Annarosa Serpe 
email: annarosa.serpe@unical.it
  
Maria Giovanna 
  
Maria Giovanna Frassia 
email: frassia@mat.unical.it
  
Technology will solve student's probability misconceptions: Integrating simulation, algorithms and programming

Keywords: Computer-based simulations, problem posing and solving, programming environment, random phenomena, secondary high school

published or not. The documents may come    

Technology will solve student's probability misconceptions: Integrating simulation, algorithms and programming

Introduction

Probability is a formidable tool for investigating the world around us, so it definitely ought to be part of the education of informed citizens. The importance of the calculus of probability in the higher secondary school curriculum in Italy had already been acknowledged by the ministerial experime nta l curricula 1 . That is because the topic of probability lends itself well to mathematical and formal elaboration processes of sensible reality, as well as numerous applications which project a dynamic vision of Mathematics open to the real world. Other European countries have also contributed to the debate on the meaning and interpretation of probability, alongside the development of mathematica l theory, by including it in the school curriculum [START_REF] Ahlgren | Analysis of the probability curriculum[END_REF][START_REF] Shaughnessy | Research in probability and statistics: Reflections and directions[END_REF]. However, efforts in this direction in most cases have not produced significant results, that is to say the topic has not received adequate attention for a number of reasons, among which the teachers' insufficient education and training stand out [START_REF] Stohl | Probability in teacher education and development[END_REF]. The fact that in Italy the teaching of probability in higher secondary schools has been relegated to a secondary and often marginal level has led with time to a number of misconceptions, which can have dangerous consequences, especially when one takes into consideration the strong growth of gambling. Learning about probability helps to understand the structure of gambling, but probability has much more important applications 2 . The difficulties in the classic approach have so far represented a real obstacle to classroom teaching and learning of the topic, not only in Italy but also in other countries [START_REF] Batanero | The nature of chance and probability[END_REF]. However, in recent years the growing interest for statistical methods and the use of information technology have contributed to the study of probability as a limit of stabilized frequency [START_REF] Biehler | Computers in probability education[END_REF]. The 1 PNI (Piano Nazionale Informatica) in the second half of the 80s and Brocca at the start of the 90s.

2 One only has to think of modern Physics, Biology, Economics, telecommunications, etc. modelling point of view was adopted in recent years, linking probability teaching with statistica l thinking. The introduction of efficient computers in secondary education allows us to simulate models resulting from statistical observations and to introduce students to the large field of statistica l inference. The advantage of using simulations is that we can overcome much of the diffic ulty encountered when using the formal rules. The present paper fits this framework, and proposes an example of teaching practice -aimed at higher secondary school students -which intends to enhance discussion on the meaning and interpretation of probability.

Theoretical framework

In the Italian Secondary school the approach to probability is either classic or frequentist. In particular, the classic approach has long been dominant; but in recent years the frequentist approach has also been used. The classic approach, based on combinatory calculus, is very hard for the majority of students because of the calculations involved in solving the formulae. This perspective introduces an a priori approach to probability in which probabilities can be calculated before any physical experiment is performed [START_REF] Prodromou | Developing a modelling approach to probability using computer-based simulation[END_REF]. The frequentist approach is based on observations of relative frequencies of an event associated with a random experiment that is repeated a sufficie ntly large number of times under the same conditions. In this view, experimental probability is estimated as a limit towards which the relative frequencies tend when stabilizing [START_REF] Mises | Probability, statistics and truth[END_REF]. The idea of stabilization is based on the empirical laws of large numbers. However, the frequentist approach does not provide the exact value of the probability for an event and we cannot find an estimate of the same when it is impossible to repeat an experience a very large number of times. It is also difficult to decide how many trials are needed to get a good estimation for the probability of an event [START_REF] Batanero | Training school teachers to teach probability: Reflections and challenges[END_REF]. To adopt one or the other approach does not help the students to understand the meaning and conceptual scope of the calculus of probability; it is even detrimental because it widens the gap between formal education and actual practice [START_REF] Pfannkuch | A modelling perspective on probability[END_REF]. So we need to look for a synthesis of the two approaches focused on problem-based learning, which also stresses connections with inductive applications and reasoning. Today all this is possible thanks to technology, which both supports training activities effectively, and can itself be the object of the training, and deal with the related problems. The use of appropriate didactic software, for example, while drawing attention to conceptual aspects of the methods, also familiarises the students with the handling of data. The programming environments -already familiar to the learners -which are used as mathematic tools to simulate and analyse casual experiments, are very productive. Computer simulation in fact allows to reproduce a model of a real or imaginary system; from a learning point of view, it facilita tes learning 'through discovery' and 'programmed learning'. Moreover, when teaching probability it is fundamental to make effective and efficient representations which help to clarify and explain why some resolving approaches work and aid generalisation. The practice of programming is an important resource in teaching because it is at all effects an infrastructure for the representation of mathematica l objects; in this case, simulation through the realisation of algorithms and their implementation helps the student to understand the importance of using models to describe reality and at the same time to formulate clearly and in detail the theory at the basis of the phenomenon to be represented. This paper presents a teaching proposal which emphasises the value of information technology to support probabilistic reasoning, and at the same time moves beyond pre-packaged didactic software which imply the rigid application of 'recipes' in limited contexts and cannot be easily applied to models in real situations. Specifically, the proposal harmonically combines the classic and frequentist approach to probability into a pedagogic perspective which sees the computer as a programming tool in the MatCos3 environment. The authors aim to study and experiment new curves in the field of teachinglearning of the calculus of probability taking full advantage of computers, whose potential has already been well illustrated by William Feller in his book (New York: Wiley, 1950).

