and choose optimal ways to make a decision; ability to seek, collect and process data relevant to a decision; and ability to give an informed justification for a decision made. Factors such as values hold by the decision-maker, communication and interpersona l interaction all influence the development of each phase of the decision-making process [START_REF] Keeney | Value-focused thinking: A path to creative decision-making[END_REF].

Statistical investigation: Definition and type of problems to engage students in it

A statistical investigation is one of the four central aspects of statistical thinking used in statistica l inquiry of authentic problems [START_REF] Makar | Teaching teachers to teach statistical investigations[END_REF]. It is a process, comprised of the following five phases: Problem, Plan, Data, Analysis, and Conclusion (PPDAC). Since each phase of this process can be tied to a particular phase of the decision-making one, in the present article, the process of statistical investigation will be considered as being included under the most general process of decision-making [START_REF] González | Mathematics teachers' conceptions of how to promote decision-making while teaching statistics: The case of Japanese secondary school teachers[END_REF][START_REF] Keeney | Value-focused thinking: A path to creative decision-making[END_REF].

Teachers need to be able to plan and conduct statistical investigations that develop rich statistica l understandings in their students, and one key issue to achieve this is using problems worthy of investigation, or to guide students to do so [START_REF] Makar | Teaching teachers to teach statistical investigations[END_REF]. Such problems should have the following characteristics (Makar & Fielding-Wells, 2011, pp. 349-350):

Interesting, challenging, and relevant: Topics of interest include sport, weather, music charts, movies, and more serious topics of social issues relevant to teenagers [START_REF] González | Assessing sport outcomes as a way to build students' datadriven decision-making skills[END_REF]. Challenging questions are those calling for a thorough analysis of the given data. Statistical in nature: Problems posing questions calling for students to gather and interpret data and to justify their choices based on such interpretation. Appropriate interpretation of evidence requires simultaneous consideration both of one's knowledge about the domain and of the discernible patterns in the data [START_REF] Lehrer | Modeling natural variation through distribution[END_REF]. The data related to the problem at hand must also offer enough complexity to generate interesting results. Ill-structured and ambiguous: Questions such as "who is the best player?" or "which one is the best team?" raise the issue of what the meaning of "best" is, which enables negotiation and datadriven argumentation and discussion by students.

Socially open-ended problems

Socially open-ended problems [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] are problems that are embedded in a real-life context, are familiar to the students and, by extending the traditional open-ended approach [START_REF] Becker | The open-ended approach: A new proposal for teaching mathematics[END_REF], have been developed to elicit and address students' mathematical values (e.g., visual appeal, parsimony, efficiency, elegance and sophistication), social values (e.g., social responsibility, compliance with the law, human rights, fairness, compassion and equity), and personal values (e.g., persistence, integrity and friendliness) through modeling and argumentation. According to Shimada (2015, p. 11), this ability to address multiple values is one of the competencies expected to be developed in students by using socially open-ended problems in the mathematics classroom. Such ability requires the following skill-set: (1) The ability to build mathematical models-such as a formula, equation or system of equations describing how underlying factors are interrelated-b ased on values, which is usually manifested in the first-half of the mathematics lesson; (2) the ability to appreciate the diversity of mathematical models based on values, which is usually manifested in the middle stage of the mathematics lesson; and (3) the ability to critically examine mathematical models based on values, which is usually manifested in the last-half of the mathematics lesson.

An example of socially open-ended problems:

The "Hitting the target" task. [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] carried out a problem-solving lesson using the socially open-ended problem "Hitting the target" (see Figure 1). "Hitting the target", which is a very popular game among children in Japan, is basically a darts game, but instead of throwing pointed darts at a concentric circles dartboard, small tennis-like balls covered with magnetized foam are used as a safety measure. Through engagement with the "Hitting the target" problem, it is expected from students to create rules in the form of mathematical models, in order to assign a score to the game performance of a participant after completing a set of three throws. The lesson planned by [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] was deployed as follows: Provision of the problem; individual solutions by the students; whole-class presentation and discussion of students' mathematical models and reasons, and individual selection of one model with its reason at the end of the lesson. Each of these steps can be matched to a phase of a statistical investigation, and the problem itself seems to meet the criteria to be considered a problem worthy of investigation, or to guide students to do so [START_REF] Makar | Teaching teachers to teach statistical investigations[END_REF]. Through the analysis of classroom interaction and students' data, [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] identified four characteristics: (1) Diverse mathematica l models with the same values; (2) Implicit values became apparent through comparison with other values; (3) Some students who transformed their initial values and those who did not; (4) Some students who changed their initial mathematical models under the same values. [START_REF] Shimada | Nurturing the competence of being engaged with diverse values in mathematics education: An effort through solving socially open-ended problems[END_REF] and [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF] concluded that the decision of adopting a mathematical model for this particular problem was made based not just on the ball position on the target board, but also on the values (mathematical, social or personal) held by the students. This is in line with [START_REF] Keeney | Value-focused thinking: A path to creative decision-making[END_REF], who stated that values are the primitive for considering any decision, since the first step in an effective decision-making process is for decision-makers to carefully consider their own values by clearly defining what it is they want to achieve in the decision context.

