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In this study, we examined the models of resampling that a group of students constructed in order to use one sample to make informal inferences about a population of data. Students participated in a model eliciting activity which aimed to elicit the resampling process of bootstrapping. We will discuss the model of resampling and inference constructed by one group of students, the factors which led to the group constructing a model of resampling with replacement, and how these students' conceptions of the sample related to their model. We suggest that the students' conception of the relationship between the sample and population was a key factor in constructing a model of resampling and inference similar to the method of bootstrapping.

Introduction

Bootstrapping is one method of simulating data through resampling that has become an important tool for statisticians, who suggest that it is intuitive to novice statistics students [START_REF] Lock | Statistics: Unlocking the power of data[END_REF]. The term bootstrap is used in the idiom to pull oneself up by one's bootstraps, which means to accomplish a goal with the resources on hand. Rather than take many samples to estimate a sampling distribution, the bootstrap method uses the one sample on hand to accomplish the same goal. Bootstrapping is a process of simulating data beginning by drawing one sample from a population. Resamples are constructed by choosing elements from the original sample, one at a time with replacement, until as many elements are drawn as in the original sample. This new sample is called the bootstrap sample. The process is repeated many times to create a collection of such bootstrap samples. A statistic from each of these bootstrap samples is aggregated to form an empirical bootstrap sampling distribution, which can then be used to make inferential claims about the population from which the original sample was drawn.

Bootstrapping was introduced by [START_REF] Efron | Bootstrap methods: Another look at the jackknife[END_REF] as an alternative to earlier resampling methods. He asserted that the bootstrap was more widely applicable and dependable than earlier resampling methods, while also using a simpler procedure. New curricula for introductory statistics courses at the secondary and tertiary levels have been created which focus on simulation and resampling methods such as bootstrapping [START_REF] Garfield | Developing statistical modelers and thinkers in an introductory, tertiary-level statistics course[END_REF][START_REF] Pfannkuch | Bootstrapping students' understanding of statistical inference[END_REF][START_REF] Tintle | Development and assessment of a preliminary randomization-based introductory statistics curriculum[END_REF]). Pfannkuc h et al. (2013, p. 2) asserted that "the bootstrapping and randomisation methods using dynamic visualisations especially designed to enhance conceptual understanding have the potential to transform the learning of statistical inference." [START_REF] Lock | Statistics: Unlocking the power of data[END_REF] claimed that bootstrapping capitalizes on students' visual learning skills and helps to build students' conceptual understanding of key statistics ideas. While these curricula and subsequent research have examined students' understandings of the use of method of bootstrapping, studies have not examined how students construct and develop these understandings. We suggest that this lack of research on student understandings of eliciting the concept of bootstrapping is a gap in the research literature. In this study we examine aspects of the model of resampling and bootstrapping that one group of students constructed in order to make informal inferences about a population of data and these students' conception of the sample's relation to the population. The research question driving this study was what factors led students to construct models of resampling with replacement.

Review of literature

The current research literature has viewed the bootstrapping method through the lens of formal inferential reasoning, such as using the method as a means to estimate standard errors and construct confidence intervals [START_REF] Garfield | Developing statistical modelers and thinkers in an introductory, tertiary-level statistics course[END_REF][START_REF] Pfannkuch | Bootstrapping students' understanding of statistical inference[END_REF]. In this study, rather than focus on students' understandings of how this method could be used for formal inference, we focused on how students constructed and developed methods similar to bootstrapping and made informal inferential claims from the resulting empirical bootstrap distributions. Key to eliciting students' models of resampling and inference in this study was understanding the use of students' informal inferential reasoning to make claims about a population. Informal inferential reasoning is the drawing of conclusions from data that extend beyond the data, from viewing, comparing, and reasoning with distributions of data [START_REF] Makar | A framework for thinking about informal statistical infere nce[END_REF][START_REF] Pfannkuch | Year 11 students' informal inferential reasoning: A case study about the interpretation of box plots[END_REF].

In order to make informal inferential claims in this study, groups of students first needed to determine a method of simulating data. [START_REF] Saldanha | Conceptions of sample and their relationship to statistica l inference[END_REF] explored students' conceptions of a sample in relation to the population while the students participated in an activity which constructed an empirical sampling distribution by collecting repeated samples from a population. Students' conceptions of a sample in relation to the population and sampling distributions were categorized as either additive or multiplicative. Those with an additive conception of the sample only viewed the part-whole relationship between the sample and the populations, with multiple samples representing multiple parts of this whole. The resemblance and relationship between the sample and populatio n distributions was not a factor for those with this conception. Those with a multiplicative conception of the sample viewed the sample as a "quasi-proportional, mini version" (p. 266) of the populatio n. The sample can be used to approximate the distribution of the population, with an understanding that various samples' distributions may bear more or less resemblance to the distribution of the populatio n. We posit that this multiplicative view may be critical to understanding the use of bootstrapping for informal inferential reasoning, since the proportion of each element in a sample is assumed to represent the proportion of those elements in the population.