Methodology

The psychology of conceptual learning has shown how concepts and judgment are formed along a lengthy pathway which starts from often confused or even distorted intuitions. These however become progressively clearer as new cases either confirm or disprove the initial assumptions, thanks to the reflections triggered by the new experiences. This is also true for probability, one of the concepts which is most likely to be misunderstood or distorted. Form the didactic point of view, computer programming plays a crucial role in the creation of social interactions which can assist students in the difficult transition from an empiric and objective interpretation of numbers to a relational and functional one. Based on these premises, the choice of methodology has privileged a phenomenological-inductive approach, which encourages the formulation of hypotheses and conjectures on random phenomena. In Figure 1 we can see the synoptic outline of the process: The model in Figure 1 consists of five phases, with appropriate intermediate steps, which lead to the next phase. In practice, starting from reality, first we investigate it; then, after mathematisation, we derive rules of behaviour to be applied to reality itself. The process is carried out encouraging inductive reasoning, in an effort to blend the topics and solution methods while leaving plenty of opportunity for discovery. The simulations allow the students to take stock of the situation and start again from what they already know, to make appropriate considerations and understand why phenomena occur, and their implications. In particular, computer simulation through programming represents a constructive and cognitive activity because it enables the student to acquire skills, strategies and techniques for the solution of problems through the concepts of variable, procedure, repetition and reoccurrence; concepts which are also cross-curricular.

Design of the teaching procedure

Here we provide details of all the phases of the didactic model described previously.

Problem posing

The teacher proposes to the students the following problem situation:

For a tour in Sicily, a well-known airline company provides a small plane with 23 seats laid out in the following way: the first row has 2 seats while the others have 3. Those wishing to travel must book online through a dedicated platform, which allocates seats in a completely random way. Luisa is the first to access the booking platform; how probable is it that the system allocates her a seat in the first row? If Luisa also books for her husband, does the probability that the system allocates at least one seat in the first row remain the same?

A careful reading of the text is followed by a discussion guided by the teacher. Such a process of verbalisation is important from the cognitive point of view, and represents a first step towards the formalisation of the problem; at the same time, from the constructive viewpoint it becomes a bridge towards the next phase, to be carried out in groups, which implies the real simulation of the problem [START_REF] Frassia | Il "saper vedere" in matematica: Un approccio alla probabilità nella scuola secondaria superiore[END_REF].

Real simulation

The teacher divides the class into groups giving each group a non-see through plastic urn containing 23 spheres, numbered from 1 to 23, identical in shape and material. The task for all the groups is to simulate the previous problem situation and register the results obtained on a chart. The following is the specific task set for the real simulation:

"From the urn containing 23 spheres numbered from 1 to 23, one is taken out. Calculate the probability of getting a number lower than 3".

The students simulate for n consecutive times (for example n=25) the casual choice of seat by drawing a numbered sphere, recording the results on a two-way chart. When comparing the results obtained by the different groups, the learners realise they are different, and this motivates them to make a sufficiently high number of trials in a limited time. The need for a tool which can aid the learning experience, an instrument able to simulate a high number of repeated trials within a reasonable time, thus becomes evident.