The "Darts game" task: Socially open-ended problems as potential tools for engaging students in decision-making and statistical investigations

Assessing sport outcomes (such as in the case of the "Hitting the target" task) has been discussed as potential way to build students' data-driven decision-making skills through statistical investigatio ns [START_REF] González | Assessing sport outcomes as a way to build students' datadriven decision-making skills[END_REF]. A similar (but more complex) problem to the one posed by the "Hitting the target" task is the "Darts game" task [START_REF] González | Secondary teachers' pedagogical content knowledge to promote students' data-based decision-making ability: The cases of Japan and Thailand[END_REF][START_REF] González | Assessing sport outcomes as a way to build students' datadriven decision-making skills[END_REF]. This problem was the only one with a sport-related context posed by a Thai teacher-hereafter T1-from a sample of 15 secondary school mathematics teachers in the study conducted by [START_REF] González | Secondary teachers' pedagogical content knowledge to promote students' data-based decision-making ability: The cases of Japan and Thailand[END_REF] on professional knowledge of data-driven decision-making. In the present article, we will use the lesson plan designed by T1 (see Figure 2) as an example of a potential way of instructional design link ing understanding of variability, modeling, statistical investigations and value awareness, all under the umbrella of the decision-making process.

The "Darts game" task-which can be considered a socially open-ended problem-represents an enhanced version of the "Hitting the target" task, with a more robust statistical nature. For example, the problem posed by the "Darts game" task will allow students to actively engage in the processes of generation, testing, and revision of real-life models of the world, which are at the very heart of what it means to think statistically (Lehrer & Schauble, 2004, p. 636). Furthermore, this problem focuses on the role of inventing measures of variability as a means for structuring variability. Inventing measures (statistics) of variability affords opportunities for coming to see differences among cases in new ways [START_REF] Lehrer | Structuring variability by negotiating its measure[END_REF]. As in the discipline of statistics, inventing statistics is not a solitary act: The meaning of a statistic for "team performance score" could be discussed and negotiated amongst students in a classroom community [START_REF] Keeney | Value-focused thinking: A path to creative decision-making[END_REF][START_REF] Lehrer | Structuring variability by negotiating its measure[END_REF][START_REF] Petrosino | Structuring error and experimental variation as distribution in the fourth grade[END_REF]. Moreover, the formulation of a mathematical model-and scoring functions are mathematical models-can present an interesting challenge to the students.

In the "Darts game" task, unlike the "Hitting the target" problem, landing a dart on any region of the dartboard was not assigned a pre-established score (adding so ill-definition and ambiguity to the problem). So, by interpreting the patterns of the thrown darts to determine which team is the best one, students will engage in data modeling. Characteristics of distribution, like center and spread, could be made accessible and meaningful to students by displaying and structuring variation among observations of the "same" event, instead of considering such observations simply as a collection of differences among measurements [START_REF] Lehrer | Modeling natural variation through distribution[END_REF][START_REF] Petrosino | Structuring error and experimental variation as distribution in the fourth grade[END_REF]. In the "Darts Game" task, students will be required to structure variation among observations of the "same" event. The outcome of that process will be a mathematical model for scoring each team's performance, in order to make a decision regarding which team is the best one. Such models will be a source of information on students' structural behavior, observations, in situ measurements, and values.

According to [START_REF] Kazak | Investigating elementary school students' reasoning about distributions in various chance events[END_REF], engaging students in scoring a dart game will provide them with opportunities to engage in analysis concerning scores assigned around the target point, as well as in a discussion about what to do to get the highest score. [START_REF] Shimada | Nurturing the competence of being engaged with diverse values in mathematics education: An effort through solving socially open-ended problems[END_REF]. The reasons given by students during the phase of individual solutions revealed a diversity of considerations to decide the winner team: taking into account all the members of a team (21 students, 61.8%) vs. only considering a team representative (7 students, 20.6%), or posing decision models considering both perspectives (6 students, 17.6%). Among the reasons for choosing particular models in the phase of individual solutions are the following: difficulty in landing the shot in a particular area of the dartboard (e.g., on a line or on the innermost circle); precision (i.e., how tightly clustered, or spaced apart, the thrown darts are among each other in a particular trial, regardless of their position relative to the bullseye); accuracy (i.e., how close the thrown darts are to the bullseye); fairness and consideration to the whole team; and maximizing the likelihood of winning by selecting the best team player under a particular condition. Students mainly used tables while tallying, and calculated frequencies and modes. As expected, multiple scoring functions emerged from the students' answers. Although different scores were assigned to landing a dart on a particular circle region, most of the scoring functions assigned the highest score to the innermost circle, and the lowest score to the outermost one. Landing a dart on any line was also scored in multiple ways: averaging the score of adjacent circle regions; assigning either the highest or the lowest score of adjacent circle regions; a fixed score (e.g., 10 points); no points; or invalidating the trial results for the player.