The focus of analysis for this study was the model of resampling and bootstrapping which participants constructed and developed while engaged in a model eliciting activity [START_REF] Lesh | Model development sequences[END_REF]. Models are "conceptual systems … that are expressed using external notation systems, and that are used to construct, describe, or explain the behaviors of other system(s)" (Lesh & Doerr, 2003, p. 10). Model-eliciting activities encourage students to generate descriptio ns, explanations, and constructions in order to reveal how they were interpreting situations. Model eliciting activities are designed in order for students to:

 Make sense of the situation drawing on both their school mathematics real-life sense-making abilities;

 Recognize the need to construct a model to complete the activity, rather than produce only an answer.  Create documentation that shows solution paths, patterns, and irregularities that the students considered while constructing their model;  Assess when their responses need to be improved, refined, or extended,  Create models that can be extended to use in a broader range of situations [START_REF] Lesh | Principles for developing thought revealing activities for students and teachers[END_REF].

By using a modeling approach to examine student reasoning, we viewed reasoning as dynamic and developing over the course of instruction. Observing students as they participated in a model eliciting activity allowed us to view the construction and development of their thinking of resampling and inference.

Design and methodology

This study is a qualitative case study and part of a larger study [START_REF] Mclean | The development of informal inferential reasoning via resampling: Eliciting bootstrapping methods[END_REF]) that consisted of an eight-class-session teaching experiment that was enacted in four introductory statistics classes at the high school and community college levels (n=68) in the United States. This study focuses on the student reasoning that developed during one class-session as a group of four students from a community college participated in a model eliciting activity that aimed to elicit the method of bootstrapping. During the model eliciting activity, we collected written classwork from all participants and videotaped the group of students in order to document the group's model construction and development. We analyzed the videos and written classwork for evidence of informal inferential reasoning, quantities used and the relationships between these quantities, and the representations and explanations used in their arguments in order to reconstruct the development of the reasoning that were created by the participants.

The group of students participated in a model eliciting activity, using hands-on manipulatives, where they were given one sample from a population and constructed a model of resampling and infere nce in order to make claims about a population. The activity was designed to elicit a model that could be used to resample from a sample, with replacement, in order to construct a bootstrap sample of the same size as the original sample and use the distribution of these bootstrap samples to determine which outcomes are most likely to occur. The model eliciting activity asked groups of students to help a manager in a grocery store predict the percentage of peanuts in a certain brand of mixed nuts.

The students were given a sample of mixed nuts in the form of seven craft sticks marked with a 'P' for peanut and 18 not marked to represent other kinds of nuts. The model eliciting activity prompt and manipulatives are shown below (Figure 1).

[Grocery store] carries many types of nuts, dried fruits and candies in their bulk food section. The manager of bulk food is always interested in bringing new types of food for her customers to try. She recently ordered a sample of a new brand's mixed nuts. From past experiences, she has determined that customers prefer mixed nuts with fewer peanuts. She plans to order a large shipment of mixed nuts and is considering this new brand. Before she orders, the manager wants to know more information about the percentage of peanuts in this new brand. From this one sample of mixed nuts, the manager has asked that you determine a likely range for the percentage of peanuts in the entire brand of mixed nuts. She would also like to know the methods that you
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develop to come to your conclusion. Your methods may of use for future bulk food purchases. The bag of sticks is the sample of mixed nuts. Sticks marked with a 'P' are peanuts. Those not marked are other types of nuts. 

Results

In the larger study from which this data was gathered [START_REF] Mclean | The development of informal inferential reasoning via resampling: Eliciting bootstrapping methods[END_REF], groups of three or four students constructed two categories of models for making inferential claims of a population from one sample. The first category of model (n=16 groups of students) treated the sample of 25 nuts in a manner similar to a population and collected resamples without replacement, from the 25 nuts. The second category of model (n=4 groups of students) discussed or collected resamples from the sample of mixed nuts in a manner which preserved the makeup of the sample while resampling. We will report findings from one of the four groups who constructed this second category of model. This group constructed a model of resampling with replacement similar to the method of bootstrapping. We will discuss two findings of student understanding that were key to constructing these models: the representativeness of the sample to the population; and a method of resampling that preserved this representativeness. Findings like these were unique to the groups of students who constructed the second category of model of resampling and inference, which preserved the make-up of the sample while resampling.

represented the population and constructed a model of resampling with replacement that simulated resamples which upheld the quasi-proportional relationship of the sample to the population. These finding have implication for future curricula design by examining the key understandings that students may need before instruction on methods of resampling, such as bootstrapping. The finding also suggested that the use of model eliciting activities are useful design for instruction in introductory statistics classrooms in order to analyze students' developing thinking of resampling and inference.