Mathematical modelling

The actual simulation of the proposed problem constitutes an important occasion to highlight the ability to switch from the plane of reality to that of mathematics; but in order for the teaching to contribute to a real understanding of the concepts and a solid acquisition of them, the use of computers as programming tools acquires great importance because it is a method, "a mental place" where students have a real chance to explore mathematical concepts, to formulate conjectures to be validated or refuted, and then to continue the experience of problem solving [START_REF] Frassia | Games design with the programming environment MatCos for enhanced learning of probability theory: A didactic example for high schools[END_REF]. Mathematica l modelling requires the students to reproduce some aspects of sensible reality in order to analyse and study them. Moving from the experience to the construction of the meaning requires the constructio n of a simple algorithm representing the simulation of the event. Being able to work within a representation register and going from one to the other -that is what [START_REF] Duval | Registres de représentations sémiotique et fonctionnement cognitif de la pensée[END_REF] calls 'competences of dealing with and converting' -is fundamental because the meaning of mathematic al objects is accessible only through their representations. The probabilistic model is made explicit and reviewed in a logical sequence thanks to the algorithm; furthermore, the use of a programming environme nt like MatCos adds value because it helps the students to reinforce their skills in handling mathematica l language [START_REF] Costabile | The MatCos Project: A survey of the results of the experiment[END_REF][START_REF] Costabile | Computer-based mathematics instructions with MATCOS: A pedagogical experiment[END_REF]. The construction of the algorithm is an important and delicate phase because the students have to design the 'finite sequence of steps' that allows the computer to get to the solution. The steps of the algorithm are:

Step 0 Assignment: n (Simulation number).

Step 1

Initialization: cf = 0 (counter for the number of favorable cases). 

Virtual simulation

The previous algorithm is easily implementable in MatCos. The students now proceed to the algebraic solution of the set problem and compare the results with the numerical values of the relative frequencies obtained in output. Summing up, considering the event:

A = "Draw a number lower than 3, drawing a sphere from a pool of 23 spheres numbered from 1 to 23"

The number of favourable cases and the number of possible cases related to the event A are: 𝑐𝑓 = 2 𝑐𝑝 = 23 So, the probability of the event A is:

𝑝(𝐴) = 2 23 ≈ 0,087.
From a comparison of the results obtained in output with the theoretical ones, the students realize that when the number of repeated trials increases, the value of the relative frequencies gets closer to the real value of the probability.

So:

𝑝(𝐸) = 1 -𝑝(𝐸 𝐶 ) = 1 - 21 23 • 20 22 = 19 55 ≈ 0,170
The students by now have all the necessary information to answer the second question in the problem, which requires a comparison of the probability of the two events: event A and event E. From such comparison it becomes apparent that the probability of the two events does not coincide. So the students' prior conviction that the two questions of the problem -albeit expressed in formally different termsshare the same solution is proven wrong. The probability of event E is indeed bigger than the probability of event A.

Conclusions

The teaching proposal increases students' confidence on the effectiveness of statistical methods, and at the same time raises awareness of random events. The difficulties encountered during the learning phases of the mathematics of uncertainty can thus be overcome. Virtual simulation, through the practice of programming, plays an essential role because it helps the student to develop good problem solving skills. In particular, simulation aids the understanding of the concept of probability of an event, assigning to it a 'degree of reliability' in the prediction of random phenomena. The novelty of this proposal is the setting up of an environment for the learning of probability, showing the close link between probability and statistics thanks to a very specific task (problem posing). The objective is to insist on the role of intuition because, in the majority of cases, students' probabilistic intuitio ns lead to erroneous convictions and answers. The use of computer programming enables the students to take explorative steps which can lead to the solution of a problem and trains their ability to 'anticipate' and "being able to see" in mathematics. The learner through the programme breaks down complex concepts into simple ones, thinks of and adopts new solution strategies, and compares with previous results. In so doing learners expand their mental processes and consolidate constructive knowledge. After all, education that promotes informed and solid learning cannot fail to redress wrong perceptions on the notions of probability and encourage reflection on its conceptual implications, but this had already been pointed out by Bruno De Finetti in 1967.
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A question still standing…

The first question has now been answered, but the second is still standing:

If Luisa books also for her husband, does the probability that the system assigns at least one seat in the front row remain the same?

The corresponding question is made explicit in the following task:

"From an urn containing 23 spheres numbered from 1 to 23 we pull out two spheres. Calculate the probability that at least one is lower than 3".

Supported by the experience so far, the students decide to start directly from the virtual simulatio n and so make some changes to the previous algorithm. They are convinced that the two questions must have the same solution, and that the teacher just wants to trick them.

Revisiting the previous algorithm implies further steps.

Here we report the steps of the algorithm and one output.

Step 0 Assignment: n (Simulation number).

Step 1

Initialization: cf = 0 (counter for the number of favorable cases). The students now proceed to the algebraic solution of the set problem and compare the results with the numerical values of the relative frequencies obtained in output. In the drawing of 2 spheres from a pool of 23 spheres numbered from 1 to 23, the students consider the event: E = "Obtain at least a number lower than 3"

The event complementing event E: E C = "From the drawing of 2 spheres from a pool of 23 spheres numbered from 1 to 23, both are lowered than 3"
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