After engaging in the stage of whole-class presentation and discussion of the mathematical models and reasons, some students changed the decision model from the initial self-resolution stage in the final selection stage (7 students, 20.6%), while most of the students kept one decision model within those posed by them during the self-resolution stage (27 students, 79.4%). Five out of seven students who changed their initially-posed model somehow modified it, introducing aspects that emerged during the whole-class discussion (e.g., scoring by team instead of considering a team representative, and vice versa; considering landing a dart on the line as disqualification). The reasons to make a final decision were also varied: acknowledgement of the effort by all team members; fairness; establishing equal winning opportunities for both teams; easiness to either score or explain the final decision to the team members; and keeping the nature of the game (i.e., the shot closer to the bullseye wins).

Conclusions

All in all, students engagement with the socially open-ended problem "Darts game", set in a sportrelated context and involving measurement of different observations of the "same" event, seemed to be an appealing and plausible way to, among other things, (1) make accessible and meaningful to students characteristics of distribution such as center and spread; (2) provide students with opportunities to structure variation and coordinate variability and chance by engaging actively in modeling challenges; (3) develop an aggregate view of data; (4) provide students with an opportunity to discuss, argue and negotiate the meaning of a statistic for "team performance score" as members of a classroom community; (5) actively engage students in the processes of generation, testing, and revision of real-life models of the world; and (6) develop students' value awareness in a climate of open discussion, by implementing the threefold ability to address multiple values. So, in a society in which the role of values, data and decision-making is fundamental for both education and active engagement in critical citizenship [START_REF] Ernest | Critical mathematics education[END_REF], implementing sport-related socially open-ended problems in the mathematics classroom to address statistical contents seems to be a plausible way to help teachers achieve the aims of the mathematics curriculum regarding statistics education.
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 1 Figure 1: The "Hitting the target" task (Shimada & Baba, 2015)
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 2 Figure 2: Lesson plan designed by T1 to engage students with the "Darts game " task T1 did not mention explicitly the role of values in her lesson; however, as a socially open-ended problem, the "Darts game" provides an opportunity to develop students' ability to address multip le values through the implementation of the ability to address multiple values[START_REF] Shimada | Nurturing the competence of being engaged with diverse values in mathematics education: An effort through solving socially open-ended problems[END_REF].

Table 1 : Different decision models posed by the students in this study
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Research methodology overview: Implementing the "Darts game" task

Study sample and research methodology: Overview

On November 16, 2016, the second author carried out a problem-solving lesson using the "Darts game" task with Grade 12 students in a public high school in Bangkok. The sample consisted of 34 students, with18 boys and 16 girls. The second author is a teacher specialized in mathematics education, with 13 years of teaching experience. In this study, almost the same lesson design depicted in Figure 2 was implemented, with two main modifications: Firstly, before lesson implementatio n, students were asked to find out as many answers as possible to the task as a homework; and secondly, during the presentation and discussion of the individual solutions and reasons, students were not organized in groups, following the lesson design presented by [START_REF] Shimada | Transformation of students' values in the process of solving socially open-ended problems[END_REF].

Findings and discussion of results

In average, about two answers were provided per student, being the mode one solution (21 students, 61.8%), and the number of given solutions ranging from one to seven. Among those answers, 10 different decision models were identified (see Table 1). Since students were allowed to provide more than one decision model, the total will be more than 100 per cent.

Model description

Frequency (%)

Decision model

M1: Tallying the number of darts landing in each concentric circle. The winner team will be the one with more darts landed closer to the innermost circle.

(26.5)

M2: Tallying the number of darts landing on the outermost circle. 1 (2.9) M3: Determining how clustered the three thrown darts are. 5 (14.7) M4: Tallying the number of darts landing on a line. 10 (29.4) M5: Measuring the distance of the farther shot to the bullseye.

3 (8.8) M6: Developing a scoring function 21 (61.8) M7: Tallying the number of times a dart hit the bullseye.

3 (8.8) M8: Counting the times a player landed the darts inside the same concentric circle.

1 (2.9) M9: Tallying the number of darts landing on the innermost circle. 7 (20.6) M10: Measuring the total distance to the bullseye 1 (2.9)