Two limitations of this study were that: although this group of students constructed a model of resampling similar to bootstrapping, they did not collect resamples that were equal in size to the original sample of mixed nuts; and the time needed to sample by replacement with manipulatives did not allow the students to collect a distribution of samples from which to draw informal inferences. Collecting resamples of the same size is key in order to observe the variability in a statistic for samples like the original. While designing the model eliciting activity, we did not foresee issues with how the context of the activity encouraged students to make claims about the populations of mixed nuts, rather than the proportion of peanuts in future samples from the population of mixed nuts. Within this context, rather than use a bulk supply of mixed nuts in which samples of many sizes could be taken, the model eliciting activity may have been better designed to focus on the small packages of mixed nuts with consistent sample sizes. The time demanding nature of resampling could have been alleviating by using smaller original samples or with transitioning to the use of technology. A different context from mixed nuts where smaller samples felt natural, rather than merely a simplification may have allowed more resamples to be simulated. We made the choice to initially explore resampling with manipulatives and in later activities use technology to simplify the resampling process.

Figure 1 :

 1 Figure 1: Model eliciting activity manipulatives Prior to the model eliciting activity, the group of students participated in a model development sequence which elicited and developed models of repeatedly sampling from a populatio n, constructing an empirical sampling distribution, and making informal inferential claims regarding the population. In this model eliciting activity, students could no longer repeatedly sample from a population in order to construct an empirical sampling distribution and needed to construct a new model of resampling and inference that could use only one sample from the population to make informal inferential claims.
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Representativeness of the sample

Before discussing methods of resampling, the group of students first discussed how they believed that one sample could be used to make inferential claims and how their sample of mixed nuts related to other possible samples of mixed nuts taken from the sample population Susan:

I would say from this sample, that a little over a quarter of the peanuts, of the nut s are peanuts, from our random sample.

Randy: But it's only one sample.

Ted: But this is the only sample we have.

Brenda:

So if you pick another random sample what's going to happen?

Ted: It's most likely going to change.

Susan: It's going to change, but I feel like it will probably be still about the same.

Susan made an assertion about the percentage of peanuts in the population under the condition that she was basing her assertion on the random sample, which Randy stressed is only one random sample. Susan emphasized that although other samples of nuts will be different from their one sample, they will probably be "still about the same". Susan demonstrated an understanding that the percentage of peanuts in the sample likely represents the percentage of peanuts in the population. This is a key aspect of inferential statistics. When making inferential claims you take for granted that the sample likely represents the population because as Ted stated, "this is the only sample we have" and as Susan asserted, "it will probably still be about the same" as other samples.

Preserving the representativeness of the sample when resampling

The group initially decided to take a resample of 14 mixed nuts by drawing one at a time from the bag of mixed nuts, without replacement. The group only took one sample with this method, which yielded five peanuts out of 14 nuts. The instructor then came back over to the group to discuss how the group had collected the sample of 14 nuts.

Instructor From this exchange Ted considered how the sampling would change if they resampled with replacement instead of resampling without replacement. By using the term "probability simulato rs " he was approaching the idea that if you do not replace the stick after choosing each one, the probabilities of choosing a peanut or another nut will change. This term was not used previously in the coursework for this class, but likely came from his earlier experience in a mathematics or statistics classroom. Ted was combining the idea of the representativeness of the sample to the population, that the group discussed earlier, with the idea of the probabilities staying constant for each choice of nut, the key concepts of bootstrapping. The group continued to discuss how this process of replacement was different than their initial approach without replacement.

Randy: What are we going to do now?

Susan: Now I'm going to hand you back the Popsicle stick and you're going to mix it back in.

Randy: So you're going to draw … Susan: From the 25, not from, you know how before, like when I drawed [sic] and set it down, it went less and less and less and less and less?

Ted: So we're going to do it again, we're still going to draw 14, we're just going to put them in.

Susan: So each time we're drawing from 25, instead of a reduced … Ted: 'Cause as we would draw, in this one we would draw and there were 10, that meant that there were only 15 left in the bag, which doesn't account for the sample, right? 'Cause you're reducing it.

They asserted that when not using replacement, the nuts that they were drawing from the bag no longer represented the sample after some nuts were drawn and not returned. The group followed this procedure of resampling with replacement to collect a sample of 14 nuts. This was the only sample that they had time to gather before the class was reconvened to discuss each group's approach to determine the likely range of peanuts in this new brand. The group did not use this one sample to draw a conclusion since time ran out for developing their model.

Discussion and conclusions

We assert that a key difference between this study and previous research addressing data simulation and bootstrapping [START_REF] Garfield | Developing statistical modelers and thinkers in an introductory, tertiary-level statistics course[END_REF][START_REF] Pfannkuch | Bootstrapping students' understanding of statistical inference[END_REF], is the elicitation of bootstrapping methods by groups of students rather than the instruction of students on how to use the method. By eliciting the method, we were able to view students' statistical reasoning which led students to construct a process similar to bootstrapping: the representativeness of the sample to the population; and a method of resampling that preserved this representativeness. We assert that these students exhibited a multiplicative conception of the sample [START_REF] Saldanha | Conceptions of sample and their relationship to statistica l inference[END_REF]. These students claimed that the distribution of the sample